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INPE/INCJIOBUE K YETBEPTOMY U3JAHULO

OcHoBroe cogepzkanne 31oii kaurn (raassl 1-1I1, V) mamno n3me-
HUJIOCH [0 CPABHEHUIO C TEM, KAKUM OHO OBLIO HAIUCAHO /IS Iep-
BbIX sBYX m3ganuil (1944, 1953 rr.), B KOTOPBIX TEOPUS yIIPYTOCTH
ObLIa, M0 CJAyYalHBIM TPUYHHAM, 00beJUHEHA C TUAPOJIMHAMUKON
B Bume «MexaHUKM CILIOIIHBIX Cpemy. Takoe MOCTOSHCTBO — eCTe-
CTBEHHOE CJIeJICTBHE TOI'O, YTO OCHOBHBbIE YDABHEHUsI U PE3YJIbTATHI
TEOPHUU YIPYTOCTH YKE JTABHO «YCTOSTUCH.

B rperbem nmzganum (1965 r.) Gbura pobasiena raaBa O TEOPHN
Jquciokanuii B Kpucrasiax (HanucanHas copmectno ¢ A.M. Kocesu-
9eM); 9Ta TyIaBa MOJBEPrJIach Teleph JIMIIb CPABHUTEIBHO HEOO/Ib-
IIIUM U3MEHEHUSIM.

B macrosimem wmzganuu mobaBiieHa HOBasd IJIaBa, MOCBSIIEHHAS
MexaHUKe YKUJKUX KPUCTAJIJIOB; oHa HanucaHa copmectHo ¢ JI.II. ITu-
TAEBCKUM. DTa HOBas 00JIACTb MEXAHUKH CILIOITHBIX Cpes HEeCeT B
cebe OHOBPEMEHHO YepThI, CBOMCTBEHHBIE MEXAaHUKAM JKUIKUX U
yupyrux cpei. [losTomy mpencraBiasercs 1eiecoobpa3HbIM B JIaH-
HOM KYPCE PACIIOJIOKUATE €€ TOC/Ie U3T0KEHUsT KaK THAPOSUHAMUKI,
TaK U TEOPUU YIPYTOCTU TBEPJIBIX TeJI.

Kak Bcerja, st 3BJIeK MHOTO TIOJIB3BI U3 00CY K JICHUST PSIa 3aTPO-
HYTBIX B 9TOI KHWUTE BOMPOCOB CO CBOMMHU JIPY3bsIMUA U TOBAPUIIIAMHE
mo pabore. B 370l cBsI3u g xores ObI ¢ OJIATOMAPHOCTHIO YIIOMSI-
vyTh [.E. BonoBuka, B.JI. 'uuzbypra, B./I. Uanentoma, E.1. Kara,
I0.A. Kocepuua, B.B. Jlebenepa u B.II. Muneesa, cuenaBimmx psif,
[IOJIE3HBIX 3aMeYaHuil, YATEHHBIX B paboTe HAJ| KHUTOIA.

Wucruryr dusuaeckux npobiaem AH CCCP E.M. Jlugpuwuy
AuBaps 1985 1.

13 IIPEJUCJIOBUA K «MEXAHUKE CIJIOITHBIX
CPE/l»

... B xnure, manucanuoii (pusukamMu U B MEPBYIO OUEPETh st
(PU3UKOB, HAC, ECTECTBEHHO, MHTEPECOBAJIA BOIIPOCHI, KOTOPBIE 00BIU-
HO He U3JIaraloTcsd B KypCcax T€OpUM YIPYTOCTH; TAKOBbBI, HAIIPUMED,
BOIIPOCHI TEIJIOIIPOBOAHOCTU U BA3KOCTH TBEPBIX TEJ, Pl BOIIPOCOB
Teopuu ynpyrux xojebanuii u BosiH. B TO 2Ke BpeMsi Mbl JIUIIIb OY€Hb
KPATKO KacaeMcsl psjia CIeluaJbHbIX npobJeM (Hampumep, CI0XK-
HBIX MaTeMaTUYeCKUX METOIO0B TEOPUHU YIPYTOCTH, Teopuu 060JI0-
9YeK W T. I1.), B KOTOPBIX K TOMY K€ aBTOPbI HU B KaKOil CTereHn He
ABJIAIOTCA CIIeUaJIUCTaAMU.

1953 . J. Jlanday, E. Jluguuy



HEKOTOPBIE OBO3HAYEHUN A

IInorHocTh BemecTBa p
Bekrtop cmerenns u

Tenzop medopmanum u;, = L (8u1 + auk)
2 \ Oz, ox;

Tenzop manpsxkenuit oy

Monynb BcecToponnero cxkatus K

Mopnyne casura p

Mogysis pacrsizkennst (monysas FOura) E

Koadppurument Ilyaccona o

[TpomosbHast u monepedHasi CKOPOCTH 3ByKa ¢ U ¢; (BbIpasKeHUs
st vux gepe3 K, pwimn E, 0 — cum. ¢. 131)

Bemwawnaer K, p u E, 0 cBsizanbl popMysaMu

_ 9Kp o = 3K —2u
3K 4+’ 28K +p)’
K=—L M=L~
3(1 - 20) 2(1+o0)

ITo Bceit KHUTE TPUHATO OOBIYHOE MPABUIO CYMMHUPOBAHWS IO
BEKTOPHBIM W TEH30PHBIM WMHJEKCAM: MO BCEM JIBAYKJBI MTOBTOPSIIO-
IIUMCsI B JIAHHOM BBIDAXKEHUH (<«HEMBbIM» ) WHJIEKCAM MOJpa3yMeBa-
eTcs CyMMWPOBaHMe M0 3HadeHusM 1, 2, 3.

B rnase VI ucnonbsyercst obosnauenue 0; = 0/0x; s onepa-
Topa auddepeHITmpoBaHus 0 KOOPIUHATAM.

Ccpuiky Ha HOMepa naparpados u (OPMYJ B IPYTUX TOMAX ITO-
ro Kypca cHabxkenbl puMmckumu nudpavu: I — rom I, «Teopus mo-
gst», 1989; V. — 1om V, «Crarucrtudeckas ¢pusnka, dactb 1», 1995;
VI — tom VI, «I'mppommaamukas, 1988; VIII — rom VIII, «Djek-
TPOJAMHAMUKA CILIOIIHBIX cpefy, 1982.



FrTABA 1

OCHOBHBIE YPABHEHN A TEOPHUN VIIPYTOCTHA

§ 1. Tenzop aedopmamuu

MexaHuKa TBEP/IbIX TeJI, PACCMATPUBAEMBIX KaK CILJIOIIHbIE CPe-

JIBI, COCTAB/ISET COMCPIKAHIE Meopul ynpyzocmu ).

Ilox BAUsSTHIEM TPUIOXKEHHBIX CUJI TBEP/IbIE TeIa B TON W WHOI
creneHn 1eOpPMUPYIOTCS, T. €. MEHSIIOT CBOIO (bopmy u obbem. [l s
MaTeMaTUIECKOTO ONMUCAHUsT 1eOPMAIIH TeJa MOCTYIAIT CJIETy -
muM obpasom. IlooxkeHne Karkoil TOYKHM Teja OIPEIe/seTcs ee
PaJMyCc-BEKTOPOM I (C KOMIOHEHTAMU T = &, Ty = Y, T3 = Z)
B HEKOTOPOU cucreme koopawrar. [Ipu medopMupoBanuu Tesa BCe
€ro TOYKH, BOODIIE TOBOPsI, CMEIIAITC. PaccMOTPUM KaKyH-HUOYIb
OTIPENIEJIEHHY IO TOUKY TEeJIa; €C/IN €€ PATUYC-BEKTOP /10 AehOpMUpPO-
BaHus OBLT I', TO B JeOPMUPOBAHHOM Tejie OH OYIeT MMETb HEKO-
Topoe apyroe 3xadenue r' (¢ kommoHenTamu z;). CMerneHne TOYKH
Testa Ipu AepOpMUPOBAHIE N300Pa3UTCs TOIIAa BEKTOPOM ¥’ — 1, Ko-
TOPBIA MBI 0003HAYUM OYKBOI U:

up = T — T (1.1)
BekTop u HasbBalOT 8exmopom dedpopmaruu (WM 6eKMOPOM CMe-
wenua). KoopauHaTsl T, CMEIIEHHON TOYKHU SBJISIIOTCS, KOHEUHO,
PYHKIUAME OT KOODJAWHAT T; TOU ke TOUKHU 10 ee cmernenus. [1o-
9TOMY W BEKTOD JedopMaliuu siBjsiercss (pyHKIHEH KOOPAUHAT ;.
Sajanre BEKTOPa U Kak (DYHKIUH OT Z; TOJHOCTBIO OIPEIEISIET Je-
dopmMaImio Tesa.

IIpu mecdopmupoBanuy TE/a MEHIIOTCS PACCTOAHHUS MEXKIY €ro
TOYKaMu. PaccMOTpuM Kakue-HUOYIb aBe OeCKOHETHO OJIM3KHe TO4-
ku. Ecim pagunyc-BeKTOp MeXK Ty HUMHI 70 JepOPMUPOBAHUS ObLT dT;,
TO B 1epOPMUPOBAHHOM TeJIe PATIYC-BEKTOP MEYKIY TEMHU KE JTBYMSI
roukamu Oyzer dz; = dz; + du;. Camo paccrosiuue MeXKJy TOYKaMU
10 medopMHUpPOBaHuA OBLIO PABHO

dl = \/du? + da} + da,
a mocyie 1epOpMUPOBAHUS
dl' = \Jda'3 + da'3 + do'?.

1) OcuoBubie ypaBuenus Teopuu ynpyroctu 6buiu yeranosaenst Kowu u Hyac-
conom B 20-x romax XIX peka.
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CorytacHo 00IIeMy TIPABUIIY HAMCAHUS CYMM UMEEeM
di? = da?, dI'* = dz}? = (dz; + du;)®.

Ou;
Tak xax du; = a—ldxk, To meperuiem dl'? B BuIe
T

di"* = dI* + 2

Ou; Ou; Ou;

Ldzdry + —— dxy dz.
6&% 6&% a.l‘l
TlockonbKy BO BTOpOM dUjieHe 00a WHIEKCA ¢ U k ABJISIOTCA HEMBIMU,
WX MOXKHO TI€epPEeCTaBUTh U COOTBETCTBEHHO 3alUCATh ITOT YJIEH B
sIBHO CUMMETPUYIHOM BHUJIE

Oui a“k)d d
<8xk + ox; Li0Tk-

B TperbeMm ke wiiene moMeHsieM MecTaMu HHIAEKCH ¢ 1 [. Toraa okoH-
qaTeTbHO TOTyYTaeM

dli'? = dI? + 2ugy, dx; day,, (1.2)
rae
o 1 Ou; Ouy, Ouy %) 1
Yik = 3 (&ck Y oe " omom) (1.3)

DTUMU BBIPAKEHUSIMU OTPEILITCTCI U3MEHEHHUE JIeMEHTa JTMHDI
mpu 1edOpMUPOBAHNT Teaa. TeH30p U, HABBIBAIOT MEH30POM dJe-
PopMaYUY; TIO CBOEMY OIMPEJIEJeHUI0 OH CUMMETPUYEH:

Uik = Ui (1.4)

Kakx u Beaxmit cMuMMeTPUYHBIN TEH30D, MOXKHO TPHUBECTH TEH-
30P U;r B KayKJION IJAHHONW TOYKE K IJIABHBIM OCSIM. DTO 3HAUMWT,
UTO B KAXKJION JaHHOW TOYKE MOXKHO BBIODATh TAKyH CUCTEMY KO-
OpAMHAT — TJIaBHbIE OCU TEH30pa, — B KOTOPOW M3 BCEX KOMIIOHEHT
U OTJIMYHBI OT HYJISL TOJBbKO AUArOHaJIbHbIC KOMIIOHEHTBI U11, U292,
U33. DTH KOMIIOHEHTHI — IVIABHBLIE 3HAYEHUS TEH30Pa JehopMalul —

o6ozraxnm wepes vl u? | 43, Hano, xonedno, nomMuuTs, 9r0 ecn
TEH30D Ui TPUBEJEH K IJIABHBIM OCSM B HEKOTOPOIl TOYKE TeJa, TO
OH, BOOOIIEe NOBOPS, HEIMATOHAJIEH BO BCEX JAPYTUX TOUYKAX.

Ecnu renzop nedopmalium npuBesieH B JAHHOM TOYKE K [VIABHBIM
OCsIM, TO B OKPYZKAIOIIEM ee 37eMeHTe o0bema sneMenT qymabl (1.2)
mpuodpeTaeT BUIT

dl'’? = (5ik + 2uz~k) dx;dx =
= (14 2uM)de? + (14 2u@) da2 + (1 + 2u®) da2.

Mps1 BUIHM, 9TO 3TO BBIPAXKEHWE PACTIATAETCI HA TPU HE3ABUCUMBIX
wieHa. DTO 3HAUUT, ITO B KAKIOM JIEMEHTE 00beMa Tea Jedopma-
A0 MOYKHO PAacCMaTPUBATH KaK COBOKYIMHOCTH TPEX HE3ABUCHUMBIX
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nedopMaliuii Mo TpeM B3aWMHO MEPIEHIUKYJISIPHBIM HAIlPaBICHU-
sIM — TJIABHBIM OCsSIM TeH30pa jgedopmaruu. Kaxmgas u3 9Tux je-
dopmanuit npezcrasisier coboit IpocToe pacTszkeHue (Ul CKATHE)
BJIOJTb COOTBETCTBYIOIIErO HAIPABJICHUs: JJIMHA dZ1 BJOIL IIEPBOM
n3 TJIaBHBIX Oceit IIpeBpallaeTCA B JIJINHY

dr’ = V1 +2uMdz,

M AHAJIOTUYHO st ABYX JPYyTrux oceii. Benwannb

V1+2u@ —1

MPEICTABIAIOT COOOM, C/IeI0BATETHHO, OTHOCUTEIbHbIE YIIUHEHWS
(dz — dz;)/dz; Bros sTUX OCeil.

[MpakTwdecku moaTr BO BCEX CAyUIaax mepOPMUPOBAHUS TEJ JIe-
dopMaIn OKA3BIBAIOTCA MAJBIMA. DTO 3HAUNT, ITO U3MEHEHUE JTT0-
6OTO pACCTOSTHUS B TEJE OKA3BIBACTCA MAJIBIM TI0 CPABHEHUTO C CAMUM
paccrosgaueM. JIpyruMu ¢I0BaMu, OTHOCHTEIbHBIE VITHHEHNST MaJThI
o cpaBHeHUo ¢ eaunautetl. Huyke Mb1 OyzieM paccMaTpuBaTh Bee Jie-
dopMaIH KaK MaJIble.

Ecnu teno mogsepraercst magoit medopmarium, TO BCe KOMITOHEH-
THI TEH30Pa, 1eDOPMAITIH, OTIPEIETATONTIETO, KAK MBI BUIETH, OTHOCH-
TeIbHbIE M3MEHEHWS IJINH B TeJIe, SBIAIOTCT MAJBIMU. UTO Ke Kaca-
eTCs BEKTOpa MeOPMAIINT, TO OH MOYKET OBITh B HEKOTOPBIX CITyJIasixX
OOBIINM [TaykKe TIPU MaJIbIX J1eopMaluaX. PacCMOTpUM, HATPUMED,
JUIMHHBINA TOHKHUH cTepxKeHb. Jlayke nmpu cUabHOM M3rube, KOraa ero
KOHIIBI BHAYUTE/BHO MMEPEMECTITCS B MPOCTPAHCTBE, PACTSIXKEHUS U
CXKATHUSI BHYTPU CAMOTO CTEepPKHsI OyIyT HE3HAUUTEbHBIMHE.

3a HCK/IIOUYEHnEM TAKHX 0COBBIX Caydaes ), mpu Masibx medop-
MalIUsIX SBJSETCS MAJIbIM TakXKe U BeKTop medopmariuu. [leiicTBu-
TeJIbHO, HUKAKOE «TPEXMEPHOE» TeJI0 (T. €. TeJI0, pa3Mepbl KOTOPOTO
He CIEeNUATHLHO MAaJIbl HU B KAKOM HANPABJIEHUN) HE MOXKET ObITh,
04€BUJIHO, 1e(POPMUPOBAHO TaK, YTOOBI OT/IETHHBIE €r0 YaCTH CHJIb-
HO ITEPEMECTUJINCH B IIPOCTPAHCTBE, 6€3 BOSHNKHOBEHUS B TEJIE CHJTh-
HBIX PACTAXKCHUI U CoKaTUi.

Tonkue crep)kuu O6yIyT HaMU PACCMOTPEHBI OTnHeabHO B . 1L
B ocranpabIX XKe caydasx, CIeI0BATEIBHO, TTPU MaJIbIX gedopMaliu-
X CMEIIEHUs U; , & C HUIMU U WX MPOU3BOJHBIE IO KOOPIUHATAM,
masbl. [Tosromy B 06mmem Beipaxkeruu (1.3) MOKHO npenebpedsb mo-
CTETHUM YJIEHOM KaK MAJION BEJMYUHON BTOPOTO MOpAAKa. Takum
0bpaszoM, B ciiydae MaJjbix JgedopMalinii TeH30p jgedopMaIuu ornpe-
JIEJISIETCS BhIPAYKEHNeM

o l Ou; (9uk) 1

1) Kpome medopmarmii TOHKEX CTepIKHEH CIOa OTHOCSATCS M3THObI TOHKIX
IJIACTUHOK B ITUJIMH/IPUYIECKYIO HOBEPXHOCTD. CJleflyeT HCK/IIOYUTD TAKkKe CIIy-
Jaif, KOT/Ia «TPEeXMEpHOe» TeJ0 Hapsaay ¢ medopMarmeil TOBOPAYNBAETCS KaK
1esioe BOKPYI HEKOTOPOH OCH Ha KOHEYHBINA yroJI.
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OtHOCUTEIbHBIE YITMHEHNST 9JIEMEHTOB JTUHBI BIOIb HAIIPAB/ICHU
[JIABHBIX OCelt TeH30pa nedopmaluu (B JaHHON TOUKE) PABHBI Telephb
C TOYHOCTBIO /10 BEJIUYUH BBICHINX TTOPSATKOB

V1+2u® — 1@,

T. €. HETIOCPEICTBEHHO TVIABHBIM 3HATEHWSAM TEH30DA U -

Paccmorpum kaxoit-nnbympr 6€CKOHEIHO MAJBIA 37€MeHT 00b-
ema dV u onpememmm ero senmuauny dV' mocre medopMupoBaHus
tena. s 9ToT0 BRIOEpEM B KadecTBe OCel KOOPAWHAT TJIABHBIE OCH
Ter30pa aedOpMAME B PACCMATPUBAEMO TOUYKe. TOTrma 3/1eMeHThI
auHbl dxy, dxo, drs BIOJDL 9TUX OcCeil mocie aeOpPMUPOBAHUS TIe-

peiiayr B dr} = (1 + u(l))dxl u 1. 1. Obbem dV ecrb mpoumsseje-
uue dzidredzs, oobem ke dV' pasen dz)dzhdzl. Takum obpasom,

dV' = dv (1 +uM)(1 4+ @)1+ u®).

IIpenebperas BeIMInHAME BBICIITUX TOPSIKOB MAJIOCTH, HAXOIUM OT-
croga

dv' = dv (1 4+ uM +u® @)

Ho cymma M +u® 4+ 4B rasubix snavennit TEH30Pa eCTh, KaK N3-
BECTHO, ero MHBAPUAHT ¥ PaBHA B JIIOOOH CHCTEME KOOPAMHAT CyMMe
INaroHaJIbHBIX KOMIOHEHT U = U1] + U9 + U33.

Takum obpaszom,

av' = dV (1 + ug). (1.6)

MpsbI BuauM, 9TO CyMMa JUArOHAJIBHBIX KOMIIOHEHT TeH30pa J1edop-
Malyu JjaeT OTHOCHTeNbHOe n3Menerne oobema (dV' — dV)/dV .

Yacro OpiBaeT ym0OHBIM MOJB30BATHCS KOMIIOHEHTAMU TEH30Pa
necbopMaIu He B JIEKAPTOBBLIX, & B C(HEPUYECKHAX WA IUIHHIPU-
9ecKUX KOoopjauHarax. [IpuBeseM 31ech /i CIPaBOK COOTBETCTBYIO-
e pOPMYJIbl, BHIPAYKAIOIIUE STU KOMIIOHEHTHI Y€pPe3 MPOU3BOIHBIE
OT KOMIIOHEHT BEKTOPA CMEIEHUsI B TEX YKe KoopauHarax. B chepu-
YeCKUX KOOpAWHATAX T, 6, ¢ nMeeMm

" or’ r 00 r’
Uy = — e 4 U0 opog U
Y rsing Op r & r’
1 [(0u 1 Oug
2u :—(—*"—u ct 9) — .
by r \ 00 pctgl) + rsinf dp (1 7)
Oug  ug , 10u,
QUpg = — — = + =
ro or r r a0’
iy = Ty D up

- rsind Oy or r
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B mmnunapuyeckux koopauHaTax r, @, 2

_ Ou, _10uy, | ur _ Ou,
e =t oo = gp T BT G0
1 0u ou ou ou
Qhpy = = —2 + =2 2u,, = == z
vz op 9z N or’ (1.8)

§ 2. Ten3op HaOpPsIXKEHUH

B menedopMupoBaHHOM Tesie PACIOIOKEHNE MOJIEKYJ COOTBET-
CTBYET COCTOSIHHUIO €ro TEeILJIOBOrO papHOBecusi. [Ipm sTOM BCe ero
YACTU HAXOIATCS JPYT C APYTOM M B MEXaHUIECKOM PABHOBECUU.
DTO0 3HAYUT, ITO €CJU BBIJAECJUTH BHYTPU TEJIa KaKOW-HUOYIH 00beM,
TO PABHONEHCTBYIONIAs BCEX CHJI, JTEHCTBYIOIIMX HA ITOT 00BEM CO
CTOPOHBI JAPYTUX YacTeil, paBHA HYJIIO.

IIpu necdopmupoBanunu ke PaCIOIOKEHNE MOJEKYJ MEHSEeTCsl U
TEJIO BBIBOJUTCS W3 COCTOSIHUsI PABHOBECHUSI, B KOTOPOM OHO HAXOIH-
JIOCh TIEpBOHAYAIBHO. B pesysbrare B HEM BO3HUKAIOT CHUJIBI, CTpE-
MSITIIUECST BEPHYTH TEJIO0 B COCTOSTHIE PABHOBECHS. DTH BOZHUKAIOIIIHE
npu 1edOPMUPOBAHUN BHYTPEHHUE CHUJIBI HA3BIBAIOTCS GHYMPEHHU-
MU Hanpascenuamu. Ecmu teno ne 1epopMupOBaHO, TO BHYTPEHHME
HATTPSIXKEHWS B HEM OTCYTCTBYIOT.

BrayTpennne mampsikennsi 00yCTOBIHBAIOTCS MOJIEKYISTPHBIMY
CUJIAMH, T. €. CHJIaMW B3AUMOJEHCTBUSA MOJEKYJ Tea APYT C JIpy-
roMm. Becbma CymiecTBEHHBIM i TEOPUM YIPYTOCTH SIBISETCS TO
006CTOATENILCTBO, ITO MOJIEKYIAPHBIE CUIBI 0OJTAIAI0T OUeHb HE3HA~
IUTETHLHBIM PAINYCOM meficTBus. VX BAUSHTE TPOCTHPAETCT BOKPYT
COBJIAONIEH WX YACTUIILI JIUIIH HA PACCTOSHUAX TTOPIIKA MEKMO-
JeKyIapHbIX. Ho B Teopum ympyrocTtw, Kak B MaKPOCKOTHYIECKOMH
TEOPUH, PACCMATPUBAIOTCS TOJBKO PACCTOSTHUS, OOIBINTE TI0 CpaBHE-
HUIO ¢ MEKMOJEKYIAPHBIME. [109TOMY «paanyc mefiCTBUsT» MOJEKY-
JIIPHBIX CUJT B TEOPUW YIPYTOCTH JOPKEH CANTATHCS PABHBIM HYJTIO.
MoXHO CKa3aTh, 9TO CHJIBI, 0OYCIOBAWBAIOIINE BHYTPEHHIE HATPSI-
JKEHUsI, ABJSIOTCS B TEOPUH YIPYTOCTH CUJIAME «OJTH3KOIEHCTBY IO
IIUME Y, TEPEIAIOIIMICT 0T KAXKIONH TOUKH TOJTHKO K OJIMKafImM
¢ mero. OTcioma cieayer, ITo CHIbI, JeHCTBYIONIIE Ha KaKyo-HUOYIH
YaCTh T CO CTOPOHBI OKPYXKAIOIINX €€ JacTell, MPOSBISIOT ITO
JEeHCTBIE TOJBKO HEMOCPEJCTBEHHO Yepe3 TOBEPXHOCTh ITON dacTh
Tesa.

3mech HeobXOMMa, CIIEAYIONAs OTOBOPKA: CIETAHHOE YTBEPIKIe-
HIEe HEeCTPABEITUBO B TEX CIyYadx, KOTAa JepOPMUPOBAHUE TEa
COTIPOBOXKTAETCS TIOSABJIEHNEM B HEM MaKPOCKOTTHIECKUX TEKTPUIe-
CKUX MOJIell; Takue (TaK Ha3bIBAEMbIE [UPO- U MHE30IeKTPUIECKNUE)
Tesia paccmarpusatorcesa B T. VIII sToro Kypca.
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Boigennm B Tesie Kakoii-HUOYIH 00bEM U PACCMOTPUM JIEHCTBYTO-
IIyt0 Ha HEro cymMmapuyo cuiy. C OfHON CTOPOHBI, 9Ta CyMMapHast
CIJIa, MOXKET OBITH TTPEJCTaBIEHA B BUIE 00HEMHOTO WHTErpasia

deV,

rne F — cuna, neiicrByrommast vHa eaunuity oobema teia. C apyroit
CTOPOHBI, CUJIbI, C KOTOPBIMU JIEHCTBYIOT APYT HA APYTra Pa3IuIHbIE
YACTU CAMOI0 PACCMATPUBAEMOI0 00'beMa, HE MOT'YT MPUBECTH K I10-
ABJICHUIO OTJIMYHON OT HYJd CYMMapHON PaBHOILECHCTBYIOIIEH CUJIBI,
[IOCKOJIKY OHU B CHJIy 3aKOHA PABEHCTBA JEHCTBUS U IMIPOTUBOIEH-
CTBHUS B CyMMe YHUYTOXKAIOT JApyr apyra. [losromy mckomytio mos-
HYIO CHJIy MOYKHO PAacCMaTpUBATh KaK CYMMY TOJBKO T€X CHJI, KO-
TOpBIE IEHCTBYIOT HA JAHHBIN 00bEM CO CTOPOHBI OKPYZKAOIINX €r0
vacreit Tesa. Ho, cornacHo cka3aHHOMY BBIIIE, 9TU CHJIBI JEHCTBY-
0T HA PacCMaTpPUBAEMBbIl 00beM Yepe3 ero MOBEPXHOCThb, W IIOTOMY
PE3YJIbTUPYIONIAs CUJIa MOXKET OBbIThb IPEJICTAB/IEHA B BUJIE CYMMBI
CUJI, JIEICTBYIONINX HA KaK/IbI{ 9JIEMEHT ITOBEPXHOCTU 00beMa, T. €.
B BHJIE HEKOTOPOI'O MHTErPAJa IO STOH MOBEPXHOCTH.

Takum obpazom, i 100010 00beMa Tea KaXKIad U3 TPeX KOM-

TTOHEHT f F; dV paBHomeiicTBytOIIIel BCeX BHYTPEHHUX HAIPSAKEHUT

MOKeT OBITH ITpeobpa3oBaHa B HHTErPAJI 110 TOBEPXHOCTH 9TOT0 00b-
ema. Kak M3BECTHO W3 BEKTOPHOTO aHAIM3a, WHTETPAT OT CKAIIPa
10 TIPOM3BOJIHLHOMY 00bLEMY MOXKET OBITH MPeoOPaA30BAH B WHTErPAJ
[0 MOBEPXHOCTH B TOM CJIyUae, €CJIH 9TOT CKAJISIP SIBISIETCS JTUBEP-
PeHnmell HEKOTOPOTO BEKTOpa. B JaHHOM CIydae MBI HMEEM JeJ0 C
MHTErPAJIOM HE OT CKaJIApa, a 0T BekTopa. [losTtomy BekTop F; mosi-
JKEH SIBJIATHCS TUBEPTEHIInel HeKOTOPOTO TEH30pa BTOPOTO PAHTa,

T. €. UMETb BUJ 1)

F; = 208 (2.1)
a.'l}k

Torga cusa, geficTByOIIAs Ha HEKOTOPBIH 00beM, MOYKeT ObITH HAIU-
CaHa B BUJIE MHTErpaJia Mo 3aMKHYTOI TOBEPXHOCTHU, OXBATHIBAIOIIEH

5TOT 06beM 2):

[ Fav = / Q0 v = § o, df. (2.2)
a.'l}k

1) BekTop df smemenTa maomamay HAMPaBIEH IO HOPMAJIM, BHEIIHEH MO OT-
HOIIEHHUIO K OXBAaTHIBAEMOMY IIOBEPXHOCTHIO 0Obemy. VIHTErpas mo 3aMKHYTOH
IIOBEPXHOCTH MTPe0Bpa3yeTcsi B MHTErpaJ mo 06beMy myTeM 3aMeHs! df; onepaTo-
pom dV - 9/0x;.

2) CTporo roBopsi, IPU OIPEIEIEHUN TIOJTHOM CUJIbI, JefCTBYOMIeH Ha aedop-
MHUPOBAHHBIN 00bEM TeJa, HHTErPUPOBAHME JOJIKHO IIPOU3BOAUTHCS HE II0 CTa-
PBIM KOODAWHATAM T;, & TI0 KOOPAWHATAM T; TOYeK medOpMUPOBAHHOTO Tesa.
CooTsercTBeHHO 3TOMY U Tpou3BoHbie (2.1) mo/xHbL 6bLH 661 6PATHCH 1O T,
Ho BBuay MasocTs aedopMalliy IPOU3BOAHBIE TIO Tk U O Tj, OTINYAIOTCA IPYT
OT Apyra HA BEJIMYIHHBI BHICIINX IIOPSIKOB MAJIOCTH, U IIOTOMY MOYKHO BCe Iud-
depeHIpoBaHus IPOU3BOAUTH 110 KOODAUHATAM Tf.
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Tenzop o;; HA3BIBAIOT MeH30pom Hanpadicenuti. Kax BumgHO U3
(2.2), ok dfy, ecThb i-s1 KOMIIOHEHTA CHUJIbI, IEHCTBYOMIEH HA SJIeMEeHT
noBepxHocTH df. Beibupast 9/1eMeHThI TOBEPXHOCTHU B ILJIOCKOCTSIX TY;
Y2; Tz, HAXOUM, 9TO KOMIIOHEHTA 0} TEH30Pa HAIPSKEHUH eCThb 1-51
KOMIIOHEHTA, CUJIbI, TEHCTBYIOIIEH Ha €IUHUITY TIOBEPXHOCTH, TEPIIEH-
JUKYJASPHYIO K OCH Zg. 12K, HA eIMHUIHYIO TLIOIIAJIKY, TEPIEHIN-
KyJIADHYIO K OCH I, JefCTBYIOT HOpMa/bHas K Heil (HalmpaBjieHHas
BJIOJIb OCH X) CUJIA Oy Y TAHTEHIMAJIbHBIE (HAIPABIEHHBIE 110 OCSIM Y
U Z) CUIIBI Oyg U Oy

Heobxomumo caenars 371ech CaeAyroIee 3aMedaHue Mo TOBOIY
3HaKa CUJIbl 0k df. B (2.2) uHTErpast no noBepXHOCTH MPEICTAB/ISET
co0oii cujTy, TEeHCTBYIONLYI0 HA OUPDAHUYEHHBIN ITOW MOBEPXHOCTHIO
00beM CO CTOPOHBI OKpYy:KaroIux 4dacteii Tena. Haobopor, cuma, ¢
KOTOPOI 3TOT 00beM JeHCTBYET caM Ha OKPYKAOIIYIO €ro TOBEepX-
HOCTH, uMeeT oOpaTHblit 3uakK. [losToMy, HampuMep, cuiaa, JAeiCTBY-
IOIIAs CO CTOPOHBI BHYTPEHHUX HAIPSKEHUN HA BCIO MOBEPXHOCTD

Tesa, eCTh
— ¢ o dfy,

re mHTerpaJ Oepercs Mo TOBEPXHOCTH Teja, a df HampapjeH 1o
BHEIIHEH HOPMAaJIU.

OrnpeiesiuM MOMEHT CHUJI, JEHCTBYIOIIUX HA HEKOTOPBINA 00beM
Tena. MomenT cubl F' MOXKHO, KaK W3BECTHO, HAINUCATh B BHUJE aH-
TUCUMMETPUIHOTO TEH30pa BTOPOTO PaHra ¢ KoMIoHeHTamMu F;ry —

— Fx;, TIie ©; — KOOPAMHATHI TOUKH TIPIIIozKernst cruibl -). [Tosromy
MOMEHT CHUJI, JeHCTBYIOmUX Ha yeMeHT obbema dV, ectsb (Fijzy —

— Fyx;)dV, a va Bech 00beM JeficTByeT MOMEHT CHLI
My, = f (Fywy, — Fypa;) dV.

Kax u nonnas cuna, geficTByromias Ha J1000i 00beM, MOMEHT STUX
CUJT TOXKE JIOJIZKEH BBIPAXKATHCS B BUJE WHTErPAJA M0 TOBEPXHOCTH
obbema. Iloacrasnss nus F; seipaxkenue (2.1), Haxomum

oy 0w
ik / ozt T ey Ty

| O(ouzk — opixs) dv — ( Oxg 69@) AV
/ 81'1 il 81'1 Til 81'1 ’

BamedaeM, 9TO BO BTOPOM dJIeHe HPOU3BOAHBIE O /0T COCTABIISIIOT
eJIMHUYHBIA TEH30D 0. B TepBOM ¥Ke djIeHe Mo/, HHTErPaaoM CTOUT
JUBEPreHIINSg HEKOTOPOr0 TEH30Pa; 9TOT MHTErpaJs mpeobpasyercd B
MHTETrPaJI 10 MOBEPXHOCTH. B pe3ybrare HaXOInM

My, = f (Cuzy — opix;) dfy + f (oki — oux) dV. (2.3)

1) Moment cunbr F ompemensiercs: Kak BEKTOPHOE IPOU3BEIEHIIE [Fr]. Kommo-
HEHTBHI BEKTOPHOT'O IIPOU3BEACHUA IBYX BEKTOPOB COCTABJIAIOT aHTUCUMMETPUI-
HBIH TE€H30p BTOPOrO PAHra, KOMIOHEHTHI KOTOPOIO HAIIMCAHBI B TEKCTE.
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Tenzop M OyneT BhIpaxKeH B BUJEe MHTErPaja TOJBKO IO TTOBEPX-
HOCTHU, €CJIU TE€H30D HAIPKEHUNW CUMMETPUYEH,

Oik = Okis (2.4)

TaK 4TO OObEMHBIH MHTErpajs ucuesaer (K 0O0OCHOBAHWIO BasKHOTO
yTBepxaenus (2.4) Mbl BepHeMCs erie B KouIle naparpada). Momenr
CHJI, IeACTBYIOMUX Ha HEKOTOPBIH 00beM TeJla, MPeJICTaBUTCs TOTIA,
B IIPOCTOM BHJIE:

My = [ (Fyzy — Fywi)dV = § (oaay — o) dfy. (2.5)

Jlerko HammcaTh TEH30p HANMPSKEHWH B CIydae PABHOMEPHOTO
6cecmoponme2o cocamus Tena. [lpnm TakoM cKaTH! HA KAKIYIO €/11-
HUIY TIOBEPXHOCTH TeJsia JefCTBYeT OJNHAKOBOE TI0 BEJTUIMHE JTaBJIEe-
HUe, HATIPABICHHOE Be3/Ie TI0 HOPMAJN K TIOBEPXHOCTH BHYTPH 00b-
ema Tesa. Ecim 0603HaunTh 9T0 AaBeHne OYKBOM p, TO HaA JJIEMEHT
MOBEPXHOCTH df; neticTtByer cuma —p df;. C Apyroit CTOPOHBI, 9Ta, CH-
Jta, Oyaydn BBIparkeHa depe3 TeH30p HANPSKEHUi, JOTKHA WMEeTh
Buj o;,df. Hamucas —pdf; B Buge —pd;pdf, Mbl BHIUM, 9TO TEH-
30D HAMPSXKEHWI TTPU PABHOMEPHOM BCECTOPOHHEM CXKATUW BBITJIS-
JUT CIeTYIONuIM 00pa3oM:

ik = —POik- (2.6)
Bce ormmambie 0T HyJIS €r0 KOMIIOHEHTHI PABHBI ITPOCTO JABJIEHUTO.

B obmem cityuae npousBoibHON gedopManuy OTJIUIHBI OT HY-
JIsT TAKYKe W HEJUATOHATbHBIE KOMIIOHEHTHI TEH30pa, HAMPSIKEHUH.
DTO 3HAYAT, 9TO HA KAXKIBIH MEMEHT TMOBEPXHOCTH BHYTPH TEJa
JIEfiCTBYeT He TOJHKO HOPMAJIbHAS K HEMY CHJIa, HO TaKXKEe W TaH-
TEHIINABHBIE, CKAADGAI0U U, HATIPIKEHNS, CTPEMSTITHECT CABUHYTh
MapaJTeTbHbIE 9JEMEHTHI TIOBEPXHOCTH JAPYT OTHOCUTETHHO APYTa.

B paBHOBecuu cHIbI BHYTPEHHUX HAPSIKEHUN JOKHBI B3ANMHO
KOMIIEHCHPOBATHLCS B KaXKJIOM JIeMeHTe o0beMe Tesa, T. €. JTOMKHO
obiTe F; = 0. Takum obpaszom, ypaBHeHUS paBHOBecHs 1edOPMUPO-
BAHHOTO TeJia UMEIOT BUT

o ), (2.7)
6&%
Ecmm Teo HaxoauTes B mOJTe TSKECTH, TO JTOKHA NCIE3ATh CYyM-

Ma F 4 pg cuir BHyTPEHHUX HANPsKEHWI U CUJIBI TSKECTU P g, Ieil-
crBytomeil Ha eauHuIly obbema Tena (p — MIOTHOCTH 1), g — BeK-
TOP YCKOpPEHHUsI CBOOOIHOIO IMajeHNs, HaIIPaBJIEHHBIH BEPTHKAJILHO
BHU3); YPABHEHUSI PABHOBECHsI B 9TOM CJIydae MMEIOT BUJL
0o,
— + pg; = 0. (2.8)

oz,

1) Crporo roBopst, mIOTHOCTH Tea IpH ero neOpPMUPOBAHNY MEHSAETCS. Y deT
3TOr0 M3MEHEHWS TPUBO/INT, OMHAKO, B CJIyYIae MAIbIX 1e(OPMAIIHii K BETMINHAM
BBICIIUX ITOPSITKOB MAJIOCTH U IIOTOMY [IJIsl HAC HECYIIECTBEH.
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Yro KacaeTcs BHEITHUX CUJI, TPUJIOXKEHHBIX HEITOCPEICTBEHHO K
HOBEPXHOCTH TeJia (KOTOPBIE U SBJISIFOTCA OOBIYHO MCTOYHUKOM JIe-
dopmMarmn), To OHU BXOAAT B I'DAHUYHBIE YCIOBUS K yDABHEHUSIM
paBuoBecus. [lycts P ectb BHemHAS cuita, JefiCTBYIONIASA HA €JUHU-
Iy TIIOIIAIN TIOBEPXHOCTH TEJIA, TaK UTO HA JTEMEHT TIOBEPXHOCTH df
nevicreyer cuia P df . B paBHOBecun oHa J0JI7KHA KOMIIEHCHPOBATHCS
CuJIol —o;pdf, MeRCTBYIONIEH Ha TOT Ke 9JIEMEHT MOBEPXHOCTH CO
CTOPOHBI BHYTPEHHUX HampsizkeHuit. Takum 06pazoMm, MOKHO OBITH

P;df — oy dfy, = 0.

Hamucas dfy B Buge dfy = ngdf, Tie n — equHIIHBIN BEKTOP, Ha-
[IPaBJIEHHLIHA 110 BHENIHEH HOPMAIN K MOBEPXHOCTH, HAXOOUM OTCIOTA

oing = b (2.9)

DTO U eCTh YCIOBHE, KOTOPOE JOJIZKHO BBHITTOTHATHCS Ha BCEH TIOBEPX-
HOCTHU HAXOJAIIEr0Cs B PABHOBECUM TEJIA.

BriBenem 3ech emte popMyITy, OMPENESIONIYIO Cpe/iHee 3Hatue-
HUE TEeH30pa HAIpsKeHWit B JedopmMupoBaHHOM Teje. st 3Toro
YMHOXKUM ypaBhenue (2.7) Ha Tj U IIPOUHTErPUPYEM 110 BCEMY 00b-
eMy TeJsia:

/%xk av = / Aouwr) gy /(m% dv = 0.
oz oz Oz

Ilepsoiit mHTErpas cupaBa mpeodpasyeM B WHTErPAJ IO MOBEPXHO-
CTH Teja; BO BTOPOM WHTErpaje MMeeM BBHULY, 9T0 0x/0x; = Jk.
Orcroma monyaaem

f oz df; — f i dV = 0.

IMoacrasnsas B nepsbiit narerpan (2.9), Haxoqum
§ Padf = [ o dV = Vo,

rie V. — obbem Tesia, a 0 — CpelHee 10 BCeMY 00beMy 3Hade-
HIEe TEeH30pa HAMpszKeHni. Bocmoas30BaBmmCh TeM, ITO 0 = Ok,
MOKHO HAIUCATH 9Ty (DOPMYJTY B CAMMETPUIHOM BHUJIE:

— 1
Oik = W § (PZ.’Ek + Pk.’El) df (2.10)

Takum obpazom, cpejmee 3HAYEHWE TEH30PA HAMPSKEHUI MOXKET
OBITH ONIPEIESIEHO HEIIOCPEICTBEHHO 10 JeHCTBYONIUM Ha TEJI0 BHEIII-
HUM cujaM 06e3 IpeIBapruTeIbHOTO PEIeHNsT yPaBHEeHNT PABHOBECH .

Bepremcst K IpUBEIEHHOMY BBIIIIE T0KA3aTEIbCTBY CUMMETPHY-
HOCTH TEH30pa HAIPS2KEHU; OHO HYyKjgaeTcsd B yrounenuu. [locras-
JieHHoe usnyecKoe ycioBue (MpeacTaBuMocTb Ten3opa M, B Bue
HHTErpajga TOJHKO M0 MOBEPXHOCTH) Oy/eT BBIOJHEHO, HE TOJbKO
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eciM AHTHUCUMMETPUYHAS YaCTh TEH30pa Ok (T. €. TMOIBIHTerpash-
HOe BbIpaxkeHue B 00beMHOM wuHTerpasie B (2.3)) paBHa HyJIIO, HO
U €C/TM OHA TIPEJICTABJsIET OO0 HEKOTOPYIO MOTHYIO JUBEPTEHIUIO,
T. €. ecm

0
Tik — Oki = 2_6 Gikl,  Pikl = —Phkils (2.11)
X

e Qi — HPOU3BOJIBHBIR TEH30D, aHTUCUMMETPUYHBIN 110 IIepPBOH
mape MHAEKCOB. B maHHOM ciaydae 9TOT MOCAeTHUN TEH30D IOJIXK-
€H BBIPAXKATHCS Yepe3 NMPOu3BOJHbIE Ou;/JT) ¥ COOTBETCTBEHHO B
TEH30p€e HAIPsIKEeHNIT BOSHUKHYT YJIE€HBI C BBICIIUMU TPON3BOTHBIMA
OT BEKTOpa cMelenus. B paMkax mzjiaraemoil B 3To#l KHUTE TEOPUH
YIPYT'OCTU BCE TaKHE YICHDBI JOJI2KHBI PACCMATPUBATHCA KaK MaJIble
BBICIIIECTO IIOPAJKA U OIYCKAThCH.

C UpUHIUIUAJIBHON TOYKHU 3PEHUsS CYIIECTBEHHO, OIHAKO, YTO
TEH30D HANPIKEHUN MOXKeT ObITH TPUBEIEH K CUMMETPUIHOMY BU-

ny u 6e3 srux npeneGpexkenuii ). Jleo B TOM, UTO Opeje/IeHue
9TOr0 TeH30pa, cornacHo (2.1), HeOMHO3HAYHO — JOIYCTUMO JE060€
mpeobpazoBaHue BUIA

~ 0
Tik = Oik = 5 =Xikis  Xikl = ~Xilk, (2.12)

Ie Xikl — IPOU3BOJLHBINA TEH30p, AHTHCHMMETPHYHBIN II0 IIO-
cleHell mape WHJIEKCOB; OYEBUJHO, YTO TPOM3BOAHBIE O0k/0x) U
00k | Oz, onpenensionye cuny F, ToxmectBenHo cosnazgaor. Eciu
AHTHCUMMETPUYHAS YaCTh TeH30pa o, umeer Buj (2.11), To Hecum-
METPUYHBINH TEH30D O;p MOYXKET OBITH MPUBEJEH K CUMMETPUYHOMY
BHly TIpeobpazoBaHueM Takoro Buia. CUMMETPUYHBIA TEH30p UMe-
eT BHUJ,

~ 1 0
Oik = E(Uz'k + o) + a-ﬂ(%m + Pkii)- (2.13)

JlelcTBUTEIBHO, JIETKO YOEIUTHCS, YTO PA3HOCTD 0 — O3 UMEET B/
(2.12) ¢ renzopom
Xiki = Pkii T Pitk — Pikl (2.14)
(P.C. Martin, O. Parodi, P.S. Pershan, 1972).

§ 3. Tepmoaunamuka ged>opMUPOBaAHUSA

Paccmorpum kakoe-uuby b 1epOPMUPOBAHHOE TEJI0 W IIPEITIO-
JIOXKWM, 9TO €ro JaedopMaliisi MEHsIeTCS TaK, 9T0 BEKTOp JAedopma-
[UU U; W3MEHSIETCs Ha, MaJIyio Bequuuny ou;. Oupenenum padbory,

1) B coorsercrsuu ¢ obmmmu YTBEPKIeHUAMU MUKDPOCKOIIMYEeCKOI Teopuu —

cp. 11, § 32.
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MPOU3BOJUMYIO TIPU ITOM CHJIAMU BHYTPEHHUX HANPSKEHUI. Y MHO-
xkast cuny Fy; = 0oy /0xp Ha nepemernenue 0u; U UHTEIPUDYS HO
BCeMYy 00bEMY Tejia, UMEeM

dedV:/aa—““duidV.
6&%

CumBosom JR Mbr 0603HAUWIH PAOOTY CUJI BHYTPEHHUX HATPSIZKe-
HUN B equHUIE 00bema Teta. VHTerpupys mo 9acTaM, moIydaeM

dedV = faikéui df, —/Uika

0ui gy,
Oz ’
PaccmarpuBas HeorpanmueHnyoo cpemy, He aedopMUPOBAHHYIO
Ha OECKOHEYHOCTH, YCTPEMUM TOBEPXHOCTH WHTEIPUPOBAHUS B IEP-
BOM HHTErpaJje K OeCKOHETHOCTH; TOT/Ia Ha Hell 0, = 0, u uHTerpas
ucuesaet. Bropoii ke wHTErpas MOXKHO, BOCIIO/IB30BABIITUCH CUMMET-
pueil TeH3opa Ok, MepenucaTb B BUIE

[6RaV = —%/aik (‘9‘5’“ +%) av =

6&% 8.737;
. _1 ) ou; Oug _ ) )
= E/UZMS (&tk + 8_:m) dV = f oikou;, dV.

Takum obpazom, HAXOIUM
0R = —aikéuik. (31)

Dta dopmysa onpeaensier pabory R M0 M3MEHEHUIO TEH30pa, Je-
dopmarym.

Ecnmm nedopmarusa Temra 1ocTaTowHO MaJia, TO MO MPEKPAIEHNUN
JMENCTBUS BBIZBABIINX e(HOPMAIINIO BHEITHAX CHJI TEJIO BO3BPAIa-
eTCsl B UCXOMHOe HemeOpMUPOBAHHOE COCTOsHUe. Takue medopma-
MW HA3BIBAIOT ynpyzumu. IIpu 6oabimmx medopMaruax mpeKkpalie-
HUE JefiCTBUS BHEITHAX CHJI He TIPUBOAUT K TTOJHOMY MCIE3HOBEHUTO
nedpOpMaITiH, — OCTAETCs, KAK TOBOPST, HEKOTOPAasT OCTATOTHAS JIe-
dopmarmg, Tak 9TO COCTOSTHEE TeIa OTINIAETCS OT TOTO, B KAKOM
OHO HAXOJAWJIOCH 0 TPUIOXKeHus K Hemy cui. Takme mgedopmannm
HA3BIBAIOT NAGCUYeckumu. B nanbueiiniem Bese (3a UCKII0OYeHIEM
ri. IV) Mbl OyzieM paccMaTpuBaTh TOJBKO YIPYrHUe jedopMalium.

IIpenmosoxkuM masiee, 9To mporece AepOpMUPOBAHUS COBEPIIIa-
€TCsl HACTOJIBKO MEJIJIEHHO, 9TO B KaXKJbIii MOMEHT BPEMEHU B TEJIe
YCIIEBAET YCTAHOBUTHCS COCTOSHWE TEPMOJNHAMUTIECKOTO DPABHOBE-
CHUsl, COOTBETCTBYIOIIEE TEM BHEIITHUM YCJIOBHUSIM, B KOTOPBIX TEJIO B
JIAHHBI MOMEHT HAaxXOAUTCsA ((haKTHUECKH 9TO yCJIOBUE MOYTH BCe-
rjaa BoImosHsgercs ). Torga mporece OyaeT TepMOJMHAMAYECKH 00pa-
TUMBIM.

VenoBUMCST OTHOCUTD B JTAJTHHEHTIIEM BCe TAKWE TEPMOTUHAMUIE-
CKWe BEJUIWHBI, KaK SHTPOMUA S, BHYTpeHHss sHeprus & W T. .,
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K equHuIe obbemMa Tesia (4 He K eIUHUIE MACChl, KAK 9TO IIPUHSIITO
B MUJPOIMHAMEKE) U 0603HAYATH UX COOTBETCTBYOMIUMU OOJIBITMU
OyKBaMMU.

B sT0it cBa3um HEOOXOmMMO caesaTh CIeAyIONiee 3aMedaHwUe.
CTporo roBops, HAIO Pa3JNYaATh €IUHUIBI 00bheMa 10 W MOCTe Je-
dopMupoBaHULd; ST 00BEMBI COIEPKAT, BOOOIE TOBOPS, PA3THIHBIE
KOJTMIeCTBA BEIIECTBa. Bce TepMOIMHAMIIECKHE BEJTHIUHBI MBI OY-
JieM B najbHeieM Be3je, KpoMme Ti. VI OTHOCHTH K equHuIe 00b-
eMa HeJebOPMUPOBAHHOTO TeJia, T. €. K 3aK/IIUYEHHOMY B HEM KOJIHU-
YECTBY BEIECTBA, KOTOPOE TOCe 1epOPMUPOBAHUST MOXKET 3aHSIThH
00'beM, HECKOJIBKO OTJIMYHBIN OT IepBOHAYAIBHOTO 00beMa. CooTBeT-
CTBEHHO 9TOMY, HAIPUMED, TTOJIHAST SHEPTHUsI TeJIa Oy IaeTCs BCer1a
uHTerpupoBanneMm &£ 1o obbeMy HeneOPMUPOBAHHOIO TeJIa.

Beckoneuno majoe m3Menenue d€ BHYTpPEHHEH HEPIUU PABHO
PA3HOCTHU TIOJYyYEHHOI'O MTaHHON eJuHUIEel 00beMa Tesia KOTMIecTBa
Telia W MPOU3BEJEHHON CUIaMK BHYTPEHHUX HAIPsiKeHW pado-
el dR. Konmnaecrso reria pasHo npu obparmmom mporecce 1 dS,
rae T — remmeparypa. Takum obpazom, d€ = T'dS — dR; B3sB dR

u3 (3.1), nomyunm
d€ =T dS + oy, dugy. (3.2)
DT0 — OCHOBHOE TEPMOAMHAMUYECKOE COOTHOIIEHME I JebOpMHU-
PYEMBIX TeJI.
Ilpu paBHOMEPHOM BCECTOPOHHEM CXKATUH TEH30p HaIpsIKeHUil
paBeH 0, = —pdix (2.6). B srom ciyuae

oik duiy, = —pd dug, = —p dug;.

Ho wmbt Bugenm (cm. (1.6)), aro cymma u;; mpejcraBisieT coboit 0THO-
cuTeIbHOE n3MeHeHne obbeMa npu gedopMupoBannu. Ecim pacema-
TPUBATH €IWHUILY 00beMa, TO U;; OyIeT TPOCTO M3MEHEHHEM STOTO
obbema, a duy; — 2yeMeHToM dV 3TOro msaMeHenus. TepMOIUHAMU-
YeCKOe COOTHOIIEHNE MPUHUMAET TOT/Ia OOBITHBIN BHU/I:

d€ =TdS — pdV. (3.2a)

Bsonst BMecTo suepruu £ cBoboauyto sHepruto Tena F = £ —TS,
HepenucepBaeM cooTHoueHue (3.2) B Buje

dF = —=5dT + o dugg. (33)
Haxkomen, repmomunavuaecknit morerrman P tera ompemessercs Kak
OP=E-TS5— OkUsk = F— Ok Usk- (34)

D10 — o0bobmieHne 06BIMHOTO BhIpaxkeHus ® = £ — TS + pV' 1),

1) Ipu BcecToponnem cxxaTuu BoIpazkenue (3.4) mepexomuT B
® =F + puis = F + p(V = Vo),
rae V — Vo — u3menenune obbema B pesysbrare jgedopmarmu. OTCIOa BUIHO,

9TO IPpUHUMAEMOE€ HaMHU 31eChb OIpeaeaeHune @ OT/IMYa€TCA OT IIPUMEHAEeMOTrO
0610 B TepmoguHamuke ® = F + pV wmenom —pVh.
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IMoncrasus (3.4) B (3.3), HaxoxuM
d® = -5dTI — Uik dO’ik. (35)

Hezapucumbivu nepemensabivu B (3.2) u (3.3) siBiisirorcst cooTBeT-
crBerHo S, ujr 1 T, u;. KoMnoHeHTHl TEH30pa HANPSIKEHUH MOXKHO
nosyunth, auddepennupyst E nim F 1o KOMIOHEHTaM TEH30pa jie-
dopmMaIn COOTBETCTBEHHO TIPH MOCTOSIHHON SHTpONU# S WM TeM-

neparype T g aF
oip = (6 ) - ( ) : (3.6)
Uik /S Ouir /T

Amnastornuno, muddepentupys ® 1m0 KOMIIOHEHTAM 0, MOXKHO
MOy YUTh KOMIIOHEHTHI ;)

wip = — ( 0% )T. (3.7)

80’ik

§ 4. Bakou I'yka

s Toro 4robLl MMETh BO3MOXKHOCTL IPUMEHATHL OOIIue Tep-
MOJUHAMUYIECKNE COOTHOIIEHUST K TEM WU WHBIM KOHKPETHBIM CJTy-
vasgM gedopManuii, HeoOX0IUMO MMETh BLIPAKeHne st CBOOOIHOI
sHeprum Tesia F' Kak (QYHKIWH 0T TeH30pa 1edOpPMAIHH. ITO BhIPa-
JKeHUE JIETKO MOy YUTh, BOCIIONB30BABIIUCH MAJTOCTHIO JedopMannii
U COOTBETCTBEHHO STOMY PAa3JIOXKUB CBODOJHYIO SHEPTHUIO B Psif, O
CTENEHSIM Uj. 1Ipu 9TOM MBI OyJeM TOKa PacCMaTpPUBATL TOTBKO
M30TPOIHBIE TEJIA; COOTBETCTRBYIONINE BBIPAYKEHUsI JIJIsl KPUCTAJLIOB
OyayT momydensl Huxke, B § 10.

PaccmarpuBag medopMupoBannoe Te10, HaXOAIIEeCs IPU HEKO-
TOpoil (IOCTOSTHHOIN BJIOJIb TeJIA) TeMmIiepaType, Mbl OyJeM CYuTaTh
HeebOPMUPOBAHHBIM COCTOSIHUE TeJIa MPU OTCYTCTBUMA BHEITHUX
CHJI TIDH TOIi 2Ke TemIiepaType (9Ta OroBOpKa He0OXO0MMa BBUJLY Terl-
JIOBOTO paciiupenusi; M. noapobuee § 6). Torma npu u;, =0 momx-
HBI OTCYTCTBOBATH TAKKe M BHYTPEHHUE HAMPAKEHWS, T. €. JOJKHBI
obiTh 05, = 0. [lockonbky o5 = OF/Ou;k, TO OTCIOMA ClIeIyeT, 94To B
paszsoxeHnu F' 10 CTemeHsIM U JOMKHBI OTCYTCTBOBATH JIMHENHBIE
YJICHEI.

Janee, MOCKONBKY CBOOO/HAS SHEPT WS ABJISIETCSA BEJUIUHON CKa-
JIAPHOM, TO W KaxKALI wieH B pas3iaoxkennn F Toxke moKeH OLITh
CKaasgpoM. V3 KOMIIOHEHT CHUMMETPUYHOrO TEH30Pa, U;i MOXKHO CO-
CTaBUTD JIBa HE3ABUCUMBIX CKAJIsIPa BTOPOH CTENEHH; B KAYeCTBE HUX

MOZKHO BbI6paTb KBaJapaT U?l CYMMbI AWAI'OHAJIbHBIX KOMIIOHEHT U

CyMMY ufk KBaJIPATOB BCEX KOMIIOHEHT TEH30pa k. Pasmaraa F' mo
CTEIIEeHAM Uk , MBI TIOJIY9IUM, CJI€A0BATE/JIbHO, C TOYHOCTBHIO 10 9JIEHOB
BTOPOIrO NOPAJKaA BbIPaKeHUE BUIA

F = Fy+ Jufs + . (4.1)
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D710 ecTh 00IIee BhIpaXKEHHe it CBODOJIHON Hepruu medopMupo-
BAHHOT'O M30TPOITHOTO Teja. BEeIuunHbl A U 1 HA3BIBAIOT K0dPPuyu-
ewmamu Jams.

Msr1 Buzienn B § 1, uTo m3MeHeHre 00beMa pu 1edopMaIiuu ornpe-
JIeJISIeTCST CYMMOH ;. Ecim 9ma cymMMa paBHA HYJIFO, TO 9TO 3HAUUT,
9TO TP 1ePOPMUPOBAHUN 00BEM JAHHOTO TEIA OCTAETCS HEM3MEH-
HBIM U MEHSIeTCsI TOJBKO ero dopma. Takme medopmaru 6e3 n3me-
HeHUs 00beMa HA3BIBAIOT COGU20M.

Ob6paTHBIM CITy9IaeM SIBASIETCST TepOPMAIHs, COTPOBOK TATOTIAST-
cd m3MeHeHueM obbema, HO 6e3 m3menenns Gopmbl. KaxK it asre-
MeHT o0beMa Tesa Mpu Takoi a1edOpMAlN OCTAETCS TTOJO0HBIM Ca-
MoMmy cebe. 3 § 1 cimeayer, 4TO TeH30p Takoi medopMalliid WMeeT
BUJT U, = const-d;,. Taxyto meopMaItmio Ha3BIBAIOT 8CECTNOPOHHUM
corcamuem.

Besakyro medopMannio MOKHO TPEICTABUTH B BUIE CyMMBI Jie-
dopmarmit IUCTOTO CABUTA, W BCECTOPOHHETO CxKaThs. st 9T0T0 /10-
CTATOYHO HANMCATH TOXKIECTBO

1 1
Ui = (Uik - g%uu) + §5ikuu- (4.2)

IlepBoiit wien crnpaBa MpeaCTaBaseT COOOM, OYEBHUIHO, UHUCTHIA
CBUT, TOCKOJBKY CyMMa €ro JMaroHaJbHBIX YJE€HOB paBHA HYJIIO
(nanomuHaeM, 9To d; = 3). Bropoii ke djieH CBs3aH CO BCECTOPOH-
HUM CXKATHEM.

B kauecrBe 06I1ero BhIpakeHwsl i CBOOOIHON SHEPrHH Jie-
GOpMEPOBAHHOTO M30TPOITHOrO Teja yaA00HO HamucaTb BMecTo (4.1)
JIPYTo€e, BOCIIOJIB30BABIINCE YKA3AHHBIM PA3/I0KEHUEM TPOU3BOJIH-
HOIl gedopMaluy Ha CABUT U BCECTOPOHHee cxKarne. VIMeHHO, BbIOe-
PeM B Ka4yeCTBe JIBYX HE3aBUCHUMBIX CKAJISPOB BTOPOW CTENEHU CyM-
MBI KBaJPaTOB KOMIIOHEHT COOTBETCTBEHHO IEPBOTO U BTOPOIO WiIe-

noB B (4.2). Torma F Gymer umers Buj ')

1 2 K
F=u (Uzk - §5z’kull> + 7“121- (4.3)

Bemwauaer K u (4 Ha3bIBAIOT COOTBETCTBEHHO MOJYACM GCECTNOPOH-
Hez20 coicamua U modyaem cdeuza; K cBszano ¢ Koadguimentamu
Jlama cooTHOMIEHTEM

K=\t %u- (4.4)

1) Mocrosuubit unen Fy — coGonHas SHeprus HemnedOPMUPOBAHHOTO TEJIa, —
B jajipHelimem He Oyzer Hac mHTEepecoBaTb. [loaToMy MBI OyaeM st KPaTKO-
CTH BCerja OIyCKaTh €ro, mnojapasyMmenas 1oxa F' o/Hy TOJBKO MHTEPECYIONIyIo
HAC CBOOOMHYIO 3HEPruio JedopMaruu Uiu, KaK TOBOPAT, YIPYIYIO CBOOOIHYIO
SHEPTHUIO.
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B cocTosiHuu TepMOIMHAMUYIECKOTO PABHOBECHsT CBOOOTHAST SHED-
U, KaK M3BECTHO, MUHUMaJIbHA. FCau Ha Telo He JeliCTBYIOT HU-
KaKWe BHEITHWE CHUJIbI, TO F Kak (PYHKIUSA OT U JOTKHO UMETH
MUHUMYM TIpHU U, = 0. D10 3HAUUT, 9TO KBagpaTudHas dhopmMa (4.3)
JIOJIZKHA OBITH TIOJIOXKUATEIbHA. ECin BIOpATh TEH30D Ui, TAKUM, UTO
uy = 0, 10 B (4.3) ocTaHeTCs TOMBKO MEPBbIii YJIEeH; eC/IH JKe BhiGpaTh
TEH30P BUIA Uj;p = CONst « §;z, TO OCTAHETCS TOJBKO BTOPOM UJIEH.
Orcroma cieyer, 9T0 HEOOXOAUMBIM (M, OYEBUIHO, JOCTATOYHBIM )
YCJIOBUEM TOJIOKUTETBHOCTH (DOPMBI (4.3) SIBIAETCS MONIOKUTE b=
HOCTB KaXKJ0r0 u3 Koaddunuentos K u p.

Takum 06pa3oM, MbI TPUXOIUM K PE3YJABTATY, UTO MOIYJIH CyKa-
THsI W CJIBUTA BCETTA TOJOKUTETbHB:

K>0, u>0. (4.5)

Bocmonbayemcst Tenepb 00IIUM TEPMOIMHAMUYECKUM COOTHOIIIE-
HueM (3.6) u onpezse MM ¢ ero MOMOIIbIO TeH30p Hampsizkenuit. s
BBIUKMC/ICHUS TPON3BOAHBIX OF/Ou;), HanmmeM nossstii guddepes-
muan dF (npu mocrosianoit Temueparype). Vimeem

1 1
dF = Kuy duy + 2p (Uzk - gull(sik) d (Uzk - guzz5ik> .

Bo Bropowm uimene yMHOXKeHMe TIEPBOH CKOOKU Ha ;) JAET HYJIh, TaK
4TO OCTaeTCd

dF = Kuy duy +2p (Uik - %Ull(sik) dup,
win, Hanucas duy B Buge 0;;duy,
dF = [Kuzl5ik + 2p (Uzk — %Uu&'k)] dug,.
OTcroma umeeM s TEH30pa, HAPAKEHUit
oik = Kuydi + 2 (Uzk - %511:“11) . (4.6)

DTO0 BBIpAXKEHUE ONPEIEsIeT TeH30D HAPSKEHUN depe3 TeH30D Je-
dopMarmu Jjisi ©30TPOITHOTO Tesa. V3 Hero BUAHO, 9TO €CIH JIe-
dopMariust sIBJISIETCS YUCTBIM CABUTOM WU YUCTBIM BCECTOPOHHUM
CXKATUEM, TO CBSI3b MEXKIY Ok U Ui, OIPENEJIsIeTCsT COOTBETCTBEHHO
OJTHUM TOJHKO MOJYJIEM CIIBUTA, WM MOJIYJEM BCECTOPOHHETO CiKa-
THS.

Herpyamno monyunts m obparubie pOPMYJIbI, BBIPAKAIONIAE ;)
qepe3 oy st 9T0r0 HalimeM CyMMy THATOHAJTBLHBIX WIEHOB 0y;. [10-
CKOJIBKY 111 BTOporo 4iena (4.6) sra cymma ob6palaercs B HyJlb, TO
04 — 3Kuii, i 1

Uii = =0 (4.7)
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IMopcrasiisig 910 Bhipazkerue B (4.6) u onpejessst OTTyAa Uik, HAXO-
M
Ui, = 9%511;011 + i (Uik - é&'wu) ; (4.8)
YTO W OIpemeIseT TEeH30p AeOPMALNN 110 TEH30PY HAIPAKEHUIA.
PapencrBo (4.7) moKa3bIBaeT, YTO OTHOCHTEIBHOE W3MEHEHHEe
obbemMa uj; TPH BCAKON medOopMalinu W30TPOITHOTO Tejaa 3aBUCHT
TOJIBKO OT CyMMBI 0y JMATOHAJIBHBIX KOMIIOHEHT TEH30pa HaIpszke-
HUI, IPUYEM CBA3b MEXKY Uj; U 0 OIPEIETACTCA TOJIBKO MOLYJIEM
BCECTOPOHHEro Czkarus. [Ipu BcecTropoHHeM (DaBHOMEPHOM) CXKATUH
TeJIa TEH30P HAIPAMKEHUI MMeeT BUI 05 = —pdik. 1109TOMY B 9TOM
ciaydae umeeM u3 (4.7):
uy = —L. (4.9)
K
TTockonbky medopMarum MaJbl, TO Uj; U P — MAJbIe BEJIUIHHBI, W
MBI MOYKEM HAIMCATH OTHOIIEHUE Uj;/P OTHOCUTESHLHOIO M3MEHEHMUSI
obbema K JaBiaeHuio B auddepeHmaaIbHOM BUIAL; TOTIA

11 <av)

K V\op/p
Besmunny 1/K Ha3bIBAOT K0IPPHUUUEHMOM BCECTMOPOHHELO CIHCA-
mus (W TpocTo KOI(MDMUIMEHTOM CXKATHUS ).

U3 (4.8) Mbl BuauM, 9TO T€H30D AeDOPMAIUY Uy, SABISETCS JIU-
HeitHoI (DYHKIME TeH30pa HAIPsKEHuit 0. Jpyrumu cioBamu, ge-
dopMariust TPOMOPIMOHAIbHA TPUIOKEHHBIM K Ty CHJIaM. DTOT
BaKOH, UMEIOIIUII MEeCTO [IJIsT MAJIBIX JedOopMalinii, Ha3bIBAIOT 3GK0-
nom I'yka 1),

IIpuBenem emie mose3nyo GOpPMY BBIPAXKEHUsT IJisi CBOOOIHOM
SHEpruu J1ePOPMUPOBAHHOTO TEJIA, TTOJIY YAy 0Cs HEITOCPEICTBEH-
HO M3 KBagparudnoctu F mo Tersopy aedopmarmu. COracHo Teo-

peme Ditnepa nMeem
oF

Oui

—9F,

Uik
OTKY/a, BBUIY TOrO 410 OF/0u;); = 0y,

F= "’;& (4.10)

Ecnu B 31y dbopmysny moacTaBuTh Uik, BhIPaKEHHBIE B BUJE JIU-
HEHHBIX KOMOWHAIIMI KOMIIOHEHT Oj, TO YIpyras SHeprus Oymer

1) ®akrudeckn 3aK0H I'yka npumenum kKo BceM yupyrum gedopmanusaM. esro
B TOM, 4TO AedopManuy 0O6BIMHO NEepecTaoT ObITh YIPYIUMU €Ile TOTa, KOrJa
OHHU HACTOJIBKO MaJIbl, 9TO 3aKOH FyKa ABJAAETCA JOCTATOIHO XOPOIIUM HpI/I6JII/I-
JKeHueM (HCKJIFOYEeHHE TIPEICTABIIAIOT TeJa TUIA DE3UHBI).
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[peJICTaB/IeHa KaK KBajparwudHas (QYHKIWA BeaudwH o;,. CHOBaA
[IpUMeHsisi TeopeMy Jiinepa, Oy1eM uMeTh
oF
= 2F,
0o
u cpasuenue ¢ (4.10) mokasbiBaeT, 4To
oF
80’ ik )
Crenyer, 0JlHaKO, MOIYEPKHYTH, 9TO, B TO BpeMs Kak popMyJia 0;, =
= 0F/0u;, siBasieTcst o0IUM TEPMOJMHAMUYIECKUM COOTHOIIEHHUEM,

crpaBeuBoOCTh 06paTHOit dhopmysibl (4.11) cBsi3ana ¢ BbINOJIHEHHEM
zakoHa ['yka.

Oik

Uiy = (4.11)

§ 5. OgHopoaubie gedpopMaluu

PaccMoTpuM HECKOJIBKO TTPOCTEHIIUX CAyIaeB 00HOPOOHbIE de-
Popmayuti, T. e. medpopManmii, TP KOTOPBIX TEH30p AedOopMaIuu
IOCTOSIHEH BJIOJIb BCero obbeMa Testa b). OqHopoHoit nedopmarmeit
SIBJISIETCSI, HAIIPUMED, yKE PACCMOTPEHHOE HAMU PABHOMEPHOE BCE-
CTOPOHHEE CXKATHE.

PaccmorpuM Temeph Tak Ha3BIBAEMOE NPOCMOE PACTANCEHUE
(nm cxkarme) crepxkHs. IlycTh CTepKeHb PaCIOIoKeH BIOIb OCH Z
M K €ro KOHI[AM TPUJIOXKEHBI CHJIBbI, PACTATUBAIONINE €TI0 B MPOTH-
BOIIOJIO’KHBIE CTOPOHBI. DTH CHUJIBI JEHCTBYIOT PABHOMEPHO Ha BCIO
TOBEPXHOCTH KOHIIOB CTEPXKHS; CHUJIA, TeHCTBYIOMAs Ha eJINHUILY 110~
BEPXHOCTH, IIyCTh OyIeT p.

ITockonbKy medopmMaliist OAHOPOAHA, T. €. Uy MOCTOSHHBI BIOJIb
TeJia, TO MIOCTOSTHEH TaK:Ke ¥ TeH30D HAPSKEHU 0;), 8 TIO9TOMY €ro
MOZKHO OIIPEJIETUTE HEOCPEICTBEHHO U3 IPAHUIHBIX YCIOBHit (2.9).
Ha 60K0B0i#1 TOBEPXHOCTH CTEP:KHS BHEITHUE CUJIBI OTCYTCTBYIOT, OT-
Kyaa caeayer, 9To o;kng = 0. [IocKombKy eIUHUYHBIH BEKTOP N Ha
OOKOBOI1 MTOBEPXHOCTH HEPIIEHANKYJISIPEH K OCH Z, T. €. HMEeT TOJIBKO
KOMIIOHEHTEI 71z, Ty, TO OTCIOJA CIIeyeT, 9TO BCe KOMIIOHEHTDI Ok,
3a MCKJIIOUYEHNEM TOJBKO O, ,, PABHBI HYJII0. Ha IIOBEpXHOCTH KOHIOB
CTEPKHS UMEEM O ,;1; = P, OTKYJAA Oy = P.

W3 obmero Beipaxkenns (4.8), CBA3BIBAIONIEI0 KOMIOHEHTHI TEH-
30pOB JedOPMALNN U HAIPSXKEHUI, MBI BUINM, 9TO BCE KOMIIOHEHTHI
Uik C 1 7# k paBHBI HyJI0. [lJIsT 0OCTAJIBHBIX KOMITOHEHT HAXOIUM

1/ 1 1 1/1 1
=y = — = — — — =-(—+2)p. 5.1
oz = tyy 3 <2u 3K> Py taz =g <3K + p) p (5.1)

1) Kommonents: Temsopa medopMamuy Kax (yHKIIMH KOODIUHAT HE SBJISIOTCS
BIIOJIHE HE3aBUCUMBIMU BEJIMYMHAMU, TIOCKOJIbKY IIECTh PA3IMYHBIX KOMIIOHEHT
Ui} BBIPAXKAIOTCS Yepe3 IIPOU3BOIHBIE BCETO TPEX HE3ABUCUMBIX (DYHKII — KOM-
OHEHT BeKTopa u (cM. 3axa4dy 9 § 7). Ho mecTh NOCTOSHHBIX BEJIMIHH Ui, MOLYT
OBITH B IIPHUHIIMIIE 33/IaHBI IPOU3BOJIBHBIM 00DPA30M.
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Kowmmonenta u,, omnpeesier OTHOCUTEIBHOE YIJINHEHNE CTePIK-
Hsl BIOJb ocu z. KoaddunmenT npu p HA3BIBAIOT KoaPduyueH-
MOM PacmANCEHUA, a OOPATHYIO BEJTUUNHY — MOOYAEM PACTIANCEHUS
(mm modyaem Omnea) E:

Uy, = % (5.2)
rjae
B = Kun (5.3)
3K +p

KoMInoHeHTBI Uyy U Uyy ONPeesIaioT OTHOCUTEIbHOE C2KATHEe CTepPIK-

Hsl B momepedHoM HampapjaeHuu. OTHOIIEHNWE TTOMEPETHOTO CIKATHS

K TPOJOIBHOMY PACTSKEHUI0 HA3BIBAIOT koapduyuenmonm Ilyacco-
1).

Ha 0 ):

Upy = —CUyy, (5.4)
rze
o= 13K -2 (5.5)
23K+p

ITockosbky K wu p Bcerja mosjoxureabhbl, 10 Koaddunuent [lyac-
COHA MOYKET MEHATHCS JIJTsT PA3JIMIHBIX BEIIECTB TOJLKO B Mpeerax

or —1 (mpu K = 0) m0 1/2 (mpu g = 0). Taxum oGpazom 2),
—1<o< % (5.6)

Hakomner, orHoCuTEIEHOE yBEIUUEHHE 00beMa CTEPKHSI TIPU €0 pa-
CTSI)KEHUU PAaBHO
p

Uj = =. 5.7

=2 (57)

CBOGOMHYIO SHEPTHIO PACTSIHYTOTO CTEPXKHS MOXKHO HATMCATH, BOC-

[OJIB30BABIIUCH Herocpeacrserno dopmysnoii (4.10). IockoabKy or
HYJIS OTJIMYHA TOJHKO KOMIIOHEHTA 04y, TO
1 P>

F = EUZZO-ZZ = ﬁ‘ (5.8)

B nanbreitiiem Mbr OyzeM Mogb30BaTHCs, KAK 9TO OOBITHO TPU-

HsiTO, BeuunHamu F u o BMecTo moaysieir K u . DTH TOCIEIHAE,

1) OGosnadenne xosddummenta Ilyaccona depes o, a KOMIIOHEHT TEH30Pa Ha-
NIPSIXKEHUH 9epes o He MOKET MPUBECTH K HEIOPA3yMEHUIO, IIOCKOJIBKY TOCIe/T-
HUE, B OT/INYNE OT IIEPBOTO, BCErJa MMEIOT UHIAECKCHI.

2) @axruuecku xkoapuuuent IIyaccoHa MEHSETCS TOILKO B Ipenesax or 0
1o 1/2. B Hacrosmee BpeMsl HEU3BECTHBI TeJIA, Y KOTOPHIX 06110 661 0 < 0, T. e.
KOTOpPBIe OBl yTOJIMIAINACH TTPU TMPOJOILHOM PACTAKEHUN. Y KayKeM TaKikKe, ITO
HepaBeHCTBY 0 > ( orBedaer A > 0; APyruMuU CJIOBaMU, BCETIa MOJIOKHUTEIbHBI
ofa 4sieHa He TOIBLKO B BhIpaxkenun (4.3), Ho u B (4.1), xors 910 1 He Tpebyercs
TepMOIMHAMUKOI. Bimskue x 1/2 3nadennsa o (HanpuMmep, y PE3WHBI) COOTBET-
CTBYIOT MOJYJIIO CIABUTA, MAJOMY 110 CDABHEHHIO C MOIYJIEM CIKATHS.
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a TakKe BTOPOit K03 durnment Jlams A Beipaxkarorcs uepes K u o
dopmynamu

_ Eo _ E __E
T Ot M7 , K (5.9)

2(1 +0) 3(1 —20)°
Burmumirem 37eck ob1iue hopMy bl IpeabIayinero maparpada ¢ koad-
durmenTamMu, BhIpaXKeHHbIMEI Yepe3 B u o. s cBoboaHO sHeprun
nMeeM

_E 2)
T 2(1+0) ( Uik T T 5y il (5.10)
Tenzop HanpszKeHuil BbIparkaeTcs depes3 TeH3op aedopMallui Co-
TJIaCHO E
JE— . 0- .
Oik = 10— (Uzk + 20Ull51k) : (5.11)
ObpatHo:
1
uip = Z[(1 +0)oi —ooudiy). (5.12)

IMockonery dopmynamu (5.11) u (5.12) mpuxoauTCss MHOCTOSIHHO
0JIB30BATHCS, BBIMHIIEM UX 3/1eCh JJIst Y100CTBa B PACIHCAHHOM IO
KOMIIOHEHTaM BH/JIE:

E

Oy = m[(l — 0)Ugy + 0 (Uyy + Usz)],
E
- P -
T = ezl T )ty o (e + uz2)], 61
B .
E
Ogy = l+o —Ugy, Ogzz = H—U'Ufzz, Oyz = H_U'Ufyz
n obparHble POPMYJIBI;
1
Upy = E[am —o(oyy +022)],
1
Uyy = E[ayy — 0(0gg + 022)],
1 (5.14)
Uzy = E[Uzz - U(Umm + Uyy)]7
_ 140 _ 140 _ 140
Ugy = Ogy, Ugz = Tafvm Uyy = Oyz-

Paccmorpum Temepn cxxaTtme crepKkHs, OOKOBBIE CTOPOHBI KOTO-
pPOTO BaKpETIEHBI TaK, U9TO €ro MOMepedHble Pa3Mephl He MOTYT Me-
HATHCSA. BHEINTHNE CUITBI, TPOU3BOAIINE CIKATHE CTEPIKHS, TIPUIOKE-
HBI K €0 OCHOBAHUSIM U JEHCTBYIOT BJIOJb €0 JIJINHBI, KOTOPYIO MBI
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oIATH BbIOEpEM B KadecTBe ocH z. Takyi gedopMaryio Ha3bIBAIOT
odnocmoponnum coicamuem. Ilockonbky creprkens nedbopMupyercs
TOJIBKO BJIOJIb OCH Z, TO W3 BCEX KOMIOHEHT U, OT HYJIs OTJIMYHA
TOJIBKO U,. VI3 (5.13) mmeem remepb

Eo u o = E(1-o0) ”
(1+0)(1—-20) 2 "% (1+o0)1-20) %

Ozx = Oyy
O6o3Havast ONsaTh CKUMAIOILYIO Cuily udepe3 p (0,, = p; p oTpuIa-
TeJIbHO TIPU CYKATUH), UMEEM

(14+0)1—20)
Uyy = —————2p. 5.15
2z 50— P (5.15)
Koadduruent npu p HazbiBaeTcs KO3MOUITUEHTOM OJHOCTOPOHHETO

cxkarud. g nanpsizkeHnii, BOSHUKAIOIIUX B MTONIEPETHOM HAIPaBJIE-
HUU, UMEEM

o
Ogp = Oyy = Pr——r- (5.16)
Haxowner, g1 cBoOOIHOM SHEPTUHU CTEPXKHS UMEEM
F=p2to)=20) 5.17
Y ) (5.17)

§ 6. edopmaliiuu ¢ n3MEeHEHHEM TEMIIePATyPbl

PaccmoTpum Temneps pedopMariiu, COmpoBOXKIAOIIMECS U3MEHE-
HUEM TEMIIEPATYPhl Teja; W3MEHEHNe TEeMIIepaTypPhl MOXKET ITPOUC-
XOJIUTH KaK B PE3YJIbTATE CAMOTO MpOoTecca 1epOpMUPOBAHUS, TAK U
10 TTOCTOPOHHUM TPUIUHAM.

Bynem cumrarh HemedOpMUPOBAHHBIM COCTOSHUE TeJia MPU OT-
CYTCTBUU BHEITHUX CHJI DU HEKOTOPOIi 3ajaHHO# Temmeparype Tj.
Ecnu Teno naxomurea npu temneparype 1', ormuanoit ot T, To mazxke
Py OTCYTCTBUU BHEITHUX CHUJI OHO OyJeT, BooOIIe roBops, aedop-
MUPOBAaHO B CBSI3W C HAJWYMEM TEIJIOBOr0 pacimpenusi. [losTomy
B passioxkenue cBoboguol suepruu F(T) OyayT BXOAUTH HE TOJIb-
KO KBaJIDATUYHbIE, HO U JIMHEHHBIE TI0 TEH30DY AePOPMAINN UIeHbI.
N3 KOMIIOHEHT TEeH30pa BTOPOTO PAHTA U;;, MOYKHO COCTABUTH BCE-
0 TOJIBKO OJIHY JIMHEHHYIO CKAJSIPHYIO BEJIMUMHY — CYMMY U €ro
JMaroHAJIBHBIX KOMITOHEHT. Jlajiee Mbl OyieM IIpesrnoiaraTh, 9To Co-
poBOXK Jatoree gedopmaruio udmenenne 1 — T TeMIepaTypbl Ma-
0. Torga MOXKHO cYNTATH, 9TO KOI(MP@UIIUEHT IPU Uj; B PA3JIOKE-
Hun F' (koTopsiit jomxken obpamarbes B Hysb npu T = Tj) mpocto
nponopimonasien paznoctu 1T — Ty. Takum obdpazom, MOayduM s
cBOOOIHOM HEepruu cenyolnyto dopmyty (3amensornryto (4.3)):

1 2 K
F(T) = Fo(T) — Ka(T — To)uy + i (Uzk — gaikull> + ?Ulzla (6.1)
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rae koadpduriment npu T — Ty vanucan B Bujge — K a. Bejmaunsr i,
K, o Ha10 CunTaTh 3/1€Ch MOCTOSTHHBIMU; YUET MX 3aBUCUMOCTU OT
TeMIIepaTyphl TPUBEJ Obl K BEJIMIMHAM BBICIITIETO TOPSIIKA MAJIOCTH.

Huddepennupyss F 10 U, MTOJyIUM TEH30D HAINPSIYKEHUIA.
Nmeem

1
oy = —Ko(T — Ty) s, + Kuydip + 2 (Uzk - §5¢kuu>- (6.2)

Ilepsolii wien 31ech mpeacraBisier cOOOM JOMOTHUTE/IbHBIE HAIIPS-
JKeHWsI, CBSI3aHHbIE C U3MEHEHNEeM TeMueparypsl Tena. [lpu cobos-
HOM TEIJIOBOM pacIiupenun Tesia (Ipu OTCYTCTBUU BHEIIHWX CHJI)
BHYTPEHHUE HAIPAKEHUd TOJKHBI OTCyTCTBOBaTH. lIpupaBHuBas
Ok HYJIO, HafileM, 9TO U;; UMEeEeT BHI: const - 0;,, mpuaeM

uy = (T — Tp). (6.3)

Ho uy; npexncrasisier coboii oTHOCHTENIbHOE M3MEHEHNE 00beMa IPU
nedopmaruu. Takum 06pazoM, (v IBJISIETCS HE U€M MHBIM, KaK K09¢h-
PuUYUEHRMOM MENAOBO20 DPACULUPEHUA TETA.

Cpenn pasjndHbIX (B TEPMOJAMHAMUYECKOM CMBIC/IE) THUIIOB JIe-
dopMaruii CyIecTBEHHB U30TEPMUYECKHE U ATUaDATHIECKUE JIe-
dopmaruu. [Ipu u3oTepMutdeckux aeopMalisax TeMIepaTypa Teaa
He mensercs. CoorBercrBenHo sromy B (6.1) mHamo nomoxuts T =T,
¥ MBI BO3BpAIaeMcsi K O0bI4HbIM popmysiam; kodddurmentsr K u 4
MOKHO TIO9TOMY HA3BATH U3OMEPMUECKUMU MOOYAAMU.

A mmabaTHaeckKuMu  ABAAIOTCS  AeopManum, Tpu KOTOPBIX He
[IPOUCXOAUT OOMEHA TEIJIOM MEXKJY PA3IUYHBIMU yYaCTKAMU TEsa,
a Takyke, KOHEUHO, W MeXKIy TeJIOM W OKPYIKAIoMmed cpemoit. DH-
Tpomwsi S OCTAeTCsT TIPU HTOM TOCTOTHHOM. Kak m3BecTHO, sHTpONHS
paBHa mpousBogHoit —JF /0T or cBOOORHON SHEPTHUH MO TeMIepa-
rype. duddepentupys soipaxkenune (6.1), HAXOUM ¢ TOUHOCTHIO JI0
YJIEHOB TIEPBOTO MOPSIIKA TI0 Uk

S(T) = S()(T) + Kauy. (6.4)

IIpupaBusaB 5T0 BbhIpazkeHUE TOCTOTHHOM, MOYKHO OMPEIETUTh U3Me-
HEHUE TeMIepaTypbl npu gedOpMaIui, KOTOPOE OKA3BIBAETCS MPO-
TTOPIUOHAJTBHBIM Uy

Cy

(T — To) = —Kau”. (65)
To

[MoncraBus 510 BhIpaxkenue B (6.2), MOIYIUM IS 0 BbIPaXKeHWe
OOBIYHOI'O THIIA

1
oir, = Kanupdiy + 24 (Uzk - 5511:“11) (6.6)

C TeM Ke MOJyJeM CABUIa, HO C JIPyruM MoayseM cxaTus Kaj.
Caa3b ajmabarnyeckoro Moays Kay ¢ OOBIMHBIM, H30T€PMUYECKIM
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Momayaem K MOXHO, OJHAKO, HAHTH W HEIMOCPEJICTBEHHO MO 00Ieit
TEePMOIUHAMUYIECKON (hopMmyTe

(50).= G0), + 2
op/s op/1T Cp\O0T/p

(Cp — TemI0eMKOCTb TIPH TIOCTOSIHHOM JIABJI€HUN, OTHECEHHAs K /11~

Huie obbema tesa). Ecim nornmars nog V' obbeM, 3aHUMaeMblii Be-
IIECTBOM, HAXOAUBIINMCS 10 nedopManuy B euHuIe o0beMa Tea,
to npoussozausle AV /0T u OV /Jp onpenensor OTHOCHTEIbHBIE 13-
MeHeHns 00beMa COOTBETCTBEHHO I[P HATPEBAHUHM U IIPU CXKATHH.
pyrumu cioBamu,

oT P ’ ap S Ka;(’ ap T K'

Takum obpazoMm, mosyydaeM Jjisd CBA3M MEXKIY aaunabaTuIecKuMu u
M30TEPMITIECKIMHI MOJY/IsAMHA |)
1 1 Tao®
== —-— an = M- 6.7
Kan K G MaaTH (6.7)
Hns aduabamuyeckur MOy pacTszKeHus U KodhbduimenTa
[Tyaccoma ferko mosyvqaeM CaemyroIine COOTHOTIEHHS:
E o+ ETa?/(9C,)
Eaﬂ s —————— O‘aﬂ _— -
1— ETa?/(9C,) 1— ETa?/(9C,)
B peambupix ciygaax semanna ETao?/ C), 0OBIYHO MaJIa, U TOITOMY
C JOCTATOYHON TOYHOCTHIO MOXKHO HAIUCATH:

Tao? Tao?
Eyy=E+FE*>>% og.,.=0+(1+0)E=%. 6.9
az 90,, ’ A ( ) QCP ( )
IIpu m3oTepMudeckoit gedopMalun TEH30P HAPSIXKEHWH BhIPa-
KaeTcd B BI/I,ZLe HpOI/ISBO,I[HbIX oT CBO60,ZLHOI71 SHepPI/II/I:

P <8F)
ik Qui /7

ITpu nmocrostHHOl 2Ke sHTpOIMN HaAo Hanucarh (cM. (3.6)):

S ( o€ )
ik Ouir S’

e £ — BuyTpenHss sueprusg. CoOTBETCTBEHHO 3TOMY TIpHU agrabda-
truaeckux nedopManuax Bhlpaxkenue, anagorndnoe (4.3), onpeesns-
eT He CBODOIHYI0 SHEPTUI0, & TPOCTO BHY TPEHHIOK SHEPTHUIO € THHUITHI
o0 beMa TeJIa:

(6.8)

K. 1 2
&= ;ﬂufz +p (Uzk - §Uu5¢k> . (6.10)

1) st roro uroGsr mosyunts 91u dopmyst u3 (6.5), (6.6), Hamo 66110 66l H1C-
TIO/Ib30BATD elIle I U3BECTHYIO TepMoauHamMutaeckyio hopmyny Cp, —C, = Ta’ K.
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§ 7. YpaBHeHUS pPaBHOBECUsI M3OTPOIHBIX TEJI
BreiBenem Temneph ypaBHEHWSA PaBHOBECHS M30TPOMHBIX TBEPIBIX
rest. st sroro Hao mojcraBuTh B obume ypasHenust (2.7)

Jaix

Oxy,

Beipazkenue (5.11) mus rensopa Hanpsikenuit. Vimeem

+pg; =0

aO'ik _ Eo 6%11 E 61%
Oxy, (14+0)(1 —20) Oxn; 140 dzy

ou; Jug
+ 2k

Tloncrapnasist croma u;, = ( ), MOJIyYUM YPaBHEHUS DaB-

HOBECHUS B BHUJIE
E 9% E & uy
2(1+ o) Oz} 2(1 4+ 0)(1 — 20) Ox; Oy

+ pgi = 0. (7.1)

OTH ypaBHEHHUs yA0OHO TEpenucaTh B BEKTOPHBIX 0003HaYeHsIX. B
9TUX 0003HAYEHUSX BeJIUIHHBI 021;/OTs ABJIAIOTCS KOMIOHEHTAMH
BekTOpa Au, a Ou;/0z; = divu. Takum obpaszom, ypaBHEHUs pPaB-

HOBECHUsI IPHOOPETAIOT BUI
2(1 + 0’)
E

1 .
Au + N graddivu = —pg=———— (7.2)
— 40
I/IHOI‘,ZLa 6I:>IBaeT y,lIO6HI)IM IMHUCaTh 9TO YpaBHEHNE B HECKOJIbKO MHOM
BHU/JIE, BOCIIOJIb30BABIINCH W3BECTHOW (DOPMYJIOii BEKTOPHOTO aHAJIH3A:

grad divu = Au + rot rot u.
Torna (7.2) npuobperaer Bu

graddivu — 1229 iotrotu = —pg—(1 +o)( = 20) (7.3)
2(1 — o) E(1-o0)
MpsbI nuiiieM ypaBHEHUsT PABHOBECHUsI B OJHOPOIIHOM TIOJIE CHJI Tsi-
JKECTH, UMesl B BUJLY, UTO ITOC/IETHUE SIBJISTFOTCsT Hanbojiee OOBITHBIMY
B TEOpUU yIpyroctu obbeMubIiMU cuiamMu. [Ipu Hammanm Kakux-aubo
HHBIX 00BEMHBIX CHJI BEKTOD pg B TTPABON IACTH YpaBHEHUS JOIK-
eH OBITb 3aMEHEH COOTBETCTBYIOIIEH APYTOH MIOTHOCTHIO 06BEMHBIX
CHJL.
Hawubosiee cymecreen ciaydait, korma JgedOopMalinsl BbI3bIBACTCS
He O0bEMHBIMI CHJIAMU, & CAJIAMH, TPUJIOKEHHBIMUA K TTOBEPXHOCTH
tesia. Torma ypaBHeHHE PaBHOBECUS IJIACHT

(1 —20)Au+graddivu =0 (7.4)
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WA B IPYTOM BHUJE
2(1 — o) graddivu — (1 — 20) rot rot u = 0. (7.5)

Brermnue cuibl BXOJAT B PEIIeHHe TOIBKO 4Yepe3 MOCPEICTBO I'pa-
HUYHBIX YCJIOBUH.

IMpumensis k ypasuenuto (7.4) omepammio div U TOMHS, 9TO
divgrad = A, maxoaum

Adivu =0, (7.6)

T. e. BesmanHa divu (onpemessionias n3MeHeHne obbeMa MpH J1e-
dopmanun) sBisiercs rapmonuueckoii dyukuueir. [Tpumensia xe K
ypasuenuio (7.4) oneparop Jlamnaca A, nosydnM Tenepb

AAu =0, (7.7)

T. €. B pAaBHOBECUM BEKTOP 1eOPMAINH YIOBIETBOPIET OU2APMOHU-
YECKOMY YPABHEHUIO. DTU PEIYIBTATHI OCTAIOTCSA B CHJIE H B OTHOPO/I-
HOM TI0j1e TsizkecTr (mpu onepanusx auddepeHnpoBanus mpaBas
JacTh ypaBHeHus (7.2) mcuesaer), HO OHU HECIIPABEJINBBI B 00IIEM
cIydae TIePEeMEHHBIX BJIOJIb Tesia 00beMHBIX BHEITHUX CHJI.

Tor dakT, uro BekTOp MedopManny yI0BIETBOPIET OUTaPMOHU-
TECKOMY YPABHEHWIO, He O3HAYAET, PA3yMEETCs, ITO OOImil mHTe-
rpas ypaBHeHuii paBHoBecusi (IIpU OTCYTCTBUM OObEMHBIX CUJI) €CTh
MPOM3BOIbHAST OUTAPMOHUIECKAsT BEKTOPHAS (DYHKIIHS; CIEIyeT 1M0-
MHUTH, 9T0 (DyHKIWs U(Z,y,z) JA0MKHA B JeHCTBUTETHHOCTH YI0-
BJIETBOPSTH erie u AudPepeHIna bHOMY YPABHEHUIO D0Iee HU3KOTO
nopsjaka (7.4). B To ke BpeMsi OKa3bIBaeTCs BO3MOYKHBIM BbIPa-
BUTH OOIIUI WHTETpAJT YpaBHEHWN PABHOBECHST Uepe3 TMPOU3BOIHBIE
OT POU3BOJLHOIO OUrapMOHMYECKOro BeKTopa (cM. 3azgady 10).

Ecmm Temo HepaBHOMEPHO HATPETO, TO B YPABHEHUN PABHOBECHS
JOI7KeH OBITH 100aB/IeH JOMOTHUTEIbHBIN WieH. B Ten3ope Hamps-
KeHuit gomken 0b1Th yuaren dinen —Ka(T — Tp)di, (em. (6.2)) u co-

OTBETCTBEHHO B 00;) /0T) BO3HUKAET TI€H

oT Ea 0T
KoL = _Ba 0T
ox; 3(1 — 20) dz;
B pesysbrare mosyuaem ypaBHEHWs] DABHOBECHS B BH/IE
31-0) graddivu — 30=29) Lot rotu = aV'T. (7.8)
140 2(1+0)

OcCTaHOBUMCS Ha YACTHOM CIIydae naockoti dedpopmayuu, Ipu Ko-
TOPOIi BO BCEM TeJie OHA M3 KOMIOHEHT BEKTOpPa CMEIICHHUs PaBHA
Hy 50 (u, = 0), @ KOMIOHEHTBI Uy, Uy 3aBUCAT TOJIBKO OT %, y. Ilpn
9TOM TOXKJIECTBEHHO OOPAIIAIOTCH B Hy/Ib KOMIOHEHTBI Uyy, Usz, Uys
Tensopa JedopMaIil, 8 ¢ HIMH U KOMIOHEHTBI Oy, Oy, TEH30Da Ha-
npsKenuit (HO He MPOJ0ILHOE HAIPSIZKEHUE 0, ,, CYIIeCTBOBAHUE KO-
TOPOTO JIOIZKHO 00ECIEINTH TIOCTOSTHCTBO JJTUHBI TEJIA BJIOIb OCH Z).
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HOCKOJIbe BC€ B€/JIMYMWHBI HE 3aBHUCAT OT KOOPpAWHATBL 2z, TO
ypaBHEHUA DaBHOBECUA (HpI/I OTCYTCTBUU BHEITHUX 00 BLEMHBIX CI/IJ'I)

0ok [0z, = 0 cBOIATCA B JAHHOM CJIydae K JBYM yDPABHEHUsIM:

Jo Jo Jo Jo
4 =), R4 =), 7.9
ox dy ’ ox Ay (7.9)
Haubomee obumm BuIOM QYHKIUIE Oy, Ogy, Oyy, YAOBIETBOPAIONTIX
STUM YPaBHEHUSIM, SBJISETCS
*x ’x X

Opg = ==, Ogy = — Oyy = —=
Tz Oy? ’ *y Or 8y’ vy Oz2’

r7e X — MpOu3BOJbHAS (DYHKIMS OT & U . JIerKO TOIyunTh ypaBHe-
HUEe, KOTOPOMY JIOJI2KHA, yJIOBJIETBOPATH 3Ta (pyHKIust. Takoe ypas-
HEeHUE JIOJKHO CYIIECTBOBATH B CUJIY TOTO, YTO TPU BEJUUYUHBI Oy,
Ogy, Oyy BBIPAZKAIOTCA B JEHCTBUTEJIBHOCTH BCErO Yepe3 [IBe BE/Iu-
YUHBI Uy, Uy U TOTOMY HE ABIAIOTCA He3aBHCHMBbIMA. C IOMOIIBIO

dopmyn (5.13) naiigem s mwiockoit pedbopmarun
E

(7.10)

7 O = ey e )
Ho
ou Ou .
= A == —~ =d
Ogz + Oyy X,  Ugz T Uyy oz + oy wu,

u 110cKoIbKY divu ecth, coracuo (7.6), rapmonuueckasi GyHKIMs,
TO MBI 3aKJII04aeM, 4TO (byHKI_[I/Iﬂ X YAOBJIETBOPAET YPABHEHUIO

AAY =0, (7.11)

T. €. siBJIsteTcs OburapMonndeckoii. @yHKIINIO Y HA3BIBAIOT PyHKyued
nanpascerud. Ilocne Toro xax miIockas 3ajada perrena u QyHK-
1IHsi Y U3BECTHA, MPOJOIBHOE HANPSKEHUE 04, ONPEIEIIeTCS Hero-
CPeJICTBEHHO 110 (hOpMYJIe

oE
(14+0)1-20)

0, = (Ugz + Uyy) = 0(0gx + Oyy),
Wi

0., = 0AX. (7.12)

3amayu

1. OnpenemuTsb medOpPMANUIO IJIMHAOTO CTEPIKHSA (IJTHHBL [ ), CTOAIETO BEP-
TUKAJIbHO B I10JI€ TAXKECTH.
Pemenue. Hampasisiem och z 10 OCH CTEDYKHsI, a ILIIOCKOCTD T} — B IIJI0C-
KOCTH €ro HU2KHEero OCHOBAaHUA. ypa,BHeHI/IH pa,BHOBeCI/IH
00z _ aayi —0 00 =pg
=¥ o, —Z = pg.
Ox; Ox; Ox;

2 JI. . Jlannay, E.M. JIudmun, Tom VII
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Ha 60koBoit moBepxHOCTH CTEPKHS JOIKHBI 00PAIIaThCA B HyJIb BCE KOMIIOHEH-
THL Ojk, KPOME 0., & Ha BepxHeM (z = l) ocHOBaHWU 0, = 0y, = 0., = 0.
VI0BIETBOPSIONIEE STUM YCIOBHUSIM DEIIeHUE YPABHEHUI PABHOBECUS €CTh

Ozz = —pg(l - Z)>
a Bce octanbuble o, = 0. Ilo o5 onpenensem u;, B BUIE

o l—z
Uze = Uyy = Epg(l —2), Uz = _pg(E,—), Upy = Ugz = Uy, = 0,

a OTCIO/Ia UHTErPUPOBAHMEM — KOMIIOHEHTHI BEKTOpa J1edopManun

o
. = —pg(l — 2)z,
u pg(l — z)x

ag
= oo(l — ,
Epg( 2)y

we= (=2 o 4y,

Uy

Briparkenne myist u, ymoBiIeTBOpsieT I'DAHUYIHOMY yCJIOBHIO u, = ( TOIBKO B
OJIHOM TOYKe HMXKHEH IOBEPXHOCTH CTePXkKHs. I109TOMY IIOIydeHHOe peleHHe
HEIIPUMEHNMO BOJ/IM3M HUKHEr0 KOHIIA CTEPKHSI.

2. OnpegenmThb medOpMAITHIO TIOIOro mapa (HapyKHBIA U BHY TPEHHUIA Pai-
ycol Ry u R1), BHYyTpH KOTOPOrO JeHCTBYeT IaBJIEHNE P1; JABJEHUE CHADY KU P2.

Pemenue. Bsomum cheputieckre KOOpAUHATHI C HAYAJIOM B IIEHTPE IIAPa.
Jedopmanus u HampasjeHa Be3/e 0 PAaAuycy U sBisgercs QYHKIUeR TOIbKO
or r. ITosTomy rot u = 0, u ypasrenwme (7.5) mpuobperaer Buz

Vdivu = 0.
Orcroma )
divu = iM = const = 3a,
r r
niain 9
u=ar+b/r".

KowmnonenTsr Tenzopa nedopmamunm (cm. dopmynsr (1.7)):

Uy = G — Ugy = Upyp = @ + —.

s’ r3
Panuansroe nanpsxenne
E E 2E b
Orp = ——————[(1 — 0)trr + 20ug9] = ———a — —.
(1+0)1-20) 1-20 1+o73
ITocrosinHble @ 1 b OLIPeIENATOTCS U3 TPAHUYHBIX YCJIOBUR: 0 = —p1 IPUT = R
u orp = —p2 Tpu r = Ry. Orciona naxogum

:le‘;’—p2R§1—20 b— R3R2(p1—p2)1+0
R} — R? E R} —R? 2E

Taxk, pacmpeesienne HAIPSAKEHUIH IO TOIIIUHE MAPOBOTO CJI0s, BHYTPH KO-
TOPOro JefCTBYeT JaBjeHue p1 = p, a cHapyxku p2 = 0, gaercs dopmynamu

_ pR} RS _ _ pR} R3
Orp = - R3(1_r_3 , Uee—UWP—Rg i 1+ﬁ .
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st ToHKO# cepudaeckoit 06om04ukn Tormuasl h = Ry — Ry € R nvmeem tipu-
OJIMKEHHO
2
_pR*(1-0) _ _PR _ _p
W="————%, 0090 =0pp ="T—, O =7
2FEh 2h 2
(Grr — cpemmee O TONMMMHE 0GOTOYKYN 3HAMEHUE PAJMATHLHOTO HATIPIIKEHIS ).
Pacnpenenenve nanpsi>keHuii B HEOrpaHUYEHHOM yIPYTO# cpejie ¢ mapoob-
pasHoii monocTeio (pamuyca R), momsepraeMoil paBHOMEDHOMY BCECTOPOHHEMY
CKATHIO, TIOTy9IuM, ToJIoKUB 1 = R, Ry = 0o, p1 =0, p2 = p:

R? R?
UM=—p(1—T—3>, 099=a¢¢=—p<1+ﬁ>.

Ha rpanuie mosaocTy TaHreHIUAIbHbIE HAIPSIKEHUSI Ogg = Opp = —3p/2, T. €.
[IPEBBIIIAIOT JABJIEHUE HA GECKOHEYHOCTH.

3. Ompenemuts medopmaruio crutonrroi cdeps (pammyca R) mox Biugaauem
COOCTBEHHOI'O I'PABUTAIIMOHHOIO IIOJIS.

Pemenue. Cumia tarorenus, nefiCTBYIOMAs Ha €IUHAILY MACCHI cheprde-
ckoro rtesa, pasaa —gr/R. IlogcraBus 9T0 BBIpasKeHHEe BMECTO g B ypaBHEHUE
(7.3), momyumm 119 PAIEATBHOTO CMEINEHUS CIEIYIONEe Y PABHEHUE:

El-0) d <id(r2u)) _r
(1+0)1—20)dr \r2 dr R
Pemenne, koneunoe pu r = 0 1 yA0BAETBOPLIONIEE YCAOBHUIO 0, = Q pur = R,
ecThb
u__ng(1—20')(1+0')r|:3—0' r2]

10E(1 — o) 140 R?

) 3_g \ /2

OrmMeruM, 9T0 BHYTpU ChHepUIecKoil HOBEPXHOCTH paauyca R m

+o
BemecTBo CKato (ury < 0), a BHE ee — pacTanyTo (urr > 0). JaBnenue B neHTpPE
apa OKa3bIBAETCs PABHBIM
3—o
———8pR.
10(1 — o)

4. Onpenenmmtsd 1edbOpMAHAIO TONOH TUIRHAPAIECKOH TPYObl (HApYKHBIN 1
BHyTpeHHUH paauycsl Ry u R1), BHyTpH KOTOPOii JefiCTByeT NaBJIEHNE D; I1aBJie-
HUe CHAPYKH OTCyTCTByeT ).

Pemenue. BBomum mmmmHIpUYecKre KOOPAMHATHL C OCBIO 2 IO OCH TPY-
6b1. ITpu omHOpOAHOM BIOJIL TPYOBI HaBjeHun JedopMaliyst IPe/ICTaBIsieT coboi
YUCTO PAJMAJIBHOE CMEIIeHne u, = u(r). AHAJOTHYHO 33/1a9€ 2 UMEEM Tereph

divu = lm = const = 2a.
ror
Orcroga )
u=ar—+ —.

r
OTnwaabe OT HyJIsi KOMIIOHEHTHI Ter30pa medopmanmm (cm. dopmyast (1.8)):
du b U b

Upp = — = a4 — —, Upp =—=a+ —.
dr r2 r r2

1) B samauax 4, 5, 7 IPEeANONAraeTCs, UTO LUIMHAPHL YAEPAKUBAIOTCS IIPH
[IOCTOSTHHOM J/IMHe, TaK YTO IPOAOIbHAs AedOpMaIus OTCYTCTBYET.

2*
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W3 ycnoswit 0, =0 mpu r = Ry u 0 = —p nipu r = Ry Haxoamm
_ PRt (1+0)(1-20) , _ pRIRS 140
R - R? E ’ R:-R? E

Pacnpenenenue nanpsxenuit mo rommuae Tpy6sl gaercs dbopMmyramMu
Oy = _pR% <1 - R—§> Opp = _pR% <1 + R—§>
R} — R2 r2)’ """ R} R2 r2 )’
pRY
R — R}

5. Onpenermts medopManmio IMUIKHAPA, PABHOMEDHO BPAIIAIOMIErOCS BO-
KPYT CBOe#l OCH.

Pemenue. Hammcas B (7.3) mentpobexmyio cumy pQd°r BMECTO CHIBI TH-
xkectu (£ — yrioBasi CKOPOCTB), OJIyYaeM B IUINHIPUIECKUX KOOPAUHATAX JJIsI
cmernenns u, = u(r) ypaBHeHHE

E(1-o0) d (ld(ru)\ _ 2
(1+0’)(1—20’)%<; dr >_ PR

Pemenne, koneunoe npu r = 0 1 yA0BIETBOPSIONIEE YCAOBHUIO 0 = Q Ipu T = R,

ecThb )
Q- (1 1-2
g P +o)d=20)
8E(1—o0)

6. Onpenesnrs gedopManuio HEPABHOMEPHO HArPETOro mapa co cdepude-
CKU CUMMETPUYHBIM PACIPeIeIeHUeM TeMIepaTyphl.

Pemenme. B cdepuaecknx koopauaaTax ypasaenue (7.8) mis amcTo pa-
JMAJIBHOM JedOpMaIiK TJIaCuT:
i (id(r2u)> —a 140 E
dr \r? dr 3(1—0) dr’
Pemenne, koneunoe pu r = 0 1 yA0BAETBOPLIONIEE YCAOBHUIO 0, = Q pur = R,
ecThb

0., = 20

[(3 —20)R* —r7].

T

R
it l/T(r),ﬂ dr + ML/T(T)TQ dr
3(1—o) r20 140 R30

Temmneparypa T (r) oTCanTHIBAETCS OT 3HAYEHUH, TIPU KOTOPOM DABHOMEPHO Ha-
Ipersiil map cuauraercs HeAedOPMUPOBAHHBIM. B KauecTBe 9TOH TeMIIEPATY DB
37eCh BBIOPAHA TEMIIEPATyPa BHENIHEH MOBEPXHOCTH mapa, tak ato T (R) = 0.
7. To ke /1711 HEPABHOMEPHO HAIDETOT0 IIUJIHMH/IPA C OCECUMMETPHIHBIM PaC-
IIpejie/IeHUeM TeMIIEPaTyPhl.
Pemenue. AHAIOIHYHBIM IMyTEeM B [IJIMHAPHIECKUX KOODIUHATAX ITOJIY-
TqaeMm

T R
u= aH—U l/T(r)rdr +(1 - 20)L/T(r)rdr
3(1l—0) | r R?
0 0
8. Onpenenuth nedOpMaLINI0 HEOTPAHUYEHHOM YIPYTOM CPEIbI C 33 JaHHBIM
pacupezesnerneM Temreparypsl 1(z,y, z) TakuMm, 9T0 Ha GECKOHEYHOCTH TeMIle-
paTypa CTPEeMHTCH K IIOCTOSHHOMY 3HadeHuio 1o u medopMarus OTCYy TCTBYET.
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Pemenme. Ypasuennme (7.8) mmeer, 09€BUIHO, PENIEHNE, B KOTOPOM

rotu=0, diva= aH—U[T(x,y, z) — To].
3(1—o0)

BexTop u, guBeprennus KOTOPOro paBHA 33IaHHON (BYHKIINN, ONIPEIEICHHON BO
BCEM IIPOCTPAHCTBE 1 0Opamaomeiics B Hy/Ib Ha 0ECKOHETHOCTH, & POTOP KOTOPO-
I'0 TOXKJECTBEHHO MCYE3aeT, MOXKeT ObITh HANNMCAH, KAK U3BECTHO U3 BEKTOPHOI'O
aHaIN3a, B BUIE

s ! ! ! !
u(z,y,z) = —LV/ diviu(e’y, 2) av’,
4 r

e 2 = (x —2')? + (y — ¢')* + (2 — 2')%. Tlosromy mosydaem obiee permerue
TIOCTABJICHHOM 331291 B BUJIE

_a(l+a) v T —To
127(1 — o) r

av’, )

rne T' =T(x',y, 7).

Ecmu B ouenb ManioM ydacTke 00beMa HEOrDAHWYEHHOH cpeinl (B Hadase
KOOD/TAHAT) BBIIEIAETCA KOHEYHOE KOJMYECTBO TEMJIA ¢, TO PACTIPEIEICHUe TeM-
nepaTypbl MOXKHO Hammcarh B Buje (C — TenjmoeMKOCTh CPebl)

T—To= %a(w)(s(y)é(z),

rae ¢ o6ozragaer 6-pynkmmo. Uarerpan s (1) pasen Torma q/Cr, u nedopmanms
nmaercst popMyJIoit
_a(l+o)g r
127(1 — 0)C 13
9. BeBecTnm ypaBHEHWS DABHOBECHS W30TPOMHOTO Tenaa (IMPH OTCYTCTBUHR
0O'bEeMHBIX CHJI), BBIDAJKEHHBIE Yepe3 KOMIIOHEHTHI TEH30Da HAIIPsiKEeHUiA.
Pemenune. lckomas cucrema ypaBHEHWI CONEPKUT HAPSIILYy C TpeMs
YDaBHEHUSAMU
9oir _ 0 (1)
a.'l}k
elle ypaBHEHUS, SABAAIOIUECH CAEJACTBAEM TOTO (hpaKTa, 9YTO IMECTh Pa3IUIHBIX
KOMIIOHEHT U;; He SIBJISIOTCS HE3aBUCUMBIMHU BeJnmduHaMu. i BBIBOZA STUX
yPaBHEHHI nuieM CHadaja cucreMy IuddepeHInasibHbIX COOTHOIIEHUH, KOTO-
DPBIM y/IOBJIETBOPSIIOT KOMIIOHEHTBHI T€H30DA Uk . JIeTKO BUIETH, YTO BEJMIUHBI

1 <8ui 8uk>
Uip = — +—

2 \ Oz ox;
TOXKJECTBEHHO yIOBJIETBOPAT COOTHOUICHUAM
821% 82ulm _ 62uil 62ukm

0210w  Ox; Ok Oz O0Tm  Oxi 0z

3ech nMeercst BCEro MIECTh CYINECTBEHHO PA3JIMYHBIX COOTHOLIEHHUE (cooTBeT-
CTBYIOMIMX 3HaMeHwWaM 4, k, [, m: 1122 1133, 2233, 1123, 2213, 3312); mbr coxpa-
HUM UX BCe, YIPOCTHB HAIIMCAHHOE TEH30PHOE PABEHCTBO II0 MHAEKCaM [, m:

uy  Buy D’uri
Oz; Oz OxpOr; Oz Oz

Auip + (2)
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TloncraBngs croma ik, BRIPaKeHHOE 9epe3 o), coryacuo (5.12), m yanrbsaa
(1), moy4mm MCKOMBIE yDaABHEHUS

%oy
— 2 —q. (3)
am 6&%
STI/I YPaBHEHUA OCTAIOTCA B CHUJIE U I[IPU HAJIMIUU IIOCTOAHHBIX BJIOJIb TeJIa BHEII-

HUX O0bEMHBIX CHJI.
Yupocrus ypasaenue (3) no ungexcam ¢, k, Haiigem, 9To

(1+0)Aoik +

Aoy =0,
T. €. 0 — rapMoHHYecKas QyHKIms. IIpuMeHuB )Ke Tenepb K 9TOMY yPaBHEHUIO
omepanuio A, HalieM, 9TO
AAoip =0,

T. €. KOMIIOHEHTHI 0 — OUrapMoHHYecKue (OYHKIUK; 3TH Pe3y/IbTaThl CJIEAYIOT,
BIIPOYEM, YK€ HEermoCpeACTBeHHO u3 (7.6) u %)7.7) BBUJY JIMHEIHOM CBA3M MEXK 1y
Oik U Uik .

10. Beipasurh obwmii nHTErpas ypasHEHUN paBHOBecHs (DU OTCYTCTBHU
00bEMHBIX CHJT) 9€Pe3 TPOU3BONIbHBIA Gurapmornaeckuii Bektop (B.I. Iaaéprun,
1930).

Pemenme. EcrecrBenno mckath pemenune ypasuenus (7.4) B Bume
u=Af + Agraddivf.
Orcrona divu = (1 + A) div Af. Tloacrasnas sro B (7.4), momyanm
(1 —-20)AAf +[2(1 — o)A+ 1]graddiv Af = 0.

Orcroma BuaHO, 910 eciu f — TPOM3BOIbHBLM GUrapMOHUYECKUN BEKTOD
AAf =0,
TO 1
u=Af— ——pgraddivf.
21 —-o)
11. Belpa3uTh HANPSKEHUS Opp, Opp, Ore HOPU ILIOCKOH medopmanuu (B
[IOJIAPHBIX KOOPAMHATAX T, ¢) B BUZE IPOU3BOJHBIX OT (DYHKIUM HANPSIKEHUIA.
Pemenwue. Ilockonbky mCKOMBIE BBIParsKeHUs HE MOTYT 3aBUCETH OT BHIOO-
Pa HavaJIa OTCYETA IOJISIPHOTO YIVIA ¢, TO OHU HE COIEPKAT €ro SBHBIM 00Pa30M.
ITosToMy MOXKHO IPUMEHHUTH C/IeAyIOMINIA IPUeM: Ipeobpa3yeM IeKapTOBBI IPO-

wn3Boaube (7.10) B MPOM3BOMHBIE TIO MEPEMEHHBIM I, (0, TTOCJIE 9ET0 3aMETAEM,
9TO

Orr = Ozzy, Opp = Oyy, Orp =0zy 1upun =0

(yros ¢ orcunrbiBaercsa or ocu x). Takum 06pa3oM, HOILYIUM

18_X+i82x % 0 (lﬁ_x)

_— g, = —_— (o2 = — —
ror  r2agr’ YT ar2? Y or \r dy

12. OnpenenuTh pacupeesieHne HANPIKEHHUH B HEOrPDAHHIEHHON yIpyroit
Cpefie ¢ MAapOoBOii MOJIOCTHIO, MoABEpraeMoii (Ha 6ECKOHETHOCTH) OMHOPOIHOM Te-
dopmarmm.

Pemenmne. O6mas omHOpoaHas aedopMals MOXKeT ObITh IIPEICTABICHA
B BUJE HAJIOXKEHUs OJHOPOIHOIO BCECTOPOHHEIO PaCTsKeHUst (WM CXKATH) U
onHOopoaHOro casura. Ilepsoe 6b110 paccMOTpeHO B 3aate 2, TaK ITO JOCTATOTIHO
paccMOTperh OJHOPOIHBIN CABUT.
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(0)

IIycts 0, — omHOpOAHOE IOJIe HAIIPSKEHHII, KOTOpOe UMeJIo OBl MecTo BO

BCEM IIPOCTPAHCTBE [IPU OTCYTCTBUU MOJIOCTH; IIPU YUCTOM CIBUIE 0(0) = 0. Co-
OTBETCTBYIOUIUI BEKTOP CMelleHusi 0003HAYAEM KaK u©® u mmem nckomoe pe-
werue B Buge u = ul® + 11(1)7 rae 00yC/IOB/IEHHA HAJTHMIHEM IIOJI0CTH MYHKINS
u® ucyesaer Ha GECKOHEYHOCTH.

Beaxkoe pemrenmne 6urapMOHNYIECKOr0 ypaBHEHHsS MOXKET ObITh HAIMCAHO B

BHJIE JIMHEHHON KOMOMHAIINY [EHTPAJIHBHO-CUMMETPUYIECKUX PEUIEHUH U UX IPO-
U3BOJHBIX PA3IUYIHBIX IIOPAIKOB II0 KOOPpAWHATAM. HeBaBI/ICI/IMI)IMI/I TEeHTPAJIbHO-
CAMMETPHYECKUMH PELUIeHHAMH SBJISAIOTC 12, T, 1/r, 1. IlosTtomy Haubosee 06-
Ui BHU, KOTOPBIA MOXKET UMEeTh OUTrapMOHUYECKUN BEKTOD u(l), 3aBUCATIINN,
KaK OT I1apaMeTpPOB, TOJIBKO OT KOMIIOHEHT IOCTOSHHOI'O TE€H30pa a(k) u obpa-
WAMMHCH B HYJIb HA OECKOHEYHOCTH, €CTh

3 3
O ORI L+ o ©__ 0 1 0 0 1
ik dwk ki Oz; Oz Oy v ki Oz; Oz, Oy M
IloncraBus 9T0 BbIpaxkeHue B ypasHeHue (7.4), mosydnm
8 ’LLZ 6 6ul 0) 63 1
1-20 — =2(1-20)C+ (A+2C)|oy, ———— =0,
( )5 * 5% om [2( )C+( ok F Y -

OTKyZR
A=-4C(1 -o0).

Emte nBa coornomenust Mexay nocrosaaeiMu A, B, C noxy4anTcs U3 yCIoBUs
Ha T'PAHUIIE ITOJIOCTH:

(afg) + UZ%)) ng=0 mpu r=R

(R — paamyc moylocTH, HA9aJI0 KOOPAWHAT BIOPAHO B €€ IEHTPe, N — eINHNY-

HBII BEKTOD B HAIIPABJIEHUH T'). JTOBOIBHO JJIMHHOE BBIYUCIEHHE ¢ HOMOmbIo (1)
NIPUBOJUT K CICAYIONUM 3HAICHUAM:

CR’ C = 5R*(1+0)
57 2B(7 - 50)
OkoHYaTeIbHOE BbIPAXKEHHE IJIsi PACIPEIEIeHNs] HAIPAKEHNH TJIaCHuT:

3 5
Tik = afg) 1+ —5(1 —20) (§> + 3 <§>
7 — b0 r 7—50 \r

B =

3 R\?2
) o - (—) (ai(lo)nkm + 0 Dmn;) +

r
1 3 2
—5 <E> —5+7 (E> al(m)nmmnmk +
r r

3 2
+ _15 <§) 1—20 — (E> 6ik0'l(2l)nlnm'
2(7—=5a0) \r r

15t TOro 94To6hl MOy YUTh PACIIPE/IEIeHIe HAIPSIKEHUHN IIPY IPOU3BOJIBHBIX

0
(He YuCcTO C,Z[BI/II‘OBI)IX) (k:) Ha/J10 3aMEHUTH B 3TOM BBbIDAXKEHUU U(k:) Ha U'L(k:)
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1
- §5ik al(lo) u 1pubABUTH BLIPAYKEHME

1 (0 [ Rr®
- ik + — (041 — 3nin s
g O+ 55 O )

COOTBETCTBYIOIIEE PABHOMEPHOMY OJHOPOIHOMY PACTIKEHUIO Ha OECKOHETHOCTH
(cp. 3amaay 2). Bemuuiem 3/1€Ch pe3yJibTart, IOy YarIuics B 001eM ciyJae miis
HAIIPsKEeHUI Ha TPAHUIIE TIOJIOCTHU:

15
7—b0

ik = {(1 — a)(afg) — ai(lo)nmk — a,(f;)mm) + al(gznlnmnink —

Im

_ UU(O)nmméik + 5010_ 101(10)(5z‘k - nmk)}

B6sin3u orBepcTHs HAIIPSI)KEHUS 3HAMUTEJIHHO [IPEBBIIIAIOT HAIPSKEHUST Ha
OECKOHEYHOCTH, TPUTIEM HTO YBEJTUICHUE HAMPIKEHUN MMEET PE3KO BHIPAKEH-
HBI MECTHBIH XapakTep, 6bICTPO yObIBas ¢ paccTosiHueM (TaK Ha3blBaeMas KOH-

IEHTpanns HATPAKEeHUH y orBepcTrs ). Tak, ecam cpema moaBepraeTca mpoCTOMY
0
OZIHOPOJTHOMY DACTSIKEHUIO (OTJIMIHO OT HyJIsl TOJIBKO ag Z)), TO HauboJIbIINEe HA~
npsizkeHust OyAyT UMETb MeCTO Ha 9KBATOPE IOJIOCTH, IIPUYEM 371eCh
27 — 150 (0)
= ————0;;.
2(7 — 50)

T2z

§ 8. PaBuoBecue ynpyroii cpesubl,
OTPAHUYEHHO MJIOCKOCTHIO

PaccMoTpuMm yrpyryto cpesy, 3ao/IHSIONY 0 OECKOHETHOE TTOJTY-
MIPOCTPAHCTBO, T. €. OUPAHUYEHHYIO C OJHOW CTOPOHBI OECKOHEUHOIH
mI0cKoCThI0. Omnpenenum JedOpMaIlii0 CPeabl TOJ] BAUSHUEM CHJI,
IIPIJIOKEHHBIX K ee cBOGOIHOI moBepxHOCTH ). Pacnpeenenne sTux
CUJI JOJIZKHO YJOBJETBOPSATH TOJIBKO OJHOMY YCJIOBHIO: OHH JOJIZK-
HBI MCYE3aTh Ha OECKOHETHOCTH TaK, UTOOBI Ha, OECKOHEUHOCTH Ie-
dopmarst orcyTcrBoBajia. st Takoro ciaydas ypaBHEHHUsT paBHOBE-
cust MOTYT GbITH IpOUMHTErpupoBanbl B obmiem suje (J. Boussinesq,
1885).

Bo Bcem ob6beme, 3aHMMaeMOM Cpeioif, UMeeT MEeCTO ypaBHEHUE
pasrosecusi (7.4)

graddivu + (1 — 20)Au = 0. (8.1)
Bynem uckarh pemenne 5T0ro ypaBHEHUsI B BHJIE

u="f+Vop, (8.2)

1) HauGoee OpaMOil M CTaHJAPTHBIM MeTOoH, pellleHud MOCTaBJICHHOI 3a/iavn
3aKJII0YAETCs B IpUMeHeHnn K ypasHeruio (8.1) merona @ypse. IIpu srom, oqaa-
KO, IIPUXOJIUTCS BBIYUCIATH TOBOJIBHO CJIOKHBIE HHTerpaJssl. V31araemMpril HIXKe
METOmd, OCHOBAHHBIA Ha, OPUMEHEHUUN PANa MCKYCCTBEHHBLIX NIPUEMOB, CBA3aH C
6oJiee TPOCTHIMU BBIYHUCICHUSIMU.
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r7e (p — HEeKOTOPbIl CKajsp, a BekTop f yaoBierBopsieT ypaBHEHUIO
Jlamnaca

Af = 0. (8.3)

IMoxcranoska (8.2) B (8.1) mpuBoauT TOTAA K CIEAYIOIMIEMY YpaBHe-
HUIO JIJIS (-

2(1 —0)Ap = —divf. (8.4)

Buibepem cB0OOOIHYIO MOBEPXHOCTh YIPYTOil CPEbl B KAUECTBE

IJIOCKOCTH XY; 00JACTU CPEeJbl COOTBETCTBYIOT IOJIOXKUTETbHBIE Z.
Hanumewm dbynxmun f; u fy B Buge IPOU3BOIHBIX 110 2 OT HEKOTOPBIX

bynkmmit g, u gy:

082 98y
= = 2¢, 8.5
fo= U g, = (85)
[lockonexy fr u f, — rapMmonmdecKkue QyHKIUH, TO MOMXKHO BCETJa
BLIOpaTh PYHKIUN g, gy TaK, YTOOBI U OHU YJOBJIETBOPSIA ypaB-
uenuio Jlammaca:

Agy; =0, Agy =0, (8.6)

Ypasuenve (8.4) mpuHUMAaET TeNephb BUJ

0 [ 0g. , 0g
2(1 —o0)Ap = —— + =¥ + .
(-o)ap=-2 (L Loy,
Wmes B Bumy, 9TO g, 8y, f» — rapMoHmyecKue GpyHKIUH, JerKo ybe-
JUTHCS B TOM, UTO YIOBJAETBOPSOIIAS 3TOMY YPABHEHUIO (DYHKITUS
MOXKeT OBITh HANMKMCAHA KK

- 98= | Ogy
o= (1 B B b, (8.7

r7e 1) — OMsITh TapMOHWYECKasi (PYHKIIUSI:
Ay = 0. (8.8)

Takum obpazom, 3agaua 06 onpegenernn gedopMaIny U CBeIeHa
K HaXOXKJeHnI0 QYHKIWH gy, gy, f-, 1, KOTOpBIe Bce yI0BIETBOPAIOT
ypaBHenuio Jlamaca.

Beimuiem Tereps TpaHUYHBIE YCIOBUsI, KOTOPHIE JTOJXKHBI BbI-
HOJIHATHCS HA CBOOOIHO# MMOBEPXHOCTH Cpeibl (Ha 1iockocTH 2 = 0).

ITockoibKY €IUHUYHBIN BEKTOP BHEITHEH HOPMaJIM N HAIIPABJ/IEH
B OTPHUIATEFHOM HAIIPABJEHWH OCH Z, TO, COIVIACHO 001Ieit hopMmy-
se (2.9), nonxkuo O6bITH 0;, = —P;. Bocnonb3oBasimcs jyisi o 00-
M BbipazkenneM (5.11) u BbIpakasi KOMIIOHEHTHI BEKTOPa U Yepes
BCIIOMOTATEIbHBIC BEJIMIUHEL 8, 8y, f», 1, TOIyIUM TIOCTIe TIPOCTOTO
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BbIYUCJICHUS I'DAHUYHBIE YC/I0OBUA B CJIEAYIOIIEM BHUIEC:

92 z:0+‘9f’3{2(1—0)fz 2(1-o0) (395 * dy +28z =0
2(1

= - (;J)Pza
(8.9)
2’gy o) 1-20 ., 1 dg. | Ogy ) _
09z° z:0+3y{2(1—0)fz 2(1-o0) (‘% - 9y +26z =0

=_2(1+0)P

E ¥

9 )y _ (98 | 08 % _ _2(1+0)

5 {fz (693 + 6y> +2az} » - P, (8.10)

Komnonentst Py, Py, P, BHEIIHUX CUJI, IPUIOKEHHBIX K II0BEPX-
HOCTH, SIBJISIFOTCS 3aTaHHBIMU (DYHKIIUSIMUA KOOPAWHAT I, Y, obparia-
FOIIUMUCS B HYJIb HA OECKOHEUHOCTH.

DoOpMyYJIBI, C TIOMOIIHI0 KOTOPBIX BBEJIEHBI BCTOMOTATETLHBIE BE-
JIAYAHBI 8y, &y, [, Y, He ONPeeNdaioT nX BIOJHE OJHO3HATHBIM 00-
pa3oM; B X BBIOOpDE OCTAETCH elle HeKOTOPHIN mpoussos. 1losromy
MOXKHO HAJIOXKUTH HA ITU BEJUUYUHBI €Ie KAKOe-TuO0 MPOU3BOJIb-
HO€ JIOTIOJTHUTEIHHOE yCaoBue. B KadecTBe TAKOBOTO YI0OHO TOTpeE-
HoBaTh OOpAIEHUS B HYJIb BEJIUUNHBI, CTOSIIEH B (DUTYPHBIX CKOOKAaX

B ypasuenusx (8.9)1):

_ _ (%=, 98 _
(1-20)f, <6x+6y>+4(1 0) 3= =0. (8.11)

Torna ycnosug (8.9) ynpoimatoorcst U 1aior

8%g.

_ _2(1 +0)P
022

2=0 FE v

__2(1+U)P 82gy
E— )
2=0 E 022

(8.12)

Ypasuenust (8.10), (8.12) mocTaTouHBI It TIOJHOTO BBIYUCIEHUS
rapMOHWYECKUX DYHKIMU gy, 8y, fz, ¥

Jis ynpormenus 3amucy gaabHefdnmx hbopMysl Mbl pacCMOTPUM
CcIIy9aii, Korja Ha cBOOOHYIO MOBEPXHOCTD YIIPYTOro MOJIYTPOCTPAH-
crBa jeficTByer cocpedomouennan cuia F, 1. e. cuia, npuiokeHHast
K BEChbMa, MaJIOMy Yy9acTKY MOBEPXHOCTH, KOTOPBI MOKHO CYMTATH

1) Ml He HOKa3BIBAEM 31€Ch BOSMOKHOCTU HAJIOMKEHHs TAKOTO YCJIOBHS, OHA
OyzieT sIBCTBOBATH M3 TOTO, 9TO B PE3y/IbTATE MBI HE IIPU/IEM HU K KAKUM ITPOTHU-
BODEYUSAM.
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TouevdHbIM. eiicTBre 9TOi CHIBI MOXKET OBITH OMUCAHO KAK JIeHCTBHUE
MOBEPXHOCTHBIX CHUJI, PACIPEIEJICHHBIX 110 3aKOHY

P =Fi(z)i(y),

rie 0 obosHadaeT J-QYHKIHIO, a HaUaJ 0 KOOPANHAT BEIOPAHO B TOU-
Ke TIPUIOKEHUsT CUJTBI. 3HAsl PEIeHne 3aa9n 15T COCPEIOTOTCHHOMN
CHJTBI, MOYKHO HETIOCPEICTBEHHO TTOCTPOUTH PEIIEHUE JIJTsT TPOU3BOIIb-
HOTO pacupenenenus cui P(x,y). Umenno, ecin

U; = le(ZII, Y, z)Fk (813)
ecThb AedopMmalus Mo AeHCTBUEM COCpenoTovueHHoi cuabl F, mpu-

JIO?KEHHOH B HavaJie KOOPJIMHAT, TO jedbOopMalist Mo/ JeHCTBIEM CHJT
P(z,y) naercs uarerpamom !

ui = [[Gi(z — ',y —y', 2)Pu(2', ') da'dy’. (8.14)

M3 Teopwnm moTenimaa W3BECTHO, UTO TapMOHUYECKass (PYHK-
nust f, obparmaromasics Ha OECKOHEYHOCTH B HyJIb W 00JIaIafoIast
3a/IaHHOIT HOpMaJIbHON Tpon3BoaHOM Of /0z Ha mnockoctn z = 0,
ompeessiercss (pOPMyJIOit

flay.2) = = // af(a:,y 2)

r= \/(x—w’)2+(y—y’)2+22-
ITockonbky Bemmuunel 0g, /0%, 0g, /0% n Beanduna, crosuias B hu-
rypHbIX CKOBKax B ypasuenuu (8.10), yJOBI€TBOPSIOT YDPABHEHUIO

Jlannaca, a pasencrsa (8.10) u (8.12) Kak pa3 oupemessifoT 3HaUe-
HHA UX HOPMaJIbHBIX IIPOM3BOJHLIX Ha IIJIOCKOCTH Z — 0, nMeeM

fz—<ag$+a&>+ “"// v gplay = L0 E
ox dy r

(8.15)
8&:1+0& 8&:1+0& (816)
oz rE 1’ oz xE 1’ )
rae Temepsb r = \/x? + y? + 22,
B BBIp&}KeHI/IH JJId KOMITOHEHT MCKOMOTI'O BeKTOpa U BXOJAT HE
caMble BeJIMIUHDI g7, 8y, & TOIBKO UX MPOU3BOJIHLIC 10 T, Y, 2. g

Boraucienns 0g;/0x, 0g,/0y muddepenimpyem pasencrsa (8.16)
COOTBETCTBEHHO TI0 & ¥ TIO ¥:

dx' dy’
=0 T

g, _ 14ocFa 9% _ l+oFy

0x 0z xE r3’  9ydz nE 73’

1) Cormacuo maremaruueckoii repmuHonorun G, ecTh TeH3op ['puna s
YPaBHEHUII PAaBHOBECHS I10JIyOECKOHEYHON CPeIbl.
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Wnrterpupys Tenepsb 1o dz B mpejesax oT 00 10 Z, TOIydaeM

oz mE r(r+2z) Oy mE r(r+z) '

Mpbl He cTameM TPOU3BOJUTH 3J€CHh JAJBLHEHIINX MPOCTHIX, HO
JIOBOJILHO TPOMO3JKUX Bbluncsienuii. 13 ypasuennit (8.11), (8.15)
u (8.17) onpenensiem f, u 01/0z. Bunas 0 /dz, J€rKO BBIYUCIUTH
oY /0x, 01 /0y, narerpupys cHadaga 1mo z, a 3areM anddepeniu-
pyg o x m 1o y. Taxk MBI MOJyYnM BCE BEJWYUHBI, HYXKHBIE 15
BBIUKC/IEHNs BekTopa jedopmanun corsacao (8.2), (8.5), (8.7). B
pe3yJIbTaTe MOIYydnM CIEAYIOINEe OKOHIATeNbHBIE (DOPMYJIBI:

’U,m=1+0 [E_(1—20)1‘]Fz 2(1—0)r+zFx+

2w E rd r(r+z) r(r+ z)

+ 2r(or + 2) + 2%z (zF, + yFy)},

r3(r 4 z)?
—Ltofly: (-20)y)p  2-o)r+z
Yy = 2nE {[T3 r(r—|—z) :|FZ + ’I"(T-i-z) Fy + (818)
[2r(or + 2) + 22y
* r3(r + 2)? (@Fs + yF) }’

B wactmocTH, cMmemienne ToUek caMoil CBOOOIHOM MOBEPXHOCTH Cpe-
Jbl Jaercd popMmyJiamMu, oLy YarouMucs orciona mpu z = 0:

Uy = 1+Jl{_(1—20)$Fz+2(1_0)Fx+%_w(xe-i-yFy)},

2nE r r r?
_l+olf (1-20)y _ 20y }

Uy = 2tE r { r P+ 2(1 U)Fy + r2 (xe + yFy) ’
1+01 1

u. = 221~ ), + (1= 20) 1 (0F, + yFy) } (8.19)
2nE r r

3amaua

Onpenenuts nedOpMAIUI0 HEOTPAHWYEHHON YIPYTO CpeIpl, K MajaoMy
y9acTKy KoTOpo# mpumoxkena cuta F (W. Thomson, 1848) 1).

Pemenue. PaccmarpuBas medopmanuio HA PACCTOAHUAX 7, OOIBIINX IO
CPaBHEHUIO C Pa3MepaMU YYaCTKa MPUTIOKEHUS CUJIbL, Mbl MOXKEM CUHUTATb, YTO

1) Amamormunas 3amada AuIs TIPOW3BOJIPHOU HEOTPAHWIEHHON aHW30TPOITHON
cpenst pemena M. M. JTupwuyem u JI.H. Posenuysetizom (AKIT®. 1947. T. 17.

C. 783).
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cujIa IPUJIOXKEHA B TOYKe. Y pasHeHue pasHosecus racutr (cp. (7.2)):
2(1+0)

Au+ 1 graddivu = — Fé(r) (1)

— 20
(rme 6(r) = 6(x)d(y)d(z), a HAYAIO KOOPAMHAT BHIOPAHO B TOUKE MPHUJIOKEHUS

cusbl). VmeM pemeHre B BUJIE U = Ug + U1, IJI€ Ug YAOBJIETBOPSAET YPABHEHUIO
tuna [lyaccona:

Aug = —WFé(r)‘ (2)
CoOOTBETCTBEHHO It Uy MOJIYYUM yDABHEHUE
Vdivu; + (1 — 26)Auy = =V divue. (3)
O6pamaonieecs Ha 6ECKOHEYHOCTH B HyJIb DelleHre ypaBHeHus (2) ecTh
1+oF
Ug = —_—.
2nE r

IIpumenus K ypapreHuio (3) omepanmio rot, momyunMm Arotu; = 0. Ha Gec-
KOHEYHOCTH MTOKHO ObITh rotu; = 0. Ho dbyHKmusa, rapMoHUYECKas BO BCEM
MPOCTPAHCTBE W OOPAIIAIOAACH B HY/JIb Ha 6ECKOHETHOCTH, PABHA HYJTIO TOXKIe-
creenHo. TakuM 006paszoM, rot uy = 0 U COOTBETCTBEHHO YTOMY MOXKHO THCATDH
u; B Buge u; = grad ¢. U3 (3) noxyvaem

V{2(1 —o)Ap+divue} =0.

OTCIO,Z[a. cilenyer, 9dTo CToduiad B CKOOKaxX BEJIMYMHA €CTh IIOCTOAHHaA, U IIO-
CKOJIbKY OHa [J0JIZKHa UCY€3aThb Ha 6eCKOHe‘{HOCTI/I, TO BO BCEM IIPOCTPAHCTBE

B divup B l1+o Vl
2(1 - o) 4arE(1—0) 7
Eciu ¢ — pemenune ypasuenus Ay = 1/r, o
1+o
=-—-——FV1.
P T Bl o) VY
Boibpas He mMelomee 0COGEHHOCTEH pelneHne ) = 7 /2, oIy <M
w = Vo 1+0 (Fn)n—F
87E(1 —o) r
Ile N — eIUHWYIHBIA BEKTOD B HAIPABJICHUN PATUYC-BEeKTOPA r. OKOHIATEIHHO

uMeeM
140 (3—40)F+n(nF)
"~ 87E(1—o0) r
IIpencrasus 31y dbopmyy B Buge (8.13), mosyyuum rersop I'puna ypasHeHuit
PpaBHOBECUA HEOIDAHUYEHHONH M30TPOIHON cpenbl b
1 [0 1 9’

1
3 —40)0i + ning] = = A1 —0) 0z 0z, 1
[(3 = 40)dix + nami)~ 47ru[r 4(1—0)39«’1‘59%4

Ap =

?

140

= 87E(1— o)

1) Tor daxr, uro KommoHeHTH Ter30pa Gy — OTHOPOIHEIE (DYHKIIHE IIEPBOrO
MOPSAKA OT KOODJIMHAT &, Y, 2, 3apaHee OYeBUIEH U3 COOOPaKeHUN OIHOPOIHO-
CTH B CBSI3U C BUJIOM yDaBHEHUS a), B JIEBOM YaCTH KOTOPOTO CTOWUT JIMHEHHAsT
KOMOWHAIMsT BTOPHIX ITPOU3BOJHBIX OT KOMIIOHEHT BEKTODA U, & B MPABOA —
onHopoaHas GyHKIMs Tperbero nopsaka (6(ar) = a~3§(r)). Do cBoiicTBO oCTa-
eTcs ¥ B 001IeM CIydae MPOU3BOIHHON aHU30TPOIIHON CPEIbI.
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§ 9. ConpuKOCHOBEHIE TBEPAbIX TEJI

[Iycts ABa TBEPABIX TeJia COMPUKACAIOTCS APYT € APYTOM B TOU-
Ke, He sIBJISIIoNIeHcst 0cob0i TOUKO# ux moBepxHocTeil (Ha puc. 1a
n300pakeH paspe3 uepes 00e TOBEPXHOCTH BOJIU3U TOUKU COTTPUKOC-
Hoerust ). B sroii Touke 06e MOBEPXHOCTH MMEIOT OOIIYI0 Kaca-
TEIbHYIO TJIOCKOCTb, KOTOPYIO MBI BHIOEPEM B KaueCTBE TLIOCKOCTH
zy. IlomoxurenbHoe ke HAMpaBIEHUE OCH
Z YCJIOBUMCSI CINUTATH PA3JIUIHBIM s 000-
UX TeJ, — JJId KaXXJI0TO W3 HUX OyIeM OT-
CIUTBHIBATH Z-KOOPJUHATY TI0 HATPABIEHUIO
B r1yOb Tes1a, 0003HaUas €€ COOTBETCTBEHHO
Kak 2z 1 2.

Kax wum3BectHO, BO/M3M OOBLIKHOBEHHOIT
TOYKHM KACAHWUST KOOPIUHATHON TLIOCKOCTH
(ntockocTH TY) ypaBHEHHE MOBEPXHOCTH MO-
)KeT OBITh HATIMCAHO B BUJIE

2 = HaBTa g, (9.1)

rJIe 0 JIBazK/Ibl TIOBTOPSIONIMMCS WHIEKCAM
a, [ 1ogpasyMeBaeTCs CyMMHUDOBAHHUE II0
sHavenuaM 1, 2 (zy = @, T2 = ¥Y), & a3
Puc. 1 €CTh JIByMEDHBIIl CUMMEeTPUYECKUN TEH30D,
XapaKTepPU3y oMUl KPUBU3HY MOBEPXHOCTH
(rIaBHBIE 3HAUEHMS TeH30pa g paBHbI 1/2R; u 1/2Rs, tne Ry,
Ry — ryraBHBIE PaIMyChl KPUBU3HBI IOBEPXHOCTH B TOYKE KACAHUSA).
AnasiornaHoe COOTHOIIEHUE JIJIs TIOBEPXHOCTH BTOPOrO TeJjia BOIU3N
TOYKHU CONMPUKOCHOBEHUsI HAIUIIEM B BHJIE

/

7 = s gaTs. (9.2)

IIpeamonoxkum Temeps, 910 06a TEsa CIABIUBAIOTCS TTPUIOKEH-
HBIME K HUM CHJIaMU, B PE3y/IbTaTe Tero OHU COMUKATOTCS Ha HEKO-

TOpOe MaJjioe paccrosiHue h 1.

Torpa B6/IM3M TOYKYK [TEPBOHAYAIBHOTO COMNPUKOCHOBEHWS HA I10-
BEPXHOCTH TeJ BO3HWKAET BMSTHHA, W TeJsa OYJAyT CONPUKACATHCA
yZKe He B OJHOW TOYKe, & IO HEKOTOPOMY MAaJIOMy, HO KOHCYHOMY
YYaCTKYy UX 1moBepxHOCTH. IlycTh 4, 1 u), — KOMIOOHEHTHI (COOTBET-
CTBEHHO MO OCAM 2z U Z') BEKTOPOB CMEIIEHUS TOYEK ITOBEPXHOCTEl
oboux ey mpu crasauBanuu. Ha puc. 16 MITPUXOBBIMU JIMHUSIMU
n300paKeHbl TTOBEPXHOCTH Tej, KAKUMHU OHU ObLIN OBl MPU OTCYT-
crBun JeopMaliuu, a CIJIONTHON JIMHUEH — TOBEPXHOCTU C/IABJICH-
HBIX TeJl; OYKBBI z M 2z 0003HAYAIOT JJIMHBI, OIPEJEIIeMble PaBeH-

1) Msnaraemas Tak HasbIBAEMAsS KOHMAKMHGA 3600HE TEOPUH YIPYIOCTH GBLIA
Buepsble pemena epuyem (H. Hertz, 1882).
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creamu (9.1) u (9.2). Kak HenmocpeJCcTBEHHO BHJIHO W3 PHCYHKa, BO
BCEX TOYKaxX 0OJIACTH CONPUKOCHOBEHNSI MMEET MECTO PABEHCTBO

(z +u;) + (z/ +u’z) =h,

i
(%ap + #0g)Tatp + uz + ul, = h. (9.3)

B toukax ke BHe 3TOM 0OsacTH, re 00€ MOBEPXHOCTHU HE COMPUKA-
CAIOTCsA, IMEeT MECTO HEePaBeHcTBo 2 + 2’ + u, + u!, < h.

Buibepem manpassienust oceit x, y TakuM 06pa3oM, YTOOBI TEH30P
#ap + 45 ObUL IpuBeseH K riasHbIM ocaM. OOO3HaUas LaBHBIE

3HAYEHUs ITOro Ter3opa yepe3 A u B, nepenumem pasencrso (9.3)
B BHJE
Az* + By® +u, +u, = h. (9.4)

Besmmuunbl A u B cBsizabl ¢ paguycamu Kpusushbl Ry, Re u R}, R
0benx MOBEPXHOCTEl CIeAYIONUMU (DOPMYJIAMEU, KOTOPBIE TPUBEIEM
6e3 BBIBOJIA:

1 1 1 1
2044 B)=—+—+ >+
(A+B) nim e T

200520 (L~ 1) (L - L) ,
R R, \R, R,
IJI€ (0 — YTOJI MEXKJIY TEMHU HOPMAaTbHBIMUA CEYEHUSIMU TIOBEPXHOCTEH,
B KOTODBIX Paauychl KpuBusHsl — Ry u R|. 3Haku paguycoB Kpu-
BU3HBI MTPEJTIOIATAIOTCS TTOJOKUTETLHBIMY, €CIU COOTBETCTBYIOIIHE
MEHTPBI KPUBU3HBI PACTIONOKEHBI BHYTPH COOTBETCTBYIOINIETO TETA,
1 OTPHUIATEIBHBIMA — B OOPATHOM CIydae.

O6oznaunm vepes P,(z,y) nasienue Mmexkjy o0OUME CaBJICH-
HBIMU TeJaMK B TOYKAX WX CONPUKOCHOBEHHUsI (BHE 00JIACTH COMPHU-
KocHOBeHUs1, pazymeercs, P, = 0). [Ipu onpejeernn 3aBUCUMOCTH
Mexy P, U CMeeHusiMu U, 4, MOXKHO C JOCTATOYHOI TOUHOCTHIO
paccMaTpuBaTh MOBEPXHOCTH TeJ KaK TJIOCKWE W BOCIOJb30BATHCS
IOJIYIEeHHBIMU B HpeabiayineM naparpade dopmyaamu. CorgacHo
Tperbeil u3 dopmyn (8.19) (yumrsiBas takxke (8.14)) cmermenue u,
[0/ BJIMSTHUEM HOPMaJIbHbIX cust P, (x,y) onpeesisiercs: BbIpazKeHu-

AMN
2 1o
Uzzl g //PZ($’y)dx’dy’,
mE r

1—g'2 P, 27,, /
w=— // (r y)dx'dy'

(9.5)

~
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(0, ¢’ u E, E' — koaddunuentsr [lyaccona u MOLymm pacTsizke-
HUst 060UX TeJ); MOCKOJIbKY BHE 0bsiacTi conpukocuosenus P, = 0,
TO MHTErPHPOBAHUE MPOU3BOIUTCA 31€Ch TOJIBKO ITO STOM O6JIaCTI/I
Bamernm, 910 U3 3THX (DOPMYJI CIEyeT, YTO OTHOLIEHUE U, /U, 10-
CTOSHHO W PABHO
u: _ (1-— oE'
w, (1—o?2)E’
Coorromennst (9.4) n (9.6) BMecTe HEMOCPEICTBEHHO OMPEIETISIOT
pacupejesenne nedopManuy U,, U, 10 00JaCTH CONPUKOCHOBEHUS
(camm xe dopmyssl (9.5) u (9.6) oTHOCATCS, KOHETHO, W K TOYKAM
BHe 9T0i 061acTH).
IMoacrasus Beipazkenus (9.5) B (9.4), momy4anm

2 12 ! /
l(L:z_+li§_>//fﬁzﬁldy@/=h_w@9_z@% (9.7)
T

(9.6)

T E

DT0 WHTErpajbHOE ypaBHEHWE ONPEIE/seT pPaclpee/ieHue TaBe-
musa P, mo obyractv COMpWKOCHOBeHHUs. Kro perrenne MoxKeT OBITH
HAWIEHO W3 AHAJOTHH CO CAEAYIOMINMA M3BECTHBIMU W3 TEOPHUU TT0-
TEHITHAIA COOTHOMEeHNuAME. Ha MBICTB BOCTOMB30BATHCA ITOM aHa-
Jlorreit HaBOAWT TOT (PAKT, UTO, BO-TIEPBBIX, WHTETPAJI, CTOAITAN B
JieBoit yactu ypasuenus (9.7), — Tuna 0ObIYHBIX B TEOPUU TTOTEHIV-
aJla MHTETPAJIOB, OTPEIETIONINX TOTEHIIHAJ, CO3/IaBAEMBbIH HEKOTO-
PBIM pacrpejieleHueM 3apsa0B, U, BO-BTOPBIX, ITO TMOTEHITHAI OIS
BHYTPH PABHOMEPHO 3aPSKEHHOTO SLIUTICOUIA €CTh KBaPATHIHA
PYHKINAST KOOPIHHAT.
Ecmm o o6bemy TpexocHOro sstHconia

2

2y 2
L+ =1

PaBHOMEPHO pacIipejiesieH 3apsj (¢ TMOCTOSHHON 00beMHON TLI0THO-
CTBIO p), TO TIOTEHIIUAJ TIOJIsT BHYTPH JIIAIICOVIA OIPEILISIETCST Bbl-
pakeHueM

o(z,y,2) =

oo{ y? 52 } ¢
= ﬂpabc/ > — .
a +§ R HE P+e V(a2 + 6B +6)(c2+¢€)
0

B npesiesibHOM Cilydae CUJIbHO YILUIOMIEHHOTO (B HAIPABIEHUY OCH Z)
AITUTICOUIA, ITO COOTBETCTBYET ¢ — (), TIOJIYINM OTCIOHA

_ R dg
wlw,y) = mpabe / {1 P b2+§} @ T O + 08
0
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(mpu mepexojie K mpegeny ¢ — 0 HAI0, pasyMeeTcsi, MOJO0KUTh PaB-
HON HYJII0 TAaK»Ke ¥ KOOPJAWHATY 2z TOYeK BHyTpH jymncomia). C
JIPYTO#i CTOPOHBI, TIOTEHIMAT (X, Y, Z) MOXKET ObITh HAIIMCAH B BHJIE

WHTErpaJia
dz'dy' dz’'
o) =[] pe'dy'd- ,
V=2 )2+ (y—y)+ (2 —2')2

rJle UHTErPUPOBAHUE TPOU3BOIUTCS IO 0O6beMy ssmuincousa. [lepe-
XOJIsI 371eCh K Tpejeny ¢ — 0, MBI JIOJI2KHBI TIOJIOXKUTH MO/ KOPHEM
z = 7/ = 0; npousBoag maTerpupoBanue 1mo dz’' B npegenax MexKmy

2’2 1/2
:I:c( - — y_) , IOy IuM

(r=V(z—2)2+(y—vy)2),
F’ﬂe I/IHTerI/IPOBaHI/Ie HpOI/I?)BO,HI/ITCH 10 HJIOHLa,ILI/I BHyTpI/I QJLJIIUIICA

2'%/a? + y'?/b> = 1. IlpupapnmBasg oba BeIpaykenusa aasa o(x,y),
HOTY9UM CJIEJLYIOIIee TOXKIECTBO:

da'dy’ 1_£_£—
r 2 2

a
:Lb/{ LA } ¢ (9.8)
2 21e P+ef J@ro0+oe
0

CpaBuuBasg 910 cooTHOIIeHue ¢ ypasHerueM (9.7), Mbl BUANM,
9TO B WX MPaBBIX YACTAX CTOAT KBaJpaTHIHble (PYHKIUH OT T U Y
OJIMHAKOBOTO BUJA, & B JIEBBIX — MHTETPAJIbI OJMHAKOBOTO THMA. 110-
5TOMY MBI MO¥KEM Cpa3y 3aKJI0UUTh, 9TO 00JIaCTh COMPUKOCHOBEHMUS
Tesi (T. e. 061aCTh MHTErPUPOBaHUsl B mHTErpaJie B (9.7)) orpanndena
S/UTATICOM BHUJIA

2 2
L+l =1 (9.9)

a? b2

u uro dyukiws P,(x,y) gomxua O6biTh BUIA

P,(x,y) = const - -7

Bribupast const tak, aroGst unrerpan [[P,dzdy no obmacru co-
IPUKOCHOBEHUsT ObLT paBeH 3aJaHHON IMOJHON cuiae F, ¢ KOTopoit
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C/IABJIMBAIOTCA 002 TesIa, MOJIyInuM

3F z? y?
P,(z,y) = 1-=—-=. 9.10
2(@,y) = S— =T (9.10)
Dra dopmysa onpeenser 3aKOH pacIpeleeHus JaBIeHUs 0 TLI0-
maau obracT conpukocHoBenus. OTMETHM, UTO JIaBJIeHue B [EHTPe
ob1acTH B mOJITOpa pasa IpeBbliiaer cpearee gasiaenue F/(mab).
IMoxpcrasus (9.10) B ypasuenue (9.7) u 3aMeHUB IOy YAIOIIUTICS

B HEM WHTErpaJl ero BbIpaxkenuem coryacHo (9.8), moaydanm

FD [ 1-2%/(a®>+¢) - y*/(0° +¢) d¢ = h — Az® — By?
w @O0 108 ’

rIIe

2 2
D:§(1 a+1 a>‘
4 E E'

DTO PABEHCTBO JOTKHO BBITOTHATHCA TOXKICCTBEHHO MPH BCEX 3HA-
YeHusixX x, y (BHyTpu suica (9.9)); m03ToMy H0/KHbBI OBITH TI0IAP-
HO PaBHBI B OTJEJBHOCTA KO(MUIMEHTHI IPU & U § U CBODOTHBIE
wieHbl B 00enx gacTax. OTcioma HaXoIuM CJIeYIONINE COOTHOIIEHHUSI:

= Q/ de : (9.11)
™) (a® +£)(b* + )¢
_FD dé
o ) @@+l o
%% (9.12)
_FD dt
N CEIIGES

VYpasuenusi (9.12) onpesengior noayocu a u b 06aaCTH COMPUKOC-
HOBeHus 1o 3ajanHoil cuie F (A u B — u3BecTHble Jjisl JTAHHBIX
Tes1 Besauuuibl). [locie sToro coornomenue (9.11) onpenesnur 3aBu-
CUMOCTBh MEXKIy Cujioifi F' 1 BBI3bIBAEMBIM €10 COMKeHueMm TeJs h.
WaTerpasibl, CTOSIHE B PABBIX YaCTIX TUX YPABHEHUN, SJLIATITH-
TeCKUE.

Takum 06pazom, 33189y 0 COMPUKOCHOBEHUHN TeJI MOYKHO CINTATD
HOJHOCTBIO pemienHoi. Popma 1oBepXHOCTH Tes (T. €. CMeleHust
Uy, Uu,) BHE 06IACTH CONPUKOCHOBEHMUS ONPEIENeTCs TeMu xkKe (Hop-
mysamu (9.5), (9.10), npuyueM 3HaYEHWs] WHTErPAJOB MOXKHO Cpa3y
OTIPEJIENTATh, WCXOJS U3 AHAJOTHN C TIOTEHITHAIOM TIOJIST 3aPsIyKEeHHO-
0 JUTHICOWIA, — Ha 3TOT pa3 BHe ero. Hakowmer, mo dopmyaam
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OpebIAYInero mnaparpada MOXKHO ObLTO OBl ONPEIETUTH TAKXKE U
pacrpegenenne gedopmanuu 1m0 00beMmy Ten (HO, KOHEYHO, JIUIIb
Ha PACCTOSIHUAX, MAJIbIX [0 CDABHEHUIO C Pa3MepaMu Teja).

[Ipumenum mosryueHHBIE (POPMYJIBI K CONPUKOCHOBEHHIO JIBYX
mapos ¢ paguycamu R u R'. 3necw

2\R R
3 cooOpaykeHuil CUMMETPUN sICHO, 9TO Oymer u a = b, T. e. 06/1acTh

CONPUKOCHOBEHUs ecThb Kpyr. M3 (9.12) momyumm st paauyca a
00J1aCTH COTPUKOCHOBEHUS 3HAYEHUE

RR' )1/3

0= F\/3 (D—
R+ R’

(9.13)

B mannom ciayuae h ectb pasHocTh Mexkay cymmoit R + R’ u pac-
CTOsTHMEM MexKJy mneHTpamu mapos. 13 (9.10) moayunm ciegyromee
cooTHoIIeHne Mexay F u h:

1/3

1 1

h=F D (L4 )] (9.14)
R R

OrMmernM, 9TO h NPONOPIMOHAIBLHO CTElNeHn F2/3 CIIaBJINBAIOLIEH

custel; 06parHo, cuaa Fnpomoprmonanbra cremenn h3/2 npomsso-

AUMOro er conumykenusi Tesi. Hanurmem ere moTeHIMAJIBHYIO JHED-

ruto U CcompuKacarommxcs IapoB. 3aMedas, YTO J0JXKHO OBbITh
(=F) = —0U/0h, nonyaum

_ 522 (_RR\'V?
U=h 5D <R+R’) ' (9.15)

Haxomer, ykaxxkem, 910 3aBUCUMOCTDH BHIA
h = const - F2/3, F = const - h*/?

UMEEeT MEeCTO He TOJbKO JIJIs MIAPOB, HO W TIPU COTPUKOCHOBEHUN
JIPYTHUX TeJ KOHEYHBIX Pa3zMepoB. B 3ToM jerko ybennThcsa U3 co-
obpazxkenuit mogobusi. Eciu nmpoussectu 3ameny a? — aa’, b — ab?,
F—a32F, tnie a — npoM3BObHAS [OCTOSHHASM, TO ypaBHEHUST
(9.12) ocranyrcs HemsmeHubiMu. B ypasrenmn xe (9.11) npasas
YaCTh YMHOYKUTCA Ha (¢, U JJI TOTO ITOOBI OHO OCTAJIOCH HEM3MEH-
HBIM, HaJI0 3aMeHuTh h Ha ah. Orcooga u ciaegyer, 9To F I0IKHO

BbITH IPONOPIHOHATLHO h3/2.
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3amayu

1. Onpenenuth BpeMs, B T€YEHHE KOTOPOrO COIMPUKACAIOTCH JBA CTATKHBA-
IOIUXC YIPYTUX MIAPA.

Pemenue. B cucreme orcdera, B KOTOPOIl NEHTP WHEPIUN 000MX IIAPOB
MIOKOUTCH, SHEPTUs IAPOB JI0 CTOJIKHOBEHUS PaBHa KAHETUIECKOH SHEPTUU OTHO-
CHTEJIbHO JBHKEHUs [1v> /2, TIe v — OTHOCHTEIbHAS CKOPOCTh CTATKHBAIOIIIXCS
mwapos, a g = mims/(m1 + my) — UX IpUBELEHHAs Macca. B TeuyeHne CTOJKHO-
BEHHs TIOJTHASA SHEPIHWs PaBHA CyMMEe KMHETHYECKON SHEPTHH, KOTOPYIO MOXKHO

HammcaTh B Bume ph’/2, w motenmmanbHol sneprum (9.15). B cumy 3axoma co-
XPaHEHUs SHEPIUH HMEeM

2 ;N\ 1/2
u <@> + kh¥? = w?, k= 4 <i> .
dt 5D \R+ R

MaxkcumaabHOe COMKeHne mapoB hg COOTBETCTBYET MOMEHTY, KOT/a WX OTHO-
cuTesIbHAst CKOPOCTH h 00paliaeTcs: B HyJib, 1 PABHO

2/5
ho = <H> 'U4/5.
k

Bpewms 7, B Te4eHHE KOTOPOTO JIJIATCA CTOJKHOBeHue (T. e. h Mengerca ot 0
110 ho 1 06paTHO /10 HyJIs1), PABHO

ho

dh 15 &
T:20/ (1)2—kh5/2/u)1/2 =2 < ) 0/‘/1_1;2/5

HOIIbSyﬂCb P pElIeHun 3TOM 33191 MMOJIYYIECHHBIMU B TEKCTE CTATUYIECCKUMU
dopmysTaMu, MBI TEM CaMBbIM IIpeHeOperaeM yrnpyruMu KojaeOaHusMu mapa, BO3-
HUKAIOIUMU IIPYA CTOJIKHOBEHNU. BO3MOKHOCTH TAKOTO TpEHEOPEKEHNST TPEOYET,
9T106BI CKOPOCTH ¥ ObLIa JIOCTATOYHO MaJia [0 CPABHEHUIO CO CKOPOCTHIO 3BYKA.
q:’a,KTI/I‘-IQCKI/I7 OJHAKO, IPUMEHUMOCTDb ATOM TEOPUU OI'PAHUYINBACTCA €IIe PAaHbIIIe
6/1arofapst TOMY, 9TO BO3HHMKAION[VE IIPU CTOJIKHOBEHNN Te(OPMAIH TIEPEXOIsIT
3a IIpenesa ynpyrocTu BeuecTBa.
. Onpenenuts pazmMepbl 00/IACTH CONPUKOCHOBEHUS ¥ PACIIPEIE/IEHHE [TaB-
JIeHWsI B Hell P CAABJIMBAHUN [IBYX [WJIMHIPOB BIOIb UX 00Pa3yONUINX.
Pemenwue. O6siacTh CONPUKOCHOBEHUs TIPEACTABIAET COGOM B 3TOM CJIy-
9ae y3KYIO IIOJIOCKY BJO/b JJIMHbL IMITHHIPOB. Ee mupuny 2a u pacupenenenue
JTaBJICHUA B Hell MOXKHO HalTH n3 IIOJIYyYE€HHBbIX B TEKCTE (bOpMyII nyTeM IIpe-
JlesibHOTO 1iepexona b/a — co. Pacupeznenenne nasienus 6yner byHKOued Buga

NJIn

(z — KoOpAMHATA BJIOJIb NIMPHUHBI TIOJIOCHI COMIPUKOCHOBEHMsI ); HOPMUDYs €€ Ha
OTHECEHHYIO K eIUHUIIE JJIMHBI IIUINHIPOB CAABIUBAIOIYIO CHIy F', moryunm
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Iloacrasagas 310 Bhipaxkerue B (9.7) W IPOU3BOIA MHTEIPUPOBAHKE C TOMOIIBIO

(9.8), mmeem

e 4DF/ dé _ SDF
- 3r (a2 +€)3/2¢  3ma?’

O/iiH 13 paIuyCcoB KPUBU3HBI IUJIMHIPUYECKOM IIOBEPXHOCTH OECKOHEYEH, a JIPY-
TOI COBIIAZAET C PAJNyCOM IUJIWHIPA; IOITOMY B JaHHOM CIydae

am (AL mee

2
OKOH"IaTeIIbHO HaXO0oauM JJIs I/ICKOMOﬁ I.HI/IpI/IHbI TIOJIOCHI COHpI/IKOCHOBeHI/Iﬂi
1/2
(16DF RR' ) /
a = —_— .
3t R+R

§ 10. Yopyrue cBoiicTBa KPHUCTAJIJIOB

WN3menenue cBOOOIHONW SHEPIWHM TPU HU30TEPMUUECKOM CIKATHH
KpUCTaJLJIa dBJAAETCA, KaK W Yy U30TPOIIHBIX TeJI, KBa.,HpaTI/I‘IHOﬁ
dyuKIMENH Ten30pa gedopmaliu. B TpOTHBONONI0KHOCTE TOMY, UTO
UMEJIO MECTO JIjIs W30TPOIHBIX Tes, 9Ta (PYHKIUsT COMEPKUT Terephb
He 71Ba, a DOJIhIliee YNCI0 HE3aBUCUMBIX KOI(DPUIMEHTOB.

O6mmwmit Bu cBOOOMHON 3HEprUU JePOPMUPOBAHHOTO KPUCTAJLIA
€CThb 1

F = S Xikim Uik i, (10.1)

Te Aiklm €CTh HEKOTOPBINM TeH30p 4-10 paHra, HAa3bIBAEMbIH MeH-
3opom modyaeti ynpyzocmu. ITocKombKy TeH30p aedOopMaIlii CUM-
METPHUY€EH, TO IPOU3BEIECHUE U;pl]y, HE MEHSETCS IIPH IIePEeCTAHOBKE
WHIEKCOB i ¢ k, [ ¢ m waum mapst 4, k ¢ mapoti [, m. O49eBuIHO T09TOMY,
9TO U TEH3O0P Ajiim MOXKET OBITH OIpeIeeH Tak, ITOO0BI OH 0b6JIaal
TaKUMHU K€ CBOMCTBAMU CUMMETPHUHU TI0 OTHOIIEHUIO K IIEPECTAHOBKE

WHIEKCOB:
Niklm = Akilm = Nikml = Nimik- (10.2)

IIyrem mpocroro mojcuera MOXKHO YOEAUTHCS B TOM, 9TO YHUCJIO
PA3JIMYHBIX KOMIIOHEHT TeH30pa 4-ro paHra, 00/1a/1afoInero TakuMu
CBOWCTBAME CHMMETPHH, PaBHO B ofmieM ciydae 211).

Coorsercreento Boipazkennio (10.1) mas cBoboxHON SHEPrUN 3a-
BUCHUMOCTb TE€H30DA HAIPS2KEHUN OT TeH30pa aedopMaluu UMEET B
KpUCTA/LIaX B (CP. TAKXKe CHOCKY Ha ¢. 61)

= NiklmUim- (10.3)

ag; =
1k uk

) B nureparype HCIONMB3YIOTCS TaKKe 0G03HAMEHMS, B KOTOPBIX KOMIIOHEHTHI
TeH30pa 4-I0 paHra 3alliChIBAIOTCA KaK Aqg C IBYyMd HHIEKCAMU, IPOOETraiomuMu
3HadeHud 1, 2, 3, 4, 5, 6, KOTOPBIM OTBEYAIOT COOTBETCTBEHHO IAPHI MHIEKCOB
TZ, Yy, 22, Yz, 2, 1Y-
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Hanuuwme Toit wim nHO#M CUMMMETPUN KPUCTAJLIA TPUBOIUT K I10-
SIBJIGHUIO 3aBUCUMOCTEN MEXKIy PA3/JUIHBIMU KOMIIOHEHTAMH TEH30-
Pa Ajkim, TAK 9TO YUCIO €r0 HE3aBUCHUMBIX KOMIIOHEHT OKA3bIBAETCS
MeHbIuM, Yem 21.

PaccMoTpuM 9TH COOTHOITIEHMST [IJTsT BCEX BO3MOXKHBIX TUIIOB Ma-
KPOCKOIMYECKONH CHUMMETPUH KPUCTAJLIOB, T. €. JJisl BCEX KPUCTAJ-
JITYECKUX KJIACCOB, PACIPEIETUB WX 110 COOTBETCTBYIOIIMM KPUCTAI-
smaecknM cucremam (em. V, § 130, 131).

1. Tpuksunuasa cucrema. TpukiuHuas cumMerpust (Kiac-
col C; u C;) He HAaKJIAJbIBAET HUKAKMX OTPAHUYEHUIl HA KOMIIO-
HEHTBHI TEH30PA Ajklm, @ BBIOOP CHCTEMBbI KOOPAWHAT C TOYKH 3pe-
HUsi CUMMETPUHU BIIOJIHE TTPOM3BOJieH. [Ipu 3TOM OTyIMYHBI OT HYJIA
n He3aBuCKUMBI Bce 21 mojaysib yrupyroctu. [IponsBosbHOCTE BHIOOpA
CUCTEMBI KOOPIMHAT MO3BOJISET, OJHAKO, HAJIOKUTH HA KOMIIOHEHTHI
TEH30PA Ajgim JONOIHUTE bHBIE yciaoBusd. [lockosbKy opuenTarus
CUCTEMBI KOODJIMHAT OTHOCUTEIbHO TeJjla OIPENEJIsieTCs TPeMsd Be-
JuarHaMu (yriaMu ITOBOPOTA), TO TAKUX YCIOBHI MOXKET ObITH TPH;
MO2KHO, HAIIpUMeED, TP U3 KOMIIOHEHT CYUTATh PABHBIMU HYJII0. Tor-
J1a HE3aBUCUMBIMU BEJIMYUHAME, XaPAKTEPUIYIOIIMMU YIIPYTUE CBOM-
cTBa KpucTayuia, oynyr 18 OTIMYHBIX OT HyJIsd MOAyJeil u 3 yria,
OTIPEJIENIAIONTIX OPUEHTAIINIO 0Cell B KPUCTAJLIE.

2. MonoxknuuaHag cucrema. Paccmorpum kiace Cg; BoIOH-
paeM CucTeMy KOODJMHAT C IVIOCKOCTBIO TY, COBIAJAOIIEN C IJIOCKO-
crbio cuMMerpun. [Ipu oTpakeHnn B 3TON TIOCKOCTU KOOPIUHATHI
MIOIBEPralOTCs MPeodbPa30BaHUIO: T — X, Y — Y, 2 — —2. KoMmmonen-
ThI TEH30Pa MPe0dPa3yTCs KaK ITPOU3BEIEHUS COOTBETCTBYIOITUX
koopauHaT. [loaToMy SICHO, UTO TpK yKa3aHHOM MPeodpa30BaAHUN BCE
KOMIIOHEHTBI A;gim, CPEIU UHIIEKCOB KOTOPBIX WHIEKC Z COAEPAKUTCS
Heuernoe (1 wam 3) 4mcio pas3, nepemMeHsaT CBOi 3HAK, a OCTAaJbHbIE
KOMIIOHEHTBI OCTaHyTCsi Hen3dMeHHbIMU. C Ipyroii CTOPOHBI, B CHUJTY
CUMMETPHUH KPUCTAJIA BCE XapaKTEPU3YIOIINe €ro CBOMCTBA BEJIH-
YUHBI (B TOM YHCIE W BCE KOMIIOHEHTBI Ajklm) JOJIZKHBI OCTATbCS
HEU3MEHHBIMU TIPU OTPAXKEHUU B ILJIOCKOCTHU cuMMmerpun. [losromy
SICHO, 9TO BCE KOMITOHEHTBI C HEYETHBIM UUC/IOM WHIEKCOB Z ITOJIXK-
HBI OBITH PABHBIMEU HYJTI0. COOTBETCTBEHHO 9TOMY 0011 BHIPAYKEHTEe
71t cBOOOTHOM yIIpyTo#l 9HEPTUN KPUCTAJLIA MOHOKINHHON CHCTEMBI
€CTb

1 2 1 2 1 2
F = 5)\mmum + gAyyyy“yy + EAZZZZuzz + AzayyUaatiyy +
2 2 2
+ ApzzzUspzlUszy +>\yyzzuyyuzz+ 2>\a:ya:yuzy + 2)\xzxzuzz + 2)\yzyzuyz+

+ 2)\:v:v:vyuzzuzy + 2>\yyy:vuyyuyz + 2)\:vyzzuzyuzz + 4>\zzyzuxzuyz-
(10.4)

B sTom Bbipaxkenun 13 nezaBucumbix KoaddunmentoB. Takoe xe
BBIpazkeHwne mosryvdaerca g Kaacca Co, a Takxke u kimacca Cap, co-
nepxkaiero 06a anementa cummerpun (Co u o) BMecre. B uznoxken-



§ 10 VIIPYTUE CBOMCTBA KPUCTAJIJIOB 55

HBIX PACCYXKJEHUSIX, OJHAKO, COOOPAXKEHUsI CUMMETPUU (DUKCAPYIOT
BBIOOD HAIIPABJIEHUs! JIWIH OJHON M3 0Cell KoopauHAT (z), HAIpaB-
JICHUS YK€ Oceil &, Y B MePIeHIUKYITPHOMN IIOCKOCTH OCTAIOTCS TTPO-
U3BOJIBHBIMHU. DTUM ITPOU3BOJIOM MOXKHO BOCIIOIB30BATHCSI JIJIsT TOTO,
4TOOBI HAJIIEXKAIINM BBIOOPOM Oceil 00paTUTh B HYJIb OJHY U3 KOM-
HOHEHT, CKAXKeM Agzy... Torga 13 BelmuunamMu, XapaKTepU3yIOMUMUI
yIpyT#e CBOMCTBA KPUCTAJLIA, OYIyT 12 OTIMYHBIX OT HYJIsl MOJyIei
¥ OJIUH YTOJI, OIPEIEIAIONINI OPUEHTAINIO OCeil B TIJIOCKOCTH XY.

3. Pombuueckasa cucrtema. Bo Bcex knaccax 3Toit cucre-
Mbl (Cay, Dy, Dop) BBIGOD OCel KOOPAMHAT OJHO3HAYHO TUKTYET-
Cd CUMMETpHUel u Jig CBOOOMHON SHEPTHUU ITOTYJIAeTCs BbIPaXKeHUe
OJIMHAKOBOTO Buja. Paccmorpum, Hampumep, kiaacc Doy, n BeiOepeM
IIOCKOCTH KOODJIMHAT B TPEX IJIOCKOCTAX CUMMETPHUH ITOTO KJIAC-
ca. OTpaxKeHns B KaxKJI0M U3 9THUX [JIOCKOCTEH MPeICTaB/IsiioT coboit
npeobpa3oBaHusi, MPU KOTOPBIX OJIHA W3 KOOP/UHAT MEHSIET 3HAK, &
JiBe pyrue He MeHsioTcsi. QUeBHUIHO, TI09TOMY, UTO U3 BCEX KOMIIO-
HEHT Akl OTJUYHBIMU OT HYJISI OCTAHYTCS TOJBKO T€, CPEIU UHIEK-
COB KOTOPBIX KaKJ0€ M3 UX 3HAYEHUN X, Yy W Z BCTPEYAETCS YETHOE
YUCI0 pa3; BCE OCTAJbHbIE KOMIIOHEHTHI JIOJIZKHBI ObLIN OBl MEHSATDH
3HAK [PU OTPAKEHUM B KAKOW-HUOY/b M3 TJIOCKOCTENl CHMMETPUU.
Takum obpazom, obiree BhIpayKeHUE /s CBOOOIHON SHEPIUU WMeEeT
B poMOmYIeckoii cucreMe BUIL

1 2 1 2 1 2
F = Ekmmmmuacx + EAyyyyuyy + EAzzzzuzz + Aa:a:yyua:a:uyy +

+ Az Upatizz + Ayyzzuyyuzz + 2>\a:ya:yu3;y + 2)\1:7;1';;“3;,2 + 2)\yzyz'u52,z .
(10.5)

OmHO COmEpPKUT BCETO JEBATH MOy yIpyroCTH.

4. Terparomaapruaga cuctema. Pacemorpum kimace Clyy,.
Beibupaem koopamuathl ¢ ochio z mo ocu Cy, a ocw z, y — Tep-
MEHIUKYJISPHBIMA K JIBYM U3 BEPTHUKAJIBHBIX ILJIOCKOCTEH CHUMMET-
pun. OTpakeHus: B 3TUX JBYX ILIOCKOCTSAX O3HAYAIOT COOTBETCTBEH-
HO npeobpaszoBaHus £ — —%, Y — Y, 2 — Z U T — X, Y — —Y,
Z — z; B CUJIy 9TOI0 MCUYE3AT BCE KOMIOHEHTBI Ajgiy, ¢ HEUETHBIM
YUCIOM OJJMHAKOBBIX WHJIEKCOB. Jlasiee, IOBOpOT HA yros 7/4 BOKpYT
ocu Cy ipejicTaBiisier coboit TpeobpazoBanue £ — Y, y — —, 2 — 2.
Orcroia BBITEKAIOT COOTHOIIEHUS

)\:v:v:v:v = Ayyyyy )\:v:vzz = Ayyzu Azzzz = )\yzyz-

OcranpHble peobpazoBanusd, Bxojadiue B Kiaacc Cy,, HUYEro He 10-
0aBIAIOT K 3TUM YCIOBUAM. TakmM 00pa30M, BHIPAXKEHUE IIJIsT CBO-
OOTHOI SHEPTrUY KPUCTALIOB TETPArOHAJIBHON CHCTEMbI UMEET BUL

1 2 2 1 2
F = EAxxxx(Uxx + Uyy) + EAzzzzuzz + )\:v:vzz(ux:vuzz + Uyyuzz) +

+ AppyyUzatyy + 2)\zyxyu§y + 2)\mm(uiz + uzz) (10.5)

OmHO COmEPKUT TIeCTh MOy yIPyTOCTH.
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Takoii ke pe3yabTaT MOJYyIUTCS U s JIPYTHEX KJIACCOB TeTparo-
HaJbHON CHCTEMBI, B KOTOPBIX €CTeCTBEHHBIN BHIOOD OCeil KOOpAUHAT
mukryercst cummerpueit (Dog, Dy, Dyp). B kinaccax xe Cy, Sq, Cyp,
OJIHO3HAYEH BBIOOD JIMIIb OfIHOM ocu (z) — Bioab ocu Cy uau Sy. [Tpu
9TOM TpeGOBaHMsi CUMMETPUH JIOMYCKAIOT CyIecTBOBaHue (IIOMUMO
durypupyromux B (10.6)) eme 1 KOMIIOHEHT

)\a:a:a:y = _)\yyya:~

HagnexxammM BBIOOpOM HampaBjeHui#t ocefl &, Yy ITH KOMITOHEHTDI
MOryT OBITH OOpAIeHbI B HyJIb, ¥ TOTA F' CHOBa mpuBeIeTCss K TOMY
xe By (10.6).

5. Pombosapuueckasa cucrema. Pacemorpum kimace Cl,
1 BBIOEPEM CHCTEMY KOOPINHAT C OCHIO 2 BIOJb OCH TPETHETO MOPSII-
Ka M OCBIO ¥, TIEPIEHIUKYISAPHON K OJHOM M3 BEPTHUKAIBLHBIX TLIOC-
KocTelt cumMerpun. T BBISCHEHWST OTPAHUICHUH, HATATAEMBIX HA
KOMITOHEHTBI TEH30PA Ak, HaamaweM ocu Cs, ya00HO TPOM3BECTH
dopmasibHOE TTpeodpa3oBanme, BBEIsT KOMILIEKCHBIE «KOOPIMHATHI»
&, 1 coryiacHO OIpejieIeHUT0

E=z+iy, n=x—1y; (10.7)
KOODJIMHATY Ke 2z ocTaBjseM 0e3 m3Menenuii. K arum HOBBIM KOOD-
JUHATAM Tpeobpa3yeM TakyKe U TEH30D Ajgim; B €r0 KOMIIOHEHTAaX
WHJIEKCHI TTpoberaroT Tenepb 3HauveHud &, 1, 2. JIerko Bujers, 4To
npu noBopore Ha 120° BOKpPYr ocu z HOBBIE ITEPEMEHHBIE TTOBEPIa-
FOTCS TIPeoOPA30BAHUIO

¢ = £l 7 — ne=2mil3,

OTINIHBIME OT HYJS MOTYT OBITH B CHUJIYy CHUMMETPHUU KPUCTAJLIA
TOJIBKO T€ W3 KOMITOHEHT MAjglm, KOTOPBIE HE MEHSIOTCS MPU ITOM
mpeobpazopannu. OUEBUIHO, ITO STUM CBONCTBOM 00IAAIOT TE KOM-
MMOHEHTHI, CPEJIV WHIEKCOB KOTOPBIX TPHU Pa3a MOBTOPSIIOTCA & WIH 1)
(obparmaenm BEIMaHme Ha TO, 4o (€27/3)3 = 2™ = 1), i uamgexc &
COJIEPIKUTCsI CTOJIBKO K€ Pas3, CKOJBKO 1) (IOCKOIBKY e2mi/3—2mi/3 —
= 1); TAKOBBIMU SIBJISIFOTCS KOMIIOHEHTHI

z = Z.

Azzzzs Aﬁném Aﬁfnm >‘§nzz’ >‘§znz’ >‘§§§z7 Ammz-

Janee, oTpakenne B TIOCKOCTH CHUMMETPHUH, TIEPTIEHIHKYIAPHON K
OCH Y, eCTh TTpeobpa3oBAHNe T — T, Y — —Y, 2 — 2, WJIN JJIsT BEJTH-
qun &, n: £ — n, n — §. IlockonbKy npu aToM Ipeodpa3oBaHum Agge,
IEPEXOIUT B Agypz, TO STU JBE KOMIOHEHTHI JOKHBI OBITH DaBHBI
apyr apyry. Takum o6pa3zoM, KPUCTAJLIBI POMOOSIPUIECKON CHCTe-
MBI 00JTATATOT BCETO TMECTHI0 MOIYJISIMU yIpyrocTu. Jms Toro aro-
OBl HATTHCATD BBIPAXKEHUe JJTsT CBOOOMHOM SHEPTUH, HAJO COCTABUTH
CYMMY AjkimUikUlm, B KOTOPOW MHIEKCHI TPOOeraloT 3uadenus &, 1,
z; TOCKOJTFKY HaM HAJ0 BHIPA3UThH F' depe3 KOMIIOHEHTHI TEH30Pa Je-
dopmaImu B KOOPANHATAX T, Y, Z, TO MBI JOJKHBI BHIPA3UTH depe3
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HUX KOMIIOHEHTBI B «KOOpJAUHATAX» &, 1), 2. DTO JIETKO CJeIaTh, BOC-
[IOJIB30BABIIUCEH TEM, 9TO KOMIIOHEHTHI TEH30Da Uk, TPeobpasyroTCs
KaK MPOU3BEMIEHNsI COOTBETCTBYIONINX IBYX KoopawHat. Tak, u3

&= (z+ iy)2 =z - y2 + 2ixy
CJIEJIYET, ITO '
Uge = Ugy — Uyy + 20Usgy.
B pesynbrare Haxomum gy Fcienyromiee BhIpaskeHMe:

1
F= EAzzzzugz + 2 enen (Uaz + tyy)® + Aeeny[(tae — uyy)® + 4“331] +

+ 2)\§nzz(uxfp + uyy)uzz + 4)‘fzﬂz(u:2vz + uzz) +
+ Aeees[(Unn — Uyy)Uzz — 2ugyuy.]. (10.8)

Ono comepxkut 6 HezaBUCUMBIX KO3 durmerTor. Takoii ke pe3yib-
TaT moayduTced jyig kiaaccoB Dy u Dgg. B knaccax ke Csz u Sg,
B KOTOPBIX BBIOOD OCeil T, Yy OCTaeTCsi TPOU3BOIBHBIM, TPEOOBAHUS
CUMMETPHUH JIONMYCKAKT TaKXKe U OTJUYHYIO OT HYJIS PA3HOCTH

Aﬁfﬁz - )‘mmz-

Omna, o1HAKO, MOYXKET OBITH 0DbpaIeHa B Hy/Ib HAJTEYKAITNM BEIOOPOM
ocelt x, y.

6. 'excaronansrnag cucrema. Paccmorpum kiacc Cg u
BBIOEpPEM CHCTEMY KOODIUHAT C OCBIO Z TIO ocu 6-ro mopsaaka. Beemgem
cuoBa koopuHarhl (10.7). IIpu moBopore Ha yrom 27/6 BOKpYT ocu
Z OHU TIOJIBEPTAITCS TPE0OPA3OBAHUIIO

é- N 66271'1'/67 n— 7]6_27Ti/6.
Orcroa BUIHO, 9TO OTJIUYHBI OT HYJISI TOJBKO T€ KOMIOHEHTBI Ajkim ,
Cpei MHIEKCOB KOTOPBIX WHIEKCHI & U 7) BCTPEYAIOTCS OIMHAKOBOE
quca0 pa3. TaKoBBIMU SIBJISTFOTCS

Azzzm >\§17§777 )\5577177 )\577;;;;7 )\gznz-

Jpyrue BO3MOXKHBIE 9JIEMEHTHI CHMMETPUHU TEKCATOHAJIBHON crcTe-
MBI HUYIETO He J00ABIAIOT K 9TUM OTPAHWIEHUAM. TakuM 0O6pa3oM,
MMEETCsT BCETO TATH Moy el ympyroctu. CBoOOIHAST SHEPTUS MMeeT
BUI

1
F = EAzzzzuzz + 2A¢nen (Uae + “yy)2 + el (Ugz — “yy)2 + 4“331] +
+ 222Uz (Uzg + Uyy) + 4)‘£znZ(Ua20z + uzz) (10.9)

Caenyer ormeruTsb, 4To jgedopmanus B miockoctu zy (medopma-
s C OTJIMYHBIMU OT HYJIS Ugg, Uyy, uxy) OTIpeJIeISIeTCS BCETO JIBY-
MsI YOPYTHUMH MOMYJISIMU, KaK W JJId W30TPOITHOTO Tesa; APYTUMHU
CJIOBaMU, B ITNIOCKOCTHW, TMEPIEHINKYIAPHON K TeKCarOHAJBLHOW OCH,
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yIPyTHUe CBOMCTBA TeKCAaroHaIbHOT0 KpUCTaLTa n30Tporabl. 1o sToit
npuvrHe BbIOOP HAIPABJIEHUN OCEil B 3TOM TJIOCKOCTH BOODIIE HECY-
IIECTBEH M HUKAaK He orpaxkaercs Ha Buje F. Beipaxenwe (10.9)
OTHOCHUTCS TIO9TOMY KO BCEM KJIACCAM T'€KCATOHAIBLHOW CHCTEMBI.

7. Kybuueckasa cucrema. HampaBum ocu z, y, 2z O TpeMm
ocsIM 4-T0 TIOPsiTKA KYOWYECKOW CHCTEMBI. Y2Ke HaJUdne TeTParo-
HAJIBHON cuMMeTpuu (C OCbIO 4-I0 TOPSJIKA BJIOJIb OCH Z) ODaHU-
YUBAJIO YUCJIO PA3TUIHBIX KOMIOHEHT TEH30DPA Ajklm CIETYIOMINMA
IIECTHIO:

)\acacxfm )‘ZZZZ7 Azazzs Ammyyv )\xymya Azzzz-

IToBoporsr Ha 90° BOKpPYT OCeii T W Y Iar0T COOTBETCTBEHHO TPE0D-
pasoBaHud T — T, Y — —2, 2 - YU T —> 2, Y = Y, Z —> —T.
B cuny Hux m3 HanmMCaHHBIX IIECTH KOMIIOHEHT JI€JIal0TCsd PaBHBIMEU
repBasi CO BTOPOM, TPEThsl C YETBEPTON M MsATasi ¢ 1mectoit. Takum
00pazoM, 0CTAETCsl BCErO TPU PA3AMIHBIX MOAYJs ynpyroctu. CBo-

6o/HAd SHEPTUA KPUCTALIOB KyOMUYecKoil CHCTeMbl mMeeT BI !

1 2 2 2
F= 5>\mm(umC + Uy, +uz,) + Azzyy (UazUyy + UzgpUzz + Uyyls,) +

+ 2>\zy:vy(uf2py + ’Uziz + UZZ) (10.10)

Beimuiem ere pas 9uc/io HE3aBUCUMBIX MapaMeTpoB (MojryJieit
YVIPYTOCTU WU YIJIOB, ONPEJEIAI0NINX OPUEHTAINIO Ocell B KpucTaJl-
Jie) JJIs KJIaCCOB PA3JIMIHBIX CHCTEM:

TPAKIIAHHAST « ¢ v v v v vteeee e e e e e eeneinea 21
MOHOKJTIHHAS « ¢ « o v e veee e e eaeeenneeennnaen. 13
DOMOTTIECKAST - .« vvvee ettt et eee e aee e 9
rerparonaiabias (Cyq, Sa, Cap) oo, 7
rerparonanbhaa (Cay, Dag, Da, Dap) oono..... 6
pombosapuaeckas (Cs, S6) «.vvvvninerninen..n. 7
pombosapudeckas (Cay, D3, D3g) «ovvvvvvvnnn.. 6
TEKCATOHATIBHA . oo vvvvnttiiiineeeeennennnnnn. 5
KYOHUECKAS .« vvititiiti it 3

Munuma bHOE 2Ke YUCI0 OTIMYHBIX OT HYJIS MOMIYyJIeli, KOTOPOro
MOXKHO JTOOUTHCsT HAJJIEXKAIIUM BHIDOPOM OCeit KOOPIAUMHAT, OIMHAKO-
BO JIjId BCEX KJIACCOB B KaXKJIOU CUCTeMeE:

TPUKIUHHAS .« oooeeennnneen... 18
MOHOKJIAHHAST .« v evvneeennnnn. 12
POMOMTECKAST . ..ovuvenennn.n. 9
TETPATOHAIBHAS . ..vvvvnn.... 6
POMOO3IPUIECKAST - v v e .. 6
TEKCATOHAJIBHAA . ............. 5
KYOUTeCKAST . ..onvvveennenn... 3

) B kybuueckux kisaccax T u Ty Her oceil yerBeproro mnopsaka. Tor xe
pe3yJIbTaT IOJIy9aeTCs, OJJHAKO, B 9TUX CJIydasX IIyTeM PAaCCMOTDPEHUs OCeil Tpe-
ThEro IOPAIKa, HOBOPOTHL BOKPYT KOTOPBIX IIEPEBOAAT APYT B APYyTra OCU BTOPOro
[OPsiJIKA, — OCH I, Y, Z.
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Bce ckazannoe ornocuTcs, pazymeercs, K MoHOKpucTasiam. 1lo-
JIMKPUCTAJLINYECKHE K€ Tejga C JOCTATOYHO MAJbIMH Da3Mepamu
BXOIANINX B UX COCTAB KPUCTAIUTOB MOXKHO DACCMaTPHUBATH KaK
U30TPOIHBIE Tejia (MOCKOJIBKY Mbl MHTEpecyeMcst jedopMaliusMu B
ydacTKax, OONBIIMX 10 CPABHEHWIO C pa3MepaMy KPUCTAJINTOB).
Kakx m BCakoe mM30TpomHOE TETO, TMOIUKPHUCTALT XaPAKTEPU3YETCS
BCEro ABYyMsI MOIYJIAMHU yHpyroctu. MoxkHO 6b110 ObI Ha MEPBBIi
B3IV MOJAYMATh, UYTO 3TH MOIYJM MOXKHO TIOMYyUUTH U3 MOIyJel
YIPYTOCTH OTAEABHBIX KPUCTAJIUTOB MMOCPEJCTBOM TIPOCTOTO YCPEI-
venud. B neficrBuresbHOCTH, OTHAKO, 3TO He Tak. Ecnm paccmarpu-
BaThb JePOPMAIINIO TTOMUKPUCTAILIA KAaK PE3YIbTAT JeDOPMAIINN BXO-
JISIIUX B HErO KPUCTAJLTUTOB, TO CJEIOBAJIO Obl B IIPUHITUIIE PENIUTD
yPaBHEHUST PABHOBECHS JJIsl BCEX ITUX KPUCTALIUTOB C YIETOM CO-
OTBETCTBYIOIINX I'PAHUYHBIX YCIOBUI HA MOBEPXHOCTAX MX PA3/Iesa.
Otciofa BUIHO, YTO CBSI3b MEXK/Y YIPYTUMHU CBOWCTBAMHU KPUCTAJI-
Jla, PACCMaTPUBAEMOTO B IIE€JIOM, ¥ CBOHCTBAMM COCTABJISIONINX €T0
KPUCTAJLUIUTOB 3aBUCUAT OT KOHKPETHOHM (DOPMBI KPUCTAJLIATOB U OT
KOPPEeJTAINT MEXIY WX B3auMHBIMU opuentanusamu. [loaromy we cy-
IECTBYET OOIIIeil 3aBUCUMOCTH MEXKy MOIYJSMHU YIPYTOCTH TIOTH-
KPUCTAJLTIOB ¥ MOHOKPUCTAJLIA, (TOTO YKE BEIECTBA).

Beraucienne Momyseit M30TPOITHOTO TOMUKPUCTALIA 10 MOHO-
KPUCTAJLUTHIECKAM MOJYJISIM MOXKET OBITH TPOU3BEIEHO CO 3HATH-
TEIBbHOW TOYHOCTHIO JIUITH B CIydae C1aboi aHH30TPOIMUN yIPYTUX

CBOMCTB MOHOKPHCTAJLIA 1). B nepsom mpubsmxennn Mogyu yupy-
FOCTH TOJUKPUCTAJIA MOXKHO IIOJIOKUTH PAaBHBIMH IIPOCTO «W30-
TPOIHON YACTH» YIPYTUX MOIYJel MOHOKpPHCTA/Ia. 1orma B cie-
AYIOIIEM TPUOIUKEHUU MOABJISIIOTCSA 9JIEHBI, KBAIPATUIHBIE IT0 Ma-
JIOA «aHU3O0TPOIIHOM YaCTU» ITUX MOLYJICH. OKBBBIB&QTCH, 4YTO 3THU
[IOIPABOYHLIE YIEHBI HE 3aBUCAT OT (POPMBI KPUCTAJIUNTOB U OT KOP-
PEJISIUY UX OPUEHTAIMI U MOT'YT ObITh BEITUC/IEHBI B 0DIIIEM BHUIE 2).

Haxoneri, octanoBuMCsT Ha TEIJIOBOM PACIITUPEHUN KPUCTAJIOB.
B usorponHbIx Te/max TEIIoBoe paclinpeHre TPOUCXOIUT OJUHAKOBO
II0 BCEM HAIIPABJIEHUsIM, TaK YTO TEH30D aedOpMalMu IprU CBOOOI-
HOM TeIJIOBOM PaCUIMPEHUU UMEEeT BUJL (CM. §6

1
Ui = ga(T —T0) i,

rae a — K03 DUIIMEHT TeII0OBOro pacIlupenus. B Kpucrarax xe
HAJIO TTHCATD

Ui = O‘;k (T —Ty), (10.11)

rJe ;i — HEKOTOPBIil TEeH30p BTOPOI'0 PaHIa, CUMMEeTPUYHbIH 110 UH-

1) Tak, Mepoil AHH30TPOIKMY YIPYIUX CBONCTB KyOUUECKOrO KPUCTAJLIA SBJIsI-
€TCsl PABHOCTD Apzar — Aczyy — 2Azyay; €CJIU OHA PaBHA HyJI0, Boipakenue (10.10)
CBOIUTCS K BBIPAYKEHUIO YIPYTOil sHepruu u3oTponHoro resa (4.3).

) Cwm. U.M. Jlugwuy, JI.H. Posenysetiz. /| ZKITD. 1946. T. 16. C. 967.
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mexcaM 4, k. BBISICHUM 9HCI0 PA3/IUYHBIX HE3aBUCUMBIX KOMITOHEHT
9TOTO TEH30pPa B KPHUCTAJIAX PA3HBIX cucreM. g sToro nmporie Bee-
T'0 BOCIIOJIb30BATHCS M3BECTHLIM U3 TEH30PHO# aarebpbl 06CTOITehb-
CTBOM, YTO BCIKOMY CUMMETPUYHOMY TE€H30PY BTOPOT'O PAHTa MOYXKHO
IIPUBECTH B COOTBETCTBUE HEKOTOPBIM, KAK FOBOPAT, TEH30PHBIN 2JI-

auncons !). I3 cooGpazkennii CHMMETPUE HEIOCPEICTBEHHO OUEBH -
HO, 9TO IIPY TPUKJIUHHOMN, MOHOK/JINHHON U POMOUYIECKON CHUMMETPH-
SIX SJUIATICOUJT ABJISIETCsI, BOOOIIE MOBOPSI, TPEXOCHBIM (T. €. JIJINHBI
BCEX ero oceit pazsmunbl). [Ipu TerparoHaabHO# ke, poMbodapHrYe-
CKOIl ¥ TEeKCATOHAIBHOW CUMMETPHUSIX SJITUIICOU JTOJIXKEH SIBJIATHCS
SJLTUIICOUIOM BpalieHusi (C OCbI0 COOTBETCTBEHHO BJIOIbL OCEl CuM-
mverpun Cy, C3 nm Cg). Hakonerr, kybudeckas CHMMeTPHUsl TTPUBO-
JIAT K BBIPOXKJCHUIO SJIUIICOUIA B mmrap. Ho TpPexXoCHbIN 3JLIHIcom
OIIPEJIE/ISETCsT TPEMsT HE3aBUCUMBIME BeTMUMHAMU (JI/IMHAMU OCeii),
SJIJTATICON/] BPAIIEHUS — JIByMsI, & IIIap — BCEr0O OJHOI (pagmycoMm).
Takum 06paz3omM, IUCI0 HEBABUCUMBIX KOMIIOHEHT TEH30Pa, (y;), B KPU-
CTAJIIAX PA3MUIHBIX CHCTEM €CTh:

TPUKJIMHHAS, MOHOK/IMHHAS, DOMOITECKAS - .o vveteeneenenanenn.n.
TeTparoHa/IbHas, POMOOIIPUIECKAST, TEKCATOHATBHAST .« . vovenren....
Q0] 8 T < - S

N W

Kpucranibr mepBeix Tpex CHCTEM HAa3bIBAIOTCH JIBYXOCHBIMHU, &
BTOPBIX Tpex — OFHOOCHBIMU. OOpaTuM BHUMAHWE HA TO, UTO TETl-
JIOBOE PaCIIUpeHre KPUCTAJIOB KyOUYIecKO# CUCTEMBI OTTPe e IsieTCs
BCEro OJ[HOW BEJTMYUHOMN, T. €. UTO OHUM BEIYT CeDA B OTHOIIEHUH CBO-
€ro TeIJIOBOI'0 pacCUIUpEHNd KaK M30TPOIHbIE TeJla.

3amayu

1. BeipasuTh yOpyrymo HEPrui0 reKCarOHAIBHOIO KPHCTAJIIA C IIOMOIIBIO
VOPYTUX MOAYIAEH Aikim B KOODIUHATAX L, Y, Z (OCh £ — IO OCH LIECTOrO IOPSLI-
Ka).

Pemenue. IlpunpoussonbHOM (He OPTOrOHAIBHOM) IIPEOOPA3ZOBAHNAYN KO-
OpaAuHaT HaJ0 Pa3/NYaTh KOHTPA- U KOBapHUAHTHBIE KOMIIOHEHTBHI BEKTOPOB U
TEH30DOB; TIEPBbIE MPEOOPA3YIOTCA KaK CaMu KOOPAWHATHL ' (MX mpuHATO 000-
3HAYATh C BEPXHUMH HHJEKCaMM), & BTOpble — Kak omeparopsl nuddepenu-
poBamus 0/0z' (mx obosmagaior ¢ HuxaUME nHmekcamm). Ckamap (10.1) mamo
3alIUChIBATH IIPU 3TOM KaK

F = %)\iklmuikulm.

B Boipaxenusx (10.8), (10.9) xoMIoOHeHTBI 4;, Ipeobpa30BaHBbI KAK KOHTPaBa-
PHAHTHBIE; II09TOMY JJIsl YCTAHOBJIEHUSI CBSI3U MEYK/y KOMIIOHEHTAMH Aklm B
KoopauHaTax &, 1, Z U T, Y, Z UX HANO PACCMATPHUBATH KAK KOBAPHAHTHBIE (B
JIEKAPTOBBIX KOODAMHATAX T€ U JPYIMe KOMIOHEHTHI, PA3yMeeTCsl, COBIAJAOT).
s mpeoGpasosarma (10.7) mmeem

0 0 0 0 ; < 0 0 >

ox 0 on oy

o on

) TeH30pHBII JIUIICONT ONIPeIeIeTCs YPABHEHUEM kLT = 1.
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IIpeobpa3ys KOMIIOHEHTBI Ak, KaK TPOM3BEIAEHUs STUX ONMEPATOPOB, HAMIEM
Aezee = Ayyyy = 4Aenen + 2Xeenn;  Azyay = 2Aeenn,
Azzyy = dAenen — 2Xegnn,  Azwzz = Ayyzz = 2Agnze,
Arzaz = Ayays = 2Aeans-

Ceoboanas sHeprus (10.9), BbIpaXkeHHAsT Yepe3 STU MOJLYJIU, UMEeT BUJ

1 1
F = Eszwz(u:cw + Uyy)2 + EAzzzzuiz + )\w:czz(uiﬂﬂv + uyy)“‘zz +

+ 2)\wzz2 (uiz + uzz) + ()\w:cw:c - )\zwyy)(uiy - uwzuyy)-

2. Haiitu ycioBus 10JIOXKUTEIBHOCTH YIPYTOil 9HEprun KyOudecKoro Kpu-
cTasLIa.

Pemenue. Ilepsbie qpa wiena B (10.10) cocrasusitor KBagparndny:o Gpop-
MY TPeX HE3aBUCUMBIX II€PEMEHHBIX Uzz, Uyy, Uzz. YCIOBUS IOJOXKUTEIBHOCTU
3T0#1 POPMBI TPEOYIOT IIOIOKUTETHHOCTH OLIPeAe/IUTeNs ee KOI(DDUIMEeHTOB, 011~
HOT'O W3 €ro MUHOPOB U KO3} PUIUEHTA Apzrr. KPOME TOTO, JOMXKEH OBITH ITOJIO-
xkwurenen Tperuii wier B (10.10). DTr ycaoBus MPUBOIAT K HEPABEHCTBAM

A1 >0, A3 >0, —%<)\2<)\1,

rj1e 0003HAYEHO A1 = Azzzz, A2 = Azzyy, A3 = Azyay.

3. OnpenenuTh 3aBUCHMOCTD MOJIYJIsI PACTSYKEHUs KyOHYIeCKOr0 KPUCTAJLIA
OT HAIIpABJICHUA B HEM.

Pemenue. Bpibupaem ocu kKoopauHAT B HalpasieHusX pebep Kyba.
HyCTb OCh BBIPE3aHHOTO W3 KPUCTaJL/Ia CTEPXKHA WUMEET HallpaBJICHUE €eIUHWI-
HOIO BEKTOpa N. TeH30p HAIPSKEHUN B PACTIHYTOM CTEDPIKHE JIOJIXKEH YIOBJIe-
TBOPSTDH CJIEIYIONIMM YCAOBHSIM: JOKHO OBITH 05Nk = PN;, TAE P — IEACTBYIO-
mIast Ha €JMHUILY TJIOMAIA OCHOBAHWNA CTEPIKHS PACTATHBAIOMAA CUIa (yCaoBue
Ha OCHOBAHUSIX CTEDIKHsI); [IJIsl HAIIPABJIEHUI t, TePIeHANKYISPHBIX N, JOJIKHO
6bITh 0kt = 0 (ycmoBue HA GOKOBBIX CTOPOHAX CTEPXKHHA). TaKOW TE€H30D MOJI-
2KEH UMETh BUJ] 0k = PN;Ni. BBIYUCINB KOMIIOHEHTHI 07, JnddepeHnpoBanueM

Boipaxkeraus (10.10) Du CPaBHUB UX C BBIPAXKEHUAMHA O = PN;iTg, HOIYIUM /I
KOMIIOHEHT TeH30pa aedOPMAIiii BbIPAKEHU

(M + 2/\2)n§ — A2 NgnNy
Uzx = P y  Uzy =P
(A1 = A2)(A\1 + 2)X2) 2A3
U aHAJIOTMYHBIE [[JIsl OCTAJIBHBIX KOMIIOHEHT.
dl' —dl
OTHOCHUTEIBHOE TIPOJOJIBHOE Y/JIMHEHNWE CTEPIKHS €CTh U = 0 rue
dz;
dl' maerca dopwmymnoit (1.2) u dll = n;. D10 maer ang Manbix gedopmarmit

!) Eciut BEIMHCISTE 044 He HEMOCPEACTBEHHO 10 hOPMYIAM Oik = AikimUlm, &
nyreMm nuddepeHupoBaHs KOHKPETHOrO BhIparkeHus F', TO Ipomn3BOaHbIE IO
Uik C ¢ # k AT yIBOEHHBIE 3HAYEHUS Ojk. DTO CBA3aHO C TeM, 4TO HOpMya
oix = OF/Ou;, mMmeer 1o CymecTBY CMBICI JIMIIb KaK BBIPAXKAOMAs TOT (BaKT,
a10 dF = 051 duk; HO B cyMMy 0k dugp <IeHsl ¢ nuddepennnanamu du,j, KaxK-
JI0# U3 KOMIIOHEHT C ¢ 7# kK CUMMETDPUYHOTO TE€H30DPA U, BXOIAT JIBAK/IBL.
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u = u;rning. Momyas FOura onpenensierca kak K03 uipenT mponopupuponaib-
HoCTH B p = Eu, 1 11a Hero Haxoaum

1 AL+ A2 < 1 2 ) 2 2 2 2 2 2
- +|————— ) (nzn, +nyn, +nyn;).
E ()\1 + 2/\2)(/\1 — )\2) As Al — A2 ( Y Y )

Momyms mMeeT 3KCTpeMaIbHbIE 3HAMEHN B HApaBaeHuax pedep (ocu x, y, 2) n
TPOCTPAHCTBEHHBIX AUAroHa el Kyba. B mampasnennn Bmob pebep Kyba

A1 — Ao

E = (A1 +2X\)——.

AL+ A2
ITpu 3TOM TIOMEPEYHOE CKATUE CTEPKHSA Upy = Uyy = —OUs, = —OU, T Be-
smanaa ¢ = A2/(A1 + A2) urpaer posms kosddunmenta Ilyaccoma. CormacHo

[IOJIyYEeHHBIM B IIpeAbLAyIIeil 3a1ade HepaBeHcTBaM: —1 < 0 < 1/2.



FTABA 1I

PABHOBECUE CTEP>KHEN U IIJIACTUHOK

§ 11. DHeprusa U30THYTOI ILJIACTUHKA

B sroit ryraBe Mbl OyjeM 3aHUMATbCH WU3YyYEHHEM HEKOTOPBIX
YaCTHBIX CIy9aeB paBHOBecUs J1e(OPMUDPYEMbBIX TeJI U HAYHEM C Pac-
cMoTpenus Jedopmalinii TOHKUX MIACTHHOK. Korma Mbl roBopum,
YTO TIJIACTUHKA SBJISIETCS TOHKOMN, TO MMO/IPa3yMeBaeTCs, 9YTO ee TOJ-
[IIIHA MaJIa [0 CPABHEHWIO C Pa3MepaMu B JIBYX APYTUX HAPABJIEHU-
six. Camu medopManny To-IpeKHeMY CUYUTATC MajbiMu. B mgaH-
HOM C/Iydae KPUTEPUEM MAJTOCTH IePOPMAIUN SBJISIETCS MAJIOCTh
CMEIIIEHU TOYeK ILJIACTUHKU 110 CDABHEHUIO C €€ TOJIIIUHOMN.

IIpu mpuMeHeHN K TOHKUM ILJIACTHHKAM OOIIIe YpaBHEHUS PaB-
HOBECUsl 3HAYUTEJHLHO YIIPOIIAIOTCA. YI0OHee, OHAKO, BLIBOIUTH
9TU YIPOIIEHHBIE YPABHEHUs HE HEIIOCPEJCTBEHHO W3 OOIINX ypaB-
HEHUil, & BBIYUCISITH 3aHOBO CBODOIHYIO SHEPIWIO W30THYTOI ILIa-
CTUHKU ¥ 3aT€M MPOBAPBUPOBATH 3Ty YHEPIHIO.

IIpu crubanuy IACTUHKYA BHYTPU HEe B HEKOTOPBIX MECTax BO3-
HUKAIOT PACTsKEHWs, B IPYIUX — CKaTus. VIMEHHO, Ha BBITYKJIOM
CTOPOHE TIACTUHKU TPOUCXOJIUT PACTSKEHUE; 110 Mepe Ke yriaybJie-
HUsI B TOJIIY TIJIACTUHKHA 3TO PACTSKEHUE MMOCTENEHHO YMEHBITAET-
Cs1, JIOCTUTAsT B KOHIIE KOHIIOB HYJIsI, BCJEJ 33 U€M B JIAJbHEHITNX
CI0SIX HAYMHAETCS [MOCTEIIEHHO YBEIUYUBAIOIIEECs CKaTue. Takum
00pa3oM, BHYTPH IJIACTHHKH UMeeTCs HelmpasbHas NoseprHocmo,
Ha KOTOPO¥ pacTsKeHue BOODIIe OTCYTCTBYET, a 10 JBYM CTOPOHAM
ee nedopMaIusg UMeeT TTPOTUBOIOMOKHBIH 3HaK. OUeBHIHO, UTO ITA
[IOBEPXHOCTH PACIIOJIOZKEHA T10 CEPEMHE TOJIIIUHBI TIJIACTHHKH.

Bribepem cucremy koopawHAT ¢ HadYaIOM B KaKOW-HUOYAb TOY-
Ke HeATpaJIbHON IIOBEPXHOCTU U OCBIO 2, HAIIPABJIEHHOH 110 HOpMAaJIHU
K Heii. IL10CKOCTE 2y COBIAJAET C IJIOCKOCTHIO HeaedOpMUpPOBaH-
moit mracTuakn. OOO3HAYMM BEPTUKATHHOE CMEIIEHNEe TOYeK Heil-
TpaJIbHOf MOBEPXHOCTH, T. €. UX z-KoopjauHary, 6yksoii ( (puc. 2).
Yro KacaeTcsi KOMIIOHEHT CMEIIEHU ITUX TOYEK B IJIOCKOCTU LY, TO
OHU SIBJISTFOTCS, OYEBUJIHO, BEJIMUYMHAMY BTOPOI'O TOPSIIKA MajOCTH
10 CPABHEHUIO ¢ ( ¥ TIOTOMY MOTYT OBITH MTOJIOXKEHBI PABHBIME HYJIFO.
Takwmm 06pa3oM, BEKTOP CMEIEHUS TOYEK HENTPATBHON TTOBEPXHOCTH:

u® =l =0, u® =((z,y). (11.1)

st manmbHeATnX BRITUC/IeHIH HeOOX0INMO CIe/iaTh CaeIyIolee
3aMeUYaHNe OTHOCUTEILHO HANPZKEHUN, AefCTBYIONuxX B AedopMu-
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poBanHo#l miracturke. [lOCKOTBKY TIIACTUHKA TOHKAsi, TO JJIsT TOTO
4TOOBI U30THYTH €e TPeOyeTcsl MPUI0KUTh K €€ MMOBEPXHOCTU CpaB-
HUTEJILHO HEDOJIBbINNE CUJIbl. DTH CHJIBI BO BCAKOM Ciaydae OymyT
BHAYUTE/BHO MEHbBIe, YeM T€ BHYTPEHHUE HAIPSKEHUsI, KOTOPHIE
BO3HUKAIOT BHYTPHU 1ePOPMUPOBAHHON IJIACTHHKY OJiarogaps uMe-
IOIUM B Hel MECTO PaCTsKeHUsiM u cxkaTusiM. [losromy B TpaHmd-
HBIX yC1oBusX (2.9) MOoKHO ipeHebpeds cutamu P, Tak 9To 0CTaeTcst
oikng = 0. [TockosbKy mIacTwHKa cJ1ab0 W30THYTA, TO MOXKHO CUHU-
TaTh, 9TO BEKTOP HOPMAJIA N HAIIPABJIEH IO OCH Z. Takum 0O6pa3oM,

|z Ha, 00erX MOBEPXHOCTAX IJIACTUHKY JIOJZKHO OBITH
[ s Tz = 0y = 032 = 0.
\J | X

Ho nockonbky TosmuHa NJIACTUHKYA MaJia, TO U3

PaBEHCTBA STUX BEJUYUH HYJIO HA JBYX CTOPO-

Puc. 2 HaX IJIACTUHKHU CJIEIYET, UTO OHU MAJIbl U BHYTPHU

vee. Takum 06pa3oM, MBI TPUXOIUM K BBIBOAY,

4TO BO BCell IIaCTUHKE KOMIOHEHTBI Ogy, Oyy, Oz, MAJbl 110 CPaBHE-

HUIO C OCTAJIbHBIMU KOMITOHEHTaMU TeH30pa Hampsizkeruii. Ha sTowm

OCHOBAaHWM Mbl MOXKEM TIOJIOZKUTH WX PABHBIMU HYJIIO U OMPEETUTD
KOMIIOHEHTHI TeH30pa jiebOpMaIii U3 STOTO YCJIOBUS.

Cornacuo obmum dopmynam (5.13) umeem

Oz = H_J'szv Ozy = H_Uuzya
E

(11.2)

IIpupaBuuBas 3TH BbIpaXKeHUsT HYJIIO, HAXOIUM

Oug Ou, Ouy Ou, o
= - — = — Uyy = — Ugg T Uyy)-
oz oz’ 0z y ’ z 1- 0'( v yy)
B nepsble n1Ba ypaBHEHUS MOXKHO JJIS U, C IOCTATOYHON TOYHOCTBHIO
nojcraButTh ((x,y):

du. _ 3¢ 0w, _

0z 0z’ 0z oy’
OTKY/ZIa
_ % __ 0
Ug = =2, Uy = —za. (11.3)

IlocTroguuble MHTErPUPOBAHMS TIOJIO2KEHBI PABHBIMU HYJIIO TaK, YTO-
Opr mpu 2z = 0 mMeno MecTo uy = uy = 0. 3Had Uy U Uy, MOXKHO
OIpeJeINTh BCe KOMIIOHEHTHI TeH30pa gedopMaliun:

T 0z2’ Yy 8y2’ Ty 8$8y7 (11 4)
— =0 — 9*¢ ¢ g )
toe =tz =0 e =2\ G Vo) T
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Teneps yrke MOXKHO BRIYUCIUTH, BOCIIOIB30BABIINCH 00111l hop-
mysioii (5.10), cBobouyto suepruto F' eauuuiibl 06beMa IIACTHHKHY.
ITpocToe BBIYUCIEHUE TPUBOANUT K BBIPAKEHUIO

9 E 1 82_C & 2 82< 2 82C824
L pres {2(1—0) (6902 + ay2) + [(8w6y) 022 0y
(11.5)

HOﬂHaﬂ CBO60,HH&?I QHEPIrud IJIaCTUHKHA HOJ'[y‘-II/ITCﬂ OTCIO4a UHTEI'PH-
poBaHueM 10 BceMy ee o0beMmy. VIHTerpupoBatue mo 2 mpon3BOIUTCS
B nipesesiax or —h/2 1o +h/2, rie h — TonmuuHa MIACTHHKH, & 110 T,
Yy — 110 Bceit IIOBEPXHOCTHU IIJIACTHUHKH. B pesyﬂbTaTe HaXOaguM IIOJI-
HYIO CBODOTHYIO 3HEpruto Fy; = f FdV nedpopmupoBanHOil 1114~
CTHUHKHU B BI/Iﬂe

FHH: 1—02) //{ oz ajf) +

. 824- 2 a?ga?g
+2(1 a)[(al‘ay) 92 oy dxdy (11.6)

(1T 371eMeHTa MOBEPXHOCTH MOXKHO BBHJLY MAaJIOCTH jedopMaliuu
[HACATH C JOCTATOYHON TOYHOCTBHIO IPOCTO dT dy).

ITocste TOro Kak MOJYYEHO BbIpaXKeHUe Jjisi CBOOOMHON dHEpTuu,
MOXKHO PacCMaTpPUBATH TLIACTUHKY KaK HE 00JIaIAFO0IIY0 TOJIIUHOIM,
T. €. KaK T€OMETPUUIECKYI) MOBEPXHOCTH, TOCKOJIBKY HAC UHTEpPeCcy-
eT TOJAbKO POpMa, IPUHUMAEMasl €10 IO/ BIUSHAEM TPUIOKEHHBIX
cuJI, a He pacupenenenue pedopMmaluii BHyTpHU CaMOi TLJIACTUHKU.
Bemwauna ( siBjisiercst TOT/Ia CMEIIEHUEM TOYEK TJIACTUHKHU, PACCMar-
TPUBAEMOl KaK TTOBEPXHOCTh, TIPU €€ M3TUOaHUN.

§ 12. YpaBHeHUe paBHOBECUS MJIACTUHKU

VpaBHeHue paBHOBECHUS TIJIACTUHKY MbI BBIBEJIEM U3 YCJOBUS MU-
HUMyMa ee CBODOJHOM sHepruu. st 5TOr0 Ha/IO0 BHIYUCIUTH Bapua-
o Beipakenus (11.6).

Pazobbem crosimuii B (11.6) uHTErpas Ha CyMMy JIBYX HHTErpa-
JIOB 1 Oy/IeM BapbUPOBATL KaXKJBINl 13 HUX B oT/eabHOCTH. [lepBhiit
WHTerpaJj MOXKHO HAIMCATh B BHUJE

[ @04,
tne df = drdy — snement nosepxuoctn, a A = 92/9x* + 02 /0y?

obosznauaer 3nech (1 Besne B § 12-14) nBymepHsbiii oneparop Jlama-
ca. Bappupys 9T0T MHTErpas, mMeeMm

5% [(AQ)?df = [ ACASCAf = [ A¢divgrado¢df =
= [ div(A¢VEQ) df — [ VOCVACdS.

3 JI. O. Jlangay, E.M. Jludpmun, Trom VII
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Bce BekTopHbIE omepaluu mpOU3BOAATCA 37€CH, KOHEYHO, B JBYX-
MepHOI cucreMe kKoopawHar xy. [lepBblit mHTErpas cipaBa mpeod-
pasyeM B MHTErpaJl II0 3aMKHYTOMY KOHTYDPY, OXBATBIBAIOIIECMY IL/Ia-

crunKy !

[ div(ACVC) df = § A¢(ngradd¢) di = ?{ A<35< dl,

rae 0/0n o3nagaer auddepeHnnpoBaHue 110 HAITPABJICHUIO BHEIIHE
HOpPMaJIu K KOHTYDY.

Bo BropoM mHTErpaje IpHMEHSeM TakKoe XKe Ipeodpa3oBaHue W
OJTy YaeM

[ VoCVACd = [ V(CVAQ) df — [ 6¢A*Cdf =
= §oC(aV)ACdl— [6¢Acdf = 7{54“% dl— [ 6¢ACdf.
on
TlomcraBsist molydeHHble PE3YALTATEI, MOy IaeM
: 24f = 2 df — ¢ 6¢2A¢ 98¢
52f(A<) df = [ 6¢A*Cdf 7{54“ - dl+7§Ag Sl (12.1)
ITpeobpasosanue Bapuaiyu BToporo uarerpasia B (11.6) Heckob-

KO Oojiee JIMHHO. DTO mpeodbpa3oBaHue yA00HEee MPOU3BOIUTH HE B
BEKTOPHOM BH/E, a B KOMIIOHEHTaX. I/IMeeM

2
9°¢ 9°¢
5/{(8w8y> 0x? 0y? } 4 =

:/ 9 0°C 98¢ _ 9°¢ 98¢ _ 0°5¢ 9%¢ df
0x 0y 0xdy  Ox? Oy? 0x? 0y? ’

HO,D;LIHTeI‘paJIBHOG BbIpazK€Hue 371€Cb MO2KHO HallMCaTh B BHUJE

o (05 ¢ oo, o (05 o _ ascox
0. Oy Oz dy ox Oy? Oy \ Ox 0z dy dy 8z2 )’

T. €. KaK JIByMEPHYIO JUBEPreHINI0 HEKOTOPOTO BeKTopa. [losromy

1) ®opmyma npeo6pa3OBaH1m JIBYMEPHBIX HWHTETPAJIOB B TOYHOCTU AHAJIOTUY-
Ha TpexMepHOH (opmyse. Ponb anemenTta obbema dV urpaer Temephb 3IeMEHT
noBepxHOCTH df (PaccMaTpUBAEMBbIil KAK CKAJISP), & BMECTO JIEMEHTA I0BEPXHO-
ctu df cTout 3meMeHT AIMHBI KOHTYpA dl, yMHOKEHHBII Ha BEeKTOD N BHEIIHei
HOpMaut K KOHTYDY. [IpeobpazoBanue mHTerpasna mno df B uaTerpas mno dl ocy-
LIECTBIISIETCST 3aMeHOM onepaTopa df 0/0x; Ha Besuauny n; dl. Tak, eciu ¢ ecTb

HEKOTOPBI CKaJIAp, TO
[ vedi=§ ena
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MOXKHO IIepenucaTh Baprualliio B BHAJE MHTerpaJja 110 KOHTYPY:
2 2 2 2 2 2
5/(ﬁi) 9CoG gr— fmmeﬁﬁﬁi—@ﬁﬁ +
Oz Oy 0x? dy? Ox Ox Oy dy 0x?
2 2
+ fdl cose{%ﬁ - %%} . (12.2)

Jy O0x dy dx 0y?

rje @ — yroa MexKJy OChbI I ¥ HOPMAJIbIo N K KOHTYPY (puc. 3).
[Tpouseomanbie or 0 MO Z W ¥ BBIPA3UM UYEpe3
[IPOU3BOIHBIE 110 HAIPABJICHUIO HOPMAJU N K KOH-

! n TYpy H [0 HaIpaBJeHWIO KacaTeabHo# 1 K HeMy co-
Z8__  wmacHo dopmysiam

9 —cosH——smH 9 =sin9i+coseg.
LA™ on Ay on ol
Puc. 3 Torma unrerpansl B dhopmyse (12.2) npuobperaror

C.He;:(ylonmﬁ BUI:

5/{ #_

%dlaég {2 sin 6 cos Hﬁ — si1120§2< cos 0 }
.'lf

Oz dy
3¢ *¢ 9% 2 XS
?{dl {sm9c050< oy 8902) + (cos” 6 — sin 9)6 By }

Bropoit unTerpan MOXHO BBIYUCIUTD, B3dB €ro mo yactam. I[lo-
CKOJILKY OH OepeTcd 10 3aMKHYTOMY KOHTYPY, TO TIPEeJIeIbl MHTEeIPU-
POBaHMS CAMBAIOTCI B OJHY TOYKY, U MTOTOMY MBI TTOJIY4aeM MIPOCTO

B 9 . ¢ 9*¢ 2 %
fdlé(al {Sln9C089<ay2 69:2) + (cos” 6 — sin 9)_6x8y}

CBojigt BCE TIOJYyYEHHBIE BBIPAYKEHUST BMECTE W HATNMCAB TEPes
HuMu K03 dunmenTsl cornacuo dopmyqie (11.6), moayyaem okoHua-
TEIBLHO CIEIYIONIee BEIPAXKEHNEe I BapHualiy CBOOOTHON IHEPTHN:

aaﬂzp{jlv@@ﬁ—f&m4%§+

N0 ([ 9°¢ 0% 29 w2 0°¢
+(1 O')E(SIHQCOSH(— —)—i—(cos 0 — sin 0)(9 )]-i—

oy?  0x? x Oy
—i—}éaéc dl[A(+(1—0)(2sm90059 S
xay
—sin292¢ K —cos292C g)] } , (12.3)
0x? Oy?

3*
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TIe
En®

D=_="
12(1 — 02)

(12.4)

JLnst Toro 9TobBI MOIYUNTh OTCIO/Ia YPaBHEHNE PABHOBECHUsT TIIa-
CTHUHKY, HAJI0 MPUPABHATHL HYJI0 CyMMY Bapuaiuu 0 F w Bapuanun
0U TmoTeHTMATHHON SHEPTUN TIIACTHHKE, CBI3aHHOW C HAJIUIHEM
JMENCTBYIOMINUX HA Hee BHEITHUX CHJI. DTA TOCTETHIST BAPUAIIN PaB-
Ha B34TO# ¢ 0OPATHBIM 3HAKOM PA0OTE BHEITHUX CHUJI TIPU CMEIIEHUN
mwiactudku. [lycte P ecTb AeiicTByIOIIasi HA I[JIACTUHKY BHEITHSIS

CHJTa, OTHECEHHAsI K eIMHATIE IUIOMAIN €€ TIOBEPXHOCTH 1) 1 HAIIpaB-
JIeHHas 10 HOopMaym K Heil. Torma pabota, mpom3BegeHHAs CHUIAMU
MPU CMETIEHNN TOUEK TIACTUHKY Ha §(, paBHA

[ Pocdr.

Taxum obpa3oM, UMeeM B KA9eCTBE YCJIOBUA MUHUMAJIBHOCTH TIOTHOM
CBOOOHOM YHEPTUH TIJACTUHKY YPaBHEHUE

0Fun — [ P8Cdf =0.

B seBoit wacTu 3TOrO0 paBEHCTBAa CTOAT KAaK MHTErPAJIBbl 110 I10-
BEPXHOCTH, TAK U MHTEIPAJIBI 10 KOHTYDY. [loBepxHOCTHBIN HHTErpaJ

€CTb
f {D A% — P} ¢ df.

Bapuarua §¢ B HeM mpousBosibHA. [103TOMY MHTErpaj paBeH HYJIio,
ecu

DA% =P. (12.5)

DT0 — ypaBHEHWE PABHOBECWs TUIACTHHKN, M3THOAEMOI JeHCTBYO-
MY Ha Hee BHeIMTHUME cryiamu. KosddurmeHnt B 3T0M ypaBHEHHH
HA3BIBAIOT MHCECTMKOCTMbIO TUIACTUHKY TIPU M3THOE W YUAUHOPUYE-
Kol oHcecmrocmoio.

I'panuynbie ycsioBusi i 9TOTO ypPaBHEHUs TOIYYAIOTCH U3 Pa-
BEHCTBA HyJI10 KOHTYpHBIX naTerpasos B (12.3). Ilpu sTom cienyer
pPacCMOTPETh HECKOJBKO PA3IMYHBIX YACTHBIX CJIYYAEeB.

IIpeamomoxkum, 9T0 9acTh Kpasd IJIACTUHKKA CBOOOIHA, T. €. Ha
Hee He JMefCTBYIOT HWKaKWe BHermHme cuiabl. Torma Bapuwarmu 6 u
0 (0¢/On) na Helt TPOM3BOJBLHBI W JOJKHBI OBITH PABHBIMU HYJIIO
KO(DPUIHEHTHI TPU ITUX BAPUAIUAX B HHTETPAIAX 110 KOHTYPY. ITO

1) Cuna P MOXKeT siBISATbCS 31€Ch PE3YIbTATOM eHCTBHS 00beMHBIX CHl (Ha-
[pHUMep, CUJIbl TSIXKECTH) M PABHA TOI/A UHTErPajly OT MOC/AEJHEH [0 TOJIIUHE
ILJIACTHHKY.
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NIPpUBOAUT K YpaBHEHUAM

AL 12 ing(2°¢ _ 9%
8n+(1 a)al{cosﬁsme(&c2 8y2>+

2
+ (sin? O — cos? O)K} =0, (12.6)
Oz Jy

2 2 2
AC+ (1 —o0) {QSinﬁcosﬁﬁ —sin2 02 _ cos? 98—4} = 0.
Ox? Oy?

Ox Oy Yy
(12.7)
OHu I0/KHBI BBIOJTHATHCSA Ha BCeii CBOOOIHOM IpaHUIE MIACTUHKH.
Kpaessie ycnosust (12.6), (12.7) BecbMa CI0KHBI. 3HAYUTETHHO
60J1e€ TIPOCTHI CTyUan, KOT/Ia Kpast ITACTUHKY 3G0eAaHb: I ONEDT/bL.
Ecmu kpas nmactuaku 3agenanbl (puc. 4 a), TO OHU HE MOTYT HCIThI-
THIBATH HUKAKOTO BEPTUKAILHOIO CMEIIEHU W, CBEPX TOTO, HE MOXKET
U3MEHUTBLCSI TAKXKEe W HAlPABJIEHWe STUX KPaeB. YTOJ, Ha KOTOPBIH
MOBOPAYUBAETCA JIAHHBIN yYaCTOK Kpas IJIACTUHKH OTHOCHTETHHO
CBOEr0 TIEPBOHAYAIBHOTO TIOJOKEHUS, PABEH
(mpu  MaJbIX  CMeleHusx () TPOM3BOAHON a
0C/On. Takum obpazom, Ha 3aJleJaHHBIX Kpa-
X racTuHKU Bapuanuu ¢ u d (0(/0n) paBHBI
HYJIIO, TaK 9TO KOHTypHBbIe uHTerpaJbl B (12.3)
MCYE3AI0T TOXKJIECTBEHHO. | paHWIHBIE YCTIOBHS

UMEIOT B 3TOM CJIydae MPOCTON BU: 6
¢c=0, %=y (12.8)
on

. Puc. 4
ITepBoe BBIpaxkaer coboi TOT (aKT, ITO Kpast

[JIACTUHKHU BOOOIIE HE MCHBITHIBAIOT BEPTUKAJBLHOIO CMEIIEHUsI [TPH
nedbopMalm, a BTOpoe — 4TO HAIPABJIEHUE KPas OCTAETCsl TOPU30H-
TaJIbHBIM.

JIerko ompese/iuTh CUJIbl PeaKluu, NeHCTBYIOIIe Ha IIaCTUH-
Ky CO CTOPOHBI ONOPBI B TOYKAX 3aKPEIJIEHUs. DT CUJIbI PABHbBI U
IPOTUBOIOJIOXKHBI CUJIAM, JeHCTBYIOIIUM HA OMOPY CO CTOPOHBI ILIa~
cruHKE. KaK M3BECTHO W3 MEXaHUKHU, CUJIA, JEHCTBYIOMAsS B HEKO-
TOPOM HAINpPABJIEHUM, PaBHA MPOU3BOIAHON OT SHEPIUU O KOOPIHU-
HaTaM, B3sTON [0 9TOMY HAlpaB/IeHUI0. B 4acTHOCTH, CUIa, C KO-
TOPOIl MIACTUHKA JefCTByeT Ha OMOpPY, OMPEeIEIsSeTCsl IPOU3BOAHOM
OT SHEPTUU 10 CMeleHnio ( Kpasl IJIACTHHKY, B3STOH ¢ 0OpaTHBIM
3HAKOM, a oOpaTHas CUJIa Peaknnu — TOM 2Ke MPOMU3BOIHON C 10-
JIOXKUTEJIbHBIM 3HAKOM. HO 9Ta 1pou3BoHAast €CTh HE YTO MHOE, KAK
ko3 dunment npu 0¢ Bo Bropom uurerpase B (12.3). Takum o6pa-
30M, CHJIA PEAKIIMU, OTHECEHHAs K €/IMHUIIE JJINHBI KOHTYDA, PaBHA
BBIDAJKEHUIO, CTOSIIEMY B JIeBOii yacTu ypasHenus (12.6) (konedwo,
HEe PABHOMY Terepb HYJI0), YMHOKEeHHOMY Ha D). AHaJOTHYIHO, MO-
MEHT CHJI PEAKIUH OIMpPeIeIAeTCsl BbIpasKeHUeM, CTOAIIUM B JIEBOH
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yactu ypaBaenus (12.7), yMHOKEeHHBIM Ha TOT Ke Kodbduiment D.
DTO clenyeT U3 M3BECTHOTO M3 MEXAHWKM O0CTOSATENbCTBA, U9TO MO-
MEHT CHJIbI PABEH MPOM3BOIHOM OT SHEPTUH IO YIUIY MTOBOPOTA TEJA.
Yros1 ke moBopoTa Kpast IJIACTUHKY PaBeH NpousBojaHoit ¢ /0n, Tak
YTO COOTBETCTBYIOIIHMI MOMEHT CHUJI ONpeessieTcss KoadPuimenTom
upu 6 (0¢/0n) B tperbem unrerpase B (12.3). Ilpu srom oba tn
BbIDasKeHus! (Jyisi CUIbl U MOMeHTa) BBuiy yciaosuit (12.8) cuibHo
ynpomiatorcst. Vmenno, nockoabky ¢ u 9C/On paBHBI HYJIIO BJIOJb
BCEro KOHTypa Kpas IUIACTUHKHU, TO OOPAIIAIOTCS TOXKIECTBEHHO B
HYJIb TAK2K€ U UX [TPOU3BO/IHBIE BCEX MOPSIKOB 10 HAIIPABIEHUIO Ka-
caresibHOM 1. YumTbiBasg 910 06cTOATEILCTBO U nepexois B (12.6) u
(12.7) oT IPOU3BOJHBIX 10 T U Y K MPOU3BOJHBIM B HANPABIEHUAX
n u l, monyunm cieayronme TpOCThle BhIpAXKeHUst N cuibl F u
MomenTa M peakiuu OmopHI:

__p[o¢ %
F=-D [8n3 dl 8n2] ’ (12.9)
_ po%
M =D==. (12.10)

Jpyroit BaxKHBIi caydaii — oneprasi macTudka (puc. 46), y Ko-
TOPOIl Kpas TOJIBKO OMUPAIOTCS Ha HENOJBUXKHYIO OMOPY, HO HE 3a-
KpeIieHbl B Heil. B TakoMm ciiydae Ha KOHTYpe ILIACTHHKE (T. €. Ha
JIMHUHM, 110 KOTOPOI IJIACTHHKA ONUPAETCS Ha OTOPY) BEPTUKATHHOE
CMEIIeHNe TO-TIPEKHEMY OTCYTCTBYET, HO HAIlpaBJIeHUE OTHIONL HE
ocraercs HemaMmenHbIM. CoorBercrBenHo sromy B (12.3) B mHTErpa-
Jie TI0 KOHTYPY

6¢ =0,
HO

96¢

on 70

MMosromy u3 asyx ycaosuii (12.6), (12.7) ocraercss TOIBLKO BTODOE.
Bripaxkenue ke, crosiiee B JjieBoii wactu (12.6), ompenensier, Kak
U B IPEIBIAYIIEM CIydae, CUIYy PeaKIyh, JeHCTBYIONYI0 B TOYKaX
OIOPBI MJIACTUHKU (MOMEHT K€ 9TUX CHJI PABEH Telepb B PaBHOBE-
cun nyso0). I'pannanoe yenosue (12.7) ynporaercs, eciu nepeiitu K
POU3BOIHBIM 110 HAIPABJICHUAM N U 1, IpUYeM y4ecTb, 9TO B CUJLY
paBercTBa ( = 0 Ha BceM KOHType OOpAIAOTCS B HYJIb TaKXKe U
npomssomabie OC/0l m 0%¢/0I?. B pesybraTe MOJYYUM TPAHTYHBIC
YCJIOBUS B BUJIE

9% | do o

+oZ% —. (12.11)

-0 2<
¢ T n? dl dn



§ 12 VPABHEHUE PABHOBECHUS TIJIACTUHKU 71

3amayu

1. Onpenenuts nedopmanmo Kpyriaod miactueku (paguyca R) ¢ 3azenas-
HBIMJ KPAasIMU, PACIIOI0KEHHOM I'OPU30HTAIBHO B II0JI€ TSXKECTH.

Pemenue. BriOupaeMm mossipHble KOOPAMHATHL C HAYAIOM B IEHTDE ILIa-
cruku. Cmiia, JedcTBYIOMAs HA €JHHMILY IIJIOMAIA IIOBEPXHOCTHU IIJIACTUHKH,
pasua P = phg. Ypasuenue (12.5) nmpmobperaer Bu

3pg(1 —o?)
A% =648, p=208-"T)
(=645, 5 16h2E

(momoxkuTeNnbHBIE ( COOTBETCTBYIOT CMENIEHWTO IO HATIPABJIEHUIO T€ACTBHSI CHJIbI
rsazkecrn). I[lockonbky ¢ ecTh GYHKUUS TONBKO OT T, TO Jyisi A B IOISIPHBIX

1d d .

KOODJMHATAX HAJI0 nucaTh A = — o r o) OO6uwit HKHTErpas 3TOro ypaBHEHUS
rdr r

ecThb

§=ﬂr4+ar2+b+cr21n£+dln£.
R R

r
B mamnOM ciyuae Hamo nmosoxuth d = 0, Tak Kax ln R obpamaercst npu 7 =0 B

0GeCKOHEYHOCTh, a TakKe ¢ = 0, TaK KaK 3TOT 4IeH IIPUBOAUT K 0c060i Touke y AL
mpu r = 0 (3T0 COOTBETCTBOBAIIO GBI CUIE, TPUIOKEHHON K IEHTPY TLIACTHHKH, —
cM. 3amady 3). [locrosiHEBIE @ 1 b OIpenessoTCst U3 TPAHUYHBIX yeaosuii ¢ = 0,

o = 0 npu r = R. B pe3yabrare HaX0AUM
r

(=B[R—r*)"

2. To ke [Jis IWIACTUHKYU C ONEPTHIMU KPAsSIMU.
Pemenme. I'panwmunbie ycmosus (12.11) B caygyae Kpyrio# IIacTHHKA

nproOPeTAOT BHL
& ode _y,
dr  rdr
Pemenne aHAIOrUYHO PEIEHUIO 33/a49u 1 W MIPUBOAXT K PE3YIbTATY
5 +o 2 2
=B(R* —r? < R —r").
¢=B(R* =) (322

3. OnpenenuThb nedhOpMAIUIO0 KPYIJIOH IJIACTUHKY C 33/1e/IAHHBIMUA KPAsIMU,
K IEHTPY KOTOPOW IPUJIOXKEHA cuiia f.
Pemenue. Be3ge, kpoMe HAUATa KOOPIUHAT, UMEET MECTO YpPaBHEHME

A*¢ =0.

¢=0,

WMuTerpupys«, HAXOOUM

2 2 r
=ar’4+b+cr’ln—.
¢ R

(asen ¢ In r onsiTh onyckaem). [losHas cua, neficTByOmAas Ha IVIACTUHKY, DABHA

cune f, IPIIOXKEHHOH K ee IEHTPY; I03TOMY mHTerpas or A’¢ mo moBepXHOCTH
IUTACTUHKY JIOJIXKEH ObITh PaBeH

RN /
2 dr = —.
W{r Cdr 5
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Orcona nonyuaercst ¢ = f/(8nD). Iocrosiauble a u b onpe/esnsiorcst U3 rpa-
HHUYIHBIX yC.HOBI/Iﬁ, U B pe3yabTaTe HaXOIUM

= L [l(R2 — 1"2) —r2ln E] .
8D |2 r
4. To xe NjIs1 TNIACTUHKY C OMEPTHIMHU KPAsIMH.

Pemenue.
3+o R
-1 [—(R2 —7?) = 2r°ln = .
167D [1+4+0 r

5. Onpegenurh gedopManuio Kpyriaoi IACTUHKY, MOJIBENIEHHON B CBOEM
IEHTPEe M HAXOJSMIENCS B TOJI€ TIKECTH.

Pemenue. VYpasuenue myst ( u ero obiee peimreHne — TakKue ke, KaK B
3agaue 1. ITockompky B 1meHTpe cMmemenne ¢ = 0, To ¢ = 0. Ilocrosuubie a, b
OIIPEJIENSIIOTCS W3 TPAHUYHBIX yemosuit (12.6) m (12.7), mMerommx mpu KPyrosoit
CUMMETDHH BU/T

2 2
I d (£ 1Y, £C ok
dr dr \dr?2 rdr dr?  rdr

B pesysbTare HaX0IUM

¢ = pr? [r2+8R21n§+2R23+0].
r 140

6. Ot Tesia OTPHIBAETCS TOHKUIA C/I0M (TOMUMHOM h) IPUIIOXKEHHBIMU K HEMY
BHEITHUMU CUJIAMU, JeHCTBYIOMIMMHU IIPOTUB CUJI IIOBEPXHOCTHOIO HATSXKeHUs Ha
IOBEPXHOCTH OTPbIBA. [Ipu 3a/1aHHBIX BHEIIHNX CHJIAX YCTAHABIUBAETCS PABHO-
BeCHe C OIpeJIeJIeHHBIMI BeJIMYMHOM IIOBEPXHOCTH OTPHIBA U (HPOPMOIL OTpHIBae-
Moit ractuHKuy (puc. 5). BoiBectn GhopMyLy, CBS3BIBAIONLYIO BEJUYUHY [TOBEDX-
HOCTHOT'O HATsIKeHusI ¢ (HOPMOIi OTPHIBAEMOI IIJIACTUHKHA.

Pemenue. OrpeiBaeMslil CI0l pacCMaTpPUBaeM KaK IUIACTUHKY, OJIUH U3
KpPaeB KOTODOH (/mHusI OTPBIBA) 3aenad. V3rubamomuii MOMEHT, edcTBYomuii

9TOr0 Kpasi, omnpefensercss (HopMysIoi
h (12.10); pabora, mpon3BoguMasi STUM MO-
MEHTOM IIPH YJJIMHEHUH OOJACTH OTPHIBA
- Ha 0x, paBHA
2 2 2
M2 528 _p (‘9—<> se (1)
oz Ox? Ox?

Puc. 5 (pabora ke m3rubaromeit cunel F sapiser-
Csl MaJIOl BEJUYMHOW BTOPOTO TOPSIIKA).
VcioBue paBHOBECHsI COCTOHT B DABEHCTBE 3TOH PabOTHI M3MEHEHWIO SHEPIUH
cuctembl. Ilocienaee ckiafpIBaeTcd M3 IBYX YacTell: N3MEHEHHS ITOBEPXHOCT-
HOII 3HEPIruU U M3MEHEHUs YIPYTOil SHEPruu OTPBIBAEMON IIACTUHKHU 3a CYeT
yIuHeHust ee u30rayToit yactu. [lepsas paBHa 2adx, riae a — Ko03dduiuenT
IIOBEPXHOCTHOTO HATSKEHWS, a MHOXKHTEIb 2 YUUTHIBAET BO3HUKHOBEHUE IIPH

OTPBIBE JIBYX CBOOOIHBIX IMOBEPXHOCTeH. Bropas xe gacTh paBHA

] (5)

(sneprus (11.6), npuxoAsmascsa HA JJIMHY 02 ILUIACTUHKH), T. €. COCTABJISET I0-
soBrHY paboTsl (1). Takum 06pa3oM, mOLYIUM

D <82§)2
a=—|—] .
4 \ 0x2

)
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§ 13. IIpomosibHbIE medopManum NJaIaCTUHOK

OcobbiMm BuioM sredopMaIiiii TOHKUX TLIACTUHOK SIBJISIFOTCS MIPO-
JI0JIbHBIE feOopMaIiui, TPOUCXOISIIIIE B CAMOM TIJIOCKOCTH TLIACTHH-
KU ¥ He COTTPOBOXKIAIOIINECs ee u3ruboM. BuiBenem ypaBHeHUsT paB-
HOBECHSI, OTTUCHIBAOIINE TaKUe 1eOPMAITIH.

Ecan mmactuHKa JOCTATOYHO TOHKA, TO Ie(POPMAIMIO MOYKHO
CUNTATh OJHOPOJHONW 1O ee Tosmuae. Ten3op medopMmanuu sBJIs-
ercs npu 3roM dyHKIHeR ToIbKO 0T Z U Y (IIOCKOCTh Y BbIOpaHa
B IJIOCKOCTH ILJIACTMHKM) W HE 3aBUCHT OT z. IIpojosbhbie gedop-
MalliH ILUIACTUHKU BBI3BIBAIOTCS O0BITHO JTHOO CUJIAMU, MPUIOKEH-
HBIMU K €€ KpasiM, Jinh0 MeHCTBYIOIMUMEA B IJIOCKOCTH TJIACTUHKH
00beMHBIMY CHJIAME. | paHUYHBIE YCIOBUS HA 00EUX TTOBEPXHOCTSIX
IJIACTUHKHU TVIACAT TPHU 3TOM: 05N, = 0, WK, MOCKOIBKY BEKTOP
HOpDMaJIu HAIPaBJIeH 10 ocu 2: 0, = 0, T. e.

Oy = Oy, = 05, = 0.

Crnemyer, 0HAKO, 3aMETUTH, 9TO B M3JIATAEMOI HUKE MPUOJIMIKEH-
HO¥ TEOpUM ITU YCJIOBUSI OCTAIOTCS B CHJIEe U B TOM CjIydae, KOI-
J1a, pacTATUBAIOIINE BHEITHIE CUJIbI IPUJIOKEHBI HEITOCPEICTBEHHO K
MTOBEPXHOCTAM TJIACTUHKH, TAK KaK 9TU CUJIbI BCE PABHO OyIyT Ma-
JIBIMH 10 CPABHEHUIO C BO3HUKAIOIINMU B TIJIACTUHKE TTPOJIOIbHBIMHI
BHYTPEHHUMHI HAIPSIKEHAAMA (O, Oyy, Ogy). Byayan paBHBIMHI Hy-
JII0 Ha FPaHUIAX, BEJIUYUHBI Oy, Oyz, Oz, OYyIyT MaJIbIMHU M Ha BCEM
MPOTS2KEHUU MAJIOW TOJIIUHBI TIJIACTUHKY, B CHJIy Y€r0 Mbl MOXKEM
NpUOIMAKEHHO CYUTATH UX PABHBIMU HYJIIO BO BCEM 00'bEME IJIACTHH-
KU.
IpupaBuuBas Hym0 Bbipaxkenus (11.2), moaydum ciepyiomue
COOTHOIIIEHUS:
o

(Uge + Uyy),  Ugy = Uy, = 0. (13.1)

Upy = —

zZ 1— o
IMoncrasue ux B obmwme dopmysas (5.13), moaydaem OTIUYHBIE OT
HYJTsT KOMIIOHEHTBI T€H30Da HAPSIYKEHUN B BUIE

E
Toe = T (Ugz + TUyy),
E
Opy = ——Ugy.
Caremyer o6paTuTh BHUMAaHUE HA TO, 9TO IyTeM (OPMAILHOMN 3aMeHbI
Es—f o5 ¢ (13.3)
1—o02 l1—0

5TH BLIPAsKECHH TIEPEXOJAT B POPMYJIbI, ONPEIeISIONIIe CBA3b MEYK-
Iy HAIPSZKEHUAMI O g, Ogy, Oyy U A€DOPMALIUAMI Ugy, Uy, Uz, TP
iockoii gedopmarmu (dopmyast (5.13) ¢ u,, = 0).
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ITocie Toro Kak Mbl TaKMM 0OPa30M HCKJIIOYHIA BOBCE CMEIIe-
HHUE U,, MBI MOXKEM PacCMAaTpPUBATH IJACTUHKY IPOCTO KaK HEKO-
TOPYIO JIBYMEPHYIO cpely (ynpyeas naockocms), He 00JIIAOILYTO
TOJIIIUHON, W TOBOPUTH O BEKTOPE IeOPMAIIE U KAK O JBYMEPHOM
BEKTOpE C JIByMd KOMIIOHEHTaMH Uy, U Uy. Ecm P, Py — xomno-
HEHTBLI BHEITHEel 00beMHON CHJIbI, OTHECEHHOW K eIMHUIE ILIOIIA N
IJIACTUHKY, TO OOIIMe YpaBHEHWS PABHOBECUS [VIACHT:

Jdo Jdo Jo Jo
< Jr + dy >+ r ’ < Jr + dy >+ Y

IMopcrasisia croga Boipaxkenus (13.2), nosydaem ypaBHEHUsI DABHO-
BECHUsl B BUJE

2 2 2
Eh 1 0%us 1 0 Uy 1 0% uy +Px:07
1— 02 0z 2(1+0) 0y? 2(1 — o) 0z 0y
1 0%u 1 0%u 1 0%u
E Y Y = P,=0. (134
h [1—02 0y 2(1+o0) Ox2 2(1-o0) axay] + Py =0 (134)

Ot ypaBHEHUA MOTYT OBLITH HAIIMCAHBI B ABYMEPHOM BEKTOPHOM BUIE

1— o2
Eh ’
T7le BCe BEKTOPHBIE OMEePAIINH TOHUMAIOTCA KaK JBYyMepPHBIE.

B wacrtHoCTH, B OTCyTCTBUE OO'bEMHBIX CHJI YPABHEHNE PaBHOBE-
CcUs TJIACUT:

l1—0

graddivu — rotrotu = —P (13.5)

graddivu — ! ; 2 rotrot u = 0. (13.6)

OHO orTMuaeTCs JIUIbL 3HaUeHneM Kodddurmenta (B COOTBETCTBUN
¢ (13.3)) or ypaBHeHus DPaBHOBeCHs Jisi TLIOCKO# jedbopmanuu
HEOTPAHUYEHHOT0 BAOMb ock z tema (§ 7)'). Tak xe Kak m s
IJIOCKOl  1echopMaIiy, MOYKHO BBECTH 3JI€Ch (PYHKUU HAnpatce-
HUA, OTPEJIEJIEHHYIO COOTHOIIEHUSIMU

_ x _ 9 _ x
=255 Ozy= oo Oy = 55>

Oy Ox Oy Oz

ABTOMATUIECKN Y/IOBIETBOPAIONIMMU YPABHEHUSIM PABHOBECHsI, Ha-
[UCAHHBIM B BHUJIE

(13.7)

Oz

00ze | 00ay 0oyr , Oo
=0 Y 2 =.
or + Oy ’ or + oy

1) Ommopomeyo BIOIE 0cH # AedOPMALIIO, IIPH KOTOPOH BO BCEM TeJle 0, =
= 0.y = 0., = 0, UHOTJA HA3BIBAIOT NAOCKUM HANPANACEHHBIM COCTNOAHUEM B
OTJIMYHe OT IUIOCKOH nedopMaruu, Ipu KOTOPOH BO BCEM TEIIE Uy = Uyy =
=u,, =0
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DyHKINS HAMPAXKEHNHN TTO-TTPEKHEMY YIOBJIETBOPSET OUTapMOHUITe-
CKOMY YPaBHEHUIO, TaK Kak /i A MMeeM COOTHOIIEHUE

divu,

E E
Ax = 0pg + oy = :(um& + uyy) = -0

OTJINYAIOIIEECS JIUITh MHOXKHUTEJIEM OT TOr0, YTO MbI UMEJHW s
ILJTOCKO# 1ehOpMAITHH.

OT1MernM 3/16Ch CIeAYIONee 00CTOATELCTBO: PACIPEIeIeHIe Ha-
NpsKEeHU B IIJIACTUHKE, 1eOPMUPYEMOil TPUIOKEHHBIMU K €e Kpa-
sIM 33/JAHHBIMUA CHUJIAME, HE 3aBUCUT OT YIPYTUX ITOCTOSHHBIX BeIlle-
CTBa TJIACTUHKU. JIefCTBUTETBHO, 3TH MOCTOSHHBIE HE BXOIAT HU
B BUrapMOHWYECKOE ypaBHEHNE, KOTOPOMY YIOBJIETBOPSET (DYHKIUS
Hanpsikenuit, uu B (opmysbl (13.7), onpezessioniye KOMIOHEHTHI

04k TO 9TOi QyHKIMU (& TOTOMY U B IDAHUYHBIE YCIOBHUS Ha KPasiX
ILJIACTHHKY ).

3amayu

1. Onpenesuth aedOpMaIUIO TIJIOCKOTO IUCKA, PABHOMEPHO BDPAIIAIOMETOCS
BOKDYT OCH, IIPOXOJSAIIEH depe3 ero MeHTD U IMEePHEeHIuKYJISPHON K €ro II0CKO-
CTH.

Pemenue. VckoMOe perreHre OTJIMYAETCS JIUIIb 3HAYEHUSIMH TTOCTOSTH-
HBIX KO3 UIMEHTOB OT IIOJyYeHHOro B 3ajade b § 7 pemieHust [Jisi IJIOCKOMN
medopMaME BpAmAOErocs nuanHpa. Pammanrbaoe cvemenne u, = u(r) ma-

ercst hopMyJIoit
U= pQQ(l_Uz)r<3+0R2—r2>.
8E 1+o0

910 — BBIpaKeHne, nepexomsinee npu 3amere (13.3) B dpopmyity, HoayueHHY IO B
3aza4e 5 § 7.

2. Onpenemutsb medOPMAITAIO MOTYGECKOHETHOM TUTACTHHKH (€ TIPAMOTHHEH-
HBIM KPA€M) I10/] BJMHAEM COCPeIOTOYEHHOMN CHUJIBI, IPUJI0KEHHO K TOYKe KPast
IJTACTUHKH U JeUCTBYIONIEH B ee IJIOCKOCTH.

Pemenue. Bsogum monspHble KOOPAUHATHI C YIJIOM {, OTCIUTHIBAEMBIM
OT HaIIpaBJIeHUd JeUCTBUA IPUIOXKEHHOU CHUJIBI;
oH npoberaer 3HadeHus or —(7w/2+ ) mo /2 —a, F
IIe @ — YroJI MeXK/1y HalpaBjeHUEM CHUJIBl U HOD-
MaJIblo K Kpaio miacTuku (puc. 6). Bo Bcex Tou-
KaxX CBOOOJHOM I'DAHUIILI, 38 UCKJIIOYEHUEM TOYKHU o
PUJIOZKEHN sl BHEIIHEH CHiIbl (HAYAJI0 KOODIMHAT), AT
JOJIZKHBI BBITIOIHATHCA YCIOBUA 0'90(;7 = O'Ttp = i \\| a '\ // \\
= 0. Bocriosib30BaBIINCh BLIPaXKEHHAMHI IS Oy V=X |
¥ 0, MOy IeHHBIME B 331a4e 11 § 7, naitnem, aro \ /
JIJIsT 3TOrO (DYHKITHS HAIPSAKEHIH JOIKHA YI0BIIe- \
TBOPSATH YCIOBUSAM

ox 10x T
—~ =const, ——= =const 1pu =F——a. Puc. 6
p) p) P p=F 2

r rop

O6a »tu ycioBus seinosHsOTC, et X = 7 f (). Ilpu rakoil moxcranoske 6u-
rapMOHMYECKOE YPaBHEHHUE

(32
-——\|r—)+—| x=0
rdr \ Or 0p?
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paer nust f(p) pemenus Buga sin @, cos ¢, @sin ¢, ¢ cos ¢. 113 HuX nepsble qBa
(QUKTUBHBI, TAaK KaK IPUBOAAT K TOXKIECTBEHHO DABHBIM HYJIIO HAIIPAKEHUSIM.
Pemenue, maromee mpaBmIbHOe 3HaUeHHMe IPUIOKEHHOM B Hadale KOODIAMHAT
CHJIBL:

F 2F
X =——rpesing, oy =—— COSQO’ Orp = 0pp =0 (1
T T T

(F — 3HaueHue CUJIbI, OTHECEHHOE K €JMHUIIE TOJIIMHBI IIACTUHKY). JleficTBu-
TeJIbHO, NIPOENMpYsl CHUJbl BHYTDEHHUX HAIPSKEHUN Ha HANDPABJEHUs, [1apaJl-
JIeJIbHOE U IEePIEHINKYJIApHOe K cuie F, u mHTerpupys no Masoi moyoKpy K-
HOCTH € LEHTPOM B HavaJjle KOOpAMHAT (PaauyC KOTOPOH MOXKHO IIPE/ICTABUTH
cebe CTPeMAIUMCS 3aTeM K HYJIIO), TIOJTy TAM

f orp cosrdp = —F, f orrsinerde =0,

T. €. KK pa3 Te 3HAYEHHUs, KOTOPble KOMIIEHCUDYIOTCS IIPUJIOXKEHHON B HadaJje
KOODAMHAT BHEITHEI CHJIOM.

Dopmysl (1) onpenessoT HCKOMOE pacupe/iesenne Hanpsizkernuit. OHO OKa-
3BIBAETCS IMCTO PAAUAILHBIM: Ha BCAKYIO IJIOMIAKY, IEPIEHINKYIAPHYIO K Pa-
IHYCY, BefCTBYeT TOJIbKO PAINA/IbHAS CKUMAIOIIAs CUIa. JIMHrsAMY PaBHBIX Ha-
NPSIPKEHUHN SIBJISIIOTCS OKPYKHOCTU T = d COS (, IIPOXO/ISIINE Yepe3 HAIaI0 KO-
OpIMHAT W MMEIOIIFe IeHTPHl Ha IIPSMOH, BIOJb KOTOPOH meiicTtByer cuma F
(puc. 6).

KowmmonenTsr Tenzopa gedopmaryn

Orr o 0
Urr =~ Upp = —0rpy,  Urp = U.
E E
Orciona naTerpupoBanueM (C MOMOMBIO Bbhipakenwii (1.8) mia KOMIOHEHT w; B
MOJISTPHBIX KOOPIMHATAX ) MOYKHO HANWTH BEKTOP CMEIIeHUs :
2F r (1—-o)F .
U = ———=cospln — — ———psin p,
nE a T

(1-o0)

20 F F .
= z (sin ¢ — p cos ).

u =
¢ mE
IlocTosmuble MHTErpUpPOBAHUSA BBIOPAHBI 3/1€Ch TAKUM 00Pa30M, ITOOBI MCKJIIO-
9UTH HepeMeleHre (IePeHOC MM MOBOPOT) IUIACTUHKK KaK IeJIOr0; MMEHHO,
[IPEJII0JIaraeTCs HeCMeIeHHON HeKOTOpasi YCJIOBHO BBHIODAHHAs TOUKA, HAXOI-
IIAsICsl HA PACCTOSHUU @ OT HAYAJIA KOODAWHAT HA JIMHUU [IEHCTBUS CHJIBL.

C OMOIIBIO IOIYYEHHOrO DEIIeHHs MOXKHO IOCTPOHTDH DeIleHHe JJIsl IPO-
W3BOJIBHOTO DACIIPEIEICHUsST CAJI, JEHCTBYIOMMX HA Kpail maacruakm (cp. § 8).
Camo 10 cebe 0HO, pa3yMeeTcs, HEIIPUMEHUMO B HEIIOCPEICTBEHHON OKPECTHOCTH
Ha4aJ1a KOOP/INHAT.

3. Ompenenmmts medopmanuio 66CKOHETHON KIMHOBUIHONW IJIACTHHKY (C yT-
JIOM 2(x IPU BePIUIMHE) IO BIMSHUEM CHUJIBL, IPUJIOKEHHON K €€ BepIINHE.

Pemenue. Pacupenerenue HanpsikeHuil onpenessercs GOpMyJIaMu, OT-
JIMYAIOMMMUCS OT IIOJIy9€HHBIX B IIPEAbIAYIIeil 3a/1atue JIHIIb HOpMUPOBKoi. Ec-
Jin cuita feficTByeT BIOJIb cpeanei muun KiauHa (cuta F) Ha puc. 7), TO nMeeM

Ficos g
r(a+ (1/2)sin2a)’
Ecmm xe cmna neficTByeT B mepreHauKyagapaom nanpasiennn (F> ma puc. 7), To
F>cos ¢
r(a— (1/2)sin2a)
B KazKJI0M H3 3TI:IX ABYX CJIy9aeB Yo ¢ OTCIUTBHIBACTCA OT COOTBETCTBYIOUICTO
HAIIPABJIEHHUS JeWCTBUS CHIIBL.

. 2F . r .
singp + —In —siny +
TE a

Opp = Orp = 0pp = 0.

Orp =
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4. Onpenenursd gedbopMaIMIo KPyraoro aucka (paauyca R), cxkaToro nyms
PaBHBIMU ¥ IPOTHBOIOIOKHBIMA cuaaMu F'h, IPUIOXKEHHBIMA K JABYM KOHIIAM
puamerpa (puc. 8).

Puc. 7 Puc. 8

Pemenue. Pemenne 3amaun nosyydaercs myTeM HAJIOXKEHNUS TPEX pacIpe-
JeJleHHi BHYTPEHHUX HalpsiKeHui. /[Ba pacupeeseHns:

1 2F cos 1 1 1

0'51)T1 = _7T’ 7(‘1?;71 = 0'571)4/’1 =0,
2 2F cos @2 2 2

0'7(«2)7*2 = T ] 0'7(‘2202 = 09(02)&02 =0,

TIe ri, Y1 U2, P2 — IOJIAPHBbIe KOOPAMHATHI IIPOU3BOILHOM TOUKH P ¢ Hagasamu
COOTBETCTBEHHO B TOUKax A m B (3T0 ecTh HapsizKeHwsi, KOTOPbIe BO3HUKJIA ObI
OT HOpMAJIBHOM cuJyIbl F', IPUJIOYKEHHOM K TOUKe Ha I'PAHMIIE ITOJIyIIJIOCKOCTH, CM.
samaqy 2). Tperbe pacupenenenue

o9 = Ls
TR
IpeacTaBiiseT co00ii PABHOMEPHOE PACTSIXKEHUE OIIPE/IeIeHHON NHTEHCUBHOCTH.
HeficTBuTeIbHO, €cu TOYKa P JIeKUT HA OKPYKHOCTH Kpas JAUCKA, TO /I Hee
r1 = 2R cos 1, ra = 2R oS @2, Tak UTO
o, =0l =
171 272 7TR
HOCKOHbe HaIlpaBJICHUA I'y U I'2 B 3TOI TOYKE B3aMMHO IIepUeHIuKYJ/JIdPHbI, TO
MBI BHZMM, 9TO II€PBBIE [IBE CHCTEMBI HAIIPSIKEHUN [PUBOIAT HA KPAIO IHCKA
K PABHOMEDHOMY CXKATHIO; 9TH CHJBI KaK Pa3 KOMIEHCHUPYIOTCS PABHOMEDHBIM
PACTAKEHUEM TDPETheil CHCTEMbI, TaK 9TO KPail JUCKA OKA3bIBAETCs, KaK U CJie-
J0BaJI0, CBOOOTHBIM OT HAIPSIKEHUI.
5. OnpenenuTh pacupezeeHne HAIPSKeHUH B HEOIPAHUIEHHOM [IJIACTUHKE
C KpymIbM OTBepcTHeM (pammyca R), momsepraemMoil paBHOMEDHOMY DACTSIZKE-
HUIO.
Pemenune. PaBHOMEPHOMY DACTSIKEHMIO CIIJIOIIHOM IIJIACTHMHKH COOTBET-

©) _p S0 _ (0 _ T _
CTBYIOT HAIPAXKEHUS Oy = 1, Oyy = 02y = 0, TIE PACTATHUBAONIAS CHJIA.



78 PABHOBECHUE CTEP>KHEH U IIJIACTUHOK DJI. 11

M oTBevuaer dbyHKIMS HAIPIKEHMI
o_T
2

IIpn Ham<Iu| KPyT/I0r0 OTBEPCTUdA (C TMEHTPOM B HAYAJE TOMAPHBIX KOODIHHAT
r, ) umem QYHKIUIO HAIDSKEeHUI B BUIE

T 1
X y? = 51”2 sin® ¢ = ZTT2(1 —cos2¢p).

x=xC+x" XY = f(r) + F(r) cos 2.
He saBucammuii oT ¢ mATErpas GITAPMOHUYECKOTO YPABHEHUSA UMEET BH/T
f(ry=ar’lnr+br’ +clor,
a B MHTErpasie, IPOIOPIUOHAIBHOM COS 2(:

g

r2

2 4
F(r)y=dr°+er" +
1
Bxopsmue croma moCTOSHHDBIE OMPEIEIAIOTCH YCIOBUSIMI ai(k)
Orr = 0rp = 0 mpu r = R. B pe3ysbrare nmomydaum

2 2
w_ TR [ _E
X = 5 [ lnr+(1 2r2>cos2go],

¥ pacrupe/iesieHre HAIPAXKEHUI OIpeaessaeTcs TaK:

T R? 3R?
Orp = 5 <1— r_2> [1+ <1— r_2) COS2CP:| )

T 2 4
a¢¢:5[1+f—2—<1+%>c052¢],

=0mpur=ocomu

Orp =

T 2R* 3R] .
1+ — T | sin 2¢.
r r
B wacTHOCTH, Ha rpaHule oTBepeTus oy, = T(1—2cos 2¢p), anpu p = +7/2
0pp = 3T, T. e. B Tpu pa3a IPEBOCXOOUT HANPSKEHUS Ha OECKOHEIHOCTH (CP.
zamady 12 § 7).

§ 14. CunbHbIi 3rnb MJIACTUHOK

Wznoxennas B § 11—13 Teopusa n3rnba TOHKUX TIACTHHOK TTPH-
MEHUMA JIUTIH K TOCTATOTHO CIA0BIM n3rubam. 3aberas Bepes, yKa-
JKeM YK€ 3/1eCh, ITO YCIOBUEM TPUMEHUMOCTH ITON TEOPHUN STBIISI-
ercs MajocTh mporuba ( 10 CPABHEHWIO C TOJIIUHON h ILIacTwH-
ku. Termepb MBI iepefiieM K BBIBOIY yPABHEHUI paBHOBECHUS CUIHHO
n3orTHYTOH MiacTuaKu. [Iporud ( mpwm 3TOM yiKe He IMpero/araeT-
cd MaJIbIM 10 cpasuenuto ¢ h. IloguepkuBaem, ogHAKO, YTO camMast
nedOpMaIs Mo-TIPeKHEMY MOMKHA OBITH Majga B TOM CMBICTE, ITO
Ter30p gedopmanuu momKeH ObITH Masl. IIpakTwdaecku 9TO 0OBIU-
HO o3Havaer Tpebosanme ( K [, T. e. mporud MOIKEH OBITH MaJl 110
CPABHEHUIO C Pa3MepaMu | TIACTHHKH.
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M3rub maacTuHKY COMPOBOXKIAETCS, BOODIIE T'OBOpsI, €€ ODIIUM

pacrsxenwem ). B ciyaae ¢1aboro m3rufa STHM PACTIKEHIEM MOZK-
HO nipenebpeun. [Ipu cuibHOM 2Ke m3rmbe 3TOro yKe OTHIOAbL HeJTb3s
c/lesiaTh; B CUJIbHO M3OTHYTON IJIACTUHKE HE CYIIECTBYET TO3TOMY
HUKAKON «HeWTpaJbHON moBepxHOCTHY». Hajmume pacTsKeHus, CO-
ITPOBOXK JAOIIET0 W3TH0, SBIIETCS CHEIU@PUIECKON 0COOEHHOCTHIO
IJIACTUHOK, OTJINYAONIENR X OT TOHKHX CTEPXKHEH, KOTOPbIE MOTYT
OBITH TIOBEPTHYTHI CHJILHOMY H3THOY, He UCIBITHIBAS MIPU 9TOM 00-
IET0 PACTSKEHUSA. DTO CBOUCTBO TJIACTUHOK SBIASETCS UHUCTO TEO-
MerpudeckuM. [IycTb, HampuMep, MI0CKasd KPyTJias JIACTHHKA U3THU-
faeTcst B MOBEPXHOCTD IIAPOBOT0 cerMenTa. Fcam mpoussectn u3rud
TaK, 4TOObI JJTMHA OKPYXKHOCTH OCTAJIAaCh HEM3MEHHOH, TO J0JIKeH
pacTanyThcs ee guamerp. Eciu ke aquamerp IJIaCTUHKU HE PaCTs-
CUBAETCH, TO JOKHA CXKATHCH €€ OKPYKHOCTb.

Borunciennas B § 11 sueprus (11.6), KOTOpYI0 MOXKHO Ha3BaTh
9Heprueil YUCToro n3ruda, MpeCcTaBIseT cOOOM JIUIIL Ty YaCTh TOJ-
HOW SHEPruu, KOTOpasd 00YCIOBIEHA HEPABHOMEDPHOCTHIO PACTsIKe-
HUSI ¥ CXKATHUS BIIOJIb TOJIIUHBI IJIACTUHKY ITPUA OTCYTCTBUU KAKOTO-
Jmbo ToHOTO ee pacTsKenusd. Hapsay c 9Toit 3Heprueil B IOIHYIO
SHEPIHUI0 BXOJUT €Ile 9aCTh, 00YCIOBIEHHAs KaK Pa3 HAJUIUEM TO-
ro OOIIETO PACTSIKEHUS; €€ MOXKHO HA3BATh YHEPIHeN PACTIKEHUSI.

Hedopmariuu arcToro n3ruba u YUCTOrO PaCcTsIKeHus ObLIN pac-
cMmotrpenbl coorBeTcTBeHHO B § 11, 12 u 13. IlosToMy Temepn MbI
MOYKEM HeMOCPEJCTBEHHO BOCIIOIb30BATHLCI IMOTYUYEHHBIMA TaM pe-
gyabratamu. llpm aTom ormazaer HEOOXOAMMOCTH B PACCMOTPEHUN
CTPYKTYPBI TUIACTUHKH TI0 €€ TOJIIIHE, W Mbl MOYKEM CPa3y paccMa-
TPUBATh TJIACTUHKY KaK JBYMEPHYIO MOBEPXHOCTH, He 0030y 0
TOJIIITAHO.

[IpenBapuTenbHO BBIBE/IEM BBIpaXKEHWE I TEH30DPa redopma-
[[WH, ONPENEJISIIONIEr0 PACTSAKEHNEe IIACTUHKY (PaccMaTpUBaeMOii
KaK [OBEPXHOCTH), MOJBEPTHYTON OJHOBPEMEHHOMY W3ruby U pa-
CTSI)KEHWI0 B CBoell mrockocTu. IlycTh W ecTh IBYyMEpHBIN BEKTOD
cMmereHnst (C KOMIOHEHTAMH Ug, Uy) HPH YUCTOM DPACTSIKEHNH; (
TO-TIpeXKHEMY 0003HAYaeT IOIepedTHoe cMerneHne npu u3rude. Tor-
na snement aymuabl di? = do? +dy? HenepopMEPOBAHHOI TLTACTHHKY
nepeiiger nocie aedopMalyy B 3jeMenT dl’, KBaJpaT KOTOPOro paBeH

dl'* = (dz + duy)? + (dy + duy)? + d¢>.

Hammcas 3mecek du, = %u” dz + Ous

z Y
TIOJIyYUM C TOYHOCTBIO 10 YJIEHOB boJiee BBICOKOTO IIOpAaKa

dli'* = di* + 2ugpdzadrg,

dy u ananoruano ayia duy u dg,

1) Ucxmouenuem SIBJISIETCS, HAIIPpUMep, M3rub ILIOCKON IJIACTHHKH B IIAJINH-
JPUAYECKYIO IIOBEPXHOCTD.
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r7le IBYMEpHBIN TEH30D J1eOPMAINK OIPENE/ISIeTCS KaK

_ 1 (0ua | Oug 1.0¢ o¢ 14.1
Uop 2<6x3+6xa>+28wa8w5' (14.1)

(B srom u crexyromem maparpadax Mbl OyjaeMm 0603HAUYATH Ipede-
cKuMU OyKBaMU WHIEKCHI, MPOOEraroIiye BCEro ABa 3HAUEHUS T U Y;
IO JIBAYK/IBI TIOBTOPAIOIIUMCS WHJIIEKCAM, KaK BCErJla, MOIpa3yMeBa-
ercs cyMMupoBaHue.) UJIeHbl, KBaJpPATUIHBIE [0 IPOU3BOJHBIM OT
Ugq, 37€CH OMYIIEHBI; C MPOU3BOSHBIME OT ( TO K€ CaMOe CIIeJIATh,
pa3yMeercs, Heb3s, MOCKOJIbKY YJEHOB [E€PBOIO IMOPsijIKa 0 HUM
BOOOIIIE HE NMEETCs.

Tensop HanpsixKenuit 0,4, CBA3aHHbIA C PaCTAKeHUeM ILIaCTUH-
Ku, onpesessercss hopmyaamn (13.2), B KOTOpBIE BMECTO Ugg HALIO
[IO/ICTABUTD TOJIHBIN TEH30D 1edOpPMAIUH, OIPEeIe/IaeMblil COTJIACHO
dopmyse (14.1). Dueprust yucroro u3ruba onpeaensiercs GopMmyioi
(11.6), KOTOPYIO MBI HAIMIIIEM YCJIOBHO B BUJIE

rie Wi(¢) obo3HagaeT BCe BBbIpAsKEHWE, CTOSIIEE TI0J[ WHTErPATIOM
(11.6). Dueprus ke paCTsAKEHUsI, OTHECEHHAs K €JIUHUIE OObema
IJTACTHHKH, €CTh, COTTIACHO 00ImM (GOPMYTIaM, Uag0ag/2. DHeprus,
MPUXOJSIIAACS Ha eJUHUILY TTOBEPXHOCTH, TIOJIyIaeTCs OTCIO/a Y MHO-
JKeHreM Ha h, TaK 9TO MOJHAs SHEPIUsl PACTIKEeHUsI MOKeT ObITh
HAICAHA B BHUJIE

f \1]2 (Ua,é’) df7
rie
Ty = h%. (14.2)
Takum obpazom, mosHas CBOOOIHAS SHEPTHUS CUIBHO U30THYTOH TIIa-
CTHHKHU €CTh
Fun = [ [%1(0) + Wa(uap)] df. (14.3)

Panbie yem nepeiiTi K BbIBOJIY YPaBHEHWIT pABHOBECHS, OTIEHUM 00€
vacru suepruu. Ilepseie nponssoatse or ¢ — nopsinka /1, rue | —

pasMephl TIACTHHKH, a BTopbie — mopsaka ¢ /12, Tlostomy u3 (11.6)
BugHo, uto Wy ~ Eh3(?/1*. Tlopsamok »e BeJmuuHbl TeH30pa Uag

ectb (2 /12, m moromy Wy ~ Eh(?/1*. Cpasrenune o6oux sTHX BbIpa-
JKEHU TOKA3bIBAEeT, 4TO mpenedOpexenne Wo, memaemoe B mpubiin-
JKEHHOM Teopwn u3rnda TTACTHHOK, 3aKOHHO TOJHKO TPU YCIOBUN
(? < B2

VciaoBre MEHEMAJIBHOCTH SHepTruH TiacutT: 0 F'+6U = 0, rme U —
MOTEHITNAIBHAS JHEPTHsT B TIOJI€ BHEITHUX CHUI. Mbl OygaeM cuUuTarh,
9TO JefiCTBHEeM BHENTHUX PACTATHBAIOMINX CUJI, €CTTH TAKOBBIE MMe-
FOTCS, MOXKHO TIpeHebpedb M0 CPABHEHWIO C CUIAMH HU3TUOAIONINMU.
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(D10 MOKHO BCerza CeaaTh, eCIu TOIBKO PACTATHBAIOIINE CUIbI HE
CJTUIIIKOM BEJIMKM, TIOCKOJIBKY TOHKAd IIACTUHKA TOPA3I0 JIerde Mo~
Bepraercst u3rudy, yem pacrskennto.) Torga st U umeeM 10 ke
BBIpaKeHue, 94To u B § 12:

0U = — [ Pocdf,
rine P — BHeIHAs CUja, OTHECEHHAS K €IWHUIE TTOBEPXHOCTU TLIa-
cruakY. Bapuanua waTErpana f W df ObL1a yxKe Boraucaena B § 12

U paBHA
§ [Widf =D [ A*¢Co¢df.

Nurerpassl o KOHTYDY, crogiue B dhopmyste (12.3), Mbl He nuteM,
[TOCKOJIbKY OHU OTIPEJIEJISIOT HE CAaMO yPaBHEHNE DABHOBECHUS, & TOJIb-
KO I'DAHUYHBbIE YCJIOBUsI K HEMY, KOTODBIMHU MbI HE CTAHEM 3/1eCh WH-
TepecoBaThCH.

Haxowmer, BoramcinM BapHanio WHTETPAIA f U, df. Bapsupo-
BaHWe B HEM JOJI2KHO TTPOM3BOIUTHCS KAK 1O KOMIOHEHTAM BEKTODA
u, taxk u mo (. meem

5 [ wdf :/gfz St df.

ITpomssoanbie OT CBOOOAHOI SHEPTUH eJIUHUIEI 00BLEMa II0 Uqg
PaBHBI 0og; 1m03TOMY OW9/Oung = hogg. Hlomcrasnsas Takxke ajist
uqp BbIpaxkenue (14.1), momydaem

5/\112df:h/0aﬁ5ua/3df:

_h 0bu, | Dbuy | 0¢ 93¢ | 08¢ 3¢\
2 /Uag{ Oz + O0xa + Oxa Oxp + O0xq am} f

Wl BBUAY CUMMETPUYIHOCTU Ogp3

e, 96¢ 0O
5/\1/2df=h/aa5{a;; +$%} df.

WaTerpupys Tenepp Mo 4acTsM, MOJydaeM

§ [ Uodf =—n [ |22225u, +— oas25) 6¢| df.
0xp 8

WaTerpassl 1Mo KOHTYPY, orubarolieMy NoBepXHOCTh IIACTUHKHU, MbI
OIIATbH He IIUIIEeM.
CBojist BMeCTe BCE TIOTYUEHHBIE BBIPAYKEHUST, TMEEM

§Fy + 6U =
— /{ [DA2< . h% (aaﬁ a"f ) ] 5¢ — h%‘;"‘: 6ua} df = 0.
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st TOro 9TOOBI 9TO COOTHOIIEHNE UMETO MECTO TOXKIECTBEHHO, O/~
JKHBI 00paIaThCsad B HYJIb OTAETHHO KO3 puiuenTs npu ¢ u 1pu
0Uq. Takum 06pazom, mMoaydaeM CUCTEMY ypaBHEHU

9 d
DA~ h - (aaﬂ %) ~ P, (14.4)
%‘;_a; = 0. (14.5)

B 51y cucremy BXOmsIT B KauecTBe HEM3BECTHBIX (DYHKIHI TPH
BEJIMYMHBI: JIBE€ KOMIIOHEHTBI Uz, Uy BEKTOPA U M IOMNEPEYHOE CMe-
menne (. Ke perrenne onpenesisier 0JHOBPEMEHHO (POPMY U30THYTOM
wracTUHKA (1. e. byHKIuo (2, y)) ¥ BOSHUKAOIIEE B PE3YJILTATE 13-
ruba pacrsikenue. Ypapuenus (14.4) u (14.5) MoryT 6bITh HECKOIBKO
YIIPOIIEHBI TIOCPEICTBOM BBEJIEHUST B HUX (PYHKITHH X, CBI3AHHOMN C
0qp coornomernusamu (13.7). Iocae moxcranosku (13.7) B ypasHenue

(14.4) ono npuBOAUTCA K BUJLY

2 2 2 2 2 2
DAY ~h(ZXTE L TATL 0K ) _p (14)
0y? 0x? 0z2 0y? Oz Oy Oz Oy
Yro kacaercs ypapuenuii (14.5), To Beipaxkenusivu (13.7) onn yo-
BJIETBOPSIOTCA aBTOMarndecku. [1oaroMy HEOOXOAUMO BLIBECTH €IIe
OZIHO ypaBHEHUE, KOTOPOe MOXKeT OLITh IIOIYUeHO UCKIIOUEHUEM Ugy

u3 coorHomennit (13.7) u (13.2).
g sToro nmocrynaem ciaegyromum oopasoM. BeipazkaeM uqg de-

pe3 oqp3. U3 (13.2) momygaem

1 1 _1+4o
Uy = E(am — 00yy), Uy = E(ayy — 004g), Ugy = = Oy-

[oacrapnss ciona 4jis Uqs Bbipaxkenue (14.1), a a1 043 — BbIPa-
kenus (13.7), HaXonUM paBeHCTBA
2 2 2
Qus o 1(0_C> - l(a_x _OG_X>7
oz 2 \0x E \0y? ox?
Oy 2 \ 9y E \9z? Oy?
Ouy +%+%% __201+40) &x .
oz dy dx Oy E 0z 0y

[IpuvennM K TIepBOMy paBeHCTBY omeparmio 02/dy?, Ko BTOpoMy

0?/0z?%, x Tpernemy 0% /0x Jy, mocIe Wero CIOKWM TIepBOe PaBeH-
CTBO CO BTOPBIM U BbIYTeM Tperbe. Toria dienbl, comepKaiime u, u
Uy, B3AMMHO COKDAIIAIOTCA, U MBI HOJIy4aeM yPaBHEHIe

2 C¢ (9% | _
AX+E{8$28y2 (8:c8y> = 0. (14.7)
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Ypasuenust (14.6) u (14.7) upeacraBiasitor coboil MONHYIO CUCTEMY
ypasHeHuil cuiabHOro msruba toukux miacrunok (A. Foppl, 1907).
DTU ypaBHEHWs BECbMa CIOXKHBI M HE MOTYT OBITH PEIIeHbI TOTHO
nmaxke B mpocTefmux caydasx. ObpamaeM BHUMAHAE HA TO, 9TO OHN
HEeJIMHEHHBI.

VomsaHeM KOpoTKo 06 ocobom ciydae jgedopmaliuii TOHKUX IL1a-
CTHHOK — O TaK HAa3bIBaEMbIX MeMOpanax. Membparnoti HA3BLIBAIOT
TOHKYIO IJIACTUHKY, TTOABEPTHYTYIO CUIBHOMY PACTSKEHUIO TTPUIIO-
JKEeHHBIME K €e KpasiM BHEITHUMU PAaCTATUBAKINMU cujiamu. B Ta-
KOM CJIy9ae MOXKHO TpeHeOpedh IOTOTHUTETBHBIMU TPOSOIBHBIMU
HATS2KEHUSIMU, BOZHUKAIOIUMEI MIPU U3rube TJIACTUHKHU, U COOTBET-
CTBEHHO 3TOMY MOXKHO CYMTaTh, 9YTO KOMIOHEHTBI T€H30DPa 0ng PaB-
HBI TIPOCTO TIOCTOSTHHBIM BHEITHUM PACTSITHBAOIINM HAITPSIKEHUSIM.
B ypasaenun (14.4) MOXKHO Tenepb npeHedpedb MePBLIM WJIEHOM 110
CPABHEHWIO CO BTOPBIM, W MBI TIOJIy9IaeM YPABHEHUE PABHOBECHUSI

2
hoas—25— +P =0 (14.8)
Oxa Oxp
¢ rpaHnuHbIM yeioBueM ( = (0 Ha KOHType Kpasi MeMOpaHbI. DTO
ypaBuenue juneiiHo. B ocobenHocTn mpocT caydail m30TPOITHOTO Pa-
CTSIYKEHUsI, KOTIa HATs)KeHre MeMOPAaHbI OJMHAKOBO 110 BCEM HAITpaB-
steansiM. [lycts T' ecTb abCOMIOTHAST BEJTUYUNHA IPUIOKEHHOM K KPAI0
ITACTUHKU PACTATUBAIONIEH CHUIbI, OTHECEHHOW K EJWHUIE JTHHBI
storo kpad. Torma hoag = Tas, T MBI TIOTydaeM ypaBHEHHE PaB-

HOBECHUA B BHJC
TA( + P =0. (14.9)

3amauu

1. OupenieuTh 3aBUCHMOCTD BEJIHYUHBI IPOrHba IIJTACTUHKYA OT JefCTBYIO-
el Ha Hee CUJIbL IpY u3rube HACTOJIBKO CHUILHOM, 4To ¢ > h.

Pemenwue. Orenka wienos ypapuenns (14.7) nokaspisaer, uro X ~ E¢2.
IIpu ¢ > h nepsbrit wien B (14.6) Ma 0 CPABHEHHIO CO BTOPBIM, KOTODBIH MMEET
nopsinok Bemmaunst hCx /1 ~ ERC/1* (I — pasmeps: miacruaku). CpaBHuBas ¢

BHEITHEH cuoit P, momydaem
l4 P 1/3
~ (&)

Orcoma, B 9aCTHOCTH, BHIHO, YTO ( MPOMOPIHNOHAIBHO KyOUIECKOMY KOPHIO U3
CHJIBL.

2. Onpenermmry aedopmanmio kpyrioi Mmembpansl (pagmyca R), pacmomo-
JKEHHON TOPU30HTAIBHO B HOJIE TSYKECTH.

Pemenue. Uwmeem P=pgh; B nonsapusix koopauuarax (14.9) npuanmaer

BU/T
1d (r%) _ _psh
rdr \ Or T
Pemenne, koneunoe pu 7 = 0 u ymoserBopsotee ycaosuio ( = 0 mpu r = R,
ecTh
pgh 2 2
= R -7 ).
(=L w1
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§ 15. ledopmaiiuu 06os10ueK

ToBopst /10 cux mOp 0 JedopMaIisix TOHKUX IJIACTHHOK, MbI BCE-
12 TMOApa3yMeBai, UTO B HEJIePOPMUPOBAHHOM COCTOSTHUU ILTa-
CTUHKA SIBJSETCd TA0CKOi. Mexiay mem medopMaliiu MIacCTUHOK,
00JI3TAIOIUX B CBOEM €CTECTBEHHOM COCTOSIHUU WCKPUBJIEHHOH dop-
MOl (Takue MJIACTHHKU HA3bIBAIOT 000404KaMU), ODHAPYKUBAIOT
OCODEHHOCTH, MPUHIUIAAIBHO OTJAYAOMKEe UX OT gedopMalmii
ITOCKUX TLTACTUHOK.

Pacraxernune, composoxkmaroriee n3rnd MJIOCKON TJIACTUHKHU, SB-
ngerca 3P@PEKTOM BTOPOTO MOPSIIKA MAJIOCTH II0 CPABHEHUIO C Be-
JIMIAHON CAMOTO TPOTHOA. DTO TPOABIAETCS, HAIPUMED, B TOM,
qr0 Ter3op aedopmanun (14.1), onpepessiromuii Takoe pacTsizKeHue,
kBagparuder mo (. COBEpPIIEHHO WHOE TONOKEHNe TMEEeT MECTO TTPH
nedopMmaruax 060I09€K: 37eCh PACTAXKEHre ecTh 3 dEeKT mepBOro
MOPSIIKA ¥ TTOTOMY WI'PAET CYIIECTBEHHYIO POIh JayKe TPU C1aboM
m3rube. [Iporme Bcero 3To CBONCTBO BUIHO YK€ M3 CAMOTO TTPOCTOTO
IpuMepa PaBHOMEPHOTO PACTAXKeHud cdepudeckoit obomouaru. Ecan
BCE €€ TOUKW TIOABEPTAIOTCA OJUHAKOBOMY PAIHATHLHOMY CMEIEHUTO
¢, TO yBeMWUeHWe JIUHBI 9KBAaTOpa paBHo 27(. OTHOCHTETHHOE Da-
crsizkenne 2n(/(2rR) = (/R, a moromy u Ten3op jgedopmalun mpo-
MOPIIHOHAJIEH TTepBOii crermern (. DTOT 3DPEKT CTPEMHUTCT K HYJIIO
mpu R — 00, T. €. IPW CTPEMJIEHUH KPUBU3HBI K HYJIIO, U SIBJISIETCS,
TakuM 00pa3oM, CrenuuIecKnM CBOHCTBOM, CBSI3AHHBIM C KPUBU3-
HOM 00OJIOUKH.

Ilycte R ecTb TOpPSIIOK BEJUYMHBI pPAJUyca KPUBU3HBI 000-
JIOUKH, COBIAIAIONICH OOBIYHO C MOPSIIKOM BEJUYUHBI €€ pasMe-
pos. Torma Tenzop medopMariuu pacTsiKeHUs, COIMPOBOXKIAOIIETO
u3rub, — nopsigka (/R, COOTBETCTBYIOIIMI TEH30D HAIPSIZKEHUT
~ E(/R, a sueprusi nedopmaiuu (OTHECEHHAs] K €AUHUIE TLIOMIA-
mm), cormacuo (14.2), ~ Eh(¢/R)?. Dueprus e 4mcToro msruba
no-nipexknemy ~ FEh3¢2/R*. Mpl BusuM, 4TO OTHOIIEHHE HEPBOil KO

sropoit ~ (R/h)?%, 1. e. ouenn Besuko. [ToguepKHEM, 4TO 9TO MMeEeT
MECTO HE3aBUCHUMO OT COOTHOIIEHUSI MEXKJIy BeauduHoi ¢ usruba u
TOJNIIUHON A, B TO BpeMsi KaK TPW U3rube MJIOCKUX TIJIACTUHOK pa-
CTSIYKEHIE HAUYUHAJIO UTPATh POJIb TOJBKO pu ( ~ h.

B HEKOTOPBIX CllydasX MOXKET CYIIECTBOBATH OCOOBIA THI W3IH-
b6a oboToUeK, TpHU KOTOPOM HUKAKOTO PACTSI?KEHWs] HE TTPOUCXOTUT
BoBce. Tak, HampuMmep, NUIMHAPUIECKas 000109Ka (C OTKPBITHIMU
060MMY KOHIIAMH TIMIMHIPA) MOXKeT ObiTh medopMupoBana 6e3 pa-
CTSKEHWS, €CTU BCe 00pasyolue IMUIAHAPA OCTAIOTCA TPU U3rude
napaJiIe/IbHbIMU JIDYT Apyry (T. e. 06010YKa Kak Obl BIaBIMBAET-
sl 110 Kakoi-Huby b u3 obpasytomux). Takue medbopmaiuu 6e3 pa-
CTAKEHWS TeOMETPUYECKU BO3MOXKHBI, €Ci 0607I0YKa UMeeT CBODO-
Hble Kpas (T. €. He 3aMKHYyTa) WJIM YKe ecin 000I09Ka 3aMKHYTa, HO
ee KpUBM3HA B Pa3HbIX MECTaX MMeeT pasHblii 3Hak. Hampumep, 3a-
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MKHyTasi cdhepudeckass 00009Ka He MOXKET ObITh U30rHyTa 0Oe3 pa-
CTsIKEHUsI, eC/TU JKe B Hell mpope3aHo orBepcrue (MpuyueM ero Kpast
He 3aKpeILIeHbl), TO Takue JeDOPMAIid CTAHOBATCS BO3MOXKHBIMU.
ITockosibky sHeprus gucToro n3ruba MaJsia 1Mo CPABHEHUIO C SHEPIH-
eil pacTsKeHUsi, TO sICHO, YTO €CJIM JaHHas 000JI09Ka JOMYCKAeT JTe-
dopmanmu 6e3 pacTaKennsd, TO UMEHHO Takue gedopManuy u OyayT,
BOODIIIEe TOBOPS, PEATIbHO OCYIIECTBIAATHLCS PU BO3/IENCTBUH HA HEE
POM3BOJIbHBIX BHEITHUX CHUJI. 1 peboBaHME OTCYTCTBUS PACTSIKEHUS
npu u3rube HAK/IAIBIBAET CYIIECTBEHHBIE OIPAHUYIEHUS HA BO3MOXK-
HBIE CMEIIEHUS Ug. DTU YCAOBUS SBJSFOTCS YUCTO TEOMETPUIECKUMU
U MOTYT OBITH BBIpAXKEHBI B BuJe AudepeHinaabHbIX YPABHEHUI,
KOTODPBIE JOJIYKHBI COAEPIKATHCST B TOJHON CHCTeMe ypaBHEHUN pas-
HOBecHs [jisi Takux gecdopmaruit. Mer He OygeM 37eCh OCTaHABJIHU-
BaTHCsT HA STOM BOIIPOCE.

Ecimm xe gedopmaniyst 060/I0YKH COIPOBOXKIAETCI PACTIKEHH-
€M, TO HAIPSKEHUs PACTsI?KeHWs, BOOOIIE TOBOPsI, BEJIUKU IO CPaB-
HEHUIO C HAIPSKEHUSIMU U3ruba U MOCTeHIME MOYKHO TpeHedpedb
(OCHOBAHHYO HA TAKOM MPEHEOPEXKEHUN TEOPH 000JI0UEK HA3bIBa-
10T MeMOParHOT).

DHepPTust pacTsiyKeHnst 000JI0UKNA MOXKET ObITh BEITUC/IEHA KAK WH-

TerpaJl B
Fun =3 f UapTap df, (15.1)

B3THI 110 €e MOBEPXHOCTH. 3JeCh Uqag €CTh JBYMEpHbIH (a, [ =

=1, 2) renzop gedopmManuy B COOTBETCTBYIOMINX KPUBOJUHEHHBIX
KOOp/IMHATAX, & TeH30D HalPAXKeHUil 05 CBA3AH C Uqg DOPMYyTaMu
(13.2), xoTopble MOTYT ObITh HAMNUCAHBI B JBYMEPHBIX TEH30PHBIX
0003HaYEHUAX KaK
E
1—o02
Ocoboro paccMoTpenust Tpebyer Caydait, Korma 0Hom09Ka Toj-
BeprKeHa, BO3J/IECTBUIO COCPEJOTOYEHHBIX CUJI B MTOTIEPEYHOM K 000-
JIOUKe HanpajeHnu. TaKuMu CriaMu MOTYT SIBJISITHCHA, B 9aCTHOCTH,
CUJIbI PEAKIINH, JeHCTBYIONNE HAa 000JI0YKY CO CTOPOHBI OTIOP B TOY-
kax (wan smHusx) 3akperiedns. CocpesoToYeHHble CUIIbI TPOU3BO-
aaT u3rub 000/09KH B HEOOIBIION 00,1aCTh BOKPYT TOUEK WX ITPHUIO-
xerust. [IycTb noOpsa 0K BETUMYUHBI 9TOH 00JIACTH 71 TPUJIOKEHHON
B TOYKe CHbl f ecTh d (Tak 4To ee miomaas ~ d2). [TockombKy m3-
rub ( CUIBPHO MEHSETCsl HA MPOTSKEHUU PACCTOSHUHN d, TO SHEPIHUs

u3ru6a (Ha eJMHMIY ILIOMAIM) — nopsaaka semmunnbl Fh3(2/d, a
rosTHAsA 3Heprus n3rubda (Ha miomann ~ d?) ~ Eh3(?/d?. Tenzop xe
nedbopMaly pacTszkeHus mo-npexkuemy ~ /R, u nonnasi sHeprust

BBI3BAHHOTO COCPEIOTOYEHHOMN cutoii pactskernns ~ Fh((/R)? d?.
[MockonbKy sHeprusg n3rnda pacTeT, & IHEPTHUT PACTIKEHUS MATAET C
YMeHbINIeHuEM d, TO SICHO, 9TO IIPH OmpeeseHnn aedopmaruu B0 -

Oap = (1 = 0)uas + 000pU)- (15.2)
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31 MeCTa IIPUJIOZKECHUA COCPEAOTOYCHHBIX CHUJI JOJIZKHBIL 6I:>ITI:> y4dre-
HbI 00e 3Tu sHeprun. Benuunua obsactu u3ruba d OmpesesinTcs 1o
TOPAAKY BEJIMYMHBI U3 YCJIOBUA MUHUMYMa CYMMBI 9TUX SHepFHﬁ,
OTKY/Ia

d ~ VhR. (15.3)

IIpu stom sueprus ~ Eh%(%/R. Bapbupys ee no ( u mpupaBHUBas

pabote cumbr f, Haiizem Besmaumy mporuba ( ~ fR/ER?.

OjHako ecyin JefcTBYTONINE Ha 000JOYKY CHJIBI JOCTATOYHO Be-
JIMKU, TO B 000JI0YKE MOT'YT BOBHUKHYTE BBIY YNBAHNS, CYIIIECTBEHHO
Menstroriue ee popmy. Onpesenenne nedopMaIuu B 3aBUCUMOCTH OT
MPUTIOKEHHBIX HATPY30K TPEOYET B 9TOM CBOCODOPA3HOM CJIydae CIe-

IIAJTEHOTO MCCIIEI0BAHMS 1).
[Tycrs BBIMyK/Ias 060/109Ka (C KpasiMu, 3aKPEILIEHHBIMU TaK, 9TO-
Obl TAPAHTUPOBATH €€ IeOMETPUYECKYI0 HeCrubaeMOCTb) HaXOAUT-
¢S TIOJ eficTBUEM OOJBITION cocpenoTodenHoit cubl f, HampasseH-
HO¥ 10 BHYTpEHHel HOpMaJju K noBepxHocTu. s mpocToTsl Oymem
CYUTATD, YTO 0DOIOYKA TPEICTaBIgeT cob0# JacTh cepbl paanyca
R. ObutacTb BhITyUYMBaHUs OY/I€T MIAPOBBIM CEIMEHTOM, OJM3KUM K
3ePKATBLHOMY HM300PaKEHUIO €ro TepBOHAa-
vasibHOMN popMmbl (Ha puc. 9 u306parken Me-
PUAMOHAJBbHBI paspe3 06010ukn). 3amada
COCTOUT B OIPEJIESIEHUH PA3MEPOB BBIMTYYl-
BaHUs B 3aBUCHMOCTHU OT BEJIMYUHBI CHUJIBI.
OcHoBHAag YacTh yOpYro#t SHEPrum
/ CKOHIIEHTPUPOBAaHA B y3KOI Toj0ce BOJIU-
/ 3u Kpasi 00JIaCTY BBIMYUUBAHUS, T/I€ U3THO
/R 060JI0UKHI CPABHUTE/ILHO BeUK (Oynem Ha-
/ 3BIBATH €€ M0JI0CoH n3ruba u 06o3HaINM ee
of mupuny uepes d). OueHuM 3Ty SHEPruio,
o npudeM OyeM Ipe/IrnoaaraTtb pa3Meps! (pa-
/ nuyc) obactu Beimyunsanus r << R; Torga
yron a < 1 (cm. puc. 9). Ilpu srom r =
Puc. 9 = Rsina ~ Ra, a rinybuna nporuba H =
= 2R (1 — cosa) ~ Ra?. O6ozmaunmm we-
pe3 ( cmernerne To9ek 000J09YKH B mojoce m3ruba. Touno Tak xe,
KaK 9TO OBbLIO C/IeJIAHO BBINIE, HAXOJAUM, UTO dHeprusi n3ruba BIoJIb

MepHuaAraHa U PaCTd2KEeHUA BOOJIb IIapaJijie/in 2), OTHECEeHHbIE K 1 CM2

1) Uznaraemslie Huze pesyabraTsl npunagexar A.B. Tozopesosy (1960). Bo-
Jiee TOYHBIN aHAIU3 JAHHOIO BOIPOCA, a TAaKiKe NPYyrHe aHAJOTHYHBbIE 331a4H,
MOYXKHO HalTH B ero kKHure «Teopusi 060/104€eK NIpU 3aKPUTUIECKUX e opMaIu-
ax». — M.: Hayka, 1965.

%) Ha usrube 1m0 MepHUANAHY KPUBU3HA OGOIOYKH B IIEPBOM NPUO/IMKEHNN
HE CKa3bIBa€TCd, TaK 9YTO OH MIPOUCXOAUT, KaK W IMPU HNUJIXHIAPUIECCKOM I/I3I‘I/I6e
IIJIOCKO# IITACTHHKY, 6e3 00IEero pacTsKEHHs 10 MEPH/INAHY.
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MMOBEPXHOCTH, T10 MOPSJIKY BEJTMUYUHBI PABHBI COOTBETCTBEHHO
Eh3¢? " Eh¢?
d Rz
[Mopstmoxk BemuumHbl cMernenust ( OMPEIeTeTCa B JAHHOM CIydae
PEOMETPUIECKH: HATIPABJICHIE MEPUIHAHA MEHIETCS Ha IITUpUHe d Ha
yroi ~ a, u notomy ¢ ~ ad ~ rd/R. YMHOXKUB TakKe Ha IJIOMIAJIb
10s10Chl 3ruba (~ rd), mosyIuM SHEPruu
ER*r® u Ehd®r®
R2d Rt
U3 ycioBust MUHUMAJIBHOCTH UX CyMMbI CHOBa Haiinem d ~ (hR)
a mosHAsL yIpyTas sHeprust npu 5toM ~ Erd(h/R)5/? wmm, nnase 1),

9 H3/2

1/2
)

const - ER®/ (15.4)

B npousseserHOM BBIBOJIE TOAPA3yMEBAIOCh, UTO d <& T; MOITOMY
dopmyna (15.4) copaseyuBa npu yCIoBuu

% < 1. (15.5)

ITpu obpazoBatuy BBIYYUBAHUS BHEIIHUE CJIOU [IAPOBOIO CErMeH-
Ta, CTAHOBSITCSI BHYTPEHHUMU U COOTBETCTBEHHO CXKMMAIOTCSI, & BHY-
TPEHHWE — BHENTHUMU U PACTATUBAIOTCs. OTHOCUTEIBHOE PACTSIZKe-
Hre (wm cxarue) ~ h/R, Tak 94T0 CBsI3aHHAS C HUM TIOJTHAST SHEPIHsT

B obmactn BuimyunBanus ~ F(h/R)2hr?. Tpu ycnosmm (15.5) oma
JEeMCTBUTENBHO MaJjia M0 CPABHEHHUIO C SHEpPrHeil B I0J0ce m3rnda
(15.4).

Nckomasa 3aBucumocTs Mexay raybwnoit mporuba H wu mpmiio-
JKEHHON CUjIof [ MONyunTCs TpupaBHUBaHMEM f K IPOU3BOIHON OT
sueprun (15.4) no H. Takum obpasom, Haiigem

g~ LR

E2h5

Ob6paruM BHUMaHWE Ha HEJUHEHHBIN XapaKTep 3TOH 3aBUCUMOCTH.
Hakower, nycrs jgedopmaliust (BbITydnBaHue) 000J0YKHA TPOUC-
XOJIUT IO, JIefiCTBUEM PABHOMEDHOTO BHEITHEro jaBJienust p. Pabora
BHEIIHUX CHJI B TAKOM cayuae pasaa p AV, rne AV ~ Hr? ~ H?R —
U3MEHEHUe OTPAHUINBAEMOro 000/I0UKOM 00'beMa TPHU BBITY YMBAHUN.
IIpupaBusaB nyso npousBoanyo mo H oT momHo# cBOOOIHOM SHED-
ruu (1. e. ynpyroit suepruu (15.4) 3a BeIdeToM yKazaHHOH paboThI),

TTOJTY IIM

(15.6)

W E?

H .
Rip?

(15.7)

1) Bomee TounOE BHIYHCIEHIE TAET /ISt TOCTOSHHOTO K03 buImenTa sHaTeHme
const = 1,2(1 — ¢2) =%/
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O6parublii xapakrep 3apucuMocTu (yBenundenue H 1pu yMeHbIe-
HUM p) yKa3blBaeT HA HEYCTONYMBOCTH BBITYYEHHOIO COCTOSTHUS B
stom ciayuae. Oupenesnsiemoe dbopmynoii (15.7) snauenne H orBeva-
€T HeyCTOWYMBOMY PABHOBECHUIO TIPU 3a/JaHHOM p: BBIYYUBAHUS C
O66bIIMMK 3HaYeHusMU H CaMOIPOU3BOJBLHO PACTYT, a C MEHbIIH-
MH — YMEHBIIAITC (JIErKo mpoBepuTh, uto (15.7) orBedaer Mak-
CUMyMy, & He MUHUMYMY HOJHOM cBOGOgHON sHeprun). CyriecrByer
TaKOe KPUTHYECKOe 3HAYCHHE BHEIIHEeH HAIPY3KH P = Pgp, 38 KOTO-
PBIM CAMOIIPOMN3BOIBLHO BO3PACTAIOT Y7KE MAJIble U3MEHEHHs (DOPMBI
obosioukn. Ero MOKHO OIEHHTH KaK TO 3HAYEHWE P, IPU KOTOPOM

dopmyna (15.7) naer H ~ h:

DPxp ~ —5- (15.8)

MpbI orpaHuuuMCcs B T€OpUr 000JI09€K M3JI0KEHHBIMUA KPATKUMU
CBEJIEHUSIMU U HEKOTOPBIMU MTPOCTBIMU TTPUMEPAMU, TPUBEIEHHBIMA
B 337a9aX K 3TOMYy maparpady.

3amayu

1. BeBectn ypaBHeHHMs paBHOBeCHd myta cepmaeckoii obonouxu (pammyca
R), nedopMupyeMOil CHMMETPUYHO OTHOCUTEIBHO OCH, [IPOXOMAIIEH uepe3 ee
LEHTD.

Peunrenue. B kadecTBe IByMEPHBIX KOOD/IMHAT Ha MOBEPXHOCTH 00OJIOUKHI
[IOJIb3YyeMCsl YIJIaMHu 6, ¢ cepudecKoil CUCTEMbI KOODIUHAT ¢ HAYAJIOM B IIEHTDE
cdepsl 1 TOIAPHON OCBIO IO OCH CUMMeTpun AedhOPMUPOBAHHON 000I0IKY.

Ilycte P, — oOTHeceHHasl K €IMHUIE ITOBEPXHOCTU ODOJIOUKU PaIHNAJIbHAS
BHENIHSS CHJIA. DTa CHJIA JIOJKHA KOMIIEHCHPOBATHCS PAJUaIbHON DaBHOme-
CTBYIOIIEH CHUJI BHYTPEHHHMX HAIIPSKEHUH, AeUCTBYIOINX Ha JIEMEHT O0O0IOUKI
B TAHT€HIMAJIbHBIX K HeMy Halpas/eHuax. COOTBETCTBYIOIEE YCIOBUE IJIACUT:

h
E(Uw’ + 096) = Pr. (1)

DT0 ypaBHEHUE B TOYHOCTH AHAJOIMYHO U3BECTHOMY ypaBHeHUIO Jlanaca, onpe-
JEJSIONEeMY Pa3HOCTD JABJIEHUN JIBYX CpPe[l, CBA3AaHHYIO C AEHCTBYIOIMINM B TIO-
BEPXHOCTU UX Pa3/ieJia IMMOBEPXHOCTHBIM HAIIPAXKEHUEM.

Ilycrs, nanee, Q.(f) ecTb HapaBJ/IeHHAsT BIOJIb MOJISIPHOIR ocu (OCH z) paB-
HOZIEHCTBYIOIIAsi BCEX BHENTHUX CHJI, TEHCTBYIONINX HA YaCTh OOOOYKMU, PACIO-
JIOXKEHHYIO HaJl IIapajuleJIbHBIM Kpyrom 6 = const. DTa cujia J10/IKHA KOMIIEH-
CHUPOBaTHCs MIPOEKIMEN Ha OChb 2z HanpsikeHuil 2w R sin Ohogy, geiicTByOmux Ha
ceuenne 2w Rhsin 6 obostouku mo ykaszanuoit okpyxuoctu. OTciona

2w Rhsin® ops = Q. (). (2)

Ypasuenusivmu (1) u (2) onpenesnsiercs pacipezeeHne HAIPAKEHUH, TOCIe
4gero TeH30p gedopManry HAXOAUTCs 110 (DOpMyIaM

1
Uy = —(Uee—Uwa), Upp = _(U¢¢_0099)7 ugy = 0, (3)
E E
a 3aTeM BEKTOD CMEIIEHUs ¢ MOMONIBIO YPaBHEHU

1(d 1
Ugo = = <% +u7‘> y Upp = E(UG ctg 0 + ur). (4)
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2. Onpenenmuts gedopManyo oI BAXSHUEM COOCTBEHHOrO Beca mosycde-
PUYECKON ODOJIOUKH, PACIIONIOKEHHOM KYIIOJIOM BBEPX; Kpas KyIOIa CBOOOMHO
[IePeMeIaoTcs [0 TOPU30HTAIBHOM onope (puc. 10).

Pemenue. Imeem

P, = —pghcosf, Q.= —2wR*(1—cosf)pgh

(Q- ects nomubli Bec 060m0uKM HaJ OKpyxKHOCTBIO § = const). U3 (1) u (2)
HAXOZIMM

R 1

S 7/ SN (R SR
1+ cosé 1+cosé

ITo dopmystam (3) BEIMUCISEM Upp U Ugg, IIOCIIE YETO U3 ypaBHeHwuit (4) Boraucs-

eM ug U u, (MOCTOSHHAS, BOSHUKAIONMAs TPH WHTETPUPOBAHUU TIEPBOTO U3 3THUX

yDPaBHEHWUIA, onpeessgercs Tak, 4Tobsl npu § = 7/2 6b110 ug = 0). B pesysbrare
TOJTY TUM

R’pg(1+0) [ cos 6
up =

+In (1 + cos 9)] sin 6,

E 14 cosé
2
Up = Rpg(l+0) [1— 2_'-Ucos,0—cos.91n(1+cos6)].
E 140

Buauenne u, mpu § = 7/2 maeT rOPU3OHTATHLHOE CMENEHUE OMOPHI.

Puc. 10 Puc. 11

3. Omnpenesurs pedopmanuio moaycdepudeckoil 060I0UKN € 3aKPeIIeH-
HBIMU KpadMU, pa,CHOJ'IO}KeHHOfI KYIIOJIOM BHU3 H HAIIOJTHEHHOMN KHUIKOCTBIO
(puc. 11); Becom camoit 0GOTOYKM MOXKHO NPEHEOPEYD 10 CPABHEHUIO C BECOM
JKUJIKOCTH.

Pemenue. Wmeem

P, = pogRcosf, Py =0,
0

Q. = 27rR2/Pr cosf sinfdb =

0
(po — mmorHocTh xunkocTn). Hasnee, o dbopmymnam (1) u (2) Haxomum

3
%R—p()g(]_ — COS3 9)

_ R’pog 1 —cos® 0 o — R?pog (=1 + 3cosf — 2cos® 6)
3k sin?9 T 77 3k sin® @ '

g96




90 PABHOBECHUE CTEP>KHEH U IIJIACTUHOK DJI. 11

Jsa cmemmeHuit oIy 9aeTcs

3
ug = _Epog(l+o) sin @ [ cos +ln(1+c056)] ,
3Eh 1+ cosé
3
Up = W [coseln(1+cost9) -1+ ?1:_&06] .

Ilpu 0 = /2 u, ocTaercss KOHEYHBIM, & He O0PAIAETCA B HyJIb, KaK JOJKHO
ObLIO OBITH. DTO 3HAYUT, YTO B JEHCTBUTEIHLHOCTHA BOJIM3U JIMHAW 3aKPEILICHUS
000JI0UKY IIPONCXOIUT HACTOIHKO CHJIBHBIN €e M3rub, ITO IIOIyYIeHHOe PelleHre
CTAHOBUTCSI HEIIPUMEHUMBIM.

4. O6ono4ka B BHE IAPOBOIO CEIMEHTA OMMPAETCS CBOUMH CBOGOIHBIMU
KpasiMU Ha HENOABIKHYIO onopy (puc. 12). Oupenenurs Benuuny ee mporuba
oJ1, IeicTBIEM COOCTBEHHOrO Beca (.

Pemenue. OcuoBuaa nedopmanus mpowuc-
XoauT BO/IM3M KpaeB, OTTUOAIOIIMXCS B CTOPOHY
(mrpuxoBag smama ma puc. 12). Ilpm srom cme-
[IEHNE Uy MAJIO IO CPABHEHUIO C PAJANAJIbHBIM CMe-
menueM u, = (. [lockonbky ( 6bicTpO yObIBAET 110
N , Mepe yaaJaeHud OT JIMHUU ONTOPbI, TO BOSHUKAIOILY IO

. 20 /R nebOpMaIMIo MOXKHO PacCMaTpUBAaTL Kak nedop-

. . MAaIMIO IIOCKON [ymHHON (nyuHbl 27 R sin o) ma-

cruHKU. DTa gedopMarys CKJIAIbIBAETCS U3 W3-

ruba U pacrskeHHs IacTuHkKU. OTHOCHTEIbHOE

PI/IC. 12 YA/IMHEHNE ILTaCTUHKWA B Ka,}K,HOfI €e TOYKEe PaBHO

¢/R (R — pamuyc 060JI0YKH), U NOTOMY SHEPIUs

pacrskenus (ma equnuiy obbema) ecth E¢?/2R%. Beoas B kauecTBe He3aBHCH-

MOI IepeMeHHOU pacCTOdHHe T OT JIMHUU OIODBI, UMeeM JJid IOJHOU SHepruu
PaCTsKEHUS

. hE
Finn = 27rRsmaﬁ f C2 dz.
Dueprus ke u3rnbda ecTb
. WE / <d2< > ?
Fonp = 2nRsina———— — ) dzx
2 24(1 — 02) J \da?
Baposupysa cymmy Fug = Finn + Fonn mo ¢, mOIy<uuM ypaBHEHHe

d'¢ | 12(1-0%)

¢=0.
dz? h2R?
IIpu £ — co ( TOKHO CTPEeMHUTHCS K HYJII0, a Ipy & = () JIOJIZKHBI BBIITOJIHATHCS
TPaHWYHBIE YCJIOBHUSA PABEHCTBA HYJIO MoMenTa cuit: ¢ = 0, m ycjoBue paBeH-

CTBa pa3BUBAIOIIEHCSA NTPU M3TUGE CUJIbI HOPMAJILHOM K TMOBEPXHOCTH OB0OJOYKH
KOMIIOHEHTE CHUJIbl TAXKECTH.
. th m
2rRsina——— (" = Qcosa.
12(1 — 02)
VIOBIETBOPSIOIIEE STUM yCAOBUSIM PEIIEHNE €CTh

¢ = Ae” " cos sz,

L [3(1—02)]1/“ 4 Qotga [3R2(1—02)]1/4
h?R? ’ Eh 8mh3 )
Benauunna mporunba 000I09KHU €CTh
d={¢(0)cosa = Acosa.

rie
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§ 16. KpyueHue cTepkHei

Ilepeiiem Ternepb K W3y4UeHUIo JedOpMalinii TOHKUX CTEPIKHEI .
DTOT Caydail OTJNYIAETCS OT BCEX PaHee PaCcCMAaTPUBABIIUXCS TEM,
YTO BEKTOP CMEIIEHNs U MOXKET OBITh OOJBIINM Jaxke rpu ciaboii

nedopMalim, T. e. IPH MaJIoM TeH30pe u;, ). Tax, mpu caboum cru-
OGaHM TOHKOTO JJIMHHOTO CTEPXKHS €r0 KOHITBI MOTYT 3HATHTETHHO
MEPEMECTUTHCS B TPOCTPAHCTBRE, JayKe eCTH OTHOCUTETHHBIE CMeIle-
HUS COCETHUX TOYEK B CTEPIKHE MAJIBI.

CymectByer 1Ba THMa HedOPMAIHil CTEpYKHEelH, MOTYIIIHX COTPO-
BOXKIATHCST OOBITAM CMEITIEHNeM OTAeNBHBIX dacTeit crep:xkus. O1-
HUM 73 HUX SBJIAETCS W3TUO CTEPXKHS, a BTOPBIM — ero kpyuenue. C
PACCMOTPEHUS ITOTO BTOPOTO CIyIast MBI M HATHEM.

Jedopmanng KpydeHus 3aKII0YAETCS B TOM, 9TO B CTEPXKHE,
OCTAIOIIEMCSI TTPU ITOM TIPSIMBIM, KayKI0e TOMEePEeTHOe CEIeHUe TI0-
BOPAUMBAETCS OTHOCUTENILHO HWXKE JIeJKAIIUX Ha HEKOTOPBLIH yTOJI.
Ecau crepxenb OiuHHBIN, TO Tpu c1abOM KPYUEHUU JTOCTATOUHO
yIaJeHHble APYT OT APYTa CeUeHUs MOTYT TIOBEPHYTHCS HA DOMBIION
yroj. Obpasyromire 60KOBOI MTOBEPXHOCTH CTEPKHSI, TTapAJLIe/bHbIE
€ro oCu, TpuObPETAIOT MPU KPYUIEHUN BUHTOBYIO (DOPMY.

PaccMoTpuMm TOHKHII TPAMOIT CTEPXKEHDb TPOU3BOJIBHOTO CEUEHUS.
Bribepem cucteMy KOOPAWHAT C OCBIO Z BIIOIb OCH CTEPIKHS UM HAYa-
JIOM KOODJWHAT T/e-HuOy b BHYTDPH Hero. BBenem yeon kpyuenus T
KaK yroJl TIOBOPOTA, OTHECEHHBIN K €IWHUIlE JJTWHBI CTEPKHA. ITO
BHAYUT, 9TO JBA DECKOHEYHO OJIM3KUX IMOMEPEYHBIX CEUeHUs, HAXO0-
JISIIUXCS Ha PACCTOSHUY dZ, TTOBOPAYUBAIOTCI JPYT OTHOCHUTETHHO
apyra Ha yron dp = 7dz (tak uro 7 = dy/dz). Cama gedop-
Malusl KPy9eHusi, T. €. OTHOCUTE/IbHBIE CMEIEHUs COCeHUX dacTeil
CTEPXKHS, MPEJIONATAIOTCS MATBIMUA. YCIOBUEM ITOTO SIBISETCS Ma-
JIOCTh OTHOCHUTE/ILHOTO TIOBOPOTA, CEUEHUH, YAATEHHBIX BIOIb JIJINHBI
CTEPIKHS HA PACCTOSHUS MOPSIIKA €T0 TIOTIEPETHRIX pa3MepoB R, T. e.

TR < 1. (16.1)

PaccMoTpuM HEOGOMBIMYO 001aCTh JJIMHBI CTEP:KHsI BOJU3W Ha-
JaJjia KOOPJUHAT U ONPEIEJIMM CMEIIEeHUsT U TOYEK CTEPXKHS B ITOi
obsactu. B kagecTBe HECMEIIEHHOTO BHIOEPEM TIOMIEPETHOE CEeUEHUE
CTEeP2KHSA B KOOPAWHATHON IJIOCKOCTH ZY. KakK M3BECTHO, NpH TO-
BOPOTE PAJANYC-BEKTOPA I' Ha MaJbIil yroa J¢ CMENeHre ero KOHIA
oTpeneisieTcss (POPMYJIOit

dr = [der], (16.2)

rjie §¢p — BEKTOP ¢ abCOMIOTHON BEJTMYMHON, PABHON yIJIy MOBOPOTA,
HaIIPaBJICHHBII BIOJIbL OCU, BOKPYT' KOTOPO IIPOU3BOAUTCA IIOBOPOT.

!) UckmrouenmeM siBisieTcs: TONBKO IPOCTOE PACTSYKEHHE CTEPXKHs 6€3 M3Me-
HeHus ero GpopMel, — mpu c1abOM PACTIKEHUN HAPSLY C TEH30POM U;j, BCEra
MaJI TaKXKe U BEKTOD U.
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B namewm ciiydae moBopoT mpoM3BOIUTCS BOKPYT OCH 2, TPUYEM /I
TOYEK C KOOPJAWHATOHN Z Yol IOBOPOTA OTHOCHUTEBHO TIJIOCKOCTH TY
paseH Tz (yroa 7 B obsiacTy BOIM3M HaYA A KOODIAMHAT MOXKHO Pac-
cMaTpuBaTh Kak 1ocTosiHHBIN). @opmyna (16.2) maer remepsb st
KOMIIOHEHT Uy, Uy BEKTOPa CMEIIeHHs

Uy = —TZY, Uy = TZT. (16.3)

[Ipm kpyueHwn CTEPXKHS €ro TOYKH UCIHBITHIBAIOT, BOOOIIE TOBO-
ps, TakxKe u cMeleHue Baojab ocu 2. [lockombky mpu 7 = 0 310
CMEIIeHne OTCYTCTBYET, TO TIPW MAJBIX T €ro MOXKHO CIHTATH TIPO-
MTOPIMOHAJIBHBIM 7. TakuM 0Opas3oM,

uz = 7h(3,y), (16.4)
rae 1 (z, y) — Hekoropasi (DYHKIMsS OT T U Y, HasbiBaeMast Pynryued
kpynerus. B pesyabrare onuckiaemoit opmynamu (16.3) u (16.4)
nepopMaIiy KazkJ0e MOMepedHoe CeYeHne CTEPXKHs TMOBOpAYUBa-
eTcsi BOKPYT OCH Z, OJIHOBPEMEHHO WMCKPUBJISISCh, MepecTaBast ObITh
mockuM. Cremyer 3aMeTuTh, 9TO, BHIOPAB OMpejieIeHHbIM 00pa3oM
HAYaJI0 KOOPAWHAT B IJIOCKOCTH XY, MBI T€M CaMbIM «3aKPerLIseM»
OTIPeJIeJIEHHY 0 TOYKY CEeYeHMsl CTEPIKHSA TaK, YTO OHA HEe CMEIaeTCs
B 9TOH TJIOCKOCTHU (CMEIasiCh, OIHAKO, BJOJIb OCU Z); U3MEHEHUEe Bbl-
6opa Havaaa KOOPAUHAT HE OTPA3UJIOCH Obl, PA3yMeercs, Ha CaMoOi
nebopMaluy KpydueHusl, IPUBEJIs JIUIIb K HECYIIeCTBEHHOMY OO0IIe-
My CMEIEHHUIO CTEPKHS KaK [EI0T0.

3Has U, MOXKHO HANTH KOMIIOHEHTHI Ter3opa medopmarmu. 11o-
CKOJIbKY U B PacCMaTpUBAEMOli 00/1acTH MaJio, TO MOXKHO BOCIIO/Ib-
30BaThCA POPMYJION U, = L (ﬁ + ux

2 \ Oz ox;

Uggy = Uyy = Ugy = Uzz = 0,

taz = % (Z_i) B y) y o Uyz = %(Z_Z) +:13). (16.5)

Ob6paraeM BHEMaHue Ha TO, 9T0 uy = 0; ApyruMEH CIOBaMHU, KPY-
JeHne He COMPOBOXKIAETCsT N3MEHEHHEM 00beMa, T. €. MPeJCTaBJIsIeT
coboit medopMaInio YUCTOrO CIBUTA.

JList KOMIIOHEHT TeH30pa HAPSKEHUN HAXOIUM

). B pesysibraTe HaxXOAMM

Ogy — Oyy — Ozz = Ogy — 0,

9 9 (16.6)
Opy = 204Uy, = 4T (a_i}_y) ) UyzZQNUyz:ﬂT(a_Z}‘i'x)
(31€Ch ya00HEE MOMB30BATLCS MOJIYJeM CABUTa i BMecTo E u o).

IToCKOIBbKY OTJIMYHBI OT HyJISI TONBKO Oy, 1 Oy, TO OOIINE ypaBHEHNUSsI
pasHoBecusi Jojk,/0x = 0 CBOASTCS K yPABHEHUIO

00:0 | 00y _
ot =0 (16.7)
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IMoxpcrasus croga (16.6), Mbl HadigeM, 9T0 (DYHKIUS KPYUIEHUs TOJI-
JKHA, YJIOBJIETBOPSATH YPAaBHEHUIO

Aty =0, (16.8)

e A — aBymepHBIH omeparop Jlammaca.
Heckonpko 6ostee ymobHO, OmHAKO, TMOIB30BATHCA APYTOH BCIIO-
MoraTeabHOl dyHKuuei x(z,y), onpenesnsemMoii paBeHCTBAMY
_ 9x _ .
Ogz = 2M7-8_y, Oyz = _2NT(9_$’ (16.9)
JUUIST 9TOM (DYHKIUY TIOJTy 9ar0TCst 6osiee yao0HbIe FPAaHIUYHbIE YCIOBHS
Ha KOHTYype ceuernust crepxkus (cM. Huxke). Cpasuus (16.9) ¢ (16.6),
MOy UM
oy ox  0¢ ox
— =y+2=2 —=—5—2= 16.10
ox 4 oy’ dy ox ( )
Juddepennupys mepBoe paBeHCTBO IO §, BTOPOE 1O & U BBITUTAS
OJTHO W3 APYTOrO, TONYIUM /s (DYHKIMHN X CJIeyIoliee ypaBHeHMe:

Ay = —1. (16.11)

s onipesiesieHust TPAHUIHBIX YCIOBUN HA TIOBEPXHOCTH CTEPIK-
Hs 3aMedaeM, 9TO Oarogapst Majaoil TOJIUHE CTEPXKHS TeHCTBYTO-
e Ha ero GOKOBYIO TIOBEPXHOCTH BHEITHHUE CHJIBI MAJIBI IO CpaBHE-
HUIO ¢ BO3HWKAIOMIMMU B CTEPIKHE BHYTPEHHUMY HAMPSIKEHUSIMA W
HOTOMY MOTYT ObIThH TOJIOXKEHBI (IIPU OTBICKAHUU TPAHUYHBIX YCI0-
BUii) PABHBIME HYJII0. DTO 00CTOATENHCTBO B TOYHOCTH AHAJIOIHMYIHO
TOMY, 9TO MBI UMEJIN TIPU PACCMOTPEHUHN U3TNOA TOHKUX TLIACTHHOK.
Takum obpasom, Ha OOKOBOH MOBEPXHOCTH CTEPXKHS JIOJKHO OBITH
oikng = 0; IOCKOJIbKY OCh z HAIIPABJIEHA 10 OCH CTEPXKHS, TO BEKTOP
HOPMaJIH N UMEET TOJBKO KOMIIOHEHTHI 7z, Ty, TAK 9TO HAMCAHHOE
ypaBHEHHE CBOIUTCS K YCIOBHIO

Oy + Ozyny = 0.

IMoacrasasas crona (16.9), morydaem

a—xngC — 8—Xny =0.
dy ox
Ho KOMIIOHEHTBI BEKTOpa HOPMaJIM K ILIOCKOMY KOHTYDY (KOHTYDY
dy

dx
CceuyeHus CTep>KH5{) PaBHBI N1y = Ny = R rae r, Yy — KOOpAuHa-

S
ThI TOUEK KOHTYPA, a dl — sement ayru. Takum ob6pasoM, mosydaeM

ax ox

2dr+ Z2dy=dy =0

oz + Dy Y X ,

OTKyZa X = const, T. €. HA KOHType cedeHusi (PYHKIINA X ITOCTOSIH-

ua. [TockonbKy B onpesenenus (16.9) BXOAAT TOIBKO IPOU3BOIHBIE
oT (PyHKIHUH X, TO SICHO, ITO K ITOM (PYHKIIUU MOXKHO TPUOABIATH
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JII0OYIO TOCTOSAHHYI0. ECN KOHTYD CeYeHUs OTHOCBSA3€H, TO MOXKHO,
CIeI0BATEIbHO, 0663 BCAKOTO OIpaHHYEHUs] OOIIHOCTH IIOJOXKHUTH Ha,
HEM B Ka4eCTBe IPAHUIHOIO YCAOBUS K ypaB-

nenmio (16.11) 1)

G, X
c x = 0. (16.12)

B caydae e MHOTOCBSI3HOTO KOHTYPa X
@ @ OyZeT MMeTh Pa3JUvHble TTOCTOSHHbIE 3HaTe-
C HUS Ha KaKJIO# M3 3aMKHYTBIX KDPHUBBIX, CO-
CTABAAIONINX KOHTYD. IlosTOMYy mOMOXKUTL Y
PaBHBIM HYJIIO MOXKHO OYJEeT JIUIIb Ha OTHOMN
13 9TUX KPUBBIX, HAIIPUMED HA BHEIITHEM KOH-
type (Cp wa puc. 13). 3Havyenus xke x Ha
OCTAJbHBIX YaCTAX KOHTYPA OMPENesIITCs U3 YCJIOBHUS, SBIAIONIETO-
Csl CJIEAICTBUEM OJIHOBHAYHOCTHU CMeIeHus u, = 7(x,y) KaK GyHK-
uu KoopauHat. ViMenHo, BBUY OHO3HATHOCTH (DYHKIIUU KDY ICHWST
Y (z,y) narerpan or ee nuddepenimana dip 10 3AMKHYTOMY KOHTY-
py nomker ObiTh paeH Hyso. C momomipro coorHomenuii (16.10)
UMEEM TTOITOMY

¢ (% Way) =
fdzp—?{(amdx—i— aydy)
= —2}4 (a—xdy— a—Xd:r> —j{(xdy—ydx) =0,
oz oy

X g1 = —8, (16.13)
on

rie Oy /On ecrb pousBoaHas (DYHKIMU X 10 HAPABJICHUIO BHEIIHEe
HOPMaJI K KOHTYPY, & S — 0XBaTHIBAEMAsT STUM KOHTYPOM TLIOIIAT.
IMpumenss (16.13) k kaxnoit u3 3aMKHyTBIX KpuBbiXx C1, Co, ... , MbI
U TIOJIyYUM MCKOMBIE YCJIOBUS.

OmpenennM  CBOOOMHYIO SHEPTHUIO MOABEPTHYTOTO KPYUIEHUTO
crep:xud. s sHeprun eInHUIB 00beMa nMeeM

1
Cs

Puc. 13

njin

F = Ok Uik

1/ 9 2
S = Oxzlize + Oy Uy, = Z(am + ayz)

1) Bamaua 06 onpezenernu pedopmManuy KpydeHus no ypapaenuto (16.11) ¢
rparmaHbIM yeaosueM (16.12) dbopmanbHo coBmamaeT ¢ 3amadeii o6 onpeaenenun
(%?lpégm nporuba paBHOMEPHO HArpPY?KEHHOM IJIOCKOH MeMOPAHBI 110 Y PAaBHEHHUIO
( ITonesno 3ameTuTh TakXkKe IUAPOSUHAMUAYECKYIO AHAJIOTHIO: YPABHEHHEM BIIA
(16.11) ompenensiercst pacupejeseHue CKOpocreil v(x,y) BA3KOH KUIAKOCTU I10
ceuenmio TpyObI; rparmaHoMy yenosuio (16.12) coorsercTByer yenosme v = () Ha
HEIOIBUKHBIX CTeHKax Tpy6sb (em. VI, § 17).
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u, mojcrassst croga (16.9):

F=or?|(2)"+ (2)] = 2ur(v02

e V o3HAYAeT JABYMEPHBIN TPaIHEHT. DHEPTHUs KPYJIeHUs, OTHe-
CeHHad K eIMHUIle JJIMHBl CTEePKHS, IIOJIyYUTCHA OTCI0Ha UHTEIPUPO-

BAaHUEM II0 ILIONIAJIN TONEPEYHOro ceuennus, T. e. papua C12/2, tie
koapdutnment C' paBen

C=4p [ (VX)*df

Bemmunny C' Ha3bIBAOT Kpymuasbnot scecmrocmoviro crepxkus. [Tos-
Hag yOpyTas SHEPIUs CTepyKHd paBHA WHTETPAIY

Fer = %fcﬂ dz, (16.14)

B3ATOMY TIO €r0 JIJIUHE.
Hanucas

(Vx)? = V(xVx) — xAx = V(XVx) + x

¥ TIpeobpasys WHTErpaJ OT MEPBOr0 WIEeHa B WHTErpas M0 JIMHUU
KOHTYpa CEUYEeHUs CTEPAKHS, IOy IUM

C= 4u7{X8—X dl + 4ufxdf. (16.15)
on

Ecim KOHTYD Ce4dYeHud OAHOCBLA3EH, TO BBUAY I'PAHUYHOIO YCJI0OBUA
x = 0 TepBbIil 4IeH UCYe3aeT U OCTACTCH

C = 4uf x dz dy. (16.16)

s MHOrOCBsI3HOM ke rpanuipl (eM. puc. 13), monoxus x = 0 Ha
BHerrHeM KOHType Cp 1 0003HAYMB depe3 Y MOCTOSHHDbIE 3HAYCHUS
X Ha BHyTpeHHUX KOHTypax Cf, nojgyuum ¢ momorpio (16.13)

C= 4MZXkSk +4u f x dz dy (16.17)
k

(cieryer TOMHMTH, 9TO HPW HWHTErPUPOBAHWM B TMEPBOM UjeHe B
(16.15) kouTyp Cy 06xX0aUTCsE B IPsIMOM, & KOHTYD C) — B 06paTHOM
HAIIPABJICHNUSIX ).

Paccmorpum manbostee oOBIYHBIN CIydait KpydeHus, KOTIa, OJWH
73 KOHIOB CTEPYKHS 3aKPETLIEH HEMOIBUKHO, 8 BHEITHUE CUIBI TTPHU-
JIOZKEHBI TOJTHKO K TMOBEPXHOCTU IPYTOTO €r0 KOHIA. JTU CHJIBI Ta-
KOBBI, 9TO MPOMU3BOIAT TOJIBKO KPYUEHWE CTEpPXKHsS 0e3 Kakoil OBl
TO HM OBLIO Ipyroit ero medopmannu, Hampumep udruba. Apyrumu
CJIOBAMM, OHU COCTABJSIIOT HEKOTOPYIO Mapy CHJI, 3aKPYUIUBAIOIIY IO
CcTep:KeHb BOKPYT ero ocu. MomenT 3To# maper obo3nadum gepes M.
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EcrecTBeHHO 02KUIATH, YTO B TAKOM C/Iy4ae yroJl KPyJYeHusl T M0-
CTOSIHEH BJIOJIb JIJTMHBI CTEPXKHs. B 9TOM MOXKHO yOeauThCsl, HAIPHU-
Mep, W3 YCIOBHUsl MUHMMYyMa MOJHON CBOGOIHON SHEPIUM CTEPIKHS
B pasHOoBecun. [losHast sueprus 1e>OPMUPOBAHHOIO CTEPIKHS DaB-
Ha cymme Fep + U, tne U — moreHnnaabHas SHEPTud, 00YCI0BIIEH-
Hag jeificreuem BHemHux cuit. [loxcrasisas B (16.14) 7 = dy/dz n
BapbUPYs 110 YLy ©, HAXOJAUM

1 dp)? _ [ pdedsp _
52/c(dz) dz+5U—/Odz 9% 4z +0U =0,
WU, UHTEIPUPYS TI0 YaCTIM,
—/Cfl—r&pdz +0U + Crégp = 0.
YA

B mocnemmem wnene cieBa bepercd pa3HOCTh 3HAYEHW HA Mpeerax
WHTETPUPOBAHNS, T. €. Ha KOHIaX crepxkus. OIuH U3 9TUX KOHIIOB,
CKaykKeM HIKHWUM, 3aKperyieH Tak, 910 Ha HeMm d = 0. UTo Kacaer-
ca Bapuannu U TMOTEHTIHATBLHOM SHEPTUH, TO, B3ATAA ¢ OOPATHBIM
3HAKOM, OHA IIPEICTABJIAET CODO paboTy BHEITHUX CHJI IPHU MOBO-
pore Ha yroa d. Kak m3BECTHO M3 MEXaHWUKHU, paboOTa TapbI CHII
IPU TaKOM TOBOPOTE paBHA Mpom3BemeHuio Mdp yria moBopoTa Ha
MOMeHT mapbl. [IoCKOTBKY HUKAKWX APYTUX BHENTHUX CHJI HET, TO
0U = —Mdp, n Mbl IOIydaeM

/C;ll&p dz + 8p(—M + Cr) = 0. (16.18)
z

Bo BTopom unene Geperca ero 3maueHue Ha BepxHeM mpenese. B
uHTErpaJse mo dz Bapuarys 0 TPOU3BOJIbHA, & TOTOMY JIOIKHO OBITH
Cdr/dz =0, . e.

T = const. (16.19)

Takum 00pa3oM, yroj KpydeHHsl HOCTOSHEH BIOJIb BCEH JIMHBI
crepxkus. [ToHBI yroa MOBOPOTa BEPXHErO OCHOBAHUS OTHOCUTE b
HO HMZKHETO PaBeH I03TOMY IIPOCTO TPOU3BEIEHUIO Tl yriaa T Ha
JJIAHY | CTEepPyKHS.

B ypasuenun (16.18) gonkeH ncuesHyTh TaK:Ke U BTOPOIl 9JIeH.
OTcroma HaXOmUM CJIEIyIOIee BhIPaXkKeHue JIg ITOCTOSHHOTO YIJIa

KpYy4eHUs:

M
=M 16.2
T=2 (16.20)

3amauu

1. Omnpenenuth KPyTUIBHYIO JKECTKOCTh CTEPMKHS C KPYTOBBIM CedeHHEM
(pamuyca R).
emenue. Pemenus 3agad 1-4 popMaspHO COBIAIAIOT C PENICHUAMY 3a-
189 O JBHXKEHHM BSI3KOH KUIKOCTH B TPYDE COOTBETCTBYIOWIErO CeueHHsi (CM.
npumed. Ha ¢. 94); KoamuecTBy () MpoTeKalomell Yyepes ceuenue TpyObI KHIIKO-
CTH COOTBETCTBYeT 37ech BeamuauHa C.
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g cTep:KHA KPYyTOBOTO CedeHHs mMeeM (Hagajio KOODIWHAT B IEHTPE Ce-
YeHU )

X = i(R2 —2?—y).

Kpyrunpuas xectkocTs:
prR*
2

g Gyaknuu 1 nomyaaem u3 (16.10) ¢ = const. Ho mocrosianag v cooTser-
cTByeT, coryiacHo (16.4), TPOCTOMY CMENIEHUIO CTEPKHS KaK 1eJI0r0 BAOJIb OCH Z,
IIO9TOMY MOKHO CIHTATh, IT0 ¢ = 0. Takum 06pa3om, monepednsie CexeHus KPy-
TOBOT'O CTEPYKHS IPHU KPYUEHUN OCTAIOTCS IIJIOCKAMHU.

2. To ke mIs CTEPKHSA LIANTHIECKOTO cedernus (momyocu a u b).

Pemenue. KpyrunbHas KeCTKOCTb:

C =

313
a’b
C=mp———.
a? + b2
PacnpeiesieHne Ipogo0JIbHBIX CMEIIEeHUH JaeTcst (DYHKIMeH KpyeHus :
b2 —a?
Y= ——uy
b2 +a

(ocu KOOpPIMHAT HAIIPABJIEHBI IO OCAM 3JLIATICA).
3. To ke A1 CTEPKHS C CEUCHUEM B BUJE PABHOCTOPOHHETO TPEYTOJbHUKA
(myMEA CTOPOH a).
Pemenue. KpyrunbHas KeCTKOCTH:
C= ﬁ pat.
80

OyHKIMSA KPYIeHNs
1
¥ = —y@V3+y)@V3-y),

[IpUYeM HaYaJI0 KOOPIAMHAT BHIOPAHO B IIEHTPE TPEYIOJIbHUKA, & OCh T COBIAIAET
C OJTHOM U3 €ro BBICOT.

4. To ke s CTEPXKHs, UMEIONIEr0 BUJL JIMHHON TOHKON IJIACTUHKY (IIv-
puna d, Tommuna h <K d).

Pemenmne. 3amaga 3KBUBaJICHTHA 331a9€¢ O TEUCHWM BA3KON JKHUIKOCTH
MeXKJy IJIOCKOIIApaJIIeIbHBIMU CTeHKaMu. Pe3ysibrar:

dh?®
c=E
3
5. To xe JyIsi TATMHAPUIECKON TPyObl (BHYTPEHHWIA W BHEITHUHN DAIMyChl

R1 n Rz)
Pemenue. ®yuxuusa

1 2 2
= Z(R? —
X 4(2 r7)

(B MONIAPHBIX KOOpAMHATAX) yAOBAeTBOpseT ycaosmio (16.13) Ha obenx rpanunax
KOJIbIIEBOTO ceueHus TpyObL. 1o dbopmyne (16.17) Haiigem

T 4 4
C= EM(RQ - Rl)
6. To ke 7151 TOHKOCTEHHON TPYOBI IPOU3BOJILHOIO CEYEHUS.
Pemenue. Bsuay ToHKOCTH CTEHKH TPYOBI MOXKHO CYUTATH, YTO HA IPO-

TSKEHWH ee MIUPUHBL h GYHKIUS XY MEHSEeTCs OT HyJIsl Ha OJHOM CTOPOHE 10 X1
Ha JPYToil 110 JmHeiHOMY 3aK0HY X = X1Y/h (y — KOOpAMHATA BIIOJIb TOJIIMHBL

4 JI. . Jlannay, E.M. JIudmun, Tom VII
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crenkn). Torma ycnosue (16.13) maer x1L/h = S, tne L — nymna nepumeTpa ce-
yeHud TpyOBI, a S — OXBaThbIBagMas UM ILIOMAIb. B Bhipaskenun (16.17) BTopoii
qJIeH MaJl 10 CPABHEHUIO C TIEPBBIM, W MbI IOy daeM
4hS%p

T

Ecau tpy6y pazpesarh mpogobHO IO OZHOM M3 ee 00pPa3yIONIUX, TO KPYTHUJIb-
Hasl KECTKOCTh PE3KO YMEHbBIUIAETCs, CTAHOBACH PABHON (COIIACHO PE3YJIbTATY

samaun 4) C = pLh®/3.

C =

§ 17. NI3rud crepkHeii

B uzorayToM crep:kHE B HEKOTOPBIX MECTaX €ro MPOUCXOIUT Pa-
CTsIPKEHUE, a B IPYIuX — cxkarue. PacTsHyTHI JIMHUKM HA BBITYKJIOM
CTOPOHE M30THYTOI'O CTEPYKHS, & HA BOI'HYTOW CTOPOHE ITPOUCXOIUT
ckatue. Kak u B ciiyvae miacTUHOK, BIIOJIb JIJIMHBI CTEPXKHS BHYTPH
HET0 CYIIECTBYET «HEHTpaIbHAs» MOBEPXHOCTH, HA KOTOPOU HE Mpo-
HUCXOMWUT HU PaCTszkenwust, Hu cxkatus. OHa oTaenser coboit obmactn
cKaTus OT 00J1acTell PACTSKEHMS.

Haumem ¢ wmccmemoBammsa medopmanmm m3ruba B HEOOIBIIIOM
y4acTKe JJINHBI CTEPXKHS, B KOTOPOM H3TU0 MOYKHO CUNTATH CJIabbIM;
110/1 cJ1abbIM MBI TIOHUMAEM 3/1eCh U3THO, TTPU KOTOPOM MaJl He TOJhKO
Ten30p jgedopmaluu, HO U aDCOIOTHAsST BEJIMYNHA CMEIIEHUN TOYeK
crepxkHs. Boibepem cucremMy KOOpAMHAT C HAYAJIOM B HEKOTOPOIA TOY-
Ke HeHTPaIbHOI NOBEPXHOCTH BHYTPH PACCMATPUBAEMOI'0 yYaCTKA
crepxkust. Och z HapaBuUM TapaJjlIeIbHO OcHu CTepKHs (Heaedop-
MUPOBAHHOI0); U3rUO MyCTh MPOUCXOAUT B IIOCKOCTH 2. [Ipu cia-
O0M M3rHOAHWY CTEPIKHSI MOXKHO CUUTATH, 9YTO U3rUO MPOUCXOIUT B
OJTHO# TIJIOCKOCTH. DTO CBSI3aHO C M3BECTHBIM U3 AuPepeHInab-
HO TeoMeTpun 0OCTOSITEILCTBOM, 9TO OTKJIOHEHUE CI1ab0 W30THYTOM
KPUBO#i OT TJIOCKOCTH (TaK HA3bIBAEMOe ee KPy4eHHe) SBJISeTCs Ma-
JIOA BEJIMYMHOHN BBICUICIO MOPAJKA 110 CPABHEHUIO C KPUBU3HOM.

AHATOTHIHO TOMY, 9TO MBI UMEJN B CIydae M3rnda MIaCTHHOK
U Kpy4eHUs CTep:KHEH, n mpu u3rube TOHKUX CTEpPXKHEHl BHEITHUE
CUJIbI, NIeHCTBYIOINIME HAa DOKOBYIO MMOBEPXHOCTH CTEDXKHSI, MAaJbl 110
CPABHEHWIO C BO3HUKAIOIIUMU BHYTDPH CTEDKHS HAINPIKEHUSAMU, U
[pU OIPEJIEJIEHNN T'PDAHUYHBIX YCJIOBUIl HA 3TON MOBEPXHOCTH HX
MOKHO CYUTATL PABHBIMHU HYJII0. Takum oOpa3oMm, BIOJbL Bceir 00-
KOBOH TIOBEDXHOCTU CTEDPXKHS nMeeM o;xng = 0, WM, ITOCKOJIbKY
n, =0,

OgaNg + Ogyny = 0

¥ QHAJOTUIHO JJIst ¢ = ¥, 2. BbibepeM Takyio TOYKY HA KOHTYpPe
MOTIEPETHOTO CEUEHUsT CTEPKHS, B KOTOPOH HOPMAJb N HAMTPABJIECHA
mapaJTeTbHo och x. JIpyras Takas e TOUKa UMeeTCs TIe-HuOy b Ha
IPOTUBOIIOIOKHOI cTOpoHe KOHTypa. B obenx sTux Toukax n, = 0,
U 13 HAIMCAHHOIO BBIIIE PABEHCTBA UMeeM 0z, = 0. Ho mockonbky
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CaMbIfl CTEpyKEHb TMPEIOIaraeTCss TOHKUM, TO, €CJIA Oy, WCUYE32ET
Ha JBYX CTOPOHAX €r0 CEYeHHUs, OHO MAaJO W BJOJb BCErO CEYEHWs,
TaK 9TO MOYKHO TOJIOXKUTH 0y = 0 BO BCeM crepxkHe. AHaaormd-
HBIM 00pa3oM y6exkjaeMcst B TOM, 9TO BCe KOMIOHEHTHI TeH30pa Ha-
MPSKEHUH JOJIKHBI OBITH PABHBIMHU HYJIIO, 38 UCKJIIOYEHUEM TOJTBKO
KOMIIOHEHTBI O ,,. JpyruMu cioBaMu, mpu M3rube TOHKOTO CTEPK-
Hs1 OOJIBIIION SIBJISIETCS TOJBKO PACTATMBAMONIAs (UM CXKUMAOIIA)
KOMITOHEHTa, TeH30Pa BHYTPEHHUX Hampskennit. ledpopmarust, B Ko-
TOPOH OTIMYHA OT HYJIST TOJTHKO KOMITOHEHTA, 0, TEH30pa HApPsIKe-
HUH, eCTh He 9TO WHOe, KaK 1edOPMAITHa TPOCTOTO PACTIKEHIS TN
ckarus (§ 5). Takum o6pa3oM, B KazKJIOM 3jeMeHTe 00beMa U3ru-
6aeMoro CTepzKHs IPOUCXOJUT MIPOCTOE PACTsZKEHHe (MM CoKaTHe).
Camast BEJTMYMHA 9TOTO PACTSKEHUS, KOHETHO, PA3JINYHA B PA3HBIX
TOYKAX KayKJOT0 U3 MOMEPEYHbIX CEYEHNH CTEPIKHS, YTO U MIPUBOIUT
B pesysibTaTe K W3ruby BCEro CTEPIKHS.

Jlerko omnpenennTh BEIUYWHY OTHOCUTETHHOIO PACTSMKEHUs B
KaxKJI0# TOUKe cTepKHsI. PaccMOTpUM KaKOH-HUOY b SJIEMEHT JI/THHBI
dz, mapaJiIeIbHBIN OCH CTEPXKHS W HAXOJSIIUICS T/e-HuOy b BOIH-
3u Havasa KoopauHaT. IIpu m3rubaHum CTEp:KHS JauHa dz u3Me-
HUTCS, CIETaBIINCh paBHOi dz’'. Hem3aMeHHBIMEI OCTAIOTCH TOMBKO Te
9JIEMEHTHI JIJIUHBI, KOTOPBIE PACIIONOKEHBI Ha HEATPaJbHOM MOBEpX-
moctu. [lycts R ecTh paanyc KpUBU3HBI HEHTPATBHON MTOBEPXHOCTH
BOIM3Y Hadasa KoopauHat. Jaunbl dz u dz’ MoxKHO paccMaTpuBaTh
KaK 3JIEMEHTHI TyTW OKPYKHOCTEH C PAINyCaMu COOTBETCTBEHHO R 1
R+, Tie x — 3Havenne KOOPAWHATEHI & B TOUKE, B KOTOPO# BHIOpAH
anement dz'. Tloaromy

dz = R;xdz: (l—i—%) dz.

OTHOCHTEIbHOE yTMHEHNE PABHO, CJE0BATEIHHO,
dz' —dz =«

dz R

C apyroit CTOPOHBI, OTHOCUTEILHOE YIIMHEHUE JIEMEHTa, JIJIHHBI
dz paBHO KOMIIOHEHTE U,, Ter3opa gedopmaruu. CiemoBaTeibHo,

x
Uyy = —. 17.1
: (17.1)
MBI MOXKEM HaIUCaTh TENePb O, BOCIOIB30BABIIACH HEOCPE-
CTBEHHO COOTHOINIEHUEM 0,, = KU ,,, UMEIOIIM MECTO IIPHU TPOCTOM
pactskernn. Takum obpazom,

Opy = %E. (17.2)

Jlo cux TOp eIne pacmoaoXKeHWe HEeWTPAJIbHON MTOBEPXHOCTH
B HM30THYTOM CTEPXKHE OCTaBaJIOChH HEONpPeeeHHbIM. Kro MOYKHO
OTIPEJEINTD U3 YCIOBHUS, YTO PACCMATPUBAEMAad HAMU 31eCh aedop-
Malns AO0JKHA, MPEICTABIATE COO0i dnCThIil m3rnb, 6€3 KaKoro ObI

4%
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TO HU OBLIO OOMIEr0 PaCTSAXKEeHUsT WM CKATUs CTep:KHs. J[1sg 3roro
MOJTHAsA CHUJIa BHYTPEHHUX HANPSKEHWi, JefCTBYIOMAas Ha Momeped-
HOE CeYeHue CTEP:KHs, JOJKHA ObITH PABHOW HYJIIO, T. €. JOJKEeH
HCYe3aThb MHTEr'paJl

f Ozz df )

B34TBIA 10 9TOi moBepxHOCTH. B cBsA3u ¢ Bhipaxkenuem (17.2) st
0y 9TO MPUBOJUT K YCIOBUIO

[zdf =o0. (17.3)

C npyroit CTOpOHBI, MOXKHO BBECTH MOHITHE O TEHTPE WHEPIIUN
CeUeHms CTEPXKHS, KaK O TEHTPE WHEPIINH OTHOPOTHOTO TLITOCKOTO
JIMCKA COOTBETCTBYIOIIEH dpopmMbl. KOOpAUHATHI 9TOTO MEHTPA:

[wdr [ yar
, .
Ja o [
Takum o6paszom, yciosue (17.3) o3Hagaer, 9T0 B CHUCTEMe KOODIAUHAT
C HAYaJIOM, JIE’KAIIMM Ha HEHTPAIbHOHN MOBEPXHOCTH, L-KOODIHUHATA
LIEHTPA WHEPIUHU CeYeHUsi CTePKHs paBHA Hy 0. Apyrumu cioBamu,
HeATpasbHas TTOBEPXHOCTb ITPOXOUT Yepe3 IEHTPbl WHEPIUH TTOIe-
PEeYHBIX CeYeHUl CTEePXKHI.
IToMuMO U, OTIIMYHBI OT HYJIS €Ille ABE KOMIIOHEHTHI TEH30DA e~
dopmanyu, Tak KaK IPU IPOCTOM PACTIXKEHUH UMEEM Ugpy = Uyy =

= —0U,,. 3Has TeH30D JedOpMAaINK, JIET'KO HANTH TaKyKe W CMEIIe-
Hug Touek. Ilnumem:

Ou. x Oug Ouy ox
uzz = = -, _—= =,
0z R oz y R
ou ou ou ou ou ou
= =0 T4+t =0, =2+ -—==0.
0z + oz ’ dy oz T 9z y

WaTerpupoBanue 3TUX COOTHOMIEHUN TPUBOJINUT K CJIEIYIONIUM BbI-
PaKeHUAM J1j1s1 KOMIIOHEHT IlepeMelleHns:

1 T Tz

Uy = _ﬁ[ Zho(a?—y?)], uy = —afy, u = 2 (17.4)
ITocTossHEBIE MHTErPUPOBAHKSA TIOJOKEHBI PABHBIMU HYJIIO; 9TO 3Ha-
YT, 9TO MBI 3aKPEIIAEM B MPOCTPAHCTBE MOJIOKEHNE HATAIA KOOD-
JIMHAT.

U3 dbopmya (17.4) BugHO, 4TO TOYKHU, PACIOIOKEHHBIE B IIOME-
PEYHOM CeueHuHn z = const = zp, mocsie u3ruba 3aroJHSAIT TTOBEPX-
HOCTH

z=z0+uz=z0<1+%).

MpbI BHAMM, 9TO B PACCMaTPUBAEMOM MPUOJIMKEHUN CEYEHUs OCTa-
I0TCsi TPU M3rube TJIOCKUMU, JIWIIh TTOBOPAYUBAsCh HA HEKOTOPBIi
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YIOJI OTHOCHUTEJIHO CBOErO II€PBOHAYAIBHOrO mosoxkeHus. Popma
YK€ CEYEHMsI MEHSIETCS; TaK [PU M3rHOe CTeprKHs MPsIMOYTOJIBHOIO
cedyenus: (o cropoHamu a u b) GOKOBBIE CTOPOHBI KOHTYDA CEYCHUST
y = £b/2 mocse n3ruba 3aHUMAIOT MOTIOKEHWST

—4b —4b(p_c=
y_i2+uy_i2(1 R)’

T. €. CTAHOBSAITCS HAKJIOHHBIMHI, OCTABAsICh MPAMBIMU. Bepxusia ke u
HUZKH$AST CTOPOHBI & = £a/2 u3rubatTcs B napaboIndecKue KpuBbie
(puc. 14):

— _qo_ L[ (ﬁ_ 2)]
ac—:|:2—|-ua;—:|:2 2R[0+0 T V)]

CBobojHAsT SHEPTHS €IUHUIILI 00beMa CTEPIKHS:

OikUik — OzzUzz — E-’tz
2 2 2R?’
Murerpupyst mo BceMy MOMEPEIHOMY CEUEHUIO CTEPXKHSI, TMEEM
E f )
— | z“df. 17.5
L[ (175)

DTO ecTh CBODOAHAST SHEPTUS eIUHHUIBI TJTHHBI W30THYTOTO CTEPKHS.
Paguyc xpusuzubel R omnpeneneH 31ech Kak -
PaanyC KPUBU3HBI HEATPAJIbHON IOBEPXHOCTH. A b
Ho B cuny TonkocTu creprkHs 3/1€Ch C TO 2Ke
TOYHOCTHIO R MOYXKHO CUMTAThH MPOCTO PAHUY- - ~
COM KPUBHU3HBI CAMOI'0 M30T'HYTOI'O CTEPXKHS, 4| |i 'I__" .
paccMaTprUBaEeMOro Kak He MMeoIast TOJIIIN- y
Hbl JuHMst (06 9TOM JIMHUKM Y9acTO TOBOPAT KaK
06 ynpyeoti aunuu). a B
B Boipaskenun (17.5) yao6Ho BBECTH MOHA-

THEe MOMEHTA WHEDPIMH IJIONIAJIN TIOTTEPEYHO-
ro ceueHust crep:kHsi. IMEHHO, OIpeiesiuM Mo-
MEHT WHEPIIUU CEYEHUsI OTHOCUTETLHO IMPOXOISINE Iepe3 ero mioc-
KOCTH OCH Y KaK WHTErpaJ:

I, = [ «*df, (17.6)

T. €. AHAJIOTMIHO OOBIYHOMY ITOHSITHIO MOMEHTa WHEPIIUU C TOH TOJIb-
KO pa3HUIIEH, YTO BMECTO 3JIEMEHTA MACChl CTOUT IIPOCTO 3JIEMEHT I10-
BepxuocTu df . Torna cBoboaHAST SHEPTHS €AUHUILI IJINHBI CTEPKHS
3aIUIIETCS B BUJIE

Puc. 14

E
=1, (17.7)

OrmpesesiuM e1ie MOMEHT CUJI BHYTPEHHUX HANPsKeHUit, aeii-
CTBYIOIIUX B JJAHHOM CEYEHUM CTEPXKHSI (3TOT MOMEHT HA3BIBAIOT W3-
rubatonum). K snementy df moBepxHOCTH CedeHusi IPUIOKEHA CUJIa



102 PABHOBECHUE CTEPYKHEH U IIJTACTUHOK DJI. 11

X
0., df = = Edf, nanpasiennasi Bnosib ocu z. Ee MOMEHT OTHOCH-
R 7

TEJILHO OCH Y €CTb X0, df . [lo9TOMy TOSHBII MOMEHT CHJI OTHOCH-
TEJbHO 3TOU OCU €CTh

M, =< [a?df = 2. (17.8)

Takum o6pasom, KpuBusHa 1/R ynpyroit JuHUM MTPONOPIUOHATLHA
JIeNiCTBYIOIIEMY B JJAHHOM CeYeHUU U3TMOAoIeMy MOMEHTY.

Bennunna Iy, 3aBucuT OT TOro, Kak HalpaB/eHa OCb Y B ILIOC-
KOCTH CeYeHWs. YI00HO, KaK 3TO MPUHSITO B MEXaHUKE, BhIPAKATH
I, wepes3 apa Tax Ha3BIBAEMBIX IVIABHBIX MOMEHTa nHepuuu. Ecmu 6
€CThb YT'OJI MEXKJY OCbIO § U OJHOM U3 IVIABHBIX OCEeH MHEePIUU CeUYCHU
CTEPXKHSI, TO, KAK W3BECTHO,

I, = I  cos® 0 + I sin? 0, (17.9)

rae Iy, Is — raBHBIe MOMEHTHI mHepIuu. [L10CKOCTH, TPOXOsIIe
Jepe3 OChb 2 W IJIABHBIE OCU MHEPIWM CEYEHUs] CTEPXKHS, HA3BIBAIOT
IVIABHBIMU TIJIOCKOCTAME U3ruda.
Ecnu, nanpumep, cevenne cTepkHs ABISIETCI MPAMOYTOILHUKOM
(co croporamu a u b), TO €ro MEHTP MHEPIMU HAXOJUTCS B IEHTDE
IpAMOYTOILHUKA, & TJIABHBIE OCH WHEPIIUY MTapaJIebHbl €I0 CTOPO-
HaM. [yTaBHBIE MOMEHTHI UHEPIUU PABHbBI
3 3
I 1= a_b7 IQ = ﬂ
12 12
ITpu kpyroBom cedennu (¢ pagnycoM R) IEHTp WHEPIUU HAXOIUTCS
B IIEHTPE KPYTa, & HAITPABJICHNE TJIABHBIX 0CEH MHEPIINU MTPOU3BOIb-
HO. MOMEHT mHepIuyu BOKPYT JI000H 0CH, TPOXOIAIIEH B IJIOCKOCTH
CeUEHNsT Jepe3 ero IMeHTP, PaBeH

(17.10)

4
I= %. (17.11)

§ 18. Duepruga 1edPOPMUPOBAHHOTO CTEPXKHA

B npeapiaymer maparpade Mbl pacCMaTPUBAIN TOJTBKO HEDOIb-
IIyt0 00J1aCTh BJIO/b JIJIMHBI W30THYTOIO cTep:kHsi. [lepexoss Temeph
K HCC/IEIOBAHUI0 AedOpMallid BO BCEM CTEpXKHE, HEOOXOAMMO Ha-
JaTh ¢ BRIOOPA MOIXOISIIET0 CIIOCO0a, OIMUCAHNS TAaKOH 1eDOPMAIIN.
CyIeCTBEHHO, YTO MPH CHILHOM ) n3rube CTep:KHs B HEM OJHOBDE-
MEHHO BO3HHMKAET, BOOOIIE TOBOpsI, TAKXKe U HEKOTOpas gedopMmarius
KPYYeHUsI, TaK UTO Pe3y/AbTUPYOIIas gedopMaliust ecTb KOMOUHA-
[IUsT YUCTOTO M3rubda U KPyUIEHUS.

D HamomanM, 910 mO7 CHABHON MBI TTOHMMAEM 37/1€Ch TaKyIO Ae(OPMAIHIO,
[IpY KOTOPO¥ BEKTOP U HE MaJl, TEH30D Ke JAedOpMaIiy [IO-IIPEKHEMY SBJISETCS
MaJIbIM.
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Jlns oncanust gedpopManuu yaoOHO MOCTYIHUTD CJIETYFOITIM 00-
paszom. Paznennm Bech cTep2KeHb HA Psiji OECKOHETHO MAaJIbIX JIeMEH-
TOB, KaXX/IbIif 13 KOTOPBIX BBIPE3AETCS U3 CTEPXKHS JIBYMsI OECKOHET-
HO OJIN3BKUMU TTONEPEIHBIMUA CEUeHUsIMI. B KaxKI0M TAKOM 3JIEMEHTE
BBEJIEM CBOIO cuUCTeMy KoopauHatr &, 7, (; HapaBJIeHUsl OCeil BbI-
bepeM TakmM 00Opa30M, 9TOOBI B HEIe(OPMUPOBAHHOM CTEDIKHE BCE
9TU CUCTEMbI ObLIN MaPAJLIEbHBI JAPYT APYTY, TpUYeM Bce ocu ( Ha-
IIpaBJIeHBI MapaJIebHO Ocu cTepxkHs. [Ipu m3rnbanuum crepxKHST B
KaKJIOM 3JIEMEHTE CUCTeMa KOODJAMHAT [MOBOPAYMBAETCH, MPUYEM B
Pa3IUYHBIX JIEMEHTaX, BOOOIIE TOBOPS, PAa3nIHbIM 0bpazom. Kax-
Jible JiBe ODECKOHEYHO OJIM3KUE CUCTEMbI OKa3bIBAIOTCH MPU STOM II0-
BEPHYTBIMH JIPYT' OTHOCHTEJIBHO Jpyra Ha HEKOTODPHI DOECKOHEYHO
MaJIblil yroJi.

IIycts dep — BeKTOp yrjia OTHOCHUTEJHLHOIO MOBOPOTA NIBYX CH-
CTeM, HaXOJSIIUXCS HA PACCTOSHUM dl BIOJIb JIJIMHBI CTepKHs (Kak
M3BECTHO, OECKOHEYHO MAJIBIN yTOJI [IOBOPOTA MOXKHO PACCMATPUBATH
KaK BEKTOD, HAIIPABJIEHHBIH B/I0JIb OCH TIOBOPOTA; €1'0 COCTABJISIOIITIE
MIPEJICTABIAIOT CODOIO YTJIBI TOBOPOTA BOKPYT KAXKIOM M3 TPexX oceit

KOODJIMHAT).
Jst onucamnus gedpOpMaIiiy MbI BBEJIEM BEKTOD
de
=¥ 18.1
o (18.1)

OIPEeLIeJIAIOINI  «CKOPOCTb» IIOBOPOTAa OCEH KOOpAWHAT BJOJb
JTAHBL cTepKHs. Eemn gedopMarus sBasieTcsT IUCTHIM KPYIeHreM,
TO TIOBOPOT TIOC/TEJOBATETHHBIX CUCTEM KOODIUHAT TTPOUCXOUT
TOJBKO BOKPYT OCH CTEpP:KHsA, T. €. BOKpYT oceil (. B sTom ciryaae,
CJIeIOBATETHLHO, BEKTOD ) HAPABICH BIOIbL OCH CTEPXKHS U TPEJ-
cTaBasgeT cobOf He UTO WHOE, KAK YTOd KPYUeHUsT T, KOTOPBIM MBI
moTB30BaCh B § 16. COOTBETCTBEHHO STOMY ¥ B 00IIEM CIydae Mpo-
U3BOIBHON fedopmanum KoMIoHeHTy §1¢ BeKTopa {2 MOXKHO Ha3BaTh
yrjiom Kpyuenusi. [Ipu umcrom ke m3rube CTEp:KHS B OIHON TLIOC-
KOCTH BeKTOp {2 HE MMeeT KOMIIOHEHTHI ()¢, T. €. JIeXKUT B KarxKJoi
TOYKe [EJUKOM B 1tockocTu £7). Ecin ipu 5T0M BBIOPATH MJIOCKOCTD,
B KOTOPOIl MPONCXOAUT U3TUD, B KAIECTBE IIOCKOCTH £(, TO TTOBOPOT
MPOUCXOAUT B KaXKI0H TOUKE BOKPYT OCH 1), T. €. {2 mapaJuieseH ocu 7).

Bsenem emquuuunbiii BekTOp t, HaIpaBIEHHBIN 1O KacaTeIbHOM
K CTEPKHIO, PACCMATPUBAEMOMY 37€Ch TTPOCTO KAK YIPYyTast JIMHUS.
ITpoussognast dt/dl HasbiBaeTCs BEKTOPOM KDPUBH3HBI JIMHWUH, €O

abcomorHas Benmunna pasHa 1/R, rie R — paamyc KpUBU3HbI ),
a ero HaIpaB/ICHHE HA3LIBACTCA HANPABJICHHEM IJIABHON HOPMAJIN

1) Hamomuuwm, 9To Beskas KpHUBad B IPOCTPAHCTBE XapaKTePU3yeTcd B KaxK 10H1
TOYKE CBOMMH TaK HA3bIBAEMBIMU KPUBU3HON M KpydeHHeM. DTO KpydeHue (HaM
He [PUETCs [I0JIb30BATHCS UM) He CJIeJlyeT CMEeNIUBATh C TE€M, YTO Mbl HA3bIBAEM
31ech nedopmanyeil KpydeHus, IPeACTaB/IoNel 060l 3aKpy INBAHNE CTEPIKHSI
BOKDYT €ro OCH.



104 PABHOBECHUE CTEPYKHEH U IIJTACTUHOK DJI. 11

KpuBoii. lI3Menenne BeKTOpa py OECKOHEYHO MAJIOM TIOBOPOTE DPaB-
HO BEKTOPHOMY IIPOM3BEJIEHUIO BEKTOPa yIJIa IIOBOPOTa Ha CaM pac-
cMarpuBaeMblit BeKTOp. [losToMy mag pasHocTu BEKTOPOB t B IBYX
OECKOHEUHO OJTM3KUX TOUYKAX yOPYTOU JMHUYM MOXKHO HAMUCATH:

dt = [dept],
uin, pa3aenus Ha dl:
at
o7 [Qt]. (18.2)
VMHOKHUB 9TO PABEHCTBO C 00EMX CTOPOH BEKTOPHO Ha t, moydaem
Q= [ti—;] +t(tQ). (18.3)

Hanpasnenune BekTOpa KacaTeabHONU B KaXKJ0 TOYKE COBIIAJIAET C
HampapjieHneM ocu ( B 910l ke rTouke. ITosromy (t£2) = Q. Bge-
Jis eIMHUYHBIN BEKTOP N TVIABHOI HOpMaJsm Tak, 9To dt/dl = n/R,
MOZKHO, CJIEIOBATENTHHO, HAMCAT:

Q = Ltn] + tQ. (18.4)
R

Ilepsoiit wiren cmpaBa TpeacTaBigeT cOOOt BEKTOD € ABYMsT KOM-
nouentamu )¢, §y. Equamansiii BekTop [tn] massBaercs, Kak m3-
BECTHO, €IMHUYHBIM BEKTOPOM OmHOpMasu. Takmm 06pazoM, KOMITO-
HenTol ()¢, {); 00paszyloT BEKTOD, HAIpaBJEHHbINH 10 OMHOpMAIU K

CTEPXKHIO U 10 abCOIIOTHO BeJIMYMHEe PaBHBIN ero Kpusnsue 1/R.

Bsegst, Takum obpazom, BekTop 2, xapakTepusyroruii jedpopma-
110, ¥ BBISICHUB €r0 CBOMCTBA, MBI MOXKEM BBIBECTU BBIPAXKEHUE st
yIpyTroii cBOOOJHON 3HEPIUU M30THYTOIO CTEPXKHS. YIpyras SHEp-
rusi (OTHECEHHAsT K eIMHUIE JIJTUHBI CTEPIKHSI) SBJISIETCH KBAAPATHU-
HOY (pyHKIHMEH nedopMaluu, T. €. B JAHHOM CJIyUae KBAIPATUIHOIN
dyurumeii kKomnoneHT BekTopa (2. Jlerko BugeTh, UTO B 9TO¥ KBa-
ApaTUYHOM (popMe JIOJIKHBI OTCYTCTBOBATD YJIEHBI, TPOITOPIIHOHA b
mpie Qe mmm Q,€¢. JeficTBETEIBHO, TOCKOIBKY CTEPIKEHb OJIHO-
POJIEH B/IOJIb BCEHl CBOEH JJIMHBI, TO BCE BEJMYWHBI, B YACTHOCTU U
SHEPIUs, HE JIOJIZKHBI MEHSATHCS MTPU M3MEHEHUN HAIIPABJIEHUS 110JI0-
JKATEJIHHOTO 0TCYeTa KOOPAUHATHI (, T. €. mpu 3amene ( Ha —(; yKa-
3aHHBIE K€ MTPOU3BE/IEHUs TIPYU TAKON 3aMeHe 1epeMeHusin Obl CBOit
3HAK.

Yro Kacaercs 4jieHa C KBaJIpaToM QZ-, TO HAJIO IOMHUTh, YTO TTPHU

Q¢ = Qy; = 0 MBI UMeeM JeJI0 ¢ YUCTBIM KPYy4eHHeM, W TOI/la BbIpa-
JKEeHMe [T QHEPTHUN JIOJIZKHO COBIACTD C BRIPAXKEHUEM, IOy IeHHBIM
B § 16. Takum 06pazomM, COOTBETCTBYIOMINH WIeH B CBOOOTHOM HED-
TUH UMEEeT BUJT

1

~COZ.

2

Haxomen, wnensl, kBagpatwdneie 1o ¢, ), MOXHO Hamu-

caTh, UCXOIg U3 Bbipaxkenust (17.7) mis sHepruu cabo M30THYTOrO



§ 18 SHEPTUS JEGOPMUPOBAHHOTO CTEPYKHS 105

HEGOJIBINIONO yYaCTKa CTEPKHSA. [IPenooKuM, 4TO CTEPIKEHb O~
Bepraercs Jidiib caabomy usrudy. Ilmockocts £C BRIOEpPEM B TLIOC-
KOCTH m3ruba Tak, 4TO KOMIOHeHTa ()¢ mcue3aer; KpydeHne TaKzKe

OTCYTCTBYET TIpu cjiaboM m3rude. Boiparkenne [/1st SHEPTHHU TOIYKHO
B 9TOM CIydae coBmajgars ¢ (17.7):

E

22"
Ho wmu1 Bugesn, uto 1/R? apasgercss Kak pa3 KBajpaToM TLIOCKOTO
BekTopa (£2¢, §y). Ilosromy sHeprug Jo/KHA UMETh BUJL

E 2
3177917'

ITpu mpousBosbHOM BBIOOpE OCeit &, 1) 9TO BBIpAXKEHUE HAIUIIETCH,
KaK M3BECTHO M3 MEXaHWUKU, B BUJE

E 2 2
5 (LSl + 2LpeShyShe + Leelle),

vae Ipy, Ine, Ig¢ — KOMIOHEHTHI TEH30Pa MHEPIUK CEYCHUS CTEPHKHS.
Vnobuo BwIOparTh ocu &, 1) Tak, YTOOBI OHU COBHAJU C TJIABHBIMU
OCSIMU MHEPIUH CevueHus crep:kHsi. Torga Mbl Oy/1eM UMerhb IpocTo

= (W0 +B9),

rne I1, Is — ryraBHBIE MOMEHTBHI WHEPIUU CedeHusi. [I0CKOIbKY KO-
3P OUIUEHTDI TPH Qg u Q% MTOCTOSTHHBIE, TO IOy YeHHOE BhIPaXKEeHNe
JIOJIZKHO MMETH MECTO W IPU CHUIBHOM HM3rube.

Haxkomer, naTerpupyst 1mo BCeil JjIiHe CTep:KHS, MOJYINM OKOH-
JaTeIbHO CIeAYIOlee BhIpasKeHre IJIsi CBOOOTHON YIIPyroi SHEpTun
M30THYTOTO CTEPKHS:

LE LE C
Py = / {Baz 1 BPoz . Cozt ar (18.5)

Jlamee, BeipazumM depe3 {2 MOMEHT CHJI, AEHCTBYIOIIUX Ha cede-
HUE CTEPYKHA. DTO JIETKO CeaTh, UCIOMB3Ys OMSITh PE3YIbTATHI,
MOy YeHHBbIE PAHEe JIJIsT INCTOTO KPYUeHUsT W CTabOTO0 IUCTOTO W3TH-
6a. [Ipm urcTOM KpYydeHNN MOMEHT CHJI OTHOCUTEIBHO OCH CTEPXKHS
pasen C7. IlosTomy 3ax/odaemM, 4To B obmeMm ciydae MomMeHT M
OTHOCHTENTBHO ocH ( jJomkeH ObITh pasen My = C€¢. danee, npu
crabom u3rube B mIockocTu £( MOMEHT OTHOCHUTEJIBHO OCH 1) €CTh
EIy/R. Ho upn takoM n3rube BekTOp €2 HAIPABJEH IO OCH 1), TaK
yro 1/R ectb npocro ero abcomornas seqnauna u Ely/R = ElxS).
[TosTomy sakarodaeMm, 4TO B OOIIEM CIydae JOJIKHO ObiTh Mg =
= EL)Q¢, My = EI>Q, (ocu &, 1) BEIOPAHbI 110 IVIABHBIM OCAM HHEp-
uu cedenns). Takum o6pasoM, KOMIOHEHTHI BekTOpa M MOMeHTa
CHUJT PABHBI

M¢ = EL,Q, M, =ELS,, M= CQ. (18.6)
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Yupyras sueprus (18.5), BbIpakeHHasi 4epe3 MOMEHT CHJI, MMeer

BH/L )
_ 3 ; ¢
Flp = / {—;IMIE + 21‘1qu 4 M } dl. (18.7)

Baxkubiv ciydaem usrnba crep:kHell gBisgercs ciabblit u3rud,
IIPY KOTOPOM Ha BCEeM IIPOTAKEHUH CTePXKHS OTKJIOHEHUE ero OT Iep-
BOHAYAJ/IPHOI'O IIOJIOXKEHUS MaJIO II0 CPABHEHUIO C JJIMHOM CTEPXKHS.
B sToM ciaydae KpyueHHe MOXKHO CUHTATh OTCYTCTBYIOIIAM, TaK ITO
MOXKHO 110/102KUTh ¢ = 0 1 u3 (18.4) mmeem mpocro

1 dt
Q= Litn] = [¢2]. (18.8)
R dl

Bsemem HEMOABUAKHYIO B TPOCTPAHCTBE CUCTEMY KOOPJAWHAT I, Y, Z C
OCBIO Z BJIOJIb OCH HeehOPMUPOBAHHOIO CTEPKHsI (BMECTO CBsI3aH-
HBIX B KayKJI0# TOUKe co crep:kuHeM KoopauHatr &, 77, (. ObozHaunM
vepe3 X, Y KOODAWHATHI T, Y TOYEK YIPYroil JIMHUU CTepxKHd; X
u Y OINpemensiorT CMEIIeHre TOYEeK JUHUU OT UX MEePBOHAYATILHOIO
TTOJIOXKEHUST 10 n3ruba.

Bsuny Toro uro usrub ciab, BEKTOp KacaTesJbpHON t mouTy mapaJi-
JIEJIEH OCH Z, TaK 9TO MPUOJUKEHHO MOKHO CYMTATH €0 HAIIPABJIEH-
HBIM BIOJIb 9TOH ocu. Jlasiee, e IMHUIHBIA BEKTOP KACaTe/JIHHON paBeH
MIPOU3BOHON

_dr
dl
OT PaJNyCc-BEKTOPa I TOYEK KPUBOil 10 ee jyinue. [loaromy mmeem
dt _ d’r _ d’r
dr — dir T dz?
(MIPOM3BOJIHYTO TIO JIJIMHE CTEP:KHS MOYKHO MPHUOJINIKEHHO 3aMEHUTD
OPOU3BOAHOI 110 2). B 4acTHOCTH, Z- U Y-KOMIOHEHTBI STOT0 BEKTOPA
pasHbl coorsercTsento d?X /dz? u d?Y /dz*. Komnonentsr Q¢, 2, ¢

TOI 7K€ TOYHOCTHIO PABHBI Tereph KoMmoneHTaM ), {1y, u u3 (18.8)
[IoJIy YaeM ey 2x
Qe = - Q, = R (18.9)

[Mopcrasisis 3mu Bbipazkenust B (18.5), moaydyaeM ynpyrywo sHep-
ruio cJ1abo MBOTHYTOTO CTEPXKHS B BUJE

Fop = g/{h (%)2 s (f:j)Q} dz. (18.10)

Hamomuum, arto Iy, Is — MOMEHTHI WHEPIIUU COOTBETCTBEHHO OTHO-
CUTEJILHO OCell &, 1, SABJIONINXCS TJIABHBIME OCSIMH MHEPITUH.

B wacrroctm, mia crepxkus Kpyrosoro ceuenns I = I = 1
M B MOJABIHTErPAJHHOM BBIPAYKEHUH IMTOJIYIaeTCsT IPOCTO CyMMa KBa-
JpaTOB BTOPBIX IIPOM3BOAHBIX, COBIAIAIONIAS B PACCMaTPHBAEMOM
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npubIMKEHUN C KBQJIPATOM KPUBU3HBI CTEPXKHS:

(25" (2] ~
dz? dz? R2
Bauy sroro dopmyay (18.10) MOxKHO ecTecTBEHHBIM 00pa3zoM 0606-
mWUTH JJist caaboro n3ruba crepkHeil (KpyroBoro cedeHust), UMero-
IIUX B CBOEM eCTeCTBEHHOM (HenehOpMUPOBAHHOM) COCTOSIHUY JIFO-

Oyro HenpsiMosinHeliHy o hopmy. s 5TOTO HAJM0 HAMCATH YHEPTUTO
n3ruba B BAOE

EI 1 1)?
Fop = EL (— — —) dz, (18.11)
2 R Ry
rae Ry — pajuyc eCTeCTBeHHON KPHUBU3HBI CTEPXKHS B KasKJIOH ero
TOYKe. DTO BBIPAYKEHME, KaK M JIOJKHO OBITh, 00JIaJaeT MEHHMY-
MoM B HegedopMuposanuoM cocrosinuu (R = Ry), a npu Ry — 00

nepexoaut B (opmyiy (18.10).

§ 19. YpaBHeHusi paBHOBeCHUsl CTeprKHeil

M1 MOYXKeM Temeph TepefiTH K BLIBOIY YPABHEHUI paBHOBECHUS
M30THYTHIX CcTepxkHel. PaccmoTpumM omdarh Kakoi-uHubOyab 3 6ecko-
HETHO MAJIBIX 9JIEMEHTOB CTEPIKHSI, BRIPE3AHHBIN TBYMS OECKOHETHO
OJIMBKUME CEICHUSIMHU, W BBIYUCTAM MOTHYIO JeHCTBYIONIYTO HA HETO
cury. OBGO3HAUNM CHTY BHYTPEHHUX HATPAKEHWI, TPUIOKEHHYTIO K

IoNAIN cedennst crepxas, depe3 F 1), KoMIOHEHTH 9T0T0 BeKTOPa
PaBHBI MHTErpajiaM OT ¢ TO ILIOIIAA CEIeHUs:

F, = f oic df. (19.1)

Ecnu paccmarpuBath 1Ba 6eCKOHETHO OJIM3KUX CEUEHUA KAK TIOBEPX-
HOCTY OCHOBAHHUN BBHIPE3aEMOTO UMHU TEMEHTA CTEPKHS, TO HA BepX-
Hee ocHOoBaHue JefictByer cuia F 4 dF, a Ha HuxkHee — cuna —F;
nx cymma ecth guddepennnan dF. Ilycts namee K ects meiicTByto-
MAsl Ha, CTEPXKEHD BHETIHSIST CUJIa, OTHECEHHAS K eIUHUIE €r0 JTNHBIL.
Torma ma smement auunb! dl geiictByer puemnusis cuia K dl. Pasmro-
JMENCTBYIOMASA BCEX CHJI, MEHCTBYIONIMX HA 9TOT JTEMEHT, €CTh, CTe-
nosarensuo, dF+K dl. B paBroBecnn 3Ta cujia T02KHA 00PAIATHCS
B HyJb. TakuM 00pa3oM, moIydaeM
&F _ K. (19.2)
dl
Bropoe ypasuenue moydaercst u3 yCIOBUAST PABEHCTBA HYJIIO TIOJI-
HOTO MOMEHTa, CHJI, IPUJIOXKEHHBIX K JaHHOMY sjementy. Ilycts M

1) O6osnadenme 10 cuabl wepes F He MOXKET IPEBECTH K CMEIIEHHUIO CO CBO-
60/1HOI 3HEprueil, KOTOPOH MBI He MoJib3yeMcs Huxke, B § 19-21.
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€CTb MOMEHT CWJI BHYTPCHHUX HAIPAXKCHHUI, NCACTBYIOIUX Ha ILIO-
IAIb CEUEHUs CTEPIKHS. ITOT MOMEHT OEepPeTcss OTHOCUTETHHO TOY-
K1 (Havasia KOODJAMHAT), JIesKalleil B caMOil TIJIOCKOCTH 9TOTO cede-
HIsI; ero KOMIIOHEHTHI onpeensiorcs dpopmyaamu (18.6). Byaem Bbi-
YUCIATH CyMMapHBIiT MOMEHT, IIPUJIOZKEHHDBIN K JAHHOMY 3JIEMEHTY
CTEeP2KHs, OTHOCUTEJIbHO TOYKU &aSOBeM ee Toukoii ), JilexKaleil B
IJIOCKOCTH €ro BepxHero ocHoBanwus. Torja BHYTpeHHUE HaIpsizKe-
HUSI HA 9TOM OCHOBaHWM nator mMomeHT M + dM. Mowment xe (01-
HoCcuTeMbHO () CUJI BHYTPEHHUX HANDSKEHUI B HUZKHEM OCHOBAHUM
SIeMeHTa CKJIaJbIBaeTCsd 13 MoMeHTa —IM 3THX CHJI OTHOCUTEJHLHO
HAYa/Ia KOOPAMHAT B IIOCKOCTH HUXKHero ocHoBanus (touka O') m
momerTa (oTHOCHTENbHO O) cymMmapHOii cuibl —F| neiicrByrommeii Ha
9TOM OCHOBaHWHU. DTOT BTOopoit MomeHT paseH [(—dl)(—F)], rae dl —
BEKTOD 3j1eMenTa JymHbl crepkug or O k O. Moment ke, 00yca0B-
JeHHbI! BHemmHuME cuiamMu K| dBasgercda MaJsioil BeJMYWHON BBIC-
mero nopsijika. TakuM 06pa3oM, MOTHBIN JEeHCTBYIONINN HA 3/IEMEHT
crepxkus MoMeHT cul ectb dM + [dlF]. B paBnoBecuu on mosken
OBITH PABHBIM HYJIIO:

dM + [dIF] = 0.

Pazzenus sro pasencrso Ha dl u 3amevas, uro dl/dl = t ecrb enu-
HUYHBIA BEKTOD KACATEJbHON K CTEPKHIO (PAaCCMATPUBAEMOMY Kak
JIMHUS ), TIOJIy4aeM yDaBHEHUe

% = [Ft]. (19.3)

Ypasuenust (19.2) u (19.3) upeacrapisitor coboii MONHYIO CUCTEMY
yPpaBHEHW PABHOBECHUS ITPOU3BOIBHBIM 00Pa30M M30THYTOTO CTEPK-
Hd.

Ecnu nefictByiomme Ha cTepKeHb BHEITHUE CUJTBI SIBJISIOTCS, KaK
TOBOPAT, COCPEAOTOYEHHBIMHU, T. €. IMPUJIOXKEHbBI TOJHBKO K OTAEJIb-
HBIM U30JIUPOBAHHBIM €T'0 TOYKAM, TO Ha YIaCTKaX CTEPXKHA MEXKIY
TOYKaMW TPUJIOKEHWS CUJ ypaBHEHUs PABHOBECHUS 3aMETHO YIIPO-
matores. 113 (19.2) umeem npn K =0

F = const, (19.4)

T. €. CUJIbI BHYTPEHHUX HAIPAKEHUIN MOCTOAHHBI BIOJIb JIJIMHBI KaXK-
JIOTO U3 YKA3aHHBIX YIACTKOB CTEPXKHS. SHAUEHUST ITUX TOCTOSTHHBIX
OTIPENIEISIIOTCS TeM, 9TO pasHocTh Fo — Fy 3Hadenwuit cuibl B TOY-
kax 1 m 2 paBHa

F;-F1=-> K, (19.5)

r7ie cyMMa OepeTcs o BCEM CUJIAM, TIPUIOKEHHBIM K OTPE3KY CTEePIK-
ue Mex 1y Toukamu 1 n 2. O6paiaeM BHUMAaHKE Ha TO, ITO B Pa3HO-
cru Fo — F1 Touka 2 asigerca 60see yaaaeHHON OT HAYAIA OTCIETa,
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JUTMHBL CTEPXKHs (T. €. JyIMHbL 1yTu [), 9eM TouKa 1; 370 3aMedanue
CYIIECTBEHHO TIPH OTIpejieJieHnn 3HakoB B pasencrse (19.5). B wact-
HOCTH, €CJIU Ha CTEPXKEeHb JE€HCTBYET BCEro OJIHA COCPEI0TOYEHHAd
cuna f, mpunoxkernas K ero cBoOOIHOMY KOHITY, TO F MOCTOSHEHO
BJIOJIb BCeHl JJTMHBI CTEPXKHS U paBHO f.

Bropoe ypasuenue pasaosecus (19.3) roxe ynpornaercs. Hamu-
caB B HeM t = dl1/dl = dr/dl (rge r — paauyc-BeKTOp OT HEKOTOPOi
3a/IaHHOI TOYKM K MPOM3BOJILHON TOYKE CTEPXKHS) U UHTErPUPYS,
[OJTyYaeM BBUIY MOCTOsiHCTBA, F

M = [Fr] + const. (19.6)

Ecn ke oTCyTCTBYIOT TaKKe U COCPEIOTOUEHHBIE CUJIBI, & U3TH0
CTEPXKHSI TTPOUCXOUT IO, AeACTBUEM TTPUJIOKEHHBIX K HEMY COCpe-
JIOTOYEHHBIX MOMEHTOB (T. €. COCPEeJIOTOYEHHBIX map cui), To F =
= const BJOJb BCeil JIMHBI CTEPXKHS, a IV UCHBITHIBAET B TOYKAX
MIPUJIOKEHUST COCPEIOTOUEHHBIX TIap CKAYKHU, PABHBIE UX MOMEHTAM.

Ob6parumcst, gajiee, K BOMPOCY O TPAHUIHBIX YCIOBHUAX HA KOH-
11ax u3rubaeMoro CTEPXKHs. 3/€Ch MOTYT MPEACTABUTHCS PA3TUIHBIE
CITyIam.

Komer crep:kast Ha3piBaloT 3aeanubiM (puc. 4 a, cM. c. 66), ec-
JIM OH HE MOXKET UCTBITHIBATH HUKAKUX CMEITEHI — HU TPOOTHHBIX,
HU TIOTIEPEYHBIX, W, CBEPX TOTO, HEe MOKET M3MEHWTHCSA €r0 HAMPaB-
Jlerne (T. e. HAIpaBJIeHKNEe KAacaTebHOM K CTEPXKHIO B €ro Kouie). B
9TOM CIydae TPAHWIHBIE YCIOBUS 3aK/TIOUAIOTCS B TOM, 9TO 33Af0T-
¢S KOOPJIMHATEI KOHIIA CTEPIKHS ¥ eJUHIUIHBIN BEKTOD KACATETHHOM t
Kk Hemy. Cuja Ke W MOMEHT CHJ PEAKINHU, MeHCTBYIOMINe Ha CTep-
JKeHb CO CTOPOHBI OTOPBI B TOYKE 3aKPEIICHWsI, OMPEIETATOTCI B
pe3ysbTaTe peliennst ypaBHeHui.

[TpoTHUBOTOMOKHBIM ABIAETCS CIydail CBOOOIHOTO KOHITA CTEPIK-
ug. B sTOoM cmydae KOOpAWHATHI KOHIA W €r0 HATPABICHHE TPOU3-
BOJIbHBI. ['paHWYHbIE YCIOBHS 3aKIIOYAOTCA B TOM, 9To cuia F u

MoMeHT cui M Ha KOHIIE CTepxKHS JOJKHBI 00PATUThCI B HYJIb 1.

Ecnu kowenr crepxkusa 3akperieH Ha IIAPHUPE, TO OH HE MOXKET
HUCHOBITBIBATh HUKAKUX CMEIICHU, HO ero HalpaBJIcHHEe He 33JaHO.
MowmenT cu, eficTBYIONUX HA TAKON CBODOIHO MOBOPAYUBAIOIITUNCS
KOHeEII, JTOJI2KeH HUCYe3aTh.

Haxowner, ecmu crep:keHb omepT B HEKOTOPOH TOYKE OIOPBI
(puc. 46), TO OH MOXKET CKOJB3UTHb 110 TOH TOYKE, HO HE MOXKET
WCIIBITHIBATL B HEll TOmepevHbIx cMmernenuii. B srom ciyuae meza-
JAHHBIMU ABJISIIOTCS HaIlpaBjeHUE t 1 MOJOXKEHNE TOYKHU, B KOTOPOIt
ONMPAETCd CTEPXKeHb, O ero JjmHe. MOMEHT CUI B TOYKE OMOPHI
JIOJI2KEH OBITH PABHBIM HYJIF0 COOTBETCTBEHHO TOMY, 9TO CTEPXKEHD
MOXKeT CBOOOJHO MOBOPAYMBATLCA, a cuia F B 9T0i TOUKe HOIXKHA

1) Ecim k ¢BOGOIHOMY KOHILy IPHIIONKEHA COCPeNOTOdeHHast cuaa f, To rpa-
HUYHBIM BHEM T H =0, =f.
cnoBueMm Oynerve F =0, a F =1
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OBITH MTEPIEHIUKYJISIPHA K CTEPXKHIO; TTPOJIOIbHAST KOMITOHEHTa, CHJIbI
BBI3BaJIa OBl A/ IhHEHIIIee ero CKOMbXKEHNE B TOUKE OMOPHI.

AHAJIOTHYHBIM 00PA30M JIEMKO YCTAHOBUTH MPAHUYHBIE YCJIOBUSA
¥ TIpU JPYTUX CIIocobax 3aKkpervienust crepkus. Mbr He Oymem octa-
HaBJIUBATHCS 3/I€Ch HA STOM, OTPAHUIUBIIUCH TPUBEJICHHBIMU THU-
MUYHBIMA [TPUMEPAMHE.

Vike B HaUaJge MPEIbIAYINEro naparpada ObLI0 0TMEYeHO, UTO
CUJIbHBIN W3ru0 CTEPKHS MTPOU3BOIHHOTO CEUYEHUST COMPOBOYKIAET-
cs1, BOODIIE TOBOPsi, OJHOBPEMEHHBIM €0 KPYY€HHUEM, JIayKe ecian K
CTEPXKHIO HE PUIAraeTcsi HUKAKUX BHENTHUX KPYTHIIUX MOMEHTOB.
WckiroyenveM sABjsteTcst n3rub CTEPXKHS B €0 TVIABHBIX TJIOCKOCTSIX.
IIpu Takom wm3rube KpydeHue He BO3HUKAET. Y CTEPXKHS KPYIroBO-
r0 CeveHus HUKAKON m3rub He CONPOBOXKIAETCS KpydeHueM (eciu,
KOHEYHO, HeT BHEITHUX KPYTAIMX MOMEHTOB). B 31oM MOXKHO ybe-
JUTHC caepyromuM obpaszom. Kpyuerune ompeesisiercss KOMIIOHEH-
Toit )¢ = (2t) BexTOpa Q. BhIuMCINM €r0 IPOU3BOAHYIO O JITHHE

crepxkus. [lns sToro mumem, 3ameuas, uaro Qe = M /C:

dl dl dl dl
ITpu noacranoske (19.3) mepsbiil uieH obpalaercs: B HyJib, TaK 4TO
o _ ppot
dl dl

Y crepxkust kpyrosoro cedenusi I1 = I = I; cornacuo (18.3) u (18.6)
MOKHO 103TOMY Hamucarb M B Buze

M = EI [ti—;] + OO, (19.7)

[Ipu ymuoxennn ua dt/dl oba wiena naior Hy/b, Tak uTo dfl¢/dl =
= 0, oTKky1a
Q¢ = const, (19.8)

T. €. Yroj KpydYeHUus TOCTOSHEH BJIOJb CTEpXKHs. ECam K KOHIaM
CTepKHsl He IIPUIO0KEHO KPYTAIIUX MOMEHTOB, TO 3¢ Ha KOHIAX paB-
HO HYJIIO, & TIOTOMY KPY4€eHne OTCYTCTBYET U 0 BCel JJTMHE CTEePKHS.

st cTepKHA KPYTOBOrO CEYEHUsl MOXKHO, TaKuM 0Opa3oM, Ha-
MUCATH MPU YUCTOM HU3rube

M = EI [t%] = EI [fl—‘;%] . (19.9)

IMoncranoeka 3roro Bbipazkenus B (19.3) NpUBOIUT K ypPABHEHUIO
YnUCTOro M3rnba CTEepPKHel KPYroBoro CeYeHus B BUJIE

I [i’l_‘l”%] - [Ffl_‘l”] . (19.10)



§ 19 VPABHEHUSI PABHOBECHUSI CTEP>KHEIT 111

3agaun

1. [Ipusectu k KBagpaTypam 3aaady 00 onpeneneHnn (GpOPMBI CTEPIKHSI KPY-
roBoro ceuenwns (ympyroro mpyTa), CAIIBHO H30THYTOTO B OIHON TIIOCKOCTH TIPH-
JIO)KEHHBIMU K HEMY COCPEIOTOYEHHBIMU CHJIAMH.

Pemenue. PaccmarpumBaem y4acTOK CTEPXKHS MEXKIY TOTKAMHU IIPUIIOKE-
HUsl cuit; Ha TakoM y4actke F' = const. Beibepem 1miockocTs u3rnba B KadecTse
IJIOCKOCTH XY, & 0Ch Y — mapaJiiesnbHo cuite F. BeoguMm yros 6 Mexay KacaTesb-
HOH K JmHUU crepxHs u ocklo y. Torna dz/dl = sinf, dy/dl = cos 6, rne x, y —
KOODIMHATHI TOYEK CTep:KHsA. PacKpbiBas BEKTODHBIE IIPOU3BEIEHHUS B (19 10),
nosiygaeM ypaBHeHHUe 1715 6 Kak (GyHKINN [JIHHBL TyTH [

2
I E% — Fsing =0.

IlepBoe nunTerpupoBanue maer

2
E <ﬁ> + Fcosf=c
2 \dl

z—i,/ﬂ/Lﬂ (1)
N 2 Ve — Fcosf >

Oynkuusa (1) moxeT OBITH BEIPAKEHA OTCIONA 9€PE3 LTUNTHIECKUE (DyHKITUH.

" OTCIOda

J1Jist KOOpAMHAT T = f sinfdl, y = f cos 6 dl nonyqa-

eMm
:c—:l: \/2IE\/01 F'cos 6 + const,

2
/IE c050d9 , )
Yy= —————— + const .
Vel — Feos6

Mowmernt M (19. 9 ) HAIIpaBJIEH MO OCU Z W PABEH

M=1FE ﬁ
dl
2. Onpegenuts (GOpMy CHIBHO U30THYTOIO CTEPK- Puc. 15

Hsl, OQWH KOHEII KOTOPOr'0 33JesIaH, a K APYIOMY, CBO-
6oxaOMy, npunoxena cuia f; Hanpasenne f meprneHIUKYIAPHO K IPAMOI Heje-
dopmmposarHOTO CTepxKHA (puc. 15).

Pemenue. Ha Bceit gmuue crepxus F = const = f. Ha 3agenanroMm
korme (I = 0) 6 = ©/2, a ma ceoGomuom (I = L, rme L — nnmma CTEpXKH)
M =0, 1. e. 9 = 0. Beoma obosmagernne 0y = §(L), mmeem B (1) c1 = f cos bo:

/2
= IE /
\/00590 —cosf

Orciona mojiygaeM ypaBHEHUE, onpe/:[eﬂfnomee 0o:

/2
IE /
v/ cos 90 — cosf

@opma CTEPXKHS OIPeesseTCs (bopMynaMI/I

z= 2IE(\/cos 6o — Vcosfy — cosb), y= IE cos ¢ df
f v/ cos 60 — cosf
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3. To xe, ecmu cuma f, npurokennas K CBOOOZHOMY KOHILY, HAIIDABJICHA
[apaJI/Ie/IbHO JINHUK He1e(DOPMUPOBAHHOIO CTEPXKHS.
Pemenme. Umeem F = —f (ocm koopmwHAT BBHIOpAHBI yKA3aHHBIM HA

puc. 16 o6paszom). ['paruunbie ycnopus: § = 0 mpu | = 0, § = 0 nmpu [ = L.

Nmeem .
[ — 1E / dé
B 2f J v/cos 6 — cos by

rae o onpenensiercs us I(6p) = L. Jnst x u y nonyvaem

x = 21E(\/1—C0500—\/c0s9—c0500 IE __cosbdf
f \/0059 —cosfy

IIpu cnabom msrube 6y < 1 1 MOXKHO HATUCATH:

o
. E/ @ _x [1D
~ f) Ve 2\ 1

T. €. fp BBIIAJAET M3 STOI'0 COOTHOIIEHUsI. DTO ITOKA3bIBAET, B COIVIACUU C PE3YJIb-
TaToM 33aa4dn 3 § 21, 9T0 paccMaTrpUBaeMoe peIleHHe CYIIeCTBYET TOIBKO IPH

f > n*IE/(4L?), . e. OCTIE HOTEPH YCTONYMBOCTH MPAMOIMHEHHOM hOPMOiL.

yT

Puc. 16 Puc. 17

4. To xe, ecin 06a KOHIIA CTEPXKHS ONEPTHI, & K €r0 CepeIuHe IPUIOKEHA
cuna f; paccrosiHre MeXK Iy TOYKAMH OMOPHI eCTh Lg.

Pemenwue. Boibupaem ocu KoopiuHAT yKa3aHHBIM Ha puc. 17 obpazom.
Cuta F mocrosiHHa Ha KayKJOM M3 y9aCTKOB fi, B u BC, nmpudeM Ha KazKJIOM U3
HUX TIePIEHINKYJISIPHA K JINHUU CTEPYKHSA B TOYKAX onopm — cooTBeTCcTBeHHO A
u C. Paznocrs 3uauenuit F na AB u BC pasna f, orkyna 3akio4yaeM, 94T0 HA
AB Fsinfg = —f/2, toe 8o — yron mexay ocbo y u junueit AC. B Touke A

(I = 0) umeem yciopus 6 =7/2u M =0, . e. § =0, Tak uro na AB

IE 2T g
|=| —sinf / N
< f O) J Vcos 6

IE 2 IE 2 7
x=2 (T sin 6o cos 0) , Y= <7 sin 90> / Vcos 8 db.
0
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Vron 6y onpenessiercs U3 yCcaoBus, 4TO Ipoeknus maiuHabl AB Ha npsamyio AC
nomKHA ObITh paBHa Lo/2, OTKyaa nMeem

172 T2
Lo (IE . > cos (8 — 6o)
— = | —sinfp ——=db.
2 f Vsin 6
L)
IIpu HEKOTOPOM OIpeesieHHOM 3HavYeHuu Ho, jexkamem Mexay 0 u 7/2, npous-
Boguas df /dfo (rne f paccmarpusaercst Kak dbyHkus ot ) obpalaercs: B HyJIb
U JIeJIaeTCs TIOJI0KUTENbHOM. JJanbHeiinieMy yMeHbineHuo 6o, T. €. yBeJIUIeHUuIo
nporuba, COOTBETCTBOBAJIO Obl yMeHbIIeHHe f. DTO 3HAYHUT, YTO HAMIEHHOE De-
LIEHUE JIe1aeTCsl HEYCTONYNBBIM; CTEPKEHD «ITPOBAJUBAETCA» MEKJY OMOPAMHU.
5. IIpuBectu K KBagparypaM 3a/1ady O MPOCTPAHCTBEHHOM CUJILHOM U3rube
CTEPXKHA IO ﬂel‘/‘ICTBI/IeM COCPEeTOTOYCHHBIX CHUJI.
Pemenue. PaccmarpruBaem y4acTOK CTEPXKHS MEXK/Iy TOYKAMHU IIPUIIOKE-
Hug cwi, Ha kotopom F = const. Uarerpupya (19.10), monygaem
2
I [d_r &r
dl di?
[IOCTOSIHHAsI MHTEIPUPOBAaHMsI HalucaHa B Buie BekTopa cF, mampasienaoro
Bronb F, mockospky HaekamuM BbHIOOPOM HadajIa KOOPAHWHAT, T. €. IpubaB-
JIEHWEM K I' HEKOTOPOI'O IIOCTOSTHHOI'O BEKTOPA, MOYKHO HCKJIIOYUTD A UTUBHBIN
BEKTOD, TepreHmuKkyIsapHbiit Kk F. Yuuoxas (1) ckangapHOo M BekTOpHO Ha r’
(mrpux osnauaer nuddepennuposanue no [) u 3amedad, uro r'r’ = 0 (mo-
cxompKy 1’2 = 1), momywaem

Flrr'] + cFr’ =0, EIr” = [[Fr]r'] + ¢[Fr'].

| =+ er, 1)

B kommoneHTax (0ch z BhIOpaHa 1Mo HampasseHuio F)
(zy' —yx')+cz' =0, EIZ" = —F(z2' +yy').

BBong B 3THX ypaBHEHHAX IUINHIPUYIECKNE KOODIUHATHI T, , Z, TOJIydaeM

r’y +¢ =0, EIZ =—Frr'. (2)
13 BTOpOrO ypaBHeHHs nMeeM
/ F 2
= —(A—-r7), 3
i 2ET ( ) ®)

rae A — nocrosuuas. Kombuanpys (2) u (3) ¢ ToxaecTBOM

7",2 + 7"230/2 + z/2 — 17

oLy 9aeM
_ rdr |2 F? 2 2 242 12
dl_G(r)’ G(r)—[r —M(r +c)A-1T) ,
nociie gero u3 (2) u (3) Haxomum
F (A—r)r cF A—7?
2=— [ ——dr, p=—— | ——dr,
2EI G(r) 2EI J rG(r)

9eM U ompeiesisieTcss (popMa M30THYTOIO CTEPIKHSL.
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6. CrepkeHb KPYTOBOTO CEYEHUS MOABEPTHYT KPYIEHUIO (yTOI KPYI€HUS T )
¥ M30THYT B BUHTOBYIO juHMI0. OIpeIesuTh CULy 1 MOMEHT CUJI, KOTOPbIe [10JI-
ZKHBI 6I)ITI) TIPUJIOXKEHDbI K KOHIIaM CTEP2KHA jid TOTO, I-ITO6I)I YaepXKuBaThb €ro B
TaKOM COCTOSTHUM.

Pemenune. Ilycts R — paguyc HUINHIPA, HA IIOBEPXHOCTH KOTOPOTO Ha-
BWUTA BUHTOBagA JIUHWUs (OCh Z BBIOMPAEM IO OCH ITOTO MUIMHIAPA), & O — YTOJ
MeXK/y KacaTeJIbHOM K JIMHUU U IJIOCKOCTBHIO, IIEPIIEHINKYJIAPHONA K OCH Zz; IIar
BUHTOBOI Jimuuu h cBsizan ¢ « u R nocpeacrsom h = 2wRtg«. YpaBHeHus
BUHTOBOU JIMHUN:

r=Rcosyp, y=Rsingp, z=¢pRtga
(¢ — yros moBopoTa BOKDYTr ocu z); aueMeHT mymHbl nyru dl = Rdp/cos a.
TloxcraBass sty Boipaxkenus B (19.7), BBIUUCIsieM KOMIIOHEHTHI BeKTopa M, a
sarem 1o gopmyse (19.3) — cuny F (mocTOSHEYI0 BIOIH BCEH AJIMHBI CTEPIKHI ).
B pesynbrare HaxommM, uro cuna F Hampassiena mo ocu z m paBHA

sina  EI o5 .
— —cos” asina.
R2

MowmenT M uMeeT COCTABIISIONIYIO IO OCH Z:

F,.=F=Crt

M, =Crsina + %cosg'a

U COCTABJISIONLY IO M, , HAIPAB/IEHHYIO B KaXK/I0M TOYKe CTEDPXKHS 110 KaCaTe/IbHOM
K OKPYKHOCTH IIOIIEPEYHOI0 CeUeHHUd IHUINHIPA, pasHyo M, = FR.

7. Onpenenuts Gbopmy TMOKOH HUTH (COMPOTHBIEHWEM KOTODOi HA M3THO
MOXKHO IpeHeGpedb [0 CPABHEHUIO C COIPOTUBJIEHUEM HA PACTSXKEHUE), II0Be-
HIEHHOH 33 J[B€ TOYKU B I10JI€ TAKECTH.

Pemenue. Bsifupaem miaockocTs, B KOTOPOH PACIIOIOKEHA HUTH, B Kate-
CTBe IJIOCKOCTH XY C OChIO Y, HANPABJIEHHON BEPTUKAJbHO BHM3. B ypaBHeHUH
(19.3) moxkuO mpenebpeas anenom dM/dl, mockonpky M npomoprmonansao El.
Torga [Ft] = 0, T. e. F HanmpasieHo B KaxK/10i TOUKe HUTH IO t ¥ MOXKHO HAIU-
carb F = F't. Ypasuenue (19.2) naer reneps

(%) 4(6%)-
dl dl dl dl

(¢ — BEC eIWHMIIBI JJIMHBI HUTH ), OTKY/Ia

F dz =c¢ F &y =ql.
dl dl
Orcrona umeem F = \/c? + ¢?12, Tak aro
dx A dy l

A VATE dl JATR

(rme A = ¢/q). Nnrerpuposanue naer

l
r=AArsh—, y=+A24+12,
A
OTKY /1A
z
y=Ach=—,
A
T. €. HUTb UMeeT GPOpMy LeHOM rHrE. BoI6op Hataa KOOPANHAT U IOCTOSHHAST
A ompezendioTcs TeM, 9TO KPUBAd JOJIKHA, IIPOATH depe3 JBe 3aJAHHbIe TOUKI
U JO/KHA UMeTh 33JAHHYI0 JJIHHY.
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§ 20. Cnabwrii n3rud creprkHeii

YpaBHeHUs PABHOBECHs] 3HAYUTEIBLHO YTPOIIAIOTCI B MPAKTHAYE-
CKU BaXKHOM CjIydae c1aboro uaruba crepzkueit. V3rub asasercs cia-
OBIM, eCTM HAIPaBJIEHNE KACATEIbHOW t K CTEPXKHIO MEJJIEHHO Me-
HSIETCsI BJIOJIb €r0 JIJIMHBI, T. €. npou3Bognas dt/dl mana. Ipyrumu
CJI0BaMU, PaJuyC KPUBU3HBI W30TCHYTOTO CTEPKHS B KAXKJIOU TOUKE
JIOJI2KEH OBITH BEJUK II0 CPABHEHUIO C JUIMHOHN crepxKus. [IpakTu-
TECKW ITO YCIOBUE CBOAWUTCS K TPEOOBAHWIO MATOCTH MOTEPETHOTO
mporuba CTEpKHs MO CpaBHEHWIO C ero mimHO. [loguepkrneM, 4To
IpY 3TOM OTHIOAbL HE TpedyeTcs MajoCTH MPOruda 1Mo CPABHEHUIO C
TOJIIIIUHON CTEPIKHS, KaK 9TO JOJIKHO OBLIO OBITH B MPUOINKEHHOM

Teopru ¢1aboro m3rnba MIACTUHOK, pa3suToii B § 11, 121).
[poauddepentmpyem (19.3) no gyuue:

O] o) N

" dt
Bropoit 4nen comepkut Maniyio BeJTUUUHY L BCJIEICTBUE YEr0 UM

0OBbIUHO (32 MCKJIIOUEHHEM HEKOTOPBIX OCOOBIX CIy9aeB, O KOTOPBIX
pedb ujer Huxke) MOXKHO mpenebpedn. [lojcTa/iss B mepBoM djieHe

dF/dl = —K, nojiyuaem ypaBHEHUE PABHOBECHs B BUJIE
d’M
= [tK]. 20.2
M _ k] (20.2)

Hanmmewm 3710 ypaBHeHHe B KOMIOHEHTAX, JJIs Yero MOJACTABAM B
Hero, coryiacHo (18.6) u (18.9),

M, =—-ELY", M,=ELX", M,= (20.3)
! o
(3mak ' osmauaer Besze auddepenuuposanue 1o z). ExuHudHbIi
BEKTOP t MOKHO CINTATH HATTPABIEHHBIM TIO OcH 2. Torma MBI mosy-
YUM

ELX" - K,=0, ELY" -K,=0. (20.4)

DTH ypaBHEHHUs OMPEILNAI0T 3aBUCAMOCTD mporubos X u Y oT 2,
T. e. hopMy €1ab0 M30THYTOTO CTEPIKHS.

Cuny F BHyTpeHHWX HANpSKEHUi, AeHCTBYIONIYIO HA TOMEPed-
HOE CeYeHre CTEePIKHsI, TAK:Ke MOXKHO BBHIPA3UTh Yepe3 TTPOU3BOHBIE
or X u Y. ogcrasnss (20.3) 8 (19.3), monyuaem

F, = —ELX", F,=—ELY". (20.5)

1) MbI He u3/1araeM BOBCE CIIOKHOM TeOpHUH U3rnda CTEepXKHEH, KOTOPhIe B CBO-
€M eCTeCTBEHHOM, HeJedOpPMUPOBAHHOM, COCTOSHUU UMEIOT HU30THYTYIO (hOpMy
(orpaHMYMBASCH JUIIL OFHAM TIPOCTBIM TPUMEPOM B 3amadax 8, 9 3Toro mapa-

rpada).
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Mg BUumM, 94TO BTOPBIE MPOU3BOIHBIE OTTPEIEAIIOT MOMEHT CUJT BHY-
TPEHHUX HAMPSIXKEHUH, a TPEThbU MPOU3BOJHBIE OIPEIEJISIOT CAMU
st cusbl. Cuy (20.5) maswBaioT nepepeswvisatoweti cuaot. Ecim
n3rub TPOU3BOMAUTCS COCPEIOTOUEHHBIMU CUJIAMU, TO TTIEPEPE3bIBAI0-
mast CUJIa MOCTOSHHA, BIOIb KaXKJI0T0 M3 OTPE3KOB CTEPyKHA MEXK Iy
TOYKAMU TTPUJIOKEHUST CUJ, & B KaXKJI0H M3 3TUX TOUYEK MCIBITHIBAET
CKA4OK, PaBHBIA NPUIOXKEHHON BHEIIHEH CHJIe.

Benmmunner Ely u E 1] Ha3bIBAIOT KECTKOCTHIO CTEPKHS Ha, U3ru0

COOTBETCTBEHHO B IVIABHBIX IIJIOCKOCTAX TZ U YZ 1).

Ecnu npunoxkeHnHble K CTEPKHIO BHEITHNUE CUJIbI JEHCTBYIOT B O-
HOM TIJIOCKOCTH, TO W M3TU0 CTEPyKHST IMPOM30MIET B OJHON ILJIOCKO-
CcTH. DTHU JBe IJIOCKOCTH, OJHAKO, B OOIEM CIydae He COBMAIAI0T
JPYT C APYTOM; JIErKO HAWTH yroJ Mexk 1y Humu. Ecim a — yrosn mex-
Jy TLIOCKOCTBIO JIEHCTBUSA CHUJI U IEPBO# TJIABHOI MIJIOCKOCTHIO M3rnda
(I7I0CKOCTBIO £Z), TO yPABHEHUs PABHOBECHs IPUHUMAIOT BUJL

XIIII — COSO{K, Y”” — SlIlOzK‘
I2E IlE

Oba ypaBHeHHS OTIHIAIOTCA TOTBKO Kosdpdunmentom mpu K. Tlo-
sromy X u Y IPOMOPIMOHAIBHBI APYT APYTY, TPUIEM

V=XL2ga
I

Vrosa 6 Mexay MmI0CKOCTBIO M3rnba U IJIOCKOCTBIO Lz OMPeesIsaeTcst
PaBEHCTBOM

tgh = 2tga. (20.6)
I

) YpaBHeHueMm BHUIa ,
DX" - K, =0 (20.4a)

ONMHCBHIBACTCA TAaKXKe€ B OIIPEACICHHDBIX IPEIC/IbHbIX C/IydadX 1 I/I3I‘I/I6 TOHKOII 1118~
ctuaku. [lycTs mpaMoyrombHasa TIacTHHKA (C IJIMHAMHA CTOPOH ¢ W b W TO/IIHT-
HO# h) yKpemieHa BIOJIb CBOMX CTOPOH @ (HAllpaBJieHUe y) U U3rnbaercs: BIosib
cTopon b (0Ch z) OTHOPOIHOM BAOJIB OCH Yy HATPY3KOH. B obmem ciaywae mpowms-
BOJIBHBIX @ u b 1151 onipejiesienust ©3rubda, JJOIXKHO GBITH UCIIOIB30BAHO JBYMEPHOE
ypasrerue (12.5) ¢ COOTBETCTBYIOIMUMY TPAHUIHBIMA YCAOBAAME Ha yKPETLTCH-
HBIX ¥ Ha CBODO/IHBIX CTOPOHAX IUIACTUHKHU. B npenesnbHOM cityuae a 3> b nedop-
MAaIMIO MOXKHO CYUTATH OJTHOPOIHOM BIOJIb OCU Y, ¥ TOI/IA JABYMEPHOE ypaBHEHUE
paBHOBeCHs TIepexonuT B ypasHenue Buma (20.4a), mpuaem pob KECTKOCTH HA
n3rub urpaer BeJIMYrHA,
Eh®a

2
= (1-07).
12
VYpasrenne (20.4a) mpuMeHnMO 1 B 0GPATHOM MPEIETbHOM Ciaydae a < b, korma
IJIACTUHKY MOYKHO PACCMAaTPUBATH KaK CTEPIKEHD JJIMHBI b ¢ Y3KUM MPSIMOYTOJThb-
HBIM C€9eHneM (CEIeHre B BHJIE TPAMOYTOJIBHUKA CO CTOPOHAMY @ 1 h); IPHU 9TOM,
OJTHAKO, JKECTKOCTh Ha U3TUO OMpPeesseTcs APYIUM BbIPAKEHUEM
Eha
D=FI = .
12
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Jlns crep:kHst KpyroBoro cedenust I = Io u o = 0, 1. e. u3rub mpo-
HUCXOJUT B TLJIOCKOCTHU JeficTBust cui. 1o »Ke caMoe MMeeT MeCcTo u
JUIST CTEPKHST MMPOU3BOJIBHOIO cedeHus npu « = 0, T. €. KOTjga Cu-
JIBI HAIIPABJIEHBI B IVIABHOU 1iocKOCTH. Jljisi abCOMIOTHON BETUINHBI

nporuba
C — /X2 + Y2

nMeeT MeCTO ypaBHeHIe
" LI,
EIC" =K, 1

I} cos? a + I3 sin’ a

(20.7)

IlepepeswiBatomas cuna F exxut B TOM ke mrockoctn, urto u K, u

paBHA
F=—EIC". (20.8)

Bennauna I nrpaer posb 3¢ dekTuBHOTO 3HadYeHNnS MOMEHTa WHEP-
AU CeUEHUsT CTEPIKHS.

Hammirem B gBHOM BUE TpaHWYHBIE YCIOBUS IS yPABHEHUH
paBHOBecHs C/1ab0 M30THYTOTO CTePXKHA. K/ KOHeI CTepKHs 3a1e-
JiaH, TO Ha HeM J0KHO ObITh X =Y = 0 u, cBEpX TOro, HE MOYKET
MU3MEHHUTLCA €ro HalpaBJeHwe, T. e. JoMKHO Obith X' = Y/ = 0.
Takum 0b6pa3oMm, Ha 33TETAHHOM KOHIE CTEPXKHS JOMKHDBI BBITO-
HATHCS YCIOBUST

X=Y=0, X'=Y'=0. (20.9)

Cwuta e ¥ MOMEHT CHJI PEaKIIMU B TOYKAX OMOPKI OMPEIEJISIIOTCS TI0
u3BecTHOMY perrernto dhopmysaamu (20.3) u (20.5).

IIpu mocrarodno ciabom m3rube Crep:KHs 3aKPEIIeHne ero KOH-
14 B MIAPHUPE W OIMMPAHKUE €r0 B TOYKE SKBUBAJEHTHLI B OTHOIIEHHAN
IPAHUYHBIX YCIOBUiA. JIe0 B TOM, 9TO BO BTOPOM CJIy9ae IIPOIO0JIb-
HOE CMEIIEHNE CTEPKHSA B TOYKE OIOPHI ABJIAETCA IPH CIaboM n3rube
BEJIMYMHON BTOPOTO MOPSAKA MAJIOCTH 110 CPABHEHUIO C ITOMIEPETHBIM
nporuboM M IOTOMY HOJKHO CYMTATHLCA PABHBIM HYJIIO. | paHUYHBIE
YCIOBAS NCYE3HOBEHUS IIOIEPEYHOr0 CMEIIEHUS M MOMEHTA, CHJI JIa-
0T B 9TUX CJIy4asax

X=Y=0 X"=Y"=0. (20.10)

HanpasiieHne ke KOHIA CTEPXKHsI U CHJIA PEAKIUH B TOYKE OMODBI
ONPEJIETISIFOTCS B Pe3yJIbTaTe PEIIeHUs yPABHEeHUI.

Haxowerr, Ha cBOOOZHOM KOHIIE JOZKHBI OTCYTCTBOBAThH cusia F n
momenT cust M. Corsacto (20.3) u (20.5) 970 IPUBOJHUT K yCIOBHSIM

X"=y"=0, X"=Y"=0 (20.11)

(ecsim K cBODOIHOMY KOHITY MPHJIOKEHA COCPEJIOTOYeHHast cujia, To F
JIOJIPKHO OBITH PaBHO TOM CHJIE, & He HYJIO).

Herpyano 0606muts ypasaenns (20.4) Ha caydail crep:kueii me-
PEMEHHOI'O CedeHus. Y TAKUX CTepKHell MomeHThl wHeptuu I u Ip
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stBysitoTcs pyukiusavu z. Popmysib (20.3), onpezgensione MOMeH-
ThI CUJI B KAaXKJIOM JTAHHOM CEYEHUHU CTEPXKHdA, TO-TIPEKHEMY OCTa-
1orcst crpaseauBbivu. [logcranoska ux B (20.2) npusoguT Tenepb
K YPaBHEHUSIM

2 2 2 2
d_(]1ﬂ>=Ky, B4 (IQdX
dz? dz? dz? dz?

B KOTOPBIX [1 1 I5 HEJIb3sT BBIHECTH W3-110/1 3HAKA TTPOU3BOAHOMN. [l s
Iepepe3bIBaIOIIe CUIbl UMeeM

d d’X d A’y
F:—E—<I ) F:—E_(I_). 20.1
z dz 2 dz? y dz ! dz? ( 0 3)

) - K,, (20.12)

Bepremcst cuoBa k ypasuenusim (20.1). Ilpoussenennoe Hamu
npeHedpeKeHre BTOPBIM UJIEHOM B MPABO#l 9acTU PABEHCTBA MOXKET
0Ka3aThCsI B HEKOTOPBIX CJIyYasX HE3AKOHHBIM Jayke Tpu c1aboM u3-
rube. ITO — Te CAyUau, B KOTOPBIX BJIOJb JIJTUHBI CTEPXKHS JTeiCTBY-
er GosThbINast CUJIa BHYTPEHHUX HAIPSKEHUl, T. e. F), OUeHb BEJUKO.
Hanmume Takoil Cuibl BBI3BIBAETCS OOBIYHO CUJIbHBIM HATSKEHUEM
CTEPKHSI TPUJIOKEHHBIMHU K €0 KOHIIAM BHEITHUMY PACTSTUBAIOIIHI-
vu cutamu. OBo3HAUMM JEHCTBYIOIIEE BIOIb CTEPXKHS TTOCTOSIHHOE
HaTsxkenue depe3 F, = T. Eciu crepkeHb MOABEPraeTcs CUIHLHOMY
CXKATHUIO, 8 He PACTsXKEeHWIo, TO cuia 1T orpuniaresibHa. PacKpbiBast
BekTopHoe npoussezenue [F dt/dl], Mbl JO/KHBI TEEph COXPAHUTH
4jleHbl, cogepxkamue T, anrenamu ke ¢ Fy u Fy MOXKHO HO-IPEesKHEMY
npenebpeus. [loncrassig st KoMnonenT Bektopa dt/dl coorser-
creenno X", Y"1, noayunm ypaBHeHUs paBHOBECHS B BUJIE

LEX" —~TX" — K, =0,
LEY" —TY" — K, = 0.

K soipaxkenusim (20.5) 1151 iepepesbiBatolieil Cujibl Ha10 TpubaBUTH
Terepb YeHbl, paBHbIE IIPOEKINAM JIeCTBYIONIEN BIOIb BeKTOpa t
cunbl T HA ocn T WM Yt

(20.14)

F,=-ELX" +TX', F,=-ELY"+TY' (20.15)
D1 GHOPMYIBI MOTYT OBITH, KOHETHO, MOIYIEHBI U HETTOCPEICTBEHHO
us (19.3).

Bosnbimas cuna T MoxKeT B HEKOTOPBIX CIyUasdgX MOABUTHCI U B Pe-
3yJIbTaTe CaMOro u3rnba, jlake ecjii HET HUKAKUX CIEUaJIbHO TPH-
JIO2KEHHBIX PACTATUBAIONINX CUI. PaccMOTpuM crep:keHb, 06a KOHITA
KOTOPOI'O 33/leIaHbl MJIM 3aKPEIlJIeHbl Ha IIaPHUPaX B HEITOJBUKHBIX
0TI0pax, TaK YTO HE MOI'YT UCIBITHIBATH MIPOJIOJILHOTO CMeleHust. 1o-
raa Tporub cTep:KHA HEM30€KHO COIPOBOXKIAETCS €r0 Y/IJIMHEHUEM,
YTO W NPUBOJUT K TOABJIEHWIO B HeM cuiibl 1. Jlerko oreHuTh Be-
JIMYUHY Tporuba, Mpu KOTOPOM 3Ta CUJIA JIEJAeTCs CYIIECTBEHHO.
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dnura L + AL n30rHyTOro crep:KHs paBHa WHTETPAJTY

L
L+AL=[V1+X"?4Y"?dz,
0

B3STOMY IO IPSIMOIA, COeIMHSAIONIEN TOUKN OTopbI. [1pu crabom u3ru-
6e MOXKHO Pa3JIOKUTh KOPEHb B PSAJI, U MbI TIOJTyYaeM JIJis Y TAHEH s
AL BbIpaxkeHune

L
AL = % [(X"?+Y"?)dz.
0

BO3HI/IK&IOIH,&EI IIPpU IIPOCTOM PACTAXKECHUU CUJIa HATAYKEHHA PaB-
Ha OTHOCUTE/JILHOMY YIJIMHEHUIO, YMHOZXKEHHOMY Ha MOAYJIb I‘OHI‘a n
Ha IJIOMAL S cedeHus: cTepKHs. Takum obpasom, cusa 1 paBHa

ESE 2 2
T=EI(X +Y'?) dz. (20.16)
0

Eciu § ecth OPSZIOK BEJUUMHBI IOMEPETHOTO MPOrUba, TO Mpo-
uzsopnbie X' u Y’ — nopsiaka 0/ L, Tak 94TO BeCh UHTErpaJl, CTOAIIALL
B (20.16), — nopsaxa semmunnst (§/L)2 L =6?/Lu T ~ ES (§/L)%.
ITopsiIoK BEJIMYMHBI IEPBLIX U BTOPbLIX 4ieHoB B (20.14) — coorser-
creenno IES/L* w T§/L? ~ ES§3/L*. Moment unepmuun I nveer

MTOPSAIOK BEIUIUHBI [ ~ h* a S ~ h2, rae h — Tommmua CTEPXKHA.
[Tonmcrasiisisg 9T0, JETKO MOIyYaeM, ITO TEPBbIE W BTOPBIE WIEHBI B
(20.14) cpaBHMBAIOTCA 1O TOPSIIKY BEJIUIUHBI TP 0 ~ h.

Takum obpazom, mpu m3rube CTep:KHEeH, KOHIBI KOTOPBIX 3a-
KPEILJIEHBI, MOXKHO MOJb30BATbCS YPABHEHUSIMU DPABHOBECHS B BU-
e (20.4), Tonbko eciu mporub Mas MO0 CPABHEHUIO C TOJIIUHOL
crepxkust. Ecam ke § He Masio 1o cpaBHEeHUIO ¢ h (HO, KOHEYHO, T10-
npexkaeMy d < L), 1o Hajo monp30Barbes ypapaenusimu (20.14).
IIpu sTom cumma T B 9TMX ypaBHeHudx 3apaHee Hems3BecTHa. [Ipm
WX PeIleHnr HAJ0 CHAadYaja paccMarpuBarh 1’ Kak 3aJaHHBbIA mapa-
MeTp, & 3aTeM II0 IOJIYUYEHHOMY PEIIeHUt0 OnpeaeuTb 1 COoracHo
dopmyse (20.16), uem u onpenenuTcst CBsi3b T ¢ NPUIOKEHHBIMEU K
CTEPXKHIO U3TUOAIONINMY CHIAMHU.

Ob6paTHBIM MTPEJIETBEHBIM CJIYUAeM SIBJISIETCST TOT, KOTJIA COMPOTUB-
JIEHUE CTEPKHS Ha W3rUO MAJIO 110 CPABHEHUIO C €10 COMPOTUBICHIEM
Ha PACTsKeHre, Tak 9To B ypasHeHuax (20.14) moxkuo mpenebpedn
[EPBBIMU WIEHAMH 110 CPABHEHUIO CO BTOPBIMU. DU3WUECKU TAKOM
caydaii MOXKeT OBITh OCYIIECTBJIEH JUOO OUYEHb CUJIbHBIM PACTSIZKe-
vueMm T, b0 npu goctarouro majaoMm K1, aro MoxkeT ObITH CBI3aHO
¢ MaJIoit TommuHOM h (0 CUJIBHO HATSHYTBHIX CTEPXKHSAX MOBOPSIT KaK
0 cmpynax). YpaBHEHUs PABHOBECHsI TJIACIT B 9TUX CJIydasax:

TX"+K,=0, TY"+K,=0. (20.17)
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KOHHI)I CTPYHBI Ha/JI0 NOPEACTaB/JIATbh cebe 3aKPCILICHHBIMI B TOM
CMbICJI€, YTO UX KOOPpAWMHATHI 3adaHbl, T. €.

X=Y=0. (20.18)

Hanpasnenne ke KOHIIOB He MOXKET OBITH 3aJIaHO MTPOM3BOIBLHBIM
00pa3oM, a olpesesercs pelleHneM ypaBHEeHU.

B szaksroyenme mokaxkeM, KakKMM 0Opa30M ypaBHEHHUS DaBHOBE-
cug cy1ab0 M30THYTOTO CTEPXKHS MOXKHO MOy YUTh, UCXO U3 BapHa-
[MOHHOI'O MPUHINIIA, WCIOAL3ys Bbipazkerue (18.10) masa ympyroii
SHEPTUH:

Fop = g [{nY"™ + LX"} dz.

B paBnoBecun pomxkHa OBITH MUHUMAJIbHA CYMMa 9TOW SHEPIHH U
MOTEHIMAJIBbHON 9HEPIun, CBA3aHHON C NeUCTBYIOIIUMMHU Ha CTEPXKEHb
BHerrHuME crytamMu K, T. e. TO/IKHO OBIThH

0Fer — [ (Ku0X + Ky0Y)dz =0
(BTOpOI# usieH mpejcTaBsier coboii paboTy BHEIHUX CHJI TP DECKO-

HEYHO MaJIOM CMEIEHUW JINHUU cTep:KHsi). [lpu BapbupoBanuu Ferp
MIPOU3BOAUM JBaXK/Ibl MHTEIPUPOBAHNUE TI0 YACTAM:

1 "2 _ " " v /
5(st dz= [ X"6X"dz = X"6X

— [ XX dz =

— X// 5X/

X" 6X‘ + [ X" 6X dz

¥ aHAJIOrMYHBIM 06paszoM yig urTerpasa ot Y2, Cobupas pazimd-
HbIe YJICHBI, MOIYYIM

[UELY™ — K,)§Y + (BELX" — K,)0X]dz +
+ELY" Y —Y"§Y)| + EL(X"6X' — X" 6X)| = 0.

U3 1mepBoro, MHTErpajJbHOTO, YjI€HA CJAEJAYIOT BBUIY MTPOU3BOILHO-
cru Bapuanuit 0X u 0Y ypasuenus pasuosecus (20.4). OcranbHbie
JKe, TIPOMHTErPUPOBAHHBIE, UJIeHbI JIal0T MPAHUYHBIE YCIOBHS K ITHM
ypaBHEHHUsM; TaK, Ha cBOOOJHOM KoHIle Bapuanuu 60X, 0Y, 6 X', §Y’
[POU3BOJIbHBI M COOTBETCTBEHHO Tostydatorcs yeaopus (20.11). B o
ke BpeMs kKodddunmenTs mpu 60X u JY B 9TUX WIEHAX JAIOT BbI-
paxkenust (20.5) 711 KOMIIOHEHT TI€PEPE3BbIBAIOIIEH CUIIbI, & KOI]-
dbummenter pu 60X’ m Y’ — Bepaxkenus (20.3) mag KOMIOHEHT
n3rubaIoIIero MOMEHTA.

Hakowner, ypasuenusi pasuosecust (20.14) npu Hajmdum pactsi-
rUBAOIIEH bl T MOYKHO MOJIYYUTH TEM Ke CIocOOOM, MpubaBuB K
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Ba.pr/IpyeMOfI SHEPI'umn BeJII/I‘II/IHy
TAL = %f (X2 +Y"?)dz,

MIPEJCTABJISIONIYI0 coboit pabory cuiibl T Ha mytn AL — yajauHeHnn
CTePIKHS.

3amauu
1. Onpenenuts Gopmy mporuba crepxkus (auHbL [) 101 BAUSHUEM COG-
CTBEHHOI'O BeCa IIPU PA3IUYHBIX CIOCO0aX 3aKPEIJIEHHs €r0 KOHIOB.
Pemenwue. lckomas dopma ompenessiercs pemreHneM ypaBHEHUS

mr 4
T

(¢ — BéC eMHAWNTIBI IIMHBL CTEPIKHS) C TEMU UM IPYTUMA TPAHUIHBIMA yCIOBH-
sIMH Ha €ro KOHIAX, chopMy/IupoBaHHBIME B TeKcTe. IIpu pa3audHbIX criocobax
3aKPeIIeHNs KOHIIOB CTEPKHS IIOJIY IAI0TCs CreAyomue (popMbl mporuba U Max-
CHMaJIbHBIE CMelleHnsl (TaK HA3blBAEMble CTDEJIKH [IPOruba); Hadajo KOOPAUHAT
Be3Je BbIODAHO B OJTHOM W3 KOHIIOB CTEPIKHSI.

a) O6a KOHIIa CTEPIKHS 33IETAHBL:

q 2 2 [ 1 ql4
= -7, - = ——.
¢ 24EIz & ) C(2) 384 ET

6) O6a KOHIIA OTIEepPTHIL:

(= 4 2(2% = 22" +1%), ¢ <£> = iﬁ

24E] 2) " 384 EI

B) Ommn konen (z = 1) 3ameman, a apyroit (z = 0) onepr:

q 3 2, 43 ql*
= 227 = 3lz" +17), 0,420) = 0,0054—.
¢ 48EIz( ‘ ? ) o ) EI

r) Omun xomen (z = 0) 3amenan, a npyroii (z = [) cBobomen:

4
c=—L 22 _ayel?),  c()=<9L
24FE171 8 EI

2. Oupenenurh GopMy mporuba CTEP:KHS IO BJIUIHUEM IIPUIOKEHHON K
€r0 Cepe/IuHe COCPEJIOTOYCHHON CUIBI f.

Pemenue. Besze, kpome Touku z = /2, umeem ypasuenue ¢ = 0. I'pa-
HUYHBIE yCIOBUAA B KOHIAX cTepXkHd (2 = 0 u 2z = [) onpegendorcsa crnocobom
3aKperieHns; B ToUKe ke z = [/2 momxubl 6bTh Hempepwisael ¢, ¢, ¢, a pas-
HOCTb TIepepesbiBatomux cua F = —EI¢" no o6e cToOpoHBI 3TOi TOUKH JOTKHA
6bITH paBHa cuie f.

Dopma crepxus (Ha ydactke 0 < z < [/2) u crpesnka nporuba maoorcs
caeayommmu hOpMyJIaMu.

a) O0a KOHIIA CTepIKHs 3a/IeJIaHbL:

= 31 — 4z), 2) = .
C=ger O \3) T 1emm
6) O6a KOHIIa CTEPIKHS OMEPTHI:

_ f 2 4.2 1y _ fi3
¢=gmer B — %) <(2> T W8EI




122 PABHOBECHUE CTEPYKHEH U IIJTACTUHOK DJI. 11

Dopma CTepKHS CUMMETPUIHA OTHOCUTEIBHO €r0 CePeUHBI, TaK ITO (PyHKIUs
Ha yuacTke [/2 < z < | mosy9aercs 0TCIOfa IPOCTO 3aMEeHON 2z Ha | — 2.

3. To xke st CTepKHSs, OJIMH U3 KOHIOB KOTOporo (z = 0) 3amesan, a ApyToii
(z =1) cBOGOmEH, IpEYEM K HOCIEeAHEMY IIPUIIOKEHA COCPENOTOUEHHAs CUIa f.

Pemenue. Bmoms Bcero crepxus F = const = f, Tak uro (' = —f/EI.
C yenosuavu ( =0, (' =0 mpu 2 = 0 u "' = 0 mpu 2z = [ morygaem

f i
¢=csm? Bl-2), ()=
3EI'
4. Onpenenurb (bopMy npom6a CTEPKHS C 3aKPEIJIEHHBIMU KOHIIAMHY IO,
BJINAHAEM COCPEeJOTOYEHHOU Maphbl CHUJI, IPUJIOXKEHHOU K er0 cepeiuHe.
Pemenue. Bmoms Bceit ammmer crepxusa (' = 0, a B Touke 2 = /2
Moment M = EI(" ucnbiThiBaeT CKauoK, PaBHbIM MOMEHTY 1 TPUJIOKEHHOM
cocpe1oTodeHHON napbl. C COOTBETCTBYIOIUMHE YCIOBUSIMY Ha, KOHIAX ITOJIY YHM:
a) 00a KOHLIA CTEpPIKHsI 3a/IeJIaHbL:

m
= 8E1122(l —2z) mpu 0<2z<1/2,
¢ = —&(l—z) l—2(1-2)] mpu 1/2<2<;
6) 06a KOHIIA 3aKPeIJIeHbl B MIAPHUPAX:
(= 24E” 2(I° —42*) mpn 0<2<1/2,
¢= _24—EIl(l —2)[I? —4(1—2)?] mpm 1/2< 2

Ilo o6e cTOpoHBI OT TOYKHU 2z = [/2 CTepyKeHb W30THYT B PA3HbIE CTOPOHBI.
5. To xe, ecn COCpemOTOYEHHAS TApa MPUIOKEHA K CBOOOTHOMY KOHILY
CTEpKHSI, IPYTOil KOHEI[ KOTOPOT'O 33 1eJIaH.

Pemenue. Bmomb Beeit anuubl crepxusa nmeem M = EI(" = m, a B
rouke z = 0: ( =0, ¢’ = 0. ®opma n3ruba maerca HOPMYIOi
2
=2
¢= 2E1

6. Oupenenurs GopMy crep:kHs (KPDYTrOBOIO CEUYEHHMs) C 3aKPEILIEHHBIMU B
MapHUPAX KOHIAMH, PACTArMBaeMoro cuioit T m uarubaemMoro cuioii f, mpusio-
JKEHHOU K €ro CepesiuHe.

Pemenue. Ha orpeske 0 < z < [/2 nepepesbiBaomas cuia pasHa f/2,

Tak 410 (20.15) maer ypaBHeHUe
lg’ =__

CIH _
EI 2ET1
Tparwansie yerosus: ( = 0, ¢’ = 0 mpu z = 0,1, a ipu 2 = /2 mOmTXKHO BGBITH
¢'=0 (8 cmny mempepwsHOCcTE ('). [ns dopumbr crepwHs (Ha OTpe3ke
0 < z £ 1/2) nonyunm dbopmyry

=1L [_L] - (1)”2,
2T kch (kl/2) EI

IIpu masbix k 910 BeIpaxkeHue nepexoaur B (popMysly, HOIYyHEeHHYIO B 3a/1a49e 206.
IIpu Gonpmux xe 3nadeHUaX k OHO IEPEXOIUT B

_f
C_2T

f

2,
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T. €., B corytacum ¢ ypasaeauem (20.17), rubkaga HATh IPUHAMAET MO, BIATHIEM
cuibl f HopMy, COCTABIEHHYIO U3 JIBYX IPSMBIX OTPE3KOB, [I€PECEKAIONINXCS B
Touke z = [/2

Ecnu cuna T cama BO3HHKAeT B pe3yJIbTaTe PACTAKEHUS CTEPXKHS IIOIepet-
HOH CWJIOH, TO JUIsi €e OIpejiesieHus HaJl0 BOCIIOIB30BaThCst (opmysioit (20.16).
IloncraBuB B Hee moOIydeHHOE BBIpaKeHUE, HANEM ypPaBHEHME

273
1 §+lth2ﬂ—it K =ﬂ7
kS [2 2 2kl 2 28

onpeiensiomiee B HesiBHOM Buje T kak yHKumio or f.

7. Crepxenpb (KPYroBoro ceweHus) GECKOHETHOM [IJIMHBI JIEKAT HA YIIPYTOM
OCHOBAHWM, T. €. IpU u3rube Ha Hero aedicrByer cuia K = —a(, mponopruo-
HaJsibHas poruby. Onpenenmmts GoOpMy, IPUHUMAEMYIO CTEDXKHEM DU J1eHCTBUI
Ha, HEro COCPEIOTOYEHHOM CUIbL f.

Pemenne. BribupaeM Hadago KOOPAMHAT B TOUKE IIPUJIOKEHUS CHIIBL f.
Besne, kpome Touku z = 0, UMeeT MECTO ypaBHEHME

mni
EI(" = —a(.
Pemenne momxmo YAOBJIETBOPATD yCIIOBHAM (=0mnpu z = oo, ampu z =0
IoMKHBI 661Th HerrpepbiBHBI (', ¢”; pasHoOCTDL Ke 3HaYeHWiT mepepesbIBalomIeit

cumet F = —EI¢" mpu 2 — +0 mw z — —0 nomxna 6uth pasua f. Takoe
pelileHne ecTh

(=t

1/4
Me_ﬁlzl[cos[ﬂzl + sin B|2]], B = (42’—I> )

8. BoiBecTH ypaBHEHEHE DABHOBECHs [jisl Cab0ro M3rmba TOHKOTO CTEDIK-
Ha (KPYTOBOTO CEYEHMs1), UMEIOMEr0 B CBOEM ECTECTBEHHOM COCTOAHUH (HOPMY
JyIU OKPY’KHOCTH U H3THOAEMOr0 B CBOCH ILIOCKOCTH HPUIOKEHHBIMU K HEMY
paauaJIbHBIMU CUJIAMMU.

Pemenwue. BoiGupas HauasI0 MOIAPHLIX KOOPAUHAT T, (0 B EHTPE OKPY K-
HOCTH, HATIHIIEM ypaBHEHHE 1eOPMUPOBAMHON TUHAY CTEPKHS B BAIE 2 = a +
+((p), rme a — pammyc mytm, a ( — MaJIble PAIUAIbHBIE CMEIIEHUS TIPU U3TH0e.
BoCII0/Ib30BABINIICH M3BECTHLIM BBIPAKEHHEEM /15 PAIHNYCa KPUBH3HBI B TIOJIAD-
HBIX KOOPJMHATAX, HAHJIEM C TOYHOCTHIO 710 WJIEHOB MEPBOTO TMOPAIKa 10

1 =" +27"7 1 (4]

R (r2 +r'2)3/2 ~a a2

(mTpux ozmawaer muddepenmmposanue no ). Cormacuo (18.11) maxomum ympy-
I'YIO SHEPIUIO U3ruba:

EIT/1 1\° gr 't
Fop = —— - _ = dp = == +H2d
cr 2O/(R a)aso 2@30/(4 (") dy

(0 — mEHTPANBHBIN yrom myrw). Y paBHEHHE PABHOBECHS MOy 9IAeTCI U3 BaPHa-
LOHHOT'O [IPUHIIUIIA,
©0
8Fer — [0¢K,adp =0
0

(K, — oTHeceHHas! K e[MHUIIE JJIMHBl BHEIIHss PAJMAIbHASI CUJIA) C JOIOJIHU-
TeJIbHBIM YCIOBUEM

)
{Cds0=0,

BBIPAXKAOMMM €000 B pacCMaTpUBaeMOM IMPUOIMKEHUU YCJIOBUE HEU3MEHHO-
cru 00well [UIMHBI [IePUMEeTPa CTEPXKHsI, T. €. YCJIOBUE OTCYTCTBUs OOIIEro ero
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pacrsxkenusi. Cnenys Merony Jlarpami:ka, IpUPaBHHBAEM HYJIIO CyMMY
Yo ®0
dFcr — [aK,0Cdp+aa [6¢dp =0,
0 0

rae o — nocrosinHasg. [Ipoum3Boasa BapbUPOBAHME B IIOALIHTEIDAIBHOM BBbIPake-
amm B Fer m waTerpmpys wien ¢ 6¢” ABaXKIBI TI0 9acTAM, IOy SIIM

/ [%(( +2¢" +¢") —aK, + aa] §¢dp +

+ v enae
a

-2+ =o.
a

OTcroza HAXOAUM ypaBHEHHE PABHOBECH
EI
— " +2"+¢) - K, +a =0, 1
a

BEIPasKeHHE M1 TIePePe3hIBAIONIeH CHIBI

EI ! n
p=-Ele e

a

U BbIpazKeHue JJjid I/ISFI/IﬁaIOI.LLeI‘O MOMEHTa
EI "

M=—(+¢)

a

(cp. xomen § 20). ITocrosiHHAs (v OLPEAESAETCS YCIOBUEM OTCYTCTBHs OBIIErO
PACTSIXKEHUs CTEPXKHS.

9. Onpenemurs medopManuio Kpyroso-
r0 KOJIbIIA, U3rnbaeMoro JBYMsI COCPEIO0TO-
YE€HHBbIMHU CHUJIaMH [, I[eﬁCTByIOHlHMH BIO0OJIb
nuamerpa (puc. 18).

Pemenue. Unrerpupys ypaBHeHue
(1) mo Beeit mmHe KosbIa, HalneM, 9TO

2raa = f Kradp =2f.

Besze, kpome Touek ¢ = 0 u ¢ = m, UMeeM
ypasuenue (1) ¢ K, = 0:

3
1 " fa
+2¢"+(+—=0.
¢ ¢ +<¢ I
Puc. 18 Uckomas gedopmanyst KOIbLa CHMMETPUY-

Ha orHOCcUTEe bHO JguamerpoB AB u CD, B

cuiy 4dero B Toukax A, B, C, D momxuo
6erte (¢ = 0. PasmocTs 3HadeHwmit TepepesbIBaioNIett CUIbl opu @ — +0 mos-
)KHA ObITh paBHa f. YIOBJIETBODPSIONIEE STUM YCJIOBHUSIM DPeIleHUue yPaBHEHUS
paBHOBeCUsl €CTh

EI 4

B wacrHOCTH, TOuKM A 1 B B3auMHO COIMKAIOTCSH HA BEJIMUUHY

€0 + ¢l = 22 (z-2).

2101 1
nga (—+—<pc0sgo—§coscp—zsincp>, 0L
s
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§ 21. YcTOo4YUBOCTh YIIPYTUX CUCTEM

IToBeienne cTepKHs, MOIBEPKEHHOTO BO3JAEHCTBUIO TPOIOJIBHBIX
CKUMAIOIIUX CUJI, TPEJICTABJISAET MIPOCTEHIITNI TpUMep BasKHOTO B~
JieHust ynpyeot neycmotinueocmuy, BliepBble 00HApYKEeHHOTO JI. -
AEPOM.

[Ipu orcyTcrBun nonepednbIx u3rubaomux suemnux cul Ky, Ky
ypaBHEHHUs paBHOBeCHsi CxkaToro crepxkus (20.14) mmeror odeBu-
noe perterrie X = Y = (), cOOTBETCTBYIOIIEE CTEPIKHIO, OCTAIOIIE-
MyCsi TIPU BO3JEMCTBUU TIPOMOJIBHON CuJibl T’ MPSMOTHHEHHBIM. DTO
peIlienre, 0JHAKO, COOTBETCTBYET YCTONIMBOMY PABHOBECHUIO CTEPK-
Hsl JIMIIB JI0 T€X [0p, MOoKa cKuMmarommasi cuia |T'| ocraercss MeHbIe
HEKOTOPOTO KpuTrudeckoro 3uauerns Tip. Ipn |T| < Tyy, npsvonn-
HeitHast (popMa CTeprKHsI YCTOWIHUBA 10 OTHOIIEHUIO K TPOU3BOIBHO-
My MaJIOMy BO3MYIIeHur0. [pyruMu ciioBamMu, eCciu 1o, BAMSHUEM
KaKOTO-Tn00 MaJjoro BO3JEHCTBHs CTEPKEeHDb MMOJIBEPTaeTCs C1aboMy
u3rudy, TO MO TPEKPAIEHUH ITOI0 BO3MEHCTBUS CTEpyKEeHb Oymer
CTPEMUTHCS BEPHYTHCS B WCXOIHOE COCTOSTHUE.

Hanporus, npu |T'| > Typ upamonuneiinas ¢dbopma orBedaer
HeyCTOMYnBOMY paBHOBecHiO. JocTaTouHo yike OECKOHEIHO MaJIoro
BosneiicrBust (n3ruba) Jyist TOro, 4ToObl PABHOBECHE HAPYIIUJIOCH, B
pe3yIbTaTe Yero Mmpou3oiaeT CUIbHBIN U3rud crepxKHd. JcHO, 94TO B
9TUX YCJIOBUSIX CXKATBHI CTEpyKeHb BOODIIE HE CMOXKET PeaibHO Cy-
IIECTBOBATh B HEM30THYTOM BUJIE.

IloBesienne crepykHS MOC/E TOTEPU UM YCTOWUUBOCTH JOJIYKHO
OTMCHIBATHCST YPABHEHUSAMU CUIBHOTO n3ruba. OaHaKO caMoe 3Hatvue-
Hue KPUTHIECKON HArpysku Txp MOXKeT ObITh MOJIyYeHO C IHOMOIIbLIO
ypasrennii cadoro usruba. Ipu |T| = Typ npsmonuneiinas dbopma
CTEPXKHS COOTBETCTBYET HEKOTOPOMY O€3Pa3MuHOMY PaBHOBECHIO.
9T0 3HAUUT, YTO Hapsiay ¢ pemtenueM X = Y = () J0/KHBI CyIIe-
CTBOBATH €Ille U COCTOSTHUS CJIaOOro m3rnba, KOTOPbIE TOXKE STBJIs-
10TCA paBHOBecHbIMU. [loaromy Kpuruueckoe snauenue Txp MOXKHO

omnpesesuTh Kak 10 3Hadenue |T'|, mpu KOTOPOM y ypaBHEHHI
ELX" +|T|X" =0, ELY" +|T|Y"=0 (21.1)

MOSIBJISIETCST OTJIMIHOE OT HyJisg perterne. CaMo Ke 3TO peIeHne
ompenieisieT XapakTep gedopMaluu, KOTOPOil MOJBEPTHETCS CTep-
2KeHb HEINOCPEACTBEHHO TOCE TTOTEPU UM YCTOUYNBOCTH.

B 3amauax sroro maparpada mpuBeseH pAl THIUYHBIX CIy4aeB
IOTEPU YCTONYIMBOCTHU PABJIUIHBIMUA YIPYTUMU CUCTEMAMMU.

3amayu

1. OnpenenuTh KPATHIECKYIO CKUMAIONLYIO CHJLY J1JIsi CTEPXKHS C NIAPHUPHO
3aKPEIJIEHHBIMU KOHITaMHW.

Pemenune. Ilockombky Hac mHTEpecyeT HamMmeHblnee 3HadeHue |T|, npu
KOTOPOM TIOSIBJISIETCS OTJIMIHOE OT Hyss penrenme ypasmenmii (21.1), To mocra-
TOYHO PACCMOTPETH JIMIIb TO U3 STUX IBYX YPABHEHU, KOTOPOe COAEPIKUT MEHb-
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mee u3 I, Io; mycts Is < Iy. mem pemenne ypaBHEHHS
EIQX”H + |T|X” -0
B BUZIE
X = A+ Bz+Csinkz+ Dcoskz, k= (|T|/EL)">.
Oramaroe oT Hy s pemenwe, yaosaeTsopsaionee ycaosuam X = 0, X" = 0 mpn

z=0wuz=1I, ecrp
X =Csinkz,
npudeM JOJKHO ObITh sin kI = 0. O1coma HaX0IUM UCKOMYIO KDUTUIECKYIO CHILY

TKp = 7T2E.[2/l2.
Hocmleg MOTEePH YCTONYMUBOCTH CTEPXKEHb TpUMeT (HOpMY, W300paKEHHYIO HA
uc. 19 a.
P 2. To ke myia cTEpKHA C 3aJ€TaHABIMA KOHIaMu (puc. 19 6).

Pemenue. Txp = 4n°EL/1*.

3. To xe a5t cTepKHS, OUH U3 KOHIIOB KOTOPOIO 33/I€J1aH, & JAPYIroil CBO-
6onen (puc. 19 g).

Pemenue. Txp = n’El/41%.

4. OnpenemmTh KPUTHIECKYIO CKUMAIONIYIO CHITY s CTEPXKHA (KPyTOBOTO
CeveHusl) ¢ MAPHUPHO 3aKPEIIEHHBIMU KOHIIAMU, JIEXKAIIEr0 Ha YIPYIOM OCHO-
Baamu (cM. 3amaay 7 § 20).

Pemenue. Bwmecro ypasrenwmii (21.1) 3mech Ha0 paccMOTpeTh ypaBHEHUE

EIX"" 4+ |T|X" +aX = 0.
AH&J‘IOI‘I/I“IHOG HUCCIeJ0BaHNE TPUBOOUT K PEIICHUIO

2 4
X = Asin ™2, Tip = 2L <n2 + L) ,
l 12 n2mtEl
npyuvieM I 11 JOJIZKHO 6I)ITI) B34TO TO U3 LEJbIX 3HaquHﬁ, AJId KOTOPOTrOo 1mo-
JIydaeTcs HauMmeHblee sHadenne Txp. IIpm mocraTrodno 60IBITNX 3HAYEHUAX O
mosygaercs n > 1, T. e. TOC/Ie IOTEPH YCTONIMBOCTHU CTEPKEHD MPUHUMAET HOp-
MY C HECKOJIBKUMU IIYTHOCTAMU.

5. Crep:keHb KPYyroBOro CEYEHUsl IOABEPIHYT KPYYEHUIO, U €ro KOHIIBI 3a-
nenasbl. OUpeenTh KPUTHIECKYIO BEJIMYUHY KPYYeHHUs, IIOCae KOTOPOH Ipsi-
MosrHeHHast popMa CTepIKHS JIeIaeTCsl HEYCTONINBOI.

Pemenue. Kpurudeckoe 3uadeHue
yIJIa KPY4YeHHd OIpenedercd IIOABJICHU-
Z eM OTJIMYHBIX OT HYJIs pelleHHil ypaBHe-

’,

T HUH c1aboro m3ruba 3aKpy9IEeHHOTO CTEpPIK-
T p B Jl1s BBIBOZ@Z 3THX yPABHEHMI IIO/ICTa-
BJisieM BbIpaxkenue (19.7):
o 6 M = EI [td—t] +Ort
di
T
T T (T — HOCTOSIHHBIA yrosl KpydYeHus1) B ypas-
uenwe (19.3); aro maer
7 7 2
EI [td—t] or _pg—o.
Puc. 19 diz di

Huddepennupyem 3T0 ypaBHEHUe; IO-
CKOIbKY m3rub ciabbiii, To npu audGepeHImpoBaHuY IEPBOT0 U TPETHEro HJjie-
HOB MOXKHO CYHUTATH t IIOCTOAHHBIM, PAaBHBIM BEKTOD t()7 HaIIPpaBJI€HHOMY IIO
ocu crepxkus (ocu z). Ilomus takxe, aro dF/dl = 0 (BHemHMe cumbl 10 AJMHE
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CTEPKHHA OTCYTCTBYIOT ), IOy IaeM

d>t d?t

BI |to ™| + o7&t —,

[ 0 dl3] e
WU B KOMIIOHEHTaX:

Yllll _ }fX”/ — 0, Xll// + }fY”l — 0,

rue » = C7/(EI). Beens B xadecrBe HemssecTHOH (yuknuo £ = X + 1Y, nosy-
YMM ypaBHEHHE

g///l _ l‘}fg,” — 0
Vmem pemrenwne, ymosaersopsiomee yeaopuaM & = 0, ¢ = 0 opu z = 0, | B Buze
€ =a(l +ixz— ™) +b2°,

¥ HaXOJUM B KadeCTBe yCJIOBHS COBMECTHOCTH ISl IIOJIyJAIONIMXCS A7 @ U b
YPaBHEHU COOTHOIICHHIE

il 24zl l sl
=, ==t
2 — izl 2 2
HaumeHbInuii KopeHb 3T0ro ypasHenus: »l/2 = 4,49, tak 4to
e — 8,98ET1
o

6. To ke 1/ CTEpKHA C MMAPHUPHO 3aKPEIJICHHBIMU KOHITAMHU.
Pemenue. 3mech momyuaercs

‘ 2
E=a <1 — e — %22) + bz,

npuueM s ompenengerca u3 el = 1, 7. e. sl = 2. [109TOMY HCKOMBI KPHTH-
YeCKU# yrosa Kpy4deHusd

Cl

7. OnpeieuTh Ipe/ies yCTONYUBOCTH BEPTUKAJIBHOTO CTEDPIKHS, HAXOIAIIe-
rocs o, JeficTBreM COOCTBEHHOTO BeCa; HUKHUN KOHEI[ CTEPXKHS 3aeJIaH.

Pemenue. Ecmu npomonbuoe narsixkeaune F, = T meHsieTcs BIOJIb JITUHBI

dF,

1

cTepxkHsi, TO B mepsoM uneHe B (20.1) # 0 u Bmecro ypasuenuii (20.14)
OJLY IaeTCsA

LEX"" —(TX')Y — K, =0,
LEY" —(TY') — K, =0.

B maHHOM Cily4ae morepedHbie W3rubaroIime CUIbl OTCYTCTBYIOT 110 BCeH [JInHE
crepxkusi, a T = —q(l — z), rae ¢ — BeC eNUHUNBI JIMHBL CTEPXKHS, & Z OTCUH-
THIBAETCA OT €r0 HUKHEro KoHm@a. llpemmomaras, aro I» < I, paccmarpuBaeMm
ypaBHEHUE

LEX" =TX' = —q( - 2)X'

(mpu z = [ aBromarmaeckn umeem X' = 0). O6muit WHTErpasI 3TOr0 ypaBHEHHST
ans bysknun v = X' ecTb

u=mn"*laJ_/3(n) +bJ13(n)],
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1/2
g(i(l_zﬁ) )
3 \FEI
)48

T'parwassie yeaosua X' = 0 mpu 2 = 0 u X" = 0 mpw 2 = [ garot mas GyHxmmm
u(n) ycnosus

roe

77:

2 ql3 1z 1 1/3
u=0 onpum 77=170§§(E—I2> , un/ =0 mpm n=0.

st TOro 9TOOBI YIOBJIETBOPUTH STHUM YCIOBHSM, HAAO TOI0XKUTH b = (, mpu-
gem J_1,,(10) = 0. Hammenbmuii KopeHs 3Toro ypapHenus 7o = 1,87, orkyzaa
HaXOJUM KPATHYICCKYIO JJIAHY CTePKHHA

EI 1/3
Ixp = 1,98 (—2> .
q

8. Crepxkenb 0b6s1agaeT BEITAHYTON (HOPMOI IIOIEPEYHOr0 CeYeHUsl, TAK ITO
I> > I. OnuH KOHeI CTePXKHSA 3a/e/1aH, & K CBOOOTHOMY KOHILY IIPHUJIOKEHA CHIIA
f, m3rubaromasi ero B ITJIaBHOH IUIOCKOCTH £z (B KOTOPOH KECTKOCTh HA U3rU0
ects EI>). Oupeneints KpUTHYECKOe 3HAUeHUE fxp, IIOCTIE KOTOPOrO ILIOCKAS
dopma m3rmba CTAHOBUTCS HEYCTOHYMBON M CTEPXKEHb OTTHOAETCs B GOKOBYIO
CTOPOHY (B INIOCKOCTH YZ), OJJHOBDEMEHHO HMCIIBITHIBAS KPYYeHHE.

Pemenue. Bsuay 6ompmoil Besmauns! xecrkoctu Els o cpaBHEHUIO

EI, (u ¢ xecrkocrbio Ha Kpyuenwe C)!) HeyCTORYMBOCTE IO OTHONIEHHIO K
CUIBHOMY GOKOBOMY M3ru0y BO3HUKAET B TO BPeMsl, KOT/a U3TUO B IJIOCKOCTH X2
ocraercs eme ciabbiM. st ompesesieHnst MOMEHTa HACTYILIEHUS HEYCTONINBO-
CTH HAJI0 COCTABUTH yPABHEHUs CJ1aDOro G0KOBOTro m3rnba CTEpIKHSI, COXPAHSIS B
HUX 4JIeHBl, IIPONOPIHOHAJIbHBIC IPOU3BEIeHUAM JeHCTBYIONell B IIJIOCKOCTH T2
cuibl f Ha Majble cMmerneHus. [I0CKOMbKY COCPEeIOTOYeHHAs CUJIA MPUJIOKEHA
JINIIb K CBOGOHOMY KOHILYy CTE€DXKHsI, TO BIIOJb Beell ero mauabl F = £, a Ha cBo-
6omaoM koute (z = ) momertr M = 0; mo dopmyse (19.6) HaxXOAMM KOMIOHEHTHI
MOMEHTa OTHOCHUTEJIHHO 3aKPEIJIEHHONW CUCTEMBI KOODIUHAT T, Y, 2;

Mm:oa My:(l_z)f7 MZ:(Y_YO)fa

rae Yo = Y(I). Ilpoenupyem 5TH MOMEHTHI Ha CBsI3aHHBIE B KarKJOH TOUYKE CO
CTepKHEeM OcH KoopAauHAT &, 1), (; C TOYHOCTHIO [0 UJIEHOB IIEPBOTO IOPSIIKA IO
CMEIIEHUSIM TIOJIY IUM

M§=(p(l_z)f7 M77=(l_z).fa
dY
M= (-2)f— + f(Y —Yo),
dz
IJie (o — TIOJIHBIH YTOJI IIOBOPOTA CEYEHHsI CTEPIKHSI TIPU €0 3aKpyIuBaHun (yroJl

kpy4enua T = dp/dz 37meCh HE TIOCTOSHEH BAOIb myuHbl cTepxkiada). C apyroi
croponsl, corsacao (18.6) u (18.9) mmeem npu caabom usrube

Mg = —-ELY", M, =ELX", Mc=Cy¢'
1) Tax, m1s y3KOro OpSIMOYrOILHOIO CEUYEHMs C IHUPUHOL h 1 BBICOTOM b 3> h
nvMeeM
3 3 3
EI = bLE, El, = ME, C= bip.
12 12 3
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U, CPAaBHUBad 3THU BBIPpAKCHUd, IIOJIyYUM yPaBHEHHUd PaBHOBeECHH
ELX" = (1-2)f,
ELY" = —¢p(l—2)f, C¢' =01-2)fY'+( -Yo)f.

IlepBoe u3 aTuX ypaBHeHUiI OIpere/sieT OCHOBHON M3rud CTEPKHS B ILIOC-
KOCTH X z; Tpebyercs: HaliTu 3HadueHne f, TPy KOTOPOM IMOSIBISETCH OTJIUIHOE OT
HyJId pellleHre y BTOPOro U TpeTbero ypasHeHuil. Vckmaouas u3 Hux Y, Haligem

k2 = 1 )
EIC

' +E(1-2)>%p=0,
OO6umit MHTErpaJr 3TOr0 ypaBHEHUs €CTh

o =aVl—zJi (g(l - z)Q) +bV1—2J 14 (g(z - z)2) .

Ha zagenanaom xorne (z = 0) momkaO 66ITH ¢ = 0, a Ha CBOOOMTHOM KDY TAIIAH
moment C¢’ =0. 13 Broporo yciosust nmeem a =0, a iepsoe gaet J_y,4(kl*/2) =
= 0. Haumensmuit Kopems aroro ypasuenus: kl?/2 = 2,006, oTkya

4,01
fep = =3 (EL,C)Y2.

5 JI. O. Jlangay, E.M. Jludpmun, Trom VII



FrTABA III

YIIPYTUE BOJIHBI

§ 22. Yupyrue BOJIHBI B U30TPOMHOI cpee

Ecmu B medopmupyemom Tesre MpOUCXOMUT JBUZKEHHE, TO TEM-
neparypa Tesa, BooOIle roBops, OTHIO/Ib He MOCTOSHHA, & MEHSETCS
KaK CO BpeMeHeM, TaK W OT TOYKH K TOYKe BIOIb TeIa. ITO 00CTOSI-
TEJIbCTBO CHJIBHO YCJIOYXKHSAET TOYHbIE YPABHEHUS JIBUKEHUsI B 00IIEM
cIydae MpOu3BOJIbHBIX JIBUYKEHUH.

OO0BIYTHO, OIHAKO, MOJOKEHNE YIPOIIAeTCs 01arogapss TOMY, ITO
nepesjava Teria U3 OJHOIO YYacTKa Tejaa B JIpyroil (mocpeacrBoM
[POCTO# TEINIONPOBOJHOCTH) TPOUCKOAUT OUYEHb MeJIeHHO. Eciu
TEIIO0OMEH TTPAKTUYECKN HE ITPOUCXOJUT B TEUYEHUE MTPOMENKYTKOB
BPeMeHU TOps/Ka IMEPUOJA KOieOaTeJbHbIX JIBUKEHUN B Teje, TO
MOXKHO PaCCMaTPUBATH KAaXKJbI yYaCTOK TeJia KaK TENJI0U30JUPO-
BAHHBIN, T. €. ABUKeHHe Oyrer ammabaruueckum. Ho mpum agmaba-
THYIECKUX HedopMaIusax o;; BBIPAXKAETCI depe3 u;p 1Mo (hopMyIam
0OBIYHOrO B C TOM JIMIIH PA3HUIEH, YTO BMECTO OOBIYHBIX (M30-
TEPMUYECKUX) 3HavYeHuil BeqmuuH F, o Hajo Gparb ux ajunabaru-
vyeckue 3HadeHns (cm. § 6). Huke Mbr Oyzem camrarh 910 yeioBue
BBITIOJIHEHHBIM, W COOTBETCTBEHHO 3TOMY 1oi I u o B 9TO# riase
OyIyT TIOpa3yMeBaThC UX A uabaTUIeCKue 3HAUIEHUSI.

JLnst Toro 9To0BI MOIYUNTh YPABHEHUS JIBUYKEHUs YIPYTO# cpe-
JIbl, Haj10 TPUPABHATH CUJy BHYTPEHHIX HATIPsKeHuit Joy /0Ty, mpo-
U3BEIEHUIO YCKOPEHUS 1 Ha MACCYy €IMHUIBI 00beMa Tea, T. €. Ha
€ro IJIOTHOCTH p:

pii; = 27.1), (22.1)

1) IonpasymeBaeTcs, 4T0 CKOPOCTH V TOUEK CPEIbI COBIALAET C IPOM3BOJHOI
u or ee cmeenus. [loguepkHeM, OIHAKO, YTO OTOXK/IECTBJIEHUE STUX JIBYX Be-
JINYWH OTHIOJH HE SIBJISETCS YeM-TO caMo co00i pasyMeromumcs. B kpucramrax
BEKTOD U IpPeCTaBIsgeT cO00I CMeleHre y3/I0B PeIIeTKH; CKOPOCTh K€ V OIIpe-
JIeJISIeTCS. B MEXaHUKe CIJIOUIHBIX CPEeJl KaK MMILYJIbC eUHULIBI MACChl BEIIECTBA.
PasencrBo v = U cupaBeiyinBo, CTPOro rOBODs, JIMIID JJIs UAEATHbHBIX KPUCTAJI-
JIOB, TJIe¢ B KaXKIOM y3Ji€ PEIEeTKY (M TONbKO B HUX) HAXOAWTCA IO aToMy. Ecmm
JKe KPHUCTAJILL CONEPKUT nedeKThl (He3aloIHeHHbIE Y3/l — BAKAHCUU, WA JKe,
HaIIPOTUB, JTUIIHWE aTOMBI B Me}K,ﬂOyBJ’II/IﬁX)7 TO IIEPEeHOC MaCChl OTHOCUTE/IHBHO
pemerky (T. €. OTJMYHBIA OT HyJsi UMILYJIbC) MOXKET CYIIECTBOBATH M B Hejle-
dopmupoBaHHOil perrerke — 3a cuer auddy3un 1edEeKTOB «CKBO3b PEIIETKY .
OroxkaecTBIeHHE V U U HOApa3yMeBaer mpeHebpexkenue stumu dddextamu —
B CBsI3U C MEJJIEHHOCTBIO quddy3un nin Masioi KoHUeHTpamnueil 1edeKToB.
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D10 — obmmit Bu ypaBHEHUH NBMKeHUs. B wacTHOCTH, ypaBHe-
HUsl JIBUYKEHNUS W30TPOITHON yIPYTOil Cpeibl MOXKHO HAIUCATH Hero-
CPEJICTBEHHO TI0 AHAJIOTUY C ypaBHeHHeM papuoBecus (7.2). Mmeem

pu = —Z Au+-—F grad div u. (22.2)
2(1+0) 2(1+0)(1—20)

Tlockonbky Bce medopmaliuy MpeanoIaraloTCa MaJIbIMHU, TO Pac-
CMaTpUBaeMble B TEOPUU YIPYTOCTU JIBUKEHUS MPEJCTABJISIIOT CO-
6oit Masble ynpysue KoACOGHUA WU 60AHbl. HadHeMm ¢ paccMoTpe-
HUE IIJIOCKOI yIIPYTroil BOJHBI B HEOIPAHUYEHHOU M30TPOIIHOM Cpejie,
T. €. BOJIHBI, B KOTOPO#l Jecpbopmalivsi U siBjigercss (pyHKIUEH TOTbKO
OT OJHO¥ M3 KOODJMHAT, CKaxkeM, oT x (1 or BpeMmeHnu). Bee mpous-
BOJIHBIE 110 Y U Z ypaBHEHUsAX (22.2) MCYe3aror, U Mbl MOJyIaeM /s
OT/IeJIBHBIX KOMIIOHEHT BEKTOPA U CJEIYIOIINe yPABHEHUA:

0%u, 1 0%u, 0 uy l82uy

or? 2 o2 0z? ¢ o

=0 (22.3)

(ypaBHeHHUE I7Isl U, TAKOE Ke, KAK JIJId Uy ), IJ1€ BBEJEHBI 0003HaYe-
Hust 1)

E(L— o) 1/2 5 1/2
Cl:[p<1+o><1—2a>] ’ Ct:[wm] @

Ypapuenust (22.3) upeacraBiasitor €060l OOBIYHBIE BOJHOBbIE
yPaBHEHWS B OIHOM W3MEPEHUH, U BXOJSIIHE B HUX BEJUYUHBI (]
U C; SIBJISTFOTCSI CKOPOCTSIMU PACIIPOCTPAHEHUsT BOHBL. MbI BUIUM,
YTO CKOPOCTb PACITPOCTPAHEHWS BOJIHBI OKA3bIBACTCS PASJIUTHON st
KOMIIOHEHTEI Uz, C OJHOI CTOPOHBI, X KOMIIOHEHT Uy, U, — C IPyTOM.

Takum obpazom, ynpyrasi BOJHA TpeJCTaB/IsieT coboit mo cyiie-
CTBY JIBE HE3ABUCHMO PACIIPOCTPAHSIONINECS BOTHBL. B onHoit n3 Hux
(uy) CMeleHHe HAPABJIEHO BIO/Ib PACIPOCTPAHEHUs CAMOI BOJIHBI;
TaKyT0 BOJTHY HA3BIBAIOT NP00JoAbHOU, OHA PACTPOCTPAHIETCI CO CKO-
pocteio ¢. B apyroit (uy, u,) — CMelleHHe HAIPaBIEHO B ILIOC-
KOCTH, TIePIEHINKYISPHON HAIIPABIEHUIO PACTIPOCTPAHEHUST; TAKYTO
BOJIHY HA3BIBAIOT nonepe4roli, OHa PacIpOCTPAHIETCS CO CKOPOCTHIO

¢t Kak Bugno u3 (22.4), ckopocth ¢ Beerga GosibIie CKOPOCTH ¢y 2).

¢ > (4/3)2%¢;. (22.5)

1) Hazum Taxsxe BbIpaskeHus: CKOPOCTEdd ¢; 1 ¢; uepe3 Ko3bDUIMEHTEI CRATHST
u casura u depe3 xkodddunuents: Jlama:

o (3K+4/Jz>1/2_ ()\_'_2#)1/2 o <M>1/2
= — =|—- 5 t = | — .
3p p p

2) IIpn daxTuaeckom m3menenun o B npeaenax ot 0 7o 1/2 (cm. mpumed. ma
¢. 26) nmeer MecTo u 6oJIee CUIILHOE HEPABEHCTBO €] > Ct \/5

5*
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CKOpOCTH €] U ¢; HA3BIBAOT NP0JoAbHOT U NONEPEUHO CKOPOCTAMU
36YKa.

MsI 3HaeM, 9T0 m3MeHeHue o0beMa mpu JedOpMaIMU OMpee-
JISTETCS CyMMO# JTMAarOHAJIbHBIX WJIEHOB TeH30pa jedopMaliuu, T. €.
BeJIMYnHON u;; = divu. B momepedynoil BoiHE MMEIOTCST TOJIBKO KOM-
HOHEHTB! Uy, Uy, U IIOCKOIbKY OHHM HE 3aBMCAT HU OT Y, HU OT Z,
st Takoit BostHbI div u = (. TakuMm 0O6pazoM, IomepedHble BOIHBI He
CBSI3aHBI ¢ U3MEHEeHHeM 00beMa OTHE/BbHBIX YIacTKOB Tesa. Harmpo-
THUB, JJIsT TPOAOJILHBIX BOIH div u # 0; 9TH BOJHBI COIPOBOXK JAFOTCS
CKATUAMU U PACIIUPEHUSIMU B TeJIe.

Paznenenne BoHbI Ha IBE HE3ABHCHMO PACIPOCTPAHSIIONIAECT C
Pa3HBIMK CKOPOCTSIMHK YACTH MOXKHO IIPOW3BECTH W B ODIIEM CJIy-
Yae NPOU3BOJIbHOI (HE MJIOCKOM) YyIPYTOil BOJHBI B HEOTPAHUIEHHOM
ITPOCTPAHCTBE.

[Mepenuiem ypasuenue (22.2), BB B HErO CKOPOCTH €] U Cy:

it = cJAu+ (¢ — ¢7) grad divu. (22.6)
IIpeacTaBuM BEKTOP U B BUJE CyMMBI JBYX YacTeii:
u=u; + uy, (22.7)
13 KOTOPBIX OJIHA Y/IOBJIETBODSET YCJIOBUIO
divu, = 0, (22.8)
a apyras — yCJIOBUIO
rotu; = 0. (22.9)

W3 BekTOpHOrO aHa/M3a NU3BECTHO, YTO TAKOE MPEJICTABIEHUE BCET 1A
BO3MOXKHO (3TO €CTh MPeJCTABIeHNe BEKTOPa B BUJIE CyMMbI DOTOPA
HEKOTOPOTO BEKTOPA W IPAIUEHTA HEKOTOPOTO CKAJISIPA).

Ipu noxcranoBke u = w; + wy B (22.6) nosyyaem

iy + iy = c;A(wy + ) + (¢f — ¢f) grad div w;. (22.10)

IIpumenum kK obemMm wacTsiM 3TOTO ypasHeHwusi omeparmuio div. Ilo-
ckobKy divu; = 0, MBI osryunm

diviy = A divu, + (¢ — ¢})Adivuy,

njin

div(iy — ¢?Au;) = 0.

C mpyTo# CTOPOHBI, IOt CTOSIIEr0 B CKOOKAX BBHIPAYKEHHUS TOXKE PABEH
HyJ110 B ey (22.9). Ho ecoin rot u div HEKOTOPOTo BEKTOPaA HCIE3a10T
BO BCEM MPOCTPAHCTBE, TO YTOT BEKTOD TOXKIECTBEHHO PABEH HYJIFO.
Takum obpaszom,
0%u;
ot?

—cfAu; = 0. (22.11)
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Awnajsornuno npumensisi K ypapuenuto (22.10) omepanuio rot u
moMHs, uTo rotu; = 0 u 9TO rot BCAKOTO T'DaJMEHTa PaBEH HYJIIO,
HAXOJUM

rot(ﬁt — C%Allt) = 0.

ITockosbky div cTosimnero B CKOOKax BhIpAXKEHUsT TOXKE PaBHA HYJIFO,
MBI TIPUXOJIUM OMSITh K YPABHEHWIO TOTO XKe BUja, Kak u (22.11):

82ut
ot?

Ypasrenus (22.11) u (22.12) npeacrasisior coboii 00bI9HbIE BOJI-
HOBBIE ypaBHeHWs (B Tpex m3Mepenusx). Kazkmoe m3 HUX COOTBET-
CTBYET PACIPOCTPAHEHWIO yTPYTOMl BOJHBI CO CKOPOCTBIO COOTBET-
crBeHHO ¢ wian ¢;. OjgHa n3 91ux BoH (Uy) He CBsI3aHA C U3MEHe-
HueMm obbema (B cuity divu, = 0), a apyrast (w;) conpoBoXKaaercs
OOBEMHBIME CKATUSIME W DACIIUPEHUSIMHU.

B MOHOXpOMATHYECKOH yIpyToii BOJHE BEKTOP CMEIIEHHs] UMEeT
BUI

—clAu; = 0. (22.12)

u = Re {ug(r)e ™'}, (22.13)

r7ie Uy — QYHKIHUST KOOPAUHAT. DTa PYHKINS YIOBIETBOPIET YPaB-
HEHUIO

& Aug + (¢ — ) grad divug + w?ug = 0, (22.14)

HoJIyvarolemMycss npu mojctanoske (22.13) B (22.6). IIpomonbhas
U TI0IIepEeYHasi YaCTH MOHOXPOMATHYECKON BOJIHBI Y/IOBJIETBODSIOT
yDaBHEHUSIM

Au; + kfu; =0, Au; + kPuy = 0, (22.15)

rie k; = w/cy, kit = w/c; — BOJHOBBIE BEKTOPBI IPOJIOJIBHOM U TIOTIe-
PeYHO# BOJIH.

Haxoner, paccMoTpuM oTparkeHue U mpeoMJIeHne TLI0CKOM Mo-
HOXPOMAaTUYCCKON YIIPYTrOM BOIHBI HA I'PDAHULIEC Pa3iesia MEXXIy IBY-
Ms Pa3IMYHBIMU yOpyrumMu cpegamu. [Ipu sTom Ham0 uMeTs B BUIY,
YTO IIPU OTPAYKEHNUH U IPEJIOMIEHAN XapaKTeP BOJIHLI, BOOOIIE TOBO-
pd, MeHsgeTcd. Ecau Ha rpaHully pasziesia majaeT IUcTO MOoMepevdHast
WY 4YUCTO IPOJOJIbHAA BOJHA, TO B PE3yJbTare IIOIy4alTcd CMe-
IIIaHHBIE BOJHBI, COJEepKAIAe KaK IOMEPEeYHble, TaK U MPOIOJbHBIE
yacTu. XapakTep BOJHbI He MEHsIeTCs (KaK 9TO SBCTBYET U3 cOOOpa-
JKEeHWiI CUMMETDHH) TOJIBKO B CJIy4Yae TMEePIeH UK YISIPHOTO MMaIeHs
BOJIHBI Ha ITOBEPXHOCTH pa3jesa W B ClIydae NaJeHud 07 ITPOU3-
BOJIBHBIM YTJIOM ITONEPEYHOI BOJIHBI C MapaJlIeJbHBIMUA IIJIOCKOCTH
pazaena KoJIe0aHusaMu.

CooTHOIIIEHNsI, OIPEIEIIONne HAPaBICHUS OTPaKEeHHON wu
IPEJIOMJIEHHON BOJIH, MOTYT OBITH ITOJY9E€HBI HEIIOCPEJICTBEHHO W3
MOCTOAHCTBA 9aCTOTHI M KACATEJIBHBIX K ITOBEPXHOCTH Pa3jesia KOM-
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IIOHEHT BOJTHOBOTrO BekTopa ). ITycrs 6 u @' — yrom majenus u yrom
oTpazkenust (WM TIPEJOMJICHHUS), & ¢, ¢ — CKOPOCTH 00eMX paccMa-
TpuBaeMbIxX BOTH. Torma

sin 6 c
— = —. (22.16)

sin 6’ c
IIycrs, manmpumep, mamaiomas BOIHA IOMepedHa. Lorma ¢ = ¢
€CTh CKOPOCTD TIOTIEPEYHBIX BOJIH B epBOil cpeme. s momepednoit
JKe OTPAKEHHOM BOJHBI MMeeM ToxKe ¢ = ¢, u notomy (22.16) macr

/
=0,
T. €. YIoJI MajieHus PaBeH yIyiy orpakenusi. JLng mpojionbHO# ke
OTpaxkKeHHOH BOTHBI MMeeM ¢ = ¢;; U MOTOMY

sinf _ cn

sin 6/ ci

Jltst momepevHO# YacTy MPEJOMIEHHON BOTHBI NMEEeM d=cpn npu
MOIEPEYHON 2Ke Ma/Iarollell BOJHEe nMeeM

sinf _ cn

sing e
AHajoruyno i IpOOALHONM IPEeJOMICHHONR BOIHBI HMEEM

sinf _ cn

sin 6’ cr2

3amayu

1. Oupenenuts K03hGUIUEHT OTpaZKEHUs TPOAOIBHON MOHOXPOMATHIECKOH
BOJIHBI, MaJalolell 10 IPOU3BOJIbHBIM YIJIOM Ha I'PDAHUILY Tesa C BaKyyMOM.
Pemenue. Ilpum oTpakeHuu 1os IPOU3BOJIBHBIM YT-

Y no, ug JIOM BO3HHUKAIOT KaK IPOJOJIbHad, TaK U IIOIepedHad OTpa-
)

JKeHHBbIe BOJIHBI. 13 cooOparkeHHil CHMMeTDHH 3apaHee sICHO,
9TO BEKTOP CMEIIEHUs B IIONIEPEYHON OTPaXKEHHO BOIHE OY-
JIET JIE?KATH TEJTUKOM B INIOCKOCTH magernd (puc. 20; no, ny,
n; — eIVHUYHBbIE BEKTOPHI BJIO/Ib HAIIPABJIEHUI NaIAIOIIeNH,
IPOAOJIbHOI 1 IIOIIEPEeYHON OTPaKeHHBIX BOJIH, a Uo, U, U —
COOTBETCTBYIOIIUE BEKTOPHI CMenternit). IlosrHoe cMemenne B
Tese papro cymme (o6umit MmuoxuTes ¢~ Yt s KpaTKoCcTH
OILyCKaeM)

ik ik ik
u = Aonee"™ " + Ain;e"™" + A; [ang] e "

Puc. 20 (a — enVHUYHBINA BEKTOD, MEPIEHINKY/ISPHBIA K IJIOCKOCTH
maieand ). AGCOMOTHBIE BEJIMIWHBL BOSTHOBBIX BEKTOPOB PaB-
ubl: ko = ki = w/cy, ke = w/et, a yrobl nagenus 6o u orpakenus 6;, 0, cBa3aHbl

. . Ct
coorHomenusamu 0; = 6o, sin; = sinfp—. s KommoreHT TeH30pa Aedhopma-
Ci

1) Cm. VI, § 66. Bee m3/102K€HHbBIE TaM COOBPAAKEHNSL, TIOTHOCTHIO IPUMEHIMbL
U 371€Ch.
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M7 Ha TPAHWIE TEJIA MOy IaeM
Uze = iko(Ao + A;) cos? g + i Atk cos O sin 6,
uy = tko(Ao + Ay),
Ugy = tko(Ao — Ay)sin by cos o + %Atkt(COSQ ; —sin® 6;)

(ob1mme SKCIIOHEHITMATBHBIE MHOKUTEIN OITyCKaeM). KKOMIIOHEHTBI T€H30pa Ha-

npsixKeHuit BeraucsisieM 1o obuei dopmyste (5.11), koropyro yao6HO mucaTh 31ech
B BUIE

2 2 2
oik = 2pciuik + p(c] — 2¢; )undik.

PpaanHme yeiosns Ha €BOBOHOM TOBEPXHOCTH CPEAbl: oixNy = 0, OTKyIda

Oze = Oyz = 0, U JQAIOT /Ba YPABHEHHs, U3 KOTOPHIX MOKHO BpraBI/ITb Ay

A, gepes "A0. B pe3yJIbTaTe BBIUUCIEHNH IOy 9aeTcst

¢} sin 26, sin 26 — ¢ cos® 26,

A= Ao
¢? sin 26, sin 20, + c? cos? 26,
4 2¢y ¢y sin 26 cos 26,
t = —Ao—— - .
¢? sin 26, sin 26 + ¢7 cos? 26,
IIpm 6p = 0 umeem A; = —Ap, Ay = 0, T. e. BOJIHA OTPAIKAETCSA IEJUKOM KaK

npojosibHast. OTHOLIEHNE TePIeHIUKYJISPHON K IIOBEPXHOCTU CPeIbl KOMIIOHEH-
ThI IJIOTHOCTH IOTOKA YHEPTUM B OTPAKEHHOU MPOJOJIbHON BOIHE K TAKOMY ¥XKe
IIOTOKY B [ IAIO0IIell BOJIHE €CTh

2

A

R =|—

Ao

Amnajorndanoe oTHONIEHHE 171 OTPAKEHHOH MOMEePedHOil BOJHBI €CTh
Ay
Ao

¢t cos B

R =

¢ cos o
Pazywmeercsa, R, + R = 1.
2. To xe, ecny MATAIONAA BOJHA TOEpedHas (M HATPABIEHUE KOIeGaHmii

B Heil JIEXKUT B IUIOCKOCTH [a/I€HNUS) .
Pemenue. Bomna orpaxaercs B BHIe TOIMEPEYHON XK€ W MIPOIOTHHOM
BostH, nipudeM 0 = By, ¢; sin ) = ¢; sin fp. TloaabIl BEKTOP CMerIeHus:

ik ik ik
u = [ang] Aoe" " + n;A;e™ " + [an:] Ae" .
JInst aMIIATY N, OTPAsKEeHHBIX BOJIH IIOIYYalOTCA BBIPAKEHHST

Ar ¢} sin26;sin 200 — ¢} cos” 26
Ao ¢}sin26;sin 200 + ¢ cos® 26,
A 2¢; ¢t sin 260 cos 26

Ao ¢Zsin 20, sin 260 + c2 cos? 26

1) ECJ'II/I KOJIe6aHPI5[ HepHeH,I[I/IKyJIHpHI)I ILJIOCKOCTHU Ha,,I[eHI/IH, TO BOJTHA OTpa-
KAeTCs 1eJIMKOM B BHUE TAaKOHM ke BOJIHBI, TakK 4To R =1
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3. OupenenuTh 9acTOTHl PAJAUAIBHBIX COOCTBEHHBIX KOJIeOAHWN yIIPYyroro
mapa paauyca R.

Pemenue. Boibupaem cdeputdeckne KOOpAMHATHI C HAYAJIOM B ILIEHTPE
mapa. [Ipu paguanpHbx KoIebaHUAX U HAIPABJICHO 0 PAANYCY U 3ABUCUT TOJIb-
ko ot r (u ot t). [Tosromy rot u = 0. BBemeM «IoTeHIMAT» CMELIEHUST ( COTJIACHO
uy = u = Op/0r. Beipaxkennoe 9epe3 ¢ ypaBHEHUE NBUKEHUs CBOIAUTCA K BOJ-

HOBOMY YPaBHEHHIO ¢; A = (¢, WIN I8 HePHOIMUECKHX II0 BpeMeHH (~ e~ *“?)

KOeOaHmiA: 19 o
— 20p 2 w
= —— — ) = —k7p, k=—. 1
r2 or <r 87") ¢ ¢ )

Pemienne, koneunoe Bo BceM 00beMe mIapa, BKIIIOYAst €r0 IEHTD, eCTh

sin kr

=A
(BpemenHO# MHOXKUTEIb He nuLeM). PaguajbHble HAIPSKEHUs:
o = p{(c] = 2¢] ) uii + 2¢iurr } = p{(cf — 2¢1) A + 2¢;¢"'}

WM, ucnosb30BaB ypasuenue (1):

1 1
—om = —wlp— 4 =y, (2)
p r

I'panununoe yciosue o, (R) = 0 IpUBOOUT K yPABHEHUIO
tgkR 1
kR 1— (kRc;/2¢:)?

Ero kopH#u ompenensior 9acToThl COGCTBEHHBIX KOIebaHmnit w = cjk.

4. OupenesnuTh 9acTOTy paguabHBIX Kojaebanuii cheprudeckoil moaocTu B
HEOrpaHUYEeHHON ynpyroi cpeje, Ajisd KOTOPOH ¢; > ct.

Pemenue. B meorpanumueHHON cpene pajauasbHble KOjae0aHUs MIOJIOCTU
COIIPOBOZKAAIOTCHA U3JTyI€HUEM IIPDOJAOJIBHBIX 3BYKOBBIX BOJIH, YTO IPUBOJIUT K II0-
Tepe SHEPTUU U TEM CaMbIM K 3aTyXaHUI0 Kosebauuii. Ilpu ¢; > ¢; (1. e. K > p)
9TO m3jydeHne Oyer C1abbIM M MOYKHO TOBOPUTH O COOCTBEHHBIX JACTOTAX KO-
nebanuil ¢ MaIbIM K03(hUIMEeHTOM 3aTyXaHU.

Vmem pemenrve ypasaerns (1) B Buge pacxopsiueiics cdepuaeckoil BOIHBI

3)

ikr
SDZA@ ) k=—
r C|

u ¢ moMomplo (2) moayIaeM u3 rPAHIIHOTO yCa0Bud orr(R) = 0

2
<ch—1> = 4(1 — ikR).
Ct

2Ct < .Ct>
w=—|[1—7—].
R cl

BemrecrBennasi vacTh w j1aer COGCTBEHHYIO YacTOTy KosiebaHWil, a MHUMas —
koo unmenT 3aTyxaHnd; B HECKUMAEMOU cpene (¢; — 00) 3aTyxaHme, ecTe-
CTBEHHO, OTCYTCTBOBAJIO Obl. DTH KosiebaHus — crenuduaecKuii pe3yabTar co-
IPOTHBJISIEMOCTH CPeBl 110 OTHOWEHUIO K capury (pu # 0). O6parum BHEMaHME
Ha TO, 9TO 1yist HUX kR = 2¢; / ¢; € 1, T. €. COOTBETCTBYIOIIAS STUM KOJIEOAHUSIM
JIJIMHA BOJTHBI BEJIMKA 10 CpaBHEHWIO ¢ R (MHTepecHO CpaBHUTH TO C KOIeGaHU-
sIMU yIPYTOi cdepbl, Ijisd KOTOPBIX MPU ¢; > ¢; NepBasg COOCTBEHHAd YaCTOTA
omnpenensiercs cornacuo (3) uz kR = g

Orcrona (pm ¢; > ¢t)
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§ 23. Yopyrue BOJIHBI B KPUCTAJLJIAX

Pacnpocrpanenue ynpyrux BOJH B aHU3OTPOITHON Cpefe, T. €. B
KPUCTAJLIAX, TOTIUHSIETCsT 00/Iee CI0XKHBIM 3aKOHOMEPHOCTSIM, TeM
pacmpocTpaHeHue BOJIH B U30TPOMHOM Teje. g uccmemoBanus Ta-
KUX BOJH HAJI0 00PATUTHCST K OOIIUM ypPaBHEHUSIM JIBUKEHUSI

U BOCIIOJIb30BATHCA Jist o) 00mmM Bhipazkenuem (10.3)

Oik = NiklmUim-

CoOTBETCTBEHHO CKA3aHHOMY B Hadaje IMPeIbIIyINero maparpada
IO, Ajkim HAI0 BE3JIE TTOAPa3yMeBaTh anadaTudecKrne 3HAICHI MO-
AyJieid yIpyrocTu.
Tloncrapmsiss 0, B ypaBHEHUS JABUMKEHUSI, TTOJIYIaEM
= gy Qm _ Aikim 0 Ow | Oum ) _
pUi = Aiklm == \7-T5)=
Oz, 2 Oz \Ozm oz
1 0%y 1 d%u
= “Aikim——— + = Aiklm ————.
27 By, Oz 27 By, Oy
ITockoibKy TEH30D Ajkiy, CHMMETPHUYEH O WHEKCAM [ u m, TO, Me-
Hsisl BO BTOPOM dJieHe 0DO3HAUeHUe WHIEKCOB CyMMUPOBAaHUs [ 1 m
Ha oOpaTHOe, HAXOIUM, YTO MEPBBIA U BTOPOI UIEHbBI TOXK IECTBEHHBI.
Takum 06pa3oM, moaydaeM ypPaBHEHUs JBUXKEHUS B BUJIE
.. 0%u
Pl = Niglm ———- (23.1)
81’k a.tl
PaccmorpuM MOHOXpPOMATHYIECKYTIO YIIPYTYIO BOJHY B KPUCTAJLIE.
Jlist 9TOr0 MBI JOJIZKHBI WCKATh PEITeHNe YPABHEHWI IBVKEHUA B
BUJE

u; = UOiei (kr—wt)
(ug; — MOCTOSIHHBIE), TPUYEM COOTHOIIEHUE MEXKJY BOJTHOBBIM BEK-
TopoM Kk u 9acToTOl w MO/IKHO OBITH OMPEJEIeHO TaK, YTOObI HAIU-
caHHast (DYHKIUS JAeHCTBUTEIBHO YIOBIETBOPsiIa ypaBHenuto (23.1).
HuddepennupoBanue u; M0 BPEMEHU MPUBOAUT K YMHOXKEHUIO Ha
—iw, a mudEepPEeHITMPOBAHUE 110 T — K YMHOXKEHUIO Ha tkj. [1oaTo-
My ypasaenue (23.1) mocjie moACTAHOBKY MPEBPAINAETCS B

2
pw Ui = Nikimkr kit
Hammcas u; = iUy, TEPEIUCHIBAEM 9TO PABEHCTBO B BHJIE
2
(pw 6zm - Aiklmkkkl)um =0. (23.2)

DTO0 — cHUCTEMA TPeX ONHOPOMHBIX ypaBHEHWI TEepBO CTeTeHn OT-
HOCUTEIbHO HEU3BECTHBIX Uy, Uy, U,. Kak M3BecTHO, TaKas cucrema
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UMeeT OTJIMYHBbIE OT HYJs PEIeHWs JIUIIb TPU YCJIOBUU PABEHCTBA
HYJIIO onpefenTess Ko3pPUIMeHTOB ypaBHeHni

\Niktmbrki — pw?dim| = 0. (23.3)

DTUM YPaBHEHUEM OIPEIEISTETCs] 3aBUCUMOCTb YaCTOThI BOJIHBI
OT BOJTHOBOT'O BEKTOPA; 00 3TO# 3aBUCUMOCTHU TOBOPIT KaK O 3aKOHE
ducnepcuy BOJIH, a ONPEIEISONee ero ypaBHEHHE Ha3bIBAIOT Juc-

nepcuonnvim. Ypasuenue (23.3) — ypaBHEHUHE TPeTbeil CTEleHU T10

w?. OHO WMeeT TPU pa3ITHYHBIX KOPHA w? = w]z(k) — TpwW, KaK To-

BOPAT, BETBU 3aKoHA Aucnepcuu. [lomcrapiiss moodepesHo KaxKTbit
U3 9TUX KOpHeii o6paTHo B ypaHeHust (23.2) u perast ux, Mbl Haii-
IeM HaIpaB/eHUs BEKTOPA CMEIIEeHWd U B 9TUX BOJHAX, — KaK T0-
BODSIT, HAIIPABJIEHUS] UX NOAAPU3GUUL (B CHILy CBOEl OIHOPOIHOCTH,
ypasHenus (23.2) He ONPEIESIOT, KOHEIHO, aGCOMIOTHON BeJUYUHbI

BEKTOPA U, OCTAIOIIENCsT MPOU3BOILHOI) 1. Hampasnenus mosspu-
3alMK TPEX BOJIH C OJIHUM U TEM 2K€ BOJIHOBBIM BeKTOpPOM k B3auMmHO
MEPTEHINKYIIPHBI. JTO BaXKHOE YTBEPYKJEHWE CIEIyeT TIPIMO W3
TOro, 4ro ypasuenue (23.3) MOXKHO paccMaTpuBaTh KakK ypaBHEHHE,
OTpeIeNIIoNIee TTIABHBIE 3HAUEHNS CUMMETPUTIHOTO TEH30pa BTOPO-

ro pasra Ajgmkrk 2); ypaBHenus ke (23.2) ompeessiioT IIaBHBIE
HAIIPABJIEHUS ITOTO TEH30Pa, KOTOPBIE, KAK U3BECTHO, B3aMMHO IIep-
HNeHIUKYIApHBL. Hi 0/1HO U3 9TUX HAIIpaBIEHU, OJHAKO, HE ABJIsIeT-
¢, BOOOIIE TOBOPsSI, HU YKCTO IIPOJOJIBLHBIM, HA YUCTO IONEPEYHBIM
10 OTHOIICHUIO K HaIpapjeHuio k.

CKOpOCTh pacHpoCTpaHeHusi BOJHBL (€€ 2pynnosas ckopocmb)
JaeTcsd TPOU3BOJIHON

u=% (23.4)
ok

(em. VI, § 67). B usorponnoii cpene 3aBucumocts w(k) cBogures k
[IPOTTOPIINOHATBHOCTH A0COMIOTHOMY 3HAYEHUIO K, U TIOTOMY HAIPaB-
JIEHUE 9TOM CKOPOCTH COBITAJIAeT C HAIPABICHUEM BOJTHOBOTO BEKTO-
pa. B kpucramiax 9To He TaK, ¥ HATPABJIEHUE PACIIPOCTPAHEHUST BOJI-
HBbI HE COBIIQJIAeT, BOOOIE roBops, ¢ HampasienneMm k. BexrTopsr k
u U KoJTMHeapHbI Jjis HEKOTOPBIX MCKJIIUATEIBHBIX HAITPABIEHUIT
ocefl CMMMeTpUR KPUCTAJLIA.

) B U30TpOIHOM Te/e STHMH BeTBIME SBSIOTCS W = Cik (pomosbHO OIS~
PU30BAaHHBIE BOJHBI) W JBa COBHAJAIONIMX KOPHA w = C¢k, OTBEUAOMUE BOTHAM
C ABYMSI HE3aBUCHUMBIMU IIOIEPEYHBIMI HAIIPABICHUSIMY IIOJISPU3ALINH.

2) B cuny CBONCTB CHMMETPUH TEH30DA ikl HMEEM

Aikimkrkr = Aimikrkr = Aminikrki.

Tlociemnee BbIpazKeHHE OTJIMYAETCA OT IIEPBOIO TOJBKO O0O3HAYEHHEM HEeMBIX
wHIEKCOB k, I, T. e. T€H30D Aikimkirk: MeACTBATETHHO CHMMETPWYEH II0 WHIEK-
cam i, m.
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U3 qucnepcuonsoro ypashenus (23.3) BUIHO, 4TO B KPUCTAJLIE W
SIBJISIETCST OJTHOPOIHON (DyHKIMENH TepBOro MOpsijika OT KOMIOHEHT
BekTOpa k (ecsim BBeCTH B KauecTBe HEU3BECTHON BEJIMYMHBI OTHOIIIE-
Hre w/k, 1o koaddurmenTsl ypaBuenus He 3asucat ot k). [losromy
ckopocth U — onHopoAHas (byHKIMs HyJI€BOIrO HOPAIKa OT ki, ky,
k,. Jlpyrumu cioBaMu, CKOPOCTh PACTIPOCTPAHEHUST BOTHBI, SIBJISISICH
byHKIHEH ee HATTPABJIEHUS, HE 3aBUCAT OT YaCTOTHI.

Ecmu mocrpours B k-npoctpancrse (1. e. B Koopaunatax kg, ky,
k,) MOBEPXHOCTH TOCTOSTHHOW YacToThl, w(k) = const (s Kakoii-
b0 13 BeTBeil 3aKOHA JANUCIIEPCHH ), TO HAIpaBJIeHne BekTopa (23.4)
COBIIQJIaeT C HOPMAJBIO K TOBEPXHOCTH. OUEBMIHO, UTO €CJIU ITA
MMOBEPXHOCTH BCIOIY BBIMYKJIAsA, TO CBsA3b MEXKy HampasjgeHusMu U
u k B3anMHO 071HO3HAYHA: KaK/IOMY HampasjieHuto k orBevaer oaHo
onpenenentoe Hanpasgenne U u waobopor. Ecam ke moBepxHOCTH
MOCTOSTHHOM YaCTOTHI HE BCIOY BBIMYKJIA, TO T3 CBA3b CTAHOBUTCS
HE B3aUMHO OJJHOZHAYHOM: KayKJOMY HAIPaBICHUIO K MO-ipeskHeMy
orBevaer (B IaHHO BETBY 3aKOHA, JIUCIIEPCHN) ONHO Hanpasjerue U,
HO 3a7aHHoe Hanpasaenre U MOXKET OCYIIECTBASITHCA C PA3THIHBIMI
HaIpaB/JIeHuAMHA K.

3amauu

1. OnpenenuTh 3aKOH AUCHEPCHY YIPYIUX BOAH B KyOHYEeCKOM KPHCTAJLIE,
pacmpocTpangommuxca B Kpucramnorpadmaeckoit mockoctu (001) — mmockocTs
rpanu Ky6a (a) u B kpuctajiorpadpudeckom Hanpassienuu [111] — Hanpasienne
mmaronasm Ky6a (6).

Pemenue. B KyOuueckoM KPUCTAJLIE OTIUIHBI OT HYJIsl yIPYTUe MOJLYJIN
Aezzz = A1y, Azoyy = A2, Azyey = A3 (M paBHBIE UM KOMIIOHEHTHI TEH30DPA C
3aMeHOM WHIEKCOB ¥, Y APYTUMHU U3 T, Y, 2 — cM. § 10); ocu x, y, 2 HAITPABJIEHBI
BII0JTH pebep Kybda.

a) BeiGepem minockocrs (001) B kadecTBe IIOCKOCTH XY U ILycTh § — yrou
MEXK/Iy JIeKalluM B HEHl BOJHOBBIM BeKTOpOoM k u ockio x. CocraBus mucnepcu-
oHHOe ypasHeHue (23.3) m pemmus ero, HAWIEM TPH BETBH 3aKOHA JUCIEDCHM:

Pty = %kQ{)\l + A3 £ [(A1 — As)2 = 4(A1 + A2) (A1 — Az — 2X3) sin? 6 cos 6]'/2},
2 2
pwz = Ask”.

Bosmma Tperbeil BeTBU TONEpeYHa W MOJIAPU30BaHa BAOJb OCH z. BOTHBI Tep-
BBIX JBYX BeTBEH IIOJSPU30BAHBL B IVIOCKOCTHU 2Yy. VI3 coobpakenuit cummeTpun
OYEeBHIHO, YTO CKOpOCTH pacnpocrpanenus U = Jw/0k Bcex 9TUX BOIH TOXKe
JIEXKUT B TJIOCKOCTHU TY, TIOSTOMY JIJIs €€ BLIYUCIEHUS JOCTATOYHO MOJTYYeHHBIX
BbIpaKeHUH.

IIpu 8 = 0 (k Brosb ocu ) umeem

pw% = )\lk27 PWS = )‘3k27

npudeM BoHa I IpomosibHa (IIOIsAPU30BaHA BIOIb OCH X)), & BOJIHA 2 HOIEpeIHa
(monmapm3oBaHa BIOID OCH ).
Ilpu 0 = 7/4 (k Bmonb nuaroHann rpanu Kyba) mMeem

1 1
pwi = 5(,\1 + X2+ 203)E%, pwi = 5()\1 — Xk
Bosina 1 npoposnbHA, a BOIHA 2 HOMEPEYHA U MOISPU30BAHA B IJIOCKOCTH XY.
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6) B sroM ciy4yae BOJIHOBON BEKTOD MMeeT KOMIOHEHTHI k, = ky = k; =
= k/+/3. Pelrterue qUCIIEPCHOHHOTO YPABHEHHS TaeT

pwi = %kQ(/\l +2X2 +4X3),

1
pws s = §k2()\1 — X2 + A3).

Bonna I nponosibua, BoaHBEL 2 M 8 IOIEPEYHDI.

2. OupenenuTs 3aKOH JAUCIEPCUN YIPYIUX BOJIH B KPUCTAJJIE MeKCArOHAIb-
HOM CHCTEMBI.

Pemenue. T'ekcaroHaybHBIN KPUCTAJI UMEET IATh HE3ABUCUMBIX YIIDY-
rux moxyseit (em. 3amaay 1 § 10), ast KOTOPBIX BBEJEM 0GO3HAUEHUSL:

)\:cw:cw = )\yyyy =a, )\zywy = b7 )\zwyy =a— 2b7

Aczzz = )\yyzz =, Azzez = )\yzyz = d’ Azzzz = ,f

Ocp z HampaB/IeHa [0 OCH CHMMETDHH IIECTOT0 MOPsi/IKa, HAIPABIEHUs e 0Ceit
Z, Yy MOryT OBbITH BHIOpAHBI IIPOU3BOJILHO. BeibepeM II0CKOCTb Tz Tak, ITOOLI B
Heit stexka1 BosiHOBOH BekTop k. Torma k, = ksinf, ky, =0, k. = kcos6, roe § —
yros Mexay k u ocbio z. CocraBnssa ypasuenue (23.3) u pemas ero, Haiigem

pwi = k*(bsin® 6 + d cos® §),
ng,s = %ICQ{aSin2 O+ fcos’O+d=+

+[((a—d) sin” 0+ (d— f) cos® 0)* +4(c+d)? sin” 6 cos” 6]1/2}.

IIpu 6 = 0 umeem
pwi s =k°d, pwi =k’f;

BOJIHa § IIPONOJIbHA, BOIHBEI ! 1 £ IOMEpPEeYHHL.

§ 24. IloBepXHOCTHBIE BOJIHBI

OcobbIM BHIOM YIPYIUX BOJH SIBJISIFOTCSI BOJIHBI, PACIIPOCTPA-
HSATOTIECsT BOJIM3U TOBEPXHOCTU CPEJIBI U He TIPOHUKAIOIINE B TTyOh
Hee — goanvi Paosea (Rayleigh, 1885).

Hanumem ypasaenusi nuxkenus B suge (22.11), (22.12):

2
v 2Au=0 (24.1)
ot?
(rme u — Kakasi-TubO U3 KOMIIOHEHT BEKTOPOB W, Uy, & ¢ — COOT-
BETCTBYIOIIAs €if CKOPOCTD ¢; WK C¢), U OyJieM NCKATh PEIIeHNs, OT-
BeYaIOIe TTOBEPXHOCTHBIM BOJHAM. [I0BEPXHOCTH yHPYTOit Cpejb
OyJZeM TpearnoaraTh IIOCKOH, U BEIOEpEM €e B KauecTBE TJI0CKOCTH
zy; 00JIaCTH CPelibl MyCTh COOTBETCTBYIOT z < ().

PaccMoTpuM  «ILTOCKYH0» MOHOXPOMATHYECKYHO TOBEPXHOCTHYO
BOJIHY, PACIIPOCTPAHSIIOIILYFOCS BIIOJIb ocH x; byHKIws u(t, T, 2) B Heil
UMeeT BUJL

u= ei (kav:—cut)f(z)7
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rae dynxmus f(z) yaosmersopser ypasmenuio [ = 3 f; BBejeHo
0bo3HaveHNEe 12
2
= (k:2 - ‘”—) . (24.2)
C2

Ecm k%2 — w?/c? <0, To f(z) — nepuoamueckas (DyHKIHS, T. €. MbI
moyansin Obl OOBIMHYIO TIIOCKYIO BOJIHY, HE MCUE3aIONIyI0 BO BCEM
obbeme cpeapt. [Tostomy Hajo cautath, uro k? — w?/c? > 0, n 3¢ —
BEIeCTBEHHOe YUCII0. Y PaBHEHWe MMeeT Dellenus Buaa exp (£xz);
W3 HUX HAJO BBIOPATH TO, KOTOPOE 3aTyXaeT MpH Z — —O00.

Takum 06pazoM, MBI TPUXOAUM K CAEIYIONIEMY DPEIIeHI0 ypaB-
HEHW JTBUZKEHUST:

u = const - ¢! FT=wh 2, (24.3)

Omo cooTBeTCTBYET BOJIHE, OBICTPO (IKCIIOHEHIUATIBHO) 3aTyXaroIeil
BHYTPB TeJIa, T. €. pPACIIPOCTPAHSIOIIEHCS TOJBKO BOJU3U €0 TIOBEPX-
HOCTH. BenmunHa s ompeensier CKOPOCTb 3TOTO 3aTyXaHUSI.

Wctunnblil BeKTOp Jedopmaliuu U B BOJIHE SIBJISETCS CYMMOI
BEKTOPOB U; ¥ Uy, KOMIIOHEHTBI KaXKI0TO U3 KOTOPHIX Y/IOBJIETBOPSI-
10T ypaBHeHuto (24.1) co CKOPOCTbIO ¢ = ¢; Jjist Wy U ¢ = ¢4 JJIst Uy.
B ciyuae o0beMHBIX BOJIH B HEOTDAHUYEHHON CpEIe 9TH JIBE UACTH
MPEJICTABJISTIOT CO00I JIB€ HE3ABUCUMO PACITPOCTPAHSIIOIIHECS BOJI-
Hbl. B ciydae ke MOBEPXHOCTHBIX BOJIH TAKOE Pa3J/e/IEHUE HA JIBE
HE3aBUCUMbBIE YaCTH OKa3biBaeTcs (Osarofaps HAJUYIUIO MPAHUIHBIX
YCJIOBHIT) HEBO3MOXKHBIM. BEKTOpP CMelieHnst u JOKeH ObITh Orpe-
JeJIeHHON JIMHEWHO! KoMmOwmHarmeit BeKTOPOB W u Uy. Ilo moBomy
9TUX MOCAETHUX HAJI0 TaKyKe OTMETUTH, 9YTO OHH OTHIOIb HE HMEIOT
Terepb HAIVISIHOIO CMBICIA MAPAJLIEbHBIX U IMEPIeHINK YISPHBIX K
HaIIPABJIEHUIO PACIPOCTPAHEHUS KOMIIOHEHT CMEIIEHHU .

st onipeiesienus IMHEHHON! KOMOMHAIINN BEKTOPOB Uy U Uy, J1a-
FOITEl ICTUHHOE CMEITeHre U, HaJ[0 00PATUTHCS K TTPEIeTbHBIM YCII0-
BUsM Ha Tpanuile Tena. OTCr/Ia XKe OMpeeTuTCs CBI3b MEXK/Iy BOJ-
HOBBIM BEKTOpOM Kk ¥ 9acToToil w, a C/Iel0BaTeIbHO, U CKOPOCTH
pacipocTpaHerus BoJIHBL. Ha cBOOOIHOI IMOBEPXHOCTH JOXKHO BbI-
mOJTHSIThCsT yeaoBue oxng = 0. [TockonbKy BeKTOp HOpMaJM N Ha-
MPABJIEH TI0 OCH 2, TO OTCIO/A CJIEIYIOT YCAOBUS

Ogz = Oyz = Ozz = 0,
OTKY/2,
Ug, = 0, Uy, =0, 0 (Ugg + Uyy) + (1 —0)u,, = 0. (24.4)

ITockosibKy BCe BETMYHMHBI HE 3ABUCAT OT KOOPJUHATHI Y, TO BTO-
poe u3 3TUX yCJIOBUU JaeT

— L (Quy  Ou) 10w _
tyz 2(8z+8y> 2 0z '
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C yuerom (24.3) orcioma cieayer
uy = 0. (24.5)

Takum 06pa30M, B IOBEPXHOCTHOM BOJHE BEKTOD JehopMaliuy U Jie-
JKUT B IJIOCKOCTHU, ITPOBEJIEHHON Yepe3 HallpaBJIeHHe PACIIPOCTPAHE-
HUS TePHEeHIUKYIAPHO K TOBEPXHOCTH.
«[Tonepeuynasi» 9acThb BOTHBI U JOJKHA YJIOBJIETBOPATH YCIO-

Buto (22.8) divu, = 0, nm

8utw + 61&; — 0

ox 0z
Beugy (24.3) 910 yCi0BHE NPUBOIUT K PABEHCTBY

ikUy + 24Uy, = 0,
OIPEJIEJISIIONIEMY OTHOIIEHHUE Uy, /Ut,. TakuM 06pazom, uMeem

Uty = sqa exp (1kx + sz — iwt) ,
(24.6)
uy, = —ikaexp (ikx + sz — iwt) ,

rje a — MOCTOSHHAS.
«IIpogosibHasy 4acTh W yA0BIETBOPseT yeaosuio (22.9) rot u; =
=0, win
aulm _ 6ulz _ 0
- ?
0z ox

OTKYyJd
2\ 1/2
ikulz — AUy = 0, n = (kQ - w_) .

Takum 06pazom, MOIKHO OBITH

Uy = kbeikx—f—mz—iwt’ Uy = —i%lbeikm+%lz_th, (247)

riae b — moCTOsSHHAS.

Teneps BOCTOIB3yeMCsI MEPBBIM U TPETHUM u3 yciaoBuii (24.4).
Bripazasi u;; 9epe3 Npou3BOJHBIE OT U; W BBOJsSI CKOPOCTH ¢ U Ct,
MEPENUChIBAEM 9TH YCJIOBUS B BUJIE

% + % e 0,
o 0z ) 0w o (24.8)
o == ¢ — 2¢ T =0.
e +( ! t) ox
Crojia HaJI0 IIOACTABUTH
Uy = Ujg + Uy, Uy = Uy + Uty

B pesysbrare nepsoe u3 yciosuii (24.8) maer ypasHeHue

a(k? + ) + 2bksg = 0. (24.9)
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Bropoe mpusoguT k paBeHcTBY
2ac? sk + blcl (5 — k*) + 2¢7k%] = 0,
NJIn
2asek + b(k? + 32) = 0. (24.10)

Yci0BUEe COBMECTHOCTH JIBYX OJHODPOAHBIX ypaBHenuii (24.9) u

(24.10) maer
(k* + %?)2 = 4k? 50,5,

WM, BO3BEJA B KBJIPAT W TOJCTABUB 3HAYEHUS 7y, .

2\ 4 2 2
(22 - %) =168t (k2 - ) (K2 - ). (24.11)
Ct G
DTUM ypaBHEHUEM OTIPEJIE/IsIeTCsI CBsI3b MeK 1y w u k. OdeBugHO,
910 w = const-k; 1714 onpenesiennsa K03hUIMEHTa, [IPOIOPIXOHAE-

HOCTH, HAIUIIIEM 9TO COOTHOIICHNE B BUJIE
w = ctkE. (24.12)

Torma obmmit MHOKETEIb kS COKpAIaeTcs u, PACKPBIB CKOOKH, T10-
Jiyanm jijist € ypaBHEHUE
2 2
6 4 2 ci ¢ty _
€6 _get 8¢ (3 — 2—2) — 16( — —2) — 0. (24.13)
G ]
Orcrofia BUIHO, 9TO 9UCI0 & 3aBUCUT TOJIBKO OT OTHOIIEHUS ¢¢/cy,
SIBJISFOIIIETOCS HEKOTOPO# XapaKTePHOM [1jTst KAXKI0T0 TAHHOTO Bellle-
CTBa MTOCTOSTHHOW 1 3aBUCHIIETO B CBOIO OUePeTh TOIBKO 0T Koaghu-
nnenTa [lyaccona:
ct _ 1-20
¢ 21-o0)
Bemwawra & momkHa OBITH, PA3yMEETCs, BEIIECTBEHHOW ITOJIOXKU-
TesibHOM, mpudeM ¢ < 1 (Tak, 4T00BI 364, 3¢ OBLINM BEIIECTBEHHBI).
Ypasuenune (24.13) umeer TOJBLKO OJWH KOPEHb, YAOBIETBOPSAIOMIAI
9TUM YCJIOBHUSIM, TaK 9TO I KAXKJOrO JAHHOIO 3HAYEHUs Cy/c; 1O-
JIy9IaeTCs BCEro OHO OIpejesieHHoe 3HaueHue & 1).
Takum 06pa3oM, sl TOBEPXHOCTHBIX BOJIH, KaK U JJisi 00beM-
HBIX, JaCTOTa ITPOMOPIMOHAJIBHA BOJTHOBOMY BeKTOpPY. Kosduru-
€HT TPOMOPIIMOHAJBLHOCTH MEXKIy HUMH €CTh CKOPOCTH PacIIpoCTpa-

HEeHUusd BOJIHBI
U = cit. (24.14)

!) Ipu nepexome or ypasmenus (24.11) k (24.13) Tepsercst kopenb w? = 0
(35 = 30 = k), koTopomy orBedaer 3uHadenue £ = (), TOXKE yIOBIETBODPIIONIEE
yenoBuio € < 1. 113 ypasrenntii (24.9), (24.10) BuaHO, 0JHAKO, U9TO STOMY KOPHIO
COOTBETCTBYET PABEHCTBO a = —b, U IOTOMY MOJTHOE cMernerue u = u; + uy = 0,
T. €. JBUIKEHHE BOOOIIE OTCYTCTBYET.
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DTUM ONPENEISIeTCS CKOPOCTh PACIPOCTPAHEHUST MTOBEPXHOCTHBIX
BOJIH 4Yepe3 CKOPOCTU C; U C; TOTEPEYHBIX W MPO-

1,00

5 JIOJIbHBIX 00beMHBIX BOIH. OTHOIIEHHE aMILIATY/T
MOIIEPEYHON U IIPOAOJABHON YacTeld BOIHBI OIpese-

0,95 / Jistercs 1o 3Hadenuto & (popmyoit

/ a 2 —¢?

0,85 o] OtrHomenue ¢;/c¢; PaKTUIECKN MEHSETCS IJISE Pas-
0 /4 12 jpappix semects B mpegesnax or 1 / V2 10 0, uro
Puc. 21 cooTBeTcTBYeT M3Menenuio o ot 0 10 1/2; mpu sTom

& mensercda ot 0,874 mo 0,955. Ha puc. 21 mau rpa-
¢uk 3aBucumoctu & OT o.
Bagaua

TLnockonapasiesnbHbl mwiactT ToamuHbl b (cpema 1) JexKuT Ha yIpyroM Imo-
synpocrpancTse (cpema 2). OnpemennThs 3aBUCHMOCTH 9aCTOTHI OT BOJTHOBOTO
BEKTODA JjIsl TIOTIEPEYHBIX BOJH B ILIACTE C HAIPAaBJIEHUEM KoJebaHuii, mapaJ-
JICJIbHBIM T'DaHUIIaM ILJIaCTa.

Pemenue. Bribepem mmockocTh pasgena MeXK/y ILIACTOM W IOJIYIIPO-
CTPAHCTBOM B Ka4YeCTBE IJIOCKOCTH TY, IIPUYEM YIPYTOMY TOIYIPOCTPAHCTBY
coorBeTcTBYIOT 2 < 0, a wiacty h > z > 0. B miacte mmeem

i (kz—wt
uml:ull:oa uyl:f(z)ez(m w)’

a B cpefie 2 IUIIEM 33TYXAIOIIYIO B IyIyOb Hee BOJIHY:

wz 1/2
i (ke—wt 2
Uz2 = Uz2 = 0, Uys = Ae”2* e ho=wt), 0 = (k - T) .
c
t2

Ins dyakuun f(z) umeeMm ypaBHEHUE

" 2 w? 2 12
[P+ f=0, m=|—F—k

Ci1

(MBI yBHIUM HEYKE, 9TO JOJIKHO ObITh 3¢5 > 0), OTKyIa
f(2) = Bsinstiz + Ccos s 2.

Ha cBoGoznmoit rpanune mwiacra (z = h) Z0/KHO 6bITE 0.y = 0, T. e. Juy1/0z = 0.
Ha rpanune xe mexay obenmu cpenamu (z = 0) umeem yciosust

81@1 =u auyz
= p2
0z 0z
(1, p2 — Momynu capura obeunx cpen). VI3 3Tux yc10Buil HAXOAMM TPH yPABHEHUS
misi A, B, C, ycioBue COBMECTHOCTH KOTOPBIX [TA€T

tgrah = 222,
P11

DT0 ypaBHEHUE OIIpe/eJisieT B HEesIBHOM BHUIE 3aBUCUMOCTH w OT k; OHO mMmeer
pellleHus JINIIb IPU BENIECTBEHHBIX 1 U 3r2, TaK YTO BCErJa Ciz > W / k> cu.
Orcrona BUIHO, 9TO PACIPOCTPAHEHUE PACCMATPUBAEMBIX BOJIH BO3MOXKHO JIUIIH
pU YCIIOBUU Ci2 > Ctl.

Uyl = Uy2, M1
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§ 25. Konebanusi crepxkHeii  IJIACTUHOK

Bosabl, pacnpocTpaHgomecs B TOHKUX IJIACTUHKAX W CTEPHK-
HSIX, CYIIECTBEHHO OTJUYAIOTCS OT BOJIH, PACIPOCTPAHSIIONINXCS B
cpejie, HEOTpAaHUYEHHO BO Beex Hampasaerusx. [Ipu srom peus nger
0 BOJTHAX, JIJIMHA, KOTOPBIX BEJTUKA [0 CPABHEHWIO C TOJIIUHON CTEPK-
He WIN IUTACTUHKU. B 00paTHOM MpenebHOM Clydae JJIMH BOJH,
MaJIbIX [0 CPABHEHUIO C 3TOU TOJIIMHOMN, CTEPXKEHb WU IJIACTHHKY
MOXKHO ObLT0 6B BOOOIIE paccMaTpuBaTh KakK HEOTDAHWIEHHBIE BO
BCEX HAIPABJIEHUSAX, U Mbl TOIYy4nJd Obl CHOBA COOTHOIIEHUSI, UMEB-
IIIMe MECTO B HEOI'DAHUYEHHBIX CPEJIAX.

Heobxonmmo paziumyaarh BOIHBI, B KOTOPBIX KOJIEOAHMS TPOUCXO-
AT MaPaJIebHO OCU CTEPZXKHS WJIH IJIOCKOCTH IIJIACTHHKY, OT BOJH
C TIepIeH Ky IApHbIME Kosiebarusmu. Haunem ¢ n3ydenus mpoosib-
HBIX BOJIH B CTEPXKHSX.

[pononbras mpedopmanus CTep:KHs (OIHOPOHAS BIOJIb €ro Ce-
YeHus), Ha OOKOBYIO MOBEPXHOCTH KOTOPOTO He JEHCTBYIOT HUKAKHUE
BHEIITHUE CUJIbI, TPEJICTABIISAET CODOM MTPOCTOE PACTSKEHUE WA CyKa-
tre. Takum 06pa3oM, TPOJOIBLHBIE BOJHBI B CTEPYKHE TPEICTABJISIOT
€000l PACIIPOCTPAHSIIOIINECST BJIOb €0 JIJIMHBI MTPOCTHIE PACTSIZKE-
HUsT WU CKaTus. Ho Tpu MpoCTOM PACTsiXKEeHWW OTJIUYHA OT HYJIs
TOJIbKO KOMIIOHEHTA O ,, TeH30pa HalpsKeHuii (0Cb z — BIOJIb JIJIH-
HBI CTEPXKHS), CBsI3aHHAs C TEH30POM e OPMAIUU COOTHOIIEHUEM
(cMm. § 5)

0.0 = Bu,, = B2%,
0z
TloacraBmsss 910 B 00Iee ypaBHEHNE IBUZKEHUST
'EL — aazk
PUz I

HAXOINM

0%u p 0%u

— - == =0. 25.1

022 E 0t? ( )

DTO eCTh ypaBHEHUE TMPOIOIbHBIX KOIeOaHuil B CTepKHAX. MbI BU-
JIAM, ITO OHO IMeET BUJT OOBITHOTO BOTHOBOTO ypaBHeHud. CKOPOCTD
pacrnpocTpaHeHus IIPO/IObHBIX BOJIH B CTEPXKHAX OKa3blBaeTCd PaB-

HOIt (§) 1/2. (25.2)

Cpasuus ee ¢ Boipazkenuem (22.4) st ¢;, BUAMM, 9TO OHA MeHbBIIE
CKOPOCTU PAaCHIpPOCTPaHEHUs IMIPOJOJIbHBIX BOJIH B HEOI'DAHUYEHHOH!
cpeze.

Ilepeiiyiem Tenepb K POJOIBHBIM BOJHAM B TOHKUX IJIACTHHKAX.
VpaBHeHUs IBUMKEHUs JJId TAKUX KoebaHuii MOXKHO HAIUCATH CPa-
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2 2
3y, I0JICTABUB B ypaBHeHUsiX pasHoBecusi (13.4) —ph 88:; u —ph aatl;y
BMecTo Py, n Py:

382% 1 dPu, 1 9%u, 1 0,
Bor -0t 0wt al4e) 0y 2(1-0)dedy’ gy
pPuy _ 1 duy 1w, 1 8u, :

E 02  1—o02 0y? 2(1+o0) Ox? 2(1 — o) 9z dy

PaccmoTpuM 110cKyi0 BOJIHY, PacIIpPOCTPAHSIONIYIOCS BIOIb OCU T,
T. €. BOJIHY, B KOTODPOil nedopMaliis 3aBUCUT TOJBKO OT KOOD/MHA-
THI Z, HO He oT y. Torga ypasHenus (25.3) CUIBHO YIPOIIAIOTCA U
[IPUHUMAIOT BUJ

0%y E 0%y 0%, E 0uy

o2 p(l—o2) 02 =0, otz 2p(1+o) 92 (25.4)

MpbI momy9aem, TakKuM 0OOpPa30M, ONMATH IPOCTHIE BOJHOBBIE YDPaB-
wenns. Crosmme B HEX KOIGbDMUIMEHTH! PABIAYIHBL IS Uy U Uy.
CKOpOCTb pacnpoCTpaHeHusl BOJHBI ¢ KOJEOAHUSIMHU, TAPAJLIETbHbI-
MU HAIIPABJIEHUIO PACIpocTpaHenus (Uy), paBHa

- 1/2
(,;(1 L 0_2)> , (25.5)

CKOpOCTH 7Ke BOJTHBI (uy) ¢ KojiebaHUAMY, IEPIEHIUKYISIPHBIMU Ha-
PABJICHUIO PACIPOCTPAHEHUs! (HO TIO-TIPEXKHEMY JIEXKAIIUMHU B TLI0C-
KOCTH IJIACTHHKH), PABHA CKOPOCTH C; MOMEPEYHBbIX BOJH B HEOIDa-
HUYCHHOH cpeje.

MpbI BuguM, TaKuM 00pa30M, 9TO MPOJOIbHBIE BOJHBI B CTEPHK-
HSIX U IJIACTUHKAX 00JIa]al0T TaKUM Ke XapaKTepoM, KaK ¥ BOJHBI B
HEOI'PAHWYECHHON Cpele, OT/INYadACh JIMIIb BEeJIWYMHON CBOEU CKOPO-
CTH, TIO-TIpeXKHeMY He 3aBucseit or gactorel. COBCEM WHBIE COOT-
HOIIIEHUsI TIOIYYAI0TCS JIJIsi 860AH U32uba B TIJTACTUHKAX W CTEPIKHSX,
[IpU KOTOPBIX KOJIeOaHUs ITPOUCKOMIAT B HAPABJIEHNUH, TEPIEH/IUKY-
JAPHOM K OCH CTEPXKHH WJN IJIOCKOCTH ILJIACTUHKHA, T. €. COITPOBOXK-
HAIOTCA WX U3TIOOM.

VpaBHuenus cBOOOIHBIX KOJEOAHUIH TJTACTUHKUA MOXKHO HaINCATD
HEIOCPE/ICTBEHHO HA OCHOBAHUU ypaBHeHus pasHoecus (12.5). s

9TOI'0 HaJ0 3aMCEHHNTH B HEM —P nmpousBejeHrueM YCKOPEHUA C Ha
Maccy ph, TPUXOISIIYIOCS Ha €UHUILY TLIOIIAIN TTOBEPXHOCTH ILIa~
cruaku. Takum o6pasom, mogydaem

¢ | D2y _

(A — nBymepHblii oneparop Jlamaca).
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PaccmorpuM MOHOXpOMATHYECKYIO YIPYLYIO BOJTHY, COOTBET-
CTBEHHO ueMy Oy/leM UCKaTh pelenue ypasaenus (25.6) B Buje

¢ = const - ¢! k=« (25.7)

(BonHOBOI BekTOp Kk WMMeeT, KOHEUHO, BCETro JIBe KOMIIOHEHTBI Ky
u ky). Ilogcranoska B (25.6) IpUBOAUT K ypaBHEHUIO

—pw? + %k4 =0.

Orciona mosiyyaeM CIeAyioInee COOTHOIIEHWE MEXKJy YacTOTON u
BOJTHOBBIM BEKTOPOM BOJIHBI:

w=k (L2 1/2=k2 _ME 2 (25.8)
ph 12p(1 — 02) ’ )

Takum 06pazomM, 9aCTOTA OKA3BIBALTCS TTPOTIOPITHOHATLHON KBAJIpa-
Ty abCOMIOTHOW BEJWYMWHBI BOJHOBOTO BEKTOPA, B TO BpeMs Kak B
BOJIHAX B HEOTPAHWUIEHHON Cpefe OHa TPOTOPITHOHATLHA TEpBOi ee
CTETIeHT.

3Has 3aKOH AUCTIEPCUN BOJTH, MOKHO HAfTH CKOPOCTH WX PACIIPO-
crpanenus coryacHo dpopmysie (23.4). B manHoM ciydae HaXoamMm

W2E 1/2
= |—— k. 25.9
[3;)(1 - 02)] (25.9)

Takum 06pa3omM, CKOPOCTH PACIPOCTPAHEHNST BOJH M3THOA 1O TLIa-
CTHUHKE MPOTOPIUOHATHFHA BOJTHOBOMY BEKTODY, a He TIOCTOSHHA, KaK
JJIsl BOJIH B HEOIDAHUYCHHOU TPEeXMepHOI cpene 1.

AHaJIOrNYHBIE PE3YJIBTATHI CIIPABEJIMBBI U JIJIsT BOJTH U3TU0a TOH-
KUX CTepyKHell; Kojgebanust n3rnbda mpeimoiaraloTcs MaJIbIMu. Y paB-
HEHUs JBUKEHUS TOJTyINM, 3aMEHUB B YPABHEHUsIX PABHOBECHUS CJIa-
6o m3ormyroro crepxkus (20.4) cunel —K,, —K, npousseseHusamn

yekopennit X, Y wa maccy pS eauHuib ayiusbl crepxKus (S — mwio-
maapb ero cedenus ). Takum o6pasom,

. 84X . 84Y
Pemenne srux ypaBHeHI/Iﬁ CHOBa HUIIIEM B BHUIE

Y =const-e

X = const - ¢ k2wt

i (kz—wt)
’

) Bonmosoii BekTOp k = 2 /A, tne A — mymHa BoaHbL IlosTOMY, COIVIACHO
(25.9), ckopoctb U monmkua Oblia Obl HEOIPAHWUYEHHO BO3pacTaTh mpu A — 0.
Pusnyeckas 6eCCMBICIEHHOCTh TOr0 Pe3y/IbTaTa CBs3aHa € TeM, 94TO (hopMysa
(25.9) B mefiCTBUTEIPHOCTH HENIPUMEHUMA K CJIMIIKOM KOPOTKHM BOJIHAM.
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¥ HAXOJIUM CJEJYIONINN 3aKOH JUCIEPCUN:

1/2 1/2
w® = (E_@ 2, W= (%) k? (25.11)
p p

Jtst Kostebauuit B0k oceit « u y. CoOTBETCTBYIOIIHE CKOPOCTH PAaC-
MIPOCTPaHEHMUS:

1/2 1/2
U — 9 (E—§’> koUW =2 (%) 3 (25.12)
P P

Hakomner, paccMorpuM KpyTuiibHble KojeOaHusi CTEPKHA. Y paB-
HEHUe JIBUKEHUsI CTEePIKHS, TIOJBEPraeMoro JaedopMalui KpyIeHus,
HoJIy4aercsi pupasHuBaHueM Bbipaxkenus COT/dz (cm. § 16, 18)
OPOU3BOJHON 10 BPEMEHH OT MOMEHTA MMITYJIbCA €AUHUIIBI JJIMHBI
crepkHsL. DTOT MOMeHT paseH pl dp/0t, tae Op/0t — yrioBas cko-
pPOCTh BpalieHus (¢ — yroJ moBopoTa JAHHOIO CeYeHHUs ), a

I= [(*+y")df
— MOMEHT MHEpIUU CedeHUsl CTEePyKHA OTHOCUTEILHO €ro IeHTPa
uHepIEN (MIPU YMCTO KPYTUIBLHBIX KOJTEOAHUAX KasKJI0€e CeIeHne CO-
BeplaeT BpalarebHble KojaeOanus BOKPYT OCH WHEPIUH CTeprKHs,
ocratomieiicss menoasukHoit). Hamucas 7 = dp/0z, Haxomum ypas-
HeHne JIBUKeHWUA B BUJIE

2 2
028 = p12¢, (25.13)
022 ot?
OTcroza BUAHO, 9TO CKOPOCTh PACTIPOCTPAHEHUsT KPYTUIBHBIX KOJIe-
OaHWiT BIOJIb CTEPYKHST PABHA
1/2
(Q) . (25.14)
pl

3amauu

1. OmnpenenuTb YaCTOTHI MPOJOIBHBIX COOCTBEHHBIX KOJIEOAHUN CTEpPXKHS
(mymmmet 1), onpuH W3 KOHIOB KOTOPOTO 3aKPEILIEH, & APYTOH — CBOGOIEH.

Pemenne. Ha 3akpenennom xoune (z = 0) nomxHo 66I1TH v, = 0, a Ha
cBoGogrom kouue (2 = 1) 0., = Fu,, = 0, T. e. Ou,/0z = 0. lmem pemenne
ypasHenus (25.1) B Buge

p\1/2
u; = A cos (wt + a) sinkz, k=w(E) .
W3 ycnosust npu z = | numeem coskl = 0, orkyga a1 COOCTBEHHBIX YaCTOT

HaXOIUM
1/2
w= <E) Zon+1)
p 21

(n — uesble uncia).
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2. To xe nys crepxkHs, 062 KOHITA KOTOPOTO CBOOOAHBL Mn 062 32K PEILIeHEL,
Pemenue. B oboux ciyuasx

ENY? r
o= (_> T
P l

3. OnpemenuTh 9acTOTH COOCTBEHHBIX KOJIeOGaHUN CTPYHBI ([UHBI [).
Pemenue. YpaBHeHue nBukeHHs CTPYHBI:

PX _pSPX _
922 T o2

(cp. ypasuenue pasuosecus (20.17)). I'parmunsie ycrosus: X = 0 npu z = 0, [.

Cob6cTBeHHBIE 9aCTOTHI:
1/2
pS ™
w=|=— —.
< T ) l

4. OnpenenuTh YacCTOTHI IIONEPEYHBIX COOCTBEHHBIX KOJIe0aHUN CTep:KHS
(mymmmbt 1) ¢ 3aIeTaHABIMA KOHITAMH.
Pemenue. Ypasrenue (25.10) mpu moacraHoBKe B HETO

X = Xo(2) cos (wt + )
npuobperaer BUL
d* X,
0 2%4Xo, »* =w2ﬁ.
dz* EI,
OO6umit MHTErpaJr 3TOr0 ypaBHEHUs €CTh

Xo = A cossz+ B sinsz+ C chxz+ D shiez.

Iocrostuusie A, B, C, D onpeznensiiorcs u3 rpanngsbx yeaosuit X = 0, dX /dz =
=0 opu z = 0, [. B pe3ynprare Haxomum

Xo = A{(sin sel — shs)(cos ez — ch 3¢z) — (cos sel — ch sel)(sin ez — sh ¢z)}
U ypaBHeHHE
cosslchsl =1,

KOPHH KOTOPOTO OIIPelesioT COGCTBeHHbIe JacTOThl Kostebanuit. Hanvenbnras
13 COOCTBEHHBIX YaCTOT PaBHA
22,4 EI,
Wmin = .
12 pS

5. To ke 17151 CTEPXKHS C OMEPTHIMU KOHITAMU.
Pemenue anamoruyno pemrenuro 3anadu 4. PesyiabraT:

Xo = A sin sz,
a JacTorsl onpezesiorcs u3 sin sl = 0, T. e.

nmw
(n=1,2,...).
Haumensmag gacrora ecthb

9,87 EI,
“min T T p_S
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6. To ke mnsa cTep:KHSA, 33€JTAHHOTO HA OJHOM KOHIE W CBOOOHOTO HA

APYTOM.
Pemenwue. Ilomyuaem mmsa cmermenuns

Xo = A{(cos s + chsel)(cos sez — ch s¢z) + (sin sl — sh sel)(sin ez — sh ez)}

(3akpensiennsiii Koner z = 0, cBo6OmHBIN 2z = [), U ypaBHEHUE
cosxlchxl+1=0
Iy1st COOCTBEHHBIX YacTOT. HamMeHbImas JacTora ecTh

3,52 EI,

Wmin = B pS.

7. OnpenemnTsh COGCTBEHHBIE KOMEOaHNS MTPAMOYTOIBHON TUIACTUHKHA (/1JTA-
HBI CTOPOH @ H b) C OLEPTHIMU KPasiMH.

Pemenue. VYpasuenue (25.6) mpu moncTaHOBKE B HETO

¢ = Co(z, y) cos (wt + a)
MIPUOOPETAET BH
12p(1 —o°
=T (-0 )
h’E

Bribupaem 0cu KOODIMHAT TI0 CTOPOHAM ILTACTUHKY. ' parmaabie yemosug (12.11)
MIPUOOPETAIOT BUL

AANCo — ¢ =0,

2%¢
= 0’ : = 0, _— = 0;
npu & a ¢ o2
0%¢
— 0’ b: s 0’ i 0
upu y ¢ o

y,Z[OBﬂeTBOpﬂIOMQe 9TUM YCJIOBUAM pellleHue eCTb

nmy

. mmx
o = Asin
a

sin

(m, n — neJsible YKCIIa), IPUYEM YACTOTHI OLPEAENISIOTCS PABEHCTBOM

o= mi1(2) < (1]

8. OnpenennuTs cOOCTBEHHBIE YACTOTHI KOJIeOAHMIT MeMOPAHbBI IPSIMOYIOJIb-
HO# dbopmbr (¢ AymHAME CTOPOH @ U b).
Pemenwue. YpaBuenue xosebanuii MeMOpaHbl

T A¢ = ph¢

(cp. ypasraenune pasHoBecust (14.9)). Kpas MeMOpaHbl TO/ZKHBL OBITH 3aKPEIJIEHbI
TaK, 9o ( = 0. CoOTBETCTBYIOIIEE PElIeHre [I/Is IPSAMOYTOIbHOM MEMOPAHbI €CTh

¢ = Asin mm nmy

T .
sin —= cos wt,
b
T 2 2
W= Lo (m_ n n_>
ph a? b2

rae COOCTBEHHBIE IaCTOTHI

(m, n — nesble yncia).
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9. Omnpenenurh CKOPOCTb DPACIPOCTPAHEHWs] KPYTH/IBHBIX KOIEOAHH II0
CTEPXKHSAM C CeYeHHEM B BUJIE KPYTa, /IIUIICA X PABHOCTOPOHHETO TPEYTOJIbHUKA
U II0 CTePKHIO, UMeIoneMy BHUJ JJIMHHOI IPAMOYTOJIbHOM TOHKON IJIACTUHKU.

Pemenme. Ina kpyrosoro ceuenms (pagmyca R) moment maeprmm I =
= 7R*/2; B3ss C w3 3amauu 1 § 16, momyumm myis cropoctn 3uaderwe (p/p)t/?,
COBIIQIAIONIEE CO CKOPOCTHIO Ci.

Ananormano (ucronb3ys pe3yabraThl 3ama4 2—4 § 16) moxygaem a1 cTepk-
Hsl SJUIAIITUYECKOT0 CE9eHUsl CKOPOCTh

2ab

_2ab_
a? + b?
JJIA CTep}KHH C cedyeHueM B BI/I,Z[e paBHOCTopOHHel"O TpeyroanHKa
1/2
(3/5)"% eu;
JJIA CTep}KHH B BUIe ,Z[JII/IHHOﬁ HpﬂMOyl"OJ‘IbHOfI IIJIACTUHKN

)

2—cq.
d t
Bce atu crkopoctu MenbIe c¢;.

10. IToBepxHOCTH GECKOHEYHO IVIYOOKON HECXKMUMAEMOH KUIKOCTH ITOKPBITA
TOHKOW ynpyroil minacTuakoi. OnpenennTb CBA3b MeXK/y BOJHOBBIM BEKTODPOM
U 4aCTOTOI I BOJIH, OJJHOBPEMEHHO DACIPOCTPAHAIOMMXCS 10 IJIACTUHKE U B
IIOBEPXHOCTHOM CJIO€ KUIKOCTH.

Pemenue. BribupaeMm mrocKoCTs IJIACTHHKY B Ka9eCTBe IJIOCKOCTH 2 = 0,
a oCch & BbIOMpaeM BJ0JIb HAIIPABJIEHUS PACIPOCTPAHEHUS BOJIHBI; 00JIACTH KU~
KOCTH IIyCTh COOTBETCTBYIOT z < (. YpaBHEHUE IBUKEHMSA CBOOOTHOM TLIACTUHKN
eCcThb

ha2g 0%¢

ot? Ox*
(po — noTHOCTH MaTEepUAIIA IIACTUHKY). [[pU HAIMYUY JKUIKOCTH K TIPABOii Ya-
CTH 3TOTO yPABHEHUS HAJ0 IPUOABUTH CHUILY, J€HCTBYIONIYIO CO CTOPOHBI XKIJIKO-

cru Ha 1 cM? TIOBEPXHOCTH MJIACTHHKY, T. €. JaBjeHune p xuakoctd. Ho massemnne
B BOJIHE BBIPAXKAETCA 9€pe3 MOTEHIMAJT CKOPOCTH TOCPENCTBOM p = — p Op /0t
(monem Tsizkectu npenebperaem). Ilosromy mosyuaeM ypapBHeHUe

2 4
RS - _pde_ 98 (1)
ot ozt "ot

Jasee, HOpMaJIbHAsT KOMIIOHEHTa CKOPOCTH YKUJIKOCTU HA €€ IIOBEPXHOCTH IOJI-
JKHa OBITh PaBHA CKOPOCTH TOYEK TJIACTUHKHU, OTKY/ I3 IIOIYy9IaeM yCTIOBUE

po

po

a¢ Oy
—= == ) (2)
ot 0z |,—o
ToTeHIMA (¢ TOMKEH yJOBJIETBOPATH BO BCEM 00bEME KUIKOCTH yPABHEHUIO
2 2
v 0% _ (3)
ox? 022

Nmem ¢ B Buge Gerymeit Bonasl ¢ = Coe'*® ™%t coorsercTBeHHO 9TOMY Gepem

pelrenue ypasHeHus (3) B Bue 3aTyXaloueil B Iy6b KUIKOCTH IOBEPXHOCTHOMN
BOJIHBL _ i (kz—wt) _kz

» = poe e’”.
Ioxcranoska tux Bopaxkenuii B (1) u (2) mpuBoauT K AByM ypaBHEHHSIM IJIst
o 1 (o U3 YCJIOBHUS COBMECTHOCTU KOTOPBIX IIOJLy9aeM

2 K

w=D—>
(p + hpok)
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§ 26. AurapmoHunvyeckue koJjiedbanms

Best uznioxkernast Teopusi yupyrux KojiebaHuil siBasercs mpubiu-
JKEHHON B TOM YK€ CMBIC/IE, B KAKOM PHUOJINXKEHHa BOODIIE BCS TEO-
pusi yOpyroctu, ocCHOBaHHasi Ha 3akone ['yka. HamomuuMm, aTo B ee
OCHOBE JIEXKUT PA3JIOXKEHWe YIPYroil 3HEPruu B Psif MO CTEIeHsSM
TeH30pa JAeopMaIi, TPUIYEM OCTABJISIIOTCS YJIeHBI 0 BTOPOTO TI0-
psiaKa BRIFOUUTETbHO. COOTBETCTBEHHO 9TOMY KOMITOHEHTHI TEH30-
pa HAPSIKEHWI OKA3BIBAIOTCS JTUHEHHBIME (DYHKITUIMY KOMIOHEHT
TeH30pa AeOpPMANNN, W YPABHEHUS IBUKEHUST — JIMHEHHBI.

Hawnbomee xapakrepHOit 0COOEHHOCTHIO YHPYTHX BOTH B ITOM
TpPUOINKEHUN SBJISETCA TO, 9TO BCIKYIO BOJHY MOXKHO TIPECTa-
BUTH B BHUJE TMPOCTOTO HAJOXKEHWs, T. €. B BUIE JUHEHHON KOMOU-
HAIIMA OTEJLHBIX MOHOXPOMATHYIECKHUX BOTH. Kaxmas u3 9Tux Mo-
HOXPOMATHIECKUX BOJH PACTPOCTPAHIETCS HE3ABUCUMO OT OCTAJb-
HBIX ¥ MOXKET CYIECTBOBATEH TaKZKe U caMa To cebe, He COTPOBOIK I~
SICh KaKWMU-JTHO0 TIOCTOPOHHUMHU BUZKEHUsIMU. MOYKHO CKa3aTh,
ITO PA3JIAIHBIE MOHOXPOMATHIECKIE BOJTHDI, OJHOBPEMEHHO PaCIpO-
CTPAHAIOIINECd B OJHOW W TOH 2Ke Cpelie, «He B3aUMOICHCTBYIOT»
APYT € APYTOM.

Bce atu cpoiicTBa, 0HAKO, WCUIE3AIOT MPHU TEPEXOJE K CIEIYIO-
UM TPUOTNKEHUAM. DPDEKTH CASAYIONIX TPUOIUKEHUH XOTST
U SIBJSIIOTCS MAaJIBIMH, HO JIJIsT HEKOTOPBIX SIBJEHUH MOTYT WTPATh
OCHOBHYIO PO/ib. DTH 3(PDEKThI 0OBITHO HA3BIBAIOT GH2GPMOHUYE-
CKUMU B CBSI3U C T€M, 9TO COOTBETCTBYIOIINE YPABHEHUS JTBUKEHUS
HEJIMHEHBI U He JIOIYCKAKT MPOCTBIX EPUOAMIECKUX (TapMOHUYE-
CKUX) DEIIeHHii.

Mpr paccmoTpuM 37ech aHTapMOHWIECKHE S(P(EKThI TPETHEro
MOPSIIKA, TTPOUCKOISIINE OT KyOWIecKuX O JeOpMAIIN TIEHOB
B ympyroii smeprun. B o0mieM Buae COOTBETCTBYIOIINE yPABHEHUS
JBUKEHWST OKA3BIBAIOTCI OUEHDb TPOMO3JIKUMHA. BBISCHUTE Ke Xapak-
Tep BO3HUKAOMUX 3(PHEKTOB MOXKHO C ITOMOIIBIO CJIEIYIOIINX Pac-
cyxnmenntt. Kybudeckne 4jeHbl B ynpyroil 9HEPTHH TAIOT KBaJpa-
TUYHBIE YIEHBI B TEH30pPE HAMPSKEHU, a MOTOMY W B YPABHEHUSX
neuxkenns. [Ipeacrasum cebe, ITO B 9TUX YPABHEHUIX BCE JTHHEHHDIE
YJIEHBI TIEPEHECEHBbI B JIEBBIE, a BCE KBAPATHUIHBbIE — B IpaBbie Ya-
cTu paBeHCTB. Pertast 9Tv ypaBHEHUsI METOJOM IOCIEI0BATE/TbHBIX
OpubIMKEHU, MBI JTOJI2KHBI B [TIEPBOM NPHUOJINKEHUN BOBCE OTODPO-
CUTH KBaJIPATUYHBIE WiIeHBl. 10rma oCTaHyTCs OOBIYHBIE JIMHEHHBIE
YPaBHEHUSI, PEIIeHNe Uy KOTOPBIX MOXKET OBITH IPEJICTABICHO B BUIE

HAJIOZKEHIS] MOHOXPOMATHIECKHX OEryIIiX BO/IH Bia const-e! (K —w?)
C OTIpeJIeJICHHBIMU COOTHOIeHus MU MexK 1y w u k. [lepexonst K cie-
JIYIOIIEMY, BTOPOMY, NPHOJINKEHUIO, HAJIO0 MOJIOXKHUTH U = Uy + Uj,
npuyeM B MPaBoii CTOPOHE ypaBHeHWi (B KBaJPATUYHBIX UJIEHAX)
HAJI0 COXPAHUTB TOJBKO WIEHBI ¢ Ug. IIOCKOIBKY Uy YIAOBIETBOPSIET,
[0 OTIPEJIEJICHUIO, OJTHOPOIHBIM JIMHEHHBIM YDAaBHEHUIM 0€3 TpaBbIX
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gacTel, TO B JIEBOI YaCTU PaBEHCTB 4YICHBI C Uy B3aUMHO COKpa-
marorcd. B pesyiabraTe MBI MOJIYYUM i KOMIIOHEHT BEKTOpa U
CUCTEMY HEOJHOPOAHBIX JIMHEHHBIX ypaBHEHUI, B IIPaBOil 4acTu KO-
TOPBIX CTOSIT 3aIaHHbIe (DYHKITMH KOOPJAWHAT U BpeMeHu. DTH (PyHK-
OUY, HOIYy4Yaloluecs MMOACTAHOBKOM Uy B IPaBble YaCTU HCXOOAHBIX
YPaBHEHUI, TPEJICTABSIIOT CODOM CYMMY HJIEHOB, KaXKIbI U3 KOTO-

i[(k1—k2)r—(wi—w2)t
PBIX IPONOPIUOHAJEH MHOXKUTEIIO BHUJIA € [(e1 —k2) r—(w1—w2) ], WA

et [(k1+k2)r_(“’1+°’2)t], rme wi, we U K1, ko — 9acToTH M BOJIHOBBIE
BEKTOPBI KAKUX-TU0O0 JIBYX MOHOXPOMATUYECKUX BOJIH IIEPBOTO TPHU-
OTMKEeH M.

Kak u3BecTHO, YacTHBIN MHTErpas JUHEHHBIX YPAaBHEHUI TaKOT0
BUJIA MIPEJICTABIAET CODO0M CyMMY UJIEHOB C TAKUMHE YK€ SKCITOHEHIIH-
AJTBHBIMU MHOYKUTEJIAME, KAKHE CTOST B CBOOOIHBIX UjieHaX (IIPABbIX
JacTAX) YPaBHEHU, ¥ C HaJIeKaIiuM 06pa3oM moJoOpaHHBIMU KO-
spdurmentamu. Kaxkapiit n3 3TUX 9I€HOB COOTBETCTBYET Oeryieit
BOJTHE C YaCTOTOH wy £ wy U BOMHOBBIM BekTOpoM ki + ko (uwacro-
ThI, PABHBIE CYyMME WJIM PA3HOCTH YaCTOT UCXOAHBIX BOJIH, HA3BIBAIOT
KOMOUHAUUOHHDIMU) .

Takum obpazom, 3hPeKThI AHTAPMOHUYHOCTH TPETHErO MOPSIKA
NPUBOAAT K TOMY, UTO HA, COBOKYITHOCTH OCHOBHBIX MOHOXPOMATHIE-
CKUX BOJIH (C 9aCTOTAMU Wi, Wo, ... W BOJHOBBIME BeKTOpamu Ki,
ko, ... ) HAJArAlOTCS HEKOTOPbIE «BOJHBI» C1ab0N HHTEHCUBHOCTHU C
KOMOWHAIIMOHHBIMY YaCTOTAMU BU/IA w1 £ Wy ¥ BOJHOBBIMU BEKTODA-
mu ki &+ ko. MBI TOBOpUM 3/1€CHh 0 HEX KaK O «BOJHAXY» B KABBIYKAX,
UMesi B BUJLY, 9TO OHU IMPEJCTABJAIOT COOONl HEKOTOPBIH MONPaBOY-
HBIH 3hdEKT 1 He MOTYT CYIIECTBOBATH CaMu 1Mo cebe (3a MCKJIIo-
YEHHEM HEKOTOPBIX OCOOBIX CIydaen; M. HUXKe). Mexay wy £ ws u
k; + ko He ynoBierBopsioTcs, BooOIe TOBOPs, T€ COOTHOIIEHU, KO-
TOPBIE UMEIOT MECTO JIjisi YaCTOT M BOJHOBBIX BEKTOPOB B OOBIUHBIX
MOHOXPOMATHUYECKUX BOJTHAX.

flcHo, onHaKo, YTO BO3MOXKHBI U TaKHUE CIEIUAJBbHBIE 000D
sHadeHnit wi, K1 u we, Ko, Ipm KOTOPBIX MexKIYy w + wo U k1 + ko
(6ysieM rOBOPUTD JIJIsi OMIPEIJIEHHOCTH O CYMMaX, a He 0 PA3HOCTSIX )
OyJIeT BBIMIOJIHATHCHA OJIHO W3 TE€X COOTHOIIEHU, KOTOPBIE JOKHBI
MMeTh MeCTO /IJIsi MOHOXPOMATHYECKUX BOJIH B JaHHO# cpeje. BBojs
obozHaueHns w3 = wi + we u kg = ki + Ko, MBI MOXKeM CKa3aTh C
MaTeMaTUYeCKO TOYKHU 3PEHUs, YTO w3, K3 COOTBETCTBYIOT B 3TUX
CIy4dasX BOJHAM, YIOBJIETBOPHAIONINM OJHODPO/IHBIM JIMHEHHBIM ypPaB-
HeHUsIM JIBUzKenus (6e3 paBoii yacTu) mepsoro npubsmxkenus. Ecin
B [IPaBOi 9aCTU YPAaBHEHUI JBUXKEHUS BTOPOrO MPUOIMIKEHUS UMe-

0TCs WIeHbl, npornopunonanbasie ¢! ¥3r=wst) ¢ makuwmu ws, ks, 1O,
KaK M3BECTHO, YACTHBIN WHTErpaJjl STUX ypaBHEHHN OyaeT mpeacTa-
BJATH CO0OO# BOSHY 9TON YacCTOTHI C aMILIUTYOW, HEOTPAHUIEHHO
BOBPACTAIOIIEH CO BPEMEHEM.

Takum obpazom, HATOXKEHUE TBYX MOHOXPOMATHIECKUX BOTH W1,
ki u wo, ko, 77151 KOTOPBIX CyMMBI w3, K3 yIOBIETBOPSAIOT YKA3aHHO-
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MY YCIOBHIO, IPUBOIUT B pe3yabrare 3(h(HeKTa aHrapMOHUYHOCTH K
SIBJIGHUIO0 PE30HAHCA — BO3HUKAET HOBAs HACTOSIIAS MOHOXPOMATH-
JeckKasl BOJHA w3, K3, aMIIUTy1a KOTOPO BO3PACTAET CO BPEMEHEeM
¥ B KOHIIE KOHIIOB TIepecTaer ObITh MaJjioit. OUeBUIHO, 9TO eCu TPU
HaJIOXKEHUU BOJH wi, K|  wo, ke BO3HWKaeT BosiHA w3, k3, TO mpu
HAJIOXKEHUU BOJH w1, K1 u w3, k3 Toxxe OyJeT nMerh MECTO PE30HAHC
¥ BO3HHKAET BOJHA Wwo = w3 — w1, Ko = kg — ky, a npu Hayo:KeHnn
BOJIH wo, Ko U w3, k3 Bo3HMKaeT BoiHA w1, Kj.

B wacrHOCTH, B M30TpOmHOM Tesle w CBA3aHO ¢ K mocpencTBoM
w = ¢tk wm w = ¢k, npuuem ¢; > ¢;. JIerko BugeTh, B KAKUX CIyda-
SIX BO3MOXKHO BBITIOJTHEHIE KAKOTO-JIM00 M3 3TUX COOTHOIIEHW st
KazKJI0i M3 TpeX BOJH: Wi, K1; wo, Ko 1 w3 = wi + wo, kg = ki + ks.
Ecau ki u ko He coBImagaior Mo HaIpaBaeHuio, TO k3 < ki + ko; ICHO
moaTomy, uTo mipn Takux ki, ko pe3onamc BO3MOXKEH JIAIID B CJIEIY-
IONIMX JIBYX Caydasix: 1) BosHbl wy, Ki 1wy, ko monepeunst, a BosHa
ws, ks mpogonbHa; 2) oxHa u3 BOMH wi, Ky wim we, ko mpogonbha,
Jpyrasl momepedHa, a BOJHA w3, K3 mpomosnbHa. Kcam ke BEKTOPBI
ki u ko mMeIoT 0ZMHAKOBOE HAIIPAaBJIEHHE, TO PE30HAHC BOBMOXKEH B
CIydastX, KOTJa BCE TPU BOJIHBI ITPOJIOIBHBI WM BCE TPU MTOTIEPETHbI.

DddpeKkT aHrapMOHUYHOCTH C SIBJIEHHEM PE30HAHCA BO3SHUKAECT HE
TOJTBKO TIPU HAJIOXKEHUW HECKOJTBKUX MOHOXPOMATUUYECKUX BOJIH, HO
1 TIPY HAJIMYUN BCETO OJHOI TOIBLKO BOJHBI w1, K1. B sTOM ciydae B
[IpaBoii YaCTH yYPaBHEHWI IBUKEHUS UMEIOTCS JIEHBI, IPOIOPIINO-

nasipapie €2 K1r—wit) Ho ecm g wi, K1 ymoBiaeTBopsieTcsa 0ObItU-
HOE COOTHOIIIEHWE, TO (B CHJLY OJHOPOIHOCTH TIEPBOIO MOPSIIKA ITOTO
COOTHOIIIEHUST) OHO YJOBJIeTBOpsieTcs u jist 2wy, 2k;. Takum obpa-
30M, 3 EKT aHTAPMOHUIHOCTH TIPUBOAUT K TOSIBJIEHHIO HAPSIY C
KaKJIOM M3 WMEIOITIXCST MOHOXPOMATHIECKUX BOTH wi, K| Takke n
BOJTHBI 2w1, 2K € yIBOEHHBIMHM YACTOTOH W BOJTHOBBIM BEKTOPOM,
MpUYeM aMILTATYIa 3TON BOJHBI PACTET CO BPEMEHEM.

Haxomer, ocranoBuMca KOPOTKO Ha, TOM, KaKUM 00pa30M MOTYT
OBITH COCTABJIEHBI YPABHEHUS IBUKEHUST C YIETOM AHTAPMOHUIECKIX
wIeHoB. TeH30p JAedopMaInu [OMKEH OMPENeasaThCa TeTmepb TOJ-
HBIM BbIpazkenueMm (1.3)

1 8u¢ 8uk 6%1 6%1 )
o= = (24 Tuk |y Jw oW 26.1
Uik 2 (81‘k + ox; + Ox; Oxr /)’ ( 6 )

B KOTOPOM HEJIb3si IIpeHebpeyb KBAJIPATUYHbIMU 110 u; Yienamu. [a-

Jee, obIree BhIpasKeHne IS TIIIOTHOCTH SHeprun & 1) /s Tel ¢ JaH-
HOI cuMMeTpueil TOMKHO OBITh HAIMCAHO KaK CKAaJsip, COCTABJIEH-
HBIN U3 KOMITOHEHT TEH30Da U;; M HEKOTOPBHIX XapaKTEPHBIX [IJId Be-
IIIECTBA TEJI1a MOCTOSTHHBIX TEH30POB, COACPKAIIIX IJIEHBI /10 YKea-
eMoii crernenu no k. Ilogcrassia 3arem Boipaxkenue (26.1) s wug

1) Met roBopuM 31€Ch 0 BHyTpeHHel srepruu &, a He 0 cBoGOIHOM sueprun F,
[IOCKOJIbKY Dedb uer 06 anmnabarndeckux KojaebaHusx.
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1 0TOPAChIBas YJIEHBI CIUIITKOM BBICOKUX TOPSIKOB IO U, TIOJIYYNM
sHepruio € Kak (QYHKIMIO TPOU3BOAHBIX Ou;/0T) ¢ XKeaaeMoii cre-
[I€HLIO TOYHOCTH.

J st Toro 9Tobhl MOMYyYNTh YPABHEHUS JTBUKEHUSA, 3aMETUM CIe-
ayioree. Bapuanms §€ MoxKeT ObITH HAIMCAHA B BUJIE

5E = o0& s Ou,; :

WU, BBO/sI 0OOO3HAYEHUE:

o€

Oik = m, (26.2)

mepenuceiBaeM € CIeIyIomnM 06pa3oM:

Odu; 0 Oo i,
08 = o 208 = D (g0 5u;) — Su 2
Oik ok e (Uzk Uz) Ug oz

Kosdppunuentor npu —dou; OpencTaBiasgioT OO0l KOMIOHEHTLI CH-
JIBI, OTHECEHHON K eamumIe obbeMa rTena. OHM UMET (OpMaIbHO
MPEXHUH BUJ, ¥ TIOTOMY YPaBHEHUs JIBUYKEHUs] MOTYT OBITH HaIlH-
CaAHBI TTO-TIPEXKHEMY B BHJIE

poily = 2%k (26.3)

7
Oz

r7ie pop — TJIOTHOCTD HeJAeMOPMUPOBAHHOTO TEIA, 8 KOMITOHEHTHI TEH-
30pa 0k ONPENEJISIOTCS Telephb, coracho (26.2), ¢ £, HAUCAHHBIM €
JKEJIAaeMOii CTelleHbI0 TOYHOCTH. TeH30p 0k Ternepb He CHMMETPUIEH.

IloguepkHueM, 9TO 0;p HE WMeeT Telepb CMBICIA, TJIOTHOCTH II0-
TOKa MMITy/Ibca (TeH30pa HalpszkeHwii). B 0O0bIYHON Teopun Takoe
HUCTOJIKOBAHUE TOJIYYaJ0Ch B PE3yJibTaTe WHTEIPUPOBAHUS TLJIOTHO-
cti 00beMHO# cuiibl Jojg /Oxy 110 00bemy Tea. Ilpu sroM cyme-
CTBEHHO, YTO MPU WHTEIPUPOBAHUYU MbI HE JIeJTAIN PA3JIAYUNT MEXKIY
KOOPAMHATAMK TOYEK TeJIa, 10 U OoCe 1edOpMUpPOBaHUs, IIpeHebpe-
ras paguunei Mexay HuMu. OJHAKO TPU TIEpexoje K CIe YoM
MPUOINKEHUSIM TaKO€e MPEeHEOPEsKEHNe CTAHOBUTCSA HEBO3MOYKHBIM, 1
MMOBEPXHOCTH, OIPAHMYUBAONIAS 00JIaCTh WHTErPUPOBAHUS, HE COB-
MaJaeT C PeaabHOM MTOBEPXHOCTHIO PACCMATPUBAEMOTO YUACTKA TEJIa
mocyie ero 1epOPMUPOBAHUS.

B § 2 6b1710 TOKA3aHO, 9TO CAMMETPUIHOCTD TEH30PA 05 CBSI3aHA
C COXpaHeHHeM MOMEHTa UMITYJIbca. Termeps 3ToT pe3yibTaT He HMeeT
MEeCTa B CBSI3W C TEM, UTO ILIOTHOCTH MOMEHTa, MMITYJIbCA, JOIKHA
3alCBHIBATHLCSI HE B BUIE T;Up — Tplli, & KaK

(5 + wi) g — (Tg + ug)U;.
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3amaua

Hamnucars obuiee BbIpakeHme [ajist yOpyroif HEPruM HM30TPOIHOIO Tejad B
TPEeThEM IIPHUOIINKEHUN.
Pemenue. 1I3 KOMIOHEHT CHMMETPUYECKOTO TEH30pAa BTOPOrO DPAHTA

MOKHO COCTABHTH [[BA KBAAPATUUHBIX CKAIApa (ur, ¥ uj) U TPH KyGHIECKHX
(ud, upu?y, wiptiug). IosToMy Hambomee OBMM BUM CKATAPHONO BLIPAKEHHI,
CO/IEp2KAIIEr0 YjeHBl BTOPOU U TpeTbell CTeleHeill MmO u;; CO CKAJIAPHBIMU Ke
(m3oTpomnHOe Teso!) KoaddunmenTaMY, ECTH

K pu A c
2 2 2 3
& = pug + <— — = ) up + —usrusug + Bujpuy + —uy
2 3 3 3
(k09 puiIenTHl IpU U2y, U uF, BBIPAYKEHBI Yepe3 MOJIY/IN CXKATHS W COBUra; A,

B, C — Tpu HoBBIe mocTOsiHEBIE). IlomcTaBisas cioma Beipakerme (26.1) maa
Uik W OCTABJIASA YJICHBI 0 TPETHEro MOPSAIKA BKIIOYUTEIHHO, TOIYyYUM YIPYTYIO
SHEPTHUIiO B BUJIE

u [ Ou; 8uk>2 (K u) (6u1)2
E=2 =+ +{=-2) (=
4 <6$k 8.737; 2 3 6171 +
A\ Ou; Ou; Ouy <B+K p) ouy (8ui>2
+{p+s) ==L+ (——-2) = (=
(H 4) 6&% am a.'l}k + 2 3 a.l‘l 6&% +
A Qu; duy, Ouy N B Ou; Qug 0w | C <%)3
3 .

—+
12 6&% 6171 am 2 6&% 8.737; 6171 6171




rTABA 1V

JNCJIOKAIINM 1)

§ 27. Yupyrue nedopmaruy mpu HATAYUUYN JACTOKAIINN

Yupyrue gedbopmaiuu B KPUCTAJLJIE MOTYT OBbITH CBSI3aHBI He
TOJTBKO C BO3JIEfICTBUEM HA HEr0 BHEIIHWX CUJI, HO U C HAJIUYUEM
B HEM BHYTPEHHUX Te(EKTOB CTPYKTYPhl. OCHOBHBIM BHIOM TaKUX
71ePEKTOB, CYIIECTBEHHBIX JIJIsi MEXAHUYECKUX CBOWCTB KPHUCTAJIJIOB,
SIBJITFOTCST TaK Ha3bIBaeMble ducaokayuu. VI3ydeHnue CBOWCTB IUCITO-
Kauui ¢ aToMapHOil, MUKPOCKOIIMYECCKOH TOYKH 3PEHUA HE BXOJUT,
pasyMeercs, B IJIaH 3TOW KHUTH; Mbl PACCMOTPUM 37€Ch JIUIITh YUCTO
MaKPOCKOIMUIECKHUE ACIIEKTHI 3TOTO SIBJIEHUS C TOUYKHU 3PEHUST TEOPUH
yupyroctu. OmHAKO [y JIy4IIero ysic-

HeHUs (PU3NIECKOTO CMBICTA W3/TaTa€MbIX Ay
COOTHOLICHUH NPEJABAPUTE/NILHO HAIIOMHIM o o o o 4
Ha JIBYX [MPOCTBIX MIPUMEPAX, B UEM 3aK/II0- o o o o 4
4aeTCsA XapAKTEP AUCIOKALUOHHBIX JCPEK- o o o o § o o o o
TOB C TOUKHW 3PEHUsI CTPYKTYPBI KPUCTA- o o o o 4
JIMYECKOll pemeTkd.  vms e -

IIpencraBum cebe, 9T0 B KpUCTAJLIAYIE-
CKy10 pemierky (pa3pe3 KOTOpoil m3o0pa-
JKEH Ha PUC. 22) BABUHYTA «JIUIIHSS» KPU-
CTAJLINYeCKast MOJYIIIOCKOCTh (COBITa IaI0-
Iasi Ha PUCYHKE C BEPXHEHN IMOJIYIIJIOCKO- Puc. 22
CTBIO Yz). JIuHUS Kpast 9TOM TOTYTLIOCKO-
ctu (IepIeHInKYIsIpHAsT [IJIOCKOCTU PUCYHKA OCh Z) HA3BIBAETCS B
TOM Ciayuae xpaesol ducaokayued. Vckaxkenne CTPYKTYPBI PeIIeT-
KA B HEMOCPEJCTBEHHOW OJIM30CTH K [IMUCIOKAIUU BEJIWKO, HO VIKe
Ha PACCTOSHUSX MOPsIIKA HECKOJbKHUX ITEPUOIOB KPUCTAIIUIECKIE
ILJIOCKOCTH CMBIKAFOTCS IPYT C IPYTOM TIOUTH TTPABUIBHBIM 00pa30M.
Jedopmariust cymecTByer, OMHAKO, U B OT guciaokarmu. OHa sc-
HO OOHAPYKUBAETCs TIPU 00X0/1€ B TIJIOCKOCTH LY TI0 Y3JaM PEIIeTKH
BJ/IOJTh BAMKHYTOI'O KOHTYPa BOKDYTD Hadaja KOODAWHAT: €CHU OIpe-
JIEeJIsITh BEKTOPOM U CMEIIEHNEe KayKJOr0 y3Jia OT €ro IOJIOXKEHUs B
UTeAJIBHON PEIeTKe, TO TOJHOE MPUPAIIEHTE 9TOI0 BEKTOPa IpHu 00-
x071e OYZIeT OTJIMIHO OT HYJISI U PABHO OJHOMY MEPUOJY BJIOIH OCH X.

1) Dta riasa manucana cosmectro ¢ A.M. Kocesuaem.
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Jlpyroit TUI TUCIOKAIMY MOYKHO HATVISITHO TPEICTaBUTE cebe Kak
pPe3yJbTAT «pa3pesay PEIIeTKU 10 TMOJIYILIOCKOCTH, TOCIe Yero da-
CTU pEIIeTKH 1Mo 00e CTOPOHBI pa3pes3a CIBUTAIOTCS OTHOCUTEBHO
JIPYT Jpyra Ha OJIMH MEpUOJl Mapaie/ibHO Kpak paspesa (KOTopbii
HA3BIBAETCSA B 9TOM Cliydae sunmosoti ducaokayueti). Hammane Ta-
KO¥ JUCJIOKAINY IIPEBPAIIAECT KPUCTAJINIECKHE TIJIIOCKOCTH B PEIIeT-
K€ B IeJIMKOUAJIbHYIO [TOBEPXHOCTH (MOM0BHYI0 BUHTOBOI JIECTHUIIE
6e3 crynenex). [Tpu moaroM 06x0/1€ BOKPYT JIMHUM AUCTOKAIMN (OCH
PeJIMKOUIAJIBHOM MOBEPXHOCTH) BEKTOD CMEIIEHHsl Y3/I0B [MOJIydaer
Mpupalene Ha OJWH TMEPUOJ MapasieabHo 3Toit ocu. Ha puc. 23
n300pakeHa CXemMa OMMCAHHOIO Pa3pe3a.

C MaKpOCKOIUYECKOH TOYKK 3PEeHus JUCIOKAIMOHHAs gedopMma-
[Usi KPUCTAJIa KaK CIJIONTHONW cpejabl 00aaer B OOINEM CIydae
CJIETYTOIINM CBOMCTBOM: TIPM 00XOf€e T0 JI0O0MY 3aMKHYTOMY KOH-
Typy L, OXBaTLIBAIOIIEMY JIMHUIO NUCIOKAIuu ), BEKTOD yIpyro-
IO CMEIIeHUs U TIOIydaeT OIpee/IeHHOe KOHETHOe Mpupalienne b,

Puc. 23 Puc. 24

pasHoe (110 BeJIMYMHe U HAIPABJIEHUIO) OJHOMY U3 [EPHOJIOB PeleT-
KU; TIOCTOSTHHBIM BEeKTOP b HaswiBaeTcs gexmopom Bropzepca manHoiM
JIUCTOKAIUU. DTO CBONCTBO 3AMUCHIBAECTCSI B BUJIE

}fdui - 7{ O 1y, = —by, (27.1)
a.'l}k
L L

npuyeM TIPUHUMAETCS, 9TO HAIpaBjeHne 00X0Ja KOHTYDa CBI3aHO
NPABUJIOM BHHTA C BBHIODAHHBIM HAIIPABJIEHHEM BEKTODA KacaTe/lb-
HOI K JimHuu jguciaokaruu T (puc. 24). Cama JMHUS JUCIOKAIUN
SIBJISIETCS TIPU 9TOM JIMHUEH 0COOBIX TOYEK MO j1epOpMaIni.
YIOMSHYTBIM BBIIIE TPOCTHIM CIy9IasM KPAeBoil 1 BHHTOBO J1C-
JIOKAIUI OTBEYAIOT MpsiMble JiuHuu D, BIosib KOTOpeIX 7T L b wuin
7 || b. Ormerum TakzKe, 94T0 B M300parkKeHHON Ha puc. 22 Har/IsI-
HOI KapTHHE KPAeBble JIUCIOKAIMU C MPOTUBONOIOKHBIMUA HAIIPAB-
JICHUSIME D PA3/IMUIaioTCs TeM, 9TO <«JIUIIHSIS» KPUCTALINICCKAs T10-
JIYIZIOCKOCTD JIEZKUT CBEPXY WJIM CHU3Y OT ILIOCKOCTH LYy (0 Takux
JIUCJIOKAIMSIX TOBOPSIT KAK O PA3JIMYAIONIUXCS 110 3HAKY ).
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B obmem cnydae muciokarus gBJiisieTcd KPUBOM JIMHUEH, BIOJb
KOTOPOIt yroj Mexay T u b mensiercss. Cambrit ke BeKTOp Broprep-
ca b Hem36eXHO MOCTOSAHEH BIOJIL BCell jmaum muciaokarun. Oue-
BUJIHO TaK>Ke, 9TO JINHUsI JTUCTOKAITMY HEe MOXKET IMPOCTO OKOHYIUTH-
csl BHYTpH KpucTajia (cp. Huxke npumed. Ha ¢. 160). Ona gomkHa
BBIXOJMTH ODOMMM KOHIIAME Ha MOBEPXHOCTH KpucTasia oo (Kak
9TO OOBIYHO U OBIBAET B PeasibHbIX YCIOBUSX) MPEJICTABIATH COOOM
BAMKHYTYIO METJIIO.

Yenosue (27.1) o3HauaeT, APYrUME CIOBAME, YTO IIPU HATUIUU
JIMCJIOKAIINN BEKTOP CMEIIEHUsI ABJISeTCs HEOIHO3HAYHON (DyHKIHEt
KOODJIMHAT, TIOJIyYalolleil 3aJaHHO0e TpupalieHre npu 006Xoie BOKpyT
smann gucyokanuy. Guanyuecku, pa3yMeercs, HUKAKONH HEOTHO3HAY-
HOCTH HET: IpupallieHre b 03HavaeT J0MOJHUTE]IbHOE CMEIEHNE TO-
Y€K peIIeTKW Ha OJUH U3 MEPHOJOB, UYTO BOOOINE HE MEHSET ee CO-
crogHus. B yacTHOCTH, TEH30D HANPIKEHUN 0, XapaKTEePU3Y IOTIHi
YIPYTOe COCTOsIHNE KPUCTAJIIIA, sIBISETCS OJIHO3HAYHON U HEITPEPHIB-
HOM (pYyHKITHEH KOOPIWHAT.

Jlnst nanpHeinero 0yaer yIoOHBIM BBECTH 0003HATEHUE

wi, = 24 (27.2)
ox;
C TIOMOIIIBI0 KOTOPOro ycaoBue (27.1) 3amuchiBaercst B BUje
$wip dz; = —by,. (27.3)
L

Tensop w; (HECUMMETPUYHBIN) TIPUHSITO HA3BIBATH MEHIOPOM OU-
cmopcuu. Ero cuvMerpuyHasi 4acTh maeT 0OBIYHBIN TEH30D Aedop-
Malluu .
wiy = 3 (Wik + wi)- (27.4)

TeH30pb! Wi, U U, — OAHO3HAUHBIE (DYHKIMKM KOODIMHAT, B IPOTH-
BOIOJIOXKHOCThH HEOTHO3HAYHON dbyHKImu u(r).

Yenosue (27.3) MOKHO 3anucarh U B AudOEpeHIINaIbHOM BUIE.
st sroro npeoGpasyem WHTErpaJj Mo KOHTYpy L B WHTerpas mo

KaKOM-THOO0 TTOBEPXHOCTH S, OMUPAIOIIEHCT HA 3TOT KOHTYP 1):

%wmk dx,, = /ezlmag—;lkdfl (275)

L St

1) Cornacuo reopeme CToKca Ipeobpa3oBamie OCYLECTBISETCS 3aMEHOM 316
MEHTa MHTEIDUPOBAHUS 110 JIUHUHU AT, OIEPATOPOM

0
dm_> imdi_’
v ci fﬁ:vl

re €ilm — eAUHUYHBIA aHTUCHUMMETPUYHBII T€H30D, df — 3JIeMeHT IIOIAIu.
HanoMmHEM, 9TO BBIpaXKeHUE BUAR €i1,,a:b; ecTb KoMIOHeHTa [ab) 1 BEKTODHOTO
IIPOU3BE/IeHNs BEKTOPOB a u b.
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ITOCKOIbKY TEH30D €51y, AHTUCHMMETPUYeH 0 MHIEeKCaM [, m, a TeH-
30p Owpy/0x; = 0%uy /01 0Ty, CUMMETPHYEH O STHUM Ke WHIeK-
caM, TO IOJBIHTErPAIbHOE BBIPAXKEHUE TOXKIECTBEHHO PABHO HYJIIO
Be3JIe, 3a UCKIIYCHUEM TOYKU MepecedeHus JUHUU [ ¢ IOBEpXHO-
cThio S1; Ha CaMoil JIMHUM IUCIOKALIAU, KAK JIUHUA OCOOBIX TOYEK,

IPE/ICTABICHAE Wy, B BUJIE MPOM3BOAHbLIX (27.2) Tepsier cvbica V). B
9TUX TOYKAX BEIUIUHBI W HATO OTPEIETUTE C MTOMOIIHI0 COOTBET-
crBytomeil d-pyHKIWN Tak, 9rodbl uHTerpas (27.5) npuobpes Tpe-
Oyemoe 3Hauerne —by. [IycTh € — IByXMepHBIH paanyc-BEKTOpP, OT-
CIUTBHIBAEMBIH OT OCH JHUCIOKAIINN B JAHHON €e TOYKe B MJIOCKOCTH,
MEPTEHINKYIIPHON BEKTOPY T. DJIEMEHT TLIOMAIN ITON TLIOCKOCTH
BBIpazkaeTcst depes3 snement df mosepxmoctn Sy, Kax 7 df. Ilo ompe-
JleJIeHuIo IByMepHOii d-dyukimu 0(€) umeem

[o@)rdf =7 [ s,08)dfi =1.

fcHo mMosTOMY, UTO JJIsT TOCTUZKEHWs MOCTAB/IEHHON IeJTH HAI0 T0-
JIOXKATH

eilma;)Tnzk = —7;bp0(§). (27.6)

Dro u ecrb ucKoMas auddepeHnnantbHast 3auch yeaosus (27.3).

[Tone cmemennii u(r) BOKPYr JAMCIOKAIMKA MOXKeT OBITH BbIpa-
JKeHO B OOIEeM BHUe, ecn m3BecTeH Ten3op ['puua Gy ypaBHeHM
DPaBHOBECHs JIAHHOW aHU30TPOIHOM Cpebl, T. . OyHKIWsI, OIpee-
JISTFOIIAs CMEIIEeHNe U, CO3/JaHHOe B HEOIPDAHWUYEHHON Cpejie cocpe-
JOTOYCHHON B Havajle KOOPAUHAT €AUHUYHON CHUJION, HAIIPABJ/ICHHON
BJI0JIb OCU Tj (cM. § 8). DT0 JIErKo ceaTh ¢ HOMOIIBIO CIE/YIOMEro
(GOPMAIBLHOTO IPHEMA.

BmecTo Toro urobbl HCKATH HEOJIHO3HAYHbIE DEIeHNs Y PABHEeH W
paBHOBecHsi, OyzeM paccMarpuBaTh U(r) Kak OJHO3HAYHYIO (DyHK-
[[W0, YCJOBUBIIUCH, YTO OHA MCIBITHIBACT 3aJaHHBIN CKauOK b Ha
HEKOTOPO#i TIPOU3BOIBLHO BBIOPAHHO# TIOBEPXHOCTU S, ONUpPAIOIEi-

cd Ha aucaoKanmonnyto newio D. Ecaw uy v u_ — 3unavenns GpyHk-
MU COOTBETCTBEHHO HA BEPXHEM W HUXKHEM Oeperax pa3pbiBa Sp, TO
u, —u_=bhb. (27.7)

(«Bepxuwuii» u «HuzKHII» Oepera onpejesenbl Ha puc. 24. Hopmasb
N K TMOBEPXHOCTH Sp, HAPaBJIEHHAS MO OTHOIIEHUIO K T YKA3aH-
HBIM Ha pHUCYHKEe 00pa30oM, JaeT HaIlpaB/IeHHEe OT HUKHEro bepera
K BepxHeMy.) llnTerpuposanue o KoHTypy L OT BepxHero bepera K
HUKHEMY JIaeT Tora pe3yabrar (27.3) ¢ npaBuibHbIM 3HAKOM. TeH-
30DPbI Wik U Uik, (POPMATBLHO OMpeie/ieHHbIe coryacho (27.3), (27.4),

1) Ecu 6bl JIMHUS QUCIOKAIMM OKAHYMBATIACH B KAKON-IMO0 TOYKE BHYTPH
Tesia, TO MOBEPXHOCTb S, Morya Obl ObITH BHIOpAHA OXBATHIBAIOIIEH 3Ty TOYKY
¥ TeM CaMbIM HUTIE He mepecekaromeit muanio D. Torma marerpan (27.5) obpa-
THIICS Obl B HyJIb — B IIPOTUBOPEYMH C TIOCTABJIEHHBIM YCIOBHEM.
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Oy/IyT UMETh Ha, «[TOBEPXHOCTH paamea» 0-06pasHyt0 0COOEHHOCTh:
wi) = nibd(Q), u) = 2 (maby +nibi)a(0), (27.8)

rae ( — KOOpAWHATA, OTCUUTHIBAEMAasi OT OBEPXHOCTH Sp BIOJb
HopMasin n (d¢ = ndl, tae dl — snement munbl KOHTYpa L).

ITockosibKy HUKaKOW (U3NIECKON 0COOEHHOCTU B CPejie BOKPYT
JINCJIOKAIINN B JIEHCTBUTETLHOCTH HET, TO TEH30DP HAMPSKEHUN o,
KaK y2Ke OBLIO YKa3aHO, JIOJI2KEH ObITh OJHO3HAYHON BE3/e Helpe-
peiBHOIT dynkimeii. Mexay rtem ¢ renzopom gedopmanuu (27.8)
dopMabHO CBSI3aH TEH30D HAIPSKEHUN

Ul(]f) = Azklmul(m)a

TOXKE MMEIOIHiT 0COOEHHOCTH Ha TTOBEPXHOCTH Sp. st Toro 9Tobn!
UCKJIIOUNTH €ro, Hajl0 BBECTH (DUKTUBHBIE 00HLEMHBIE CHJIBI, PACIPE-

JIeJIeHHbIE BIIOJIb TOBEPXHOCTHU S'p C OIPEIeIeHHOM ILI0THOCTHIO T (5),
VYpaBHeHUsT pABHOBECHSA TTPU HAJUIUU OOBEMHBIX CHJI UMEIOT BU/I

0ok (s)
oz, T fz
Orcrona SICHO, 9TO HAIO0 MTOJOKUATH
s o) du)
SR S WL (27.9)
Oxy, 0wy,

Takum obpasom, 3amada 06 OTHICKAHWUN HEOJHO3HAYHON (YHKIUN
u(r) sKBUBAJIEHTHA 3a/a49€ 006 OTHICKAHUY OJHO3ZHAYHOMN, HO Pa3pPhIB-
HOM (DYHKIINY TIPU HAJTAIHH OOBEMHBIX CHJI, OIIPEIEIIeMbIX (POPMY-
gamu (27.8), (27.9). Terepb MOXKHO BOCIONB30BATHCS (DOPMYJION

r)= [ Gy —r) @) av.

Moncrasue criopa (27.8), MPOM3BOAUM HHTErPUPOBAHUE 110 YACTAM;
uHTerpaj 1o OECKOHEYHO YIAaJEHHON [TOBEPXHOCTU MCYE33AET, & B
OCTABIIIEMCST MHTErpaJie 0 00beMy d- cbyHKuI/Iﬂ YCTPAHAETCA TPUBH-

aJbHBIM 00pasoM. 3amerus Takke, 9ro 0G;j/0z) = —0Gj/0zy,
[TOJIYIUM OKOHYATETHHO
0
UZ(I') = _Ajklmbm / nlaGij(r - I'I) df’. (27.10)
Sp

TeMm cambIM mOCTaBIEHHAS 3alav9a permeHa 1).

1) Tenzop G;; A1st aHU30TPOIHOM CPebl HAMIEH B YKa3aHHOM Ha c. 44 crarbe.
DTOT TEH30p, BOOOIE IOBOPs, OUYEHb CJIOXKEH. B ciydae NpsMOIUHENHON muc-
JIOKaINH, KOTJA MBI IMeeM IeJI0 C IJIOCKOHM 3aJadell TeOpHH YHOPYTOCTH, MOXKET
0Ka3aThCsl IPOIIE HENOCPEJICTBEHHO pelllaTh YPABHEHUsS DABHOBECUS.

6 JI. 1. Jlangay, E.M. Jludpmun, Trom VII
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Haubosee mpocroit sug medopmaius (27.10) mmeer Bpasu or
B3aMKHYTON IHMCIOKAITMOHHON merin. Ecau nmpeacTaBiadarh cebe mer-
JIFO PACIIOIOKEHHOH BOIM3M HAaYa a KOOPAUHAT, TO Ha 6OJIbIIUX (110
CPABHEHUIO C ee JMHEeHHBIMU pa3MepaMu) PACCTOSHUSIX B IIPOM3BOJI-
uoit 0Gj/0x), MOXKHO HONOKUTL I' — I’ A I' U BEIHECTU €€ 3a 3HAK
HHTEerpaJia. TOl",ﬂa. TIOJTyYUM

0G;
ui(r) = —AjkzmdzmaT]:r), (27.11)
rie ,
dik = Sibka Si = f 75 df = 5ez’kl f.’l?k d:L‘l. (27.12)
Sp D

KoMmoreHTBl akCHAIBHOTO BEKTOpa S PaBHBI ILIOIIAJSM, OTDAHU-
YEeHHBIM TPOEKNUAMU TeTau [ Ha TJI0CKOCTHU, MepPIeHIUKYJIAPHbIE
COOTBETCTBYIOIIUM KOODJIUHATHBIM OCSAM; TEH30D d;), €CTECTBEHHO Ha-
3BATh TEH30POM OQUCAOKAUUOHH020 MOMEHME. IKOMITOHEHTHI TeH30pa
G'jj ABIAIOTCS OTHOPOAHBIME (DYHKIMAMHE TIEPBOTO MOPAIKA OT KOOP-

mHaT x, y, z (em. c. 45). Tlostomy m3 (27.11) Buamo, 9TO U; o 1/72.

CoOTBETCTBYIOIIEE JKe OJIe HAIPSKEHUI o) o 1/73.

JIerko BBISICHUTBH TaKKe XapaKTep 3aBUCHMOCTH OT PACCTOSTHUS
VIOPYTUX HANPKEHUN BOKPYT MPSIMOJUHENHON nucaokaruu. B mm-
JIMHIPUYECKUX KOOPJIUHATAX Z, T, ¢ (C OCBIO 2 BIO/Ib JINHUU TUCTIOKA-
tun) nedopmaiius GyeT 3aBuceTh TOALKO OT 1 1 . Uurerpas (27.3)
HE JIOJI)KEH MEHSIThCsI, B YaCTHOCTH, IPU MPOU3BOIBHOM MOJOOHOM
U3MEHEHUHU pa3MepoB JIFOOOro KOHTypa B miockoctu xy. OdeBui-
HO, 9TO 9TO BO3MOXKHO, JIAIIb €CIH BCe Wi «» 1/7. Toil ke cremnenu
1/r Gyzmer mpoOmOpIMOHATIEH U TEH30D Uik, & C HAM U HAIIPSIKEHUS:
Ok o» 1 / r 1).

XoTd 710 CUX TIOP MbI TOBOPHUJIM TOJIBKO O JIUCIOKAIUIX, TeM He
MeHee oIy YeHHbIe (DOPMYJThI IPUMEHUMBbI TAKKe U K JlepopMariusim,
BBI3BIBAEMbBIM JIDYTOr0o Poja JedeKTaMyu KPUCTAJIMIECKONH CTPYK-
Typbl. Juciokanun — auneiinbie nedexkTshl CTPyKTYphl. Hapsaay c
HUMHU CYIIECTBYIOT JeeKThl, B KOTOPBIX HAPYIIEHHE MPABUILHOM
CTPYKTYPBI PACIPOCTPAHIETCA MO 06JsIacTh BOIM3U HEKOTOPOI II0-
BepxuocTH 2). C MAaKPOCKOIMYECKOH TOYKM 3pEHHs TAKOH gedexT
MOXKeT OBITh ONHUCAH KAaK IMOBEPXHOCTH pPa3pbiBa, HA KOTOPOl BEK-
TOP CMEIIEHUs] U UCHBITHIBAET CKAYOK (HANPSIKEHUsSI JKe Oj OCTa-

) O6paTuM BHUMaHHE HA ONPEIEICHHYIO aHAJOIHIO MEXKIy IOJeM YIPYTroi
nedbopManuy BOKPYT JIUHUHU JUCJIOKAIUYA U MAUHUTHBIM II0JIEM JIMHEHHBIX I1PO-
BOJHUKOB; POJIb CUJIbI TOKA UTPAET MpU 3TOM BeKTOp Broprepca. Ommako, He
rOBOpPsl YK€ O COBEPIIEHHO PA3JINYHON IPUPOJE TeX U IAPYIuX (PUBNIECKUX sB-
JIEHU#, CTeNeHb AaHAJIOTUYHOCTH YMEHBIIAETCH TaKKe U PA3/IMUieM B TEH30PHOM
XapakKTepe COOTBETCTBYIOIIUX BEJIUYINH.

2) W3BecTHBIM TTpEMEPOM TAKOTO PO/ 1eHEKTOB SABISIETCS TOHKAS TBOWHUKO-
Basg IPOCTIOUKa B KpUCTAJLIIE.
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IOTCsI HEIIPEPBIBHBIMU B CUJIy yCJIOBUil pasHOBecusi). Eciu Ha Beeii
MMOBEPXHOCTH BEIWYMHA D CKayKa OJMHAKOBA, TO B OTHOIIEHUU CO-
3/IaBA€MbIX UM JeOpMalinii TaKOW Pa3pblB HUUEM HE OTJIMIAETCSH
OT JucIoKanuu (PacoIoKEHHOH B0JIb ero Kpas). Pasauia cocrout
JIWIITb B TOM, YTO BEKTOp b He paBeH mepuony pernerku. [lomoxenue
JKe TIOBEPXHOCTH Sp, 0 KOTOPO# ObLIa pedb BHIIIE, TEPECTAET ObITH
MPOW3BOIBHBIM U JIOJIZKHO COBITAIATH C (DAKTUIECKUM PACIOJIOKEHN-
eM ¢pusndeckoro paspsiBa. C Takoil TOBEPXHOCTHIO PAa3pbIBa CBI3aHA
OTIpeJIe/IEHHAST IOTIOTHUTEIbHAS SHEPTUS, ITO MOXKET OBITH OMUCAHO
MyTeM BBEIEHUs COOTBETCTBYIONIETO KOIDDUIUEHTA, TTOBEPXHOCTHO-
T'0 HATSIKEHUS.

3amayu

1. Hanucars muddepeHnnaibable ypaBHEHNs] PABHOBECHsI JIJIsl UCTIOKAITN-
OHHOHI AedopMaly B M30TPOITHON CPEJie, BHIPAKEHHBIE Yepe3 BEKTOpP CMeIle-

B
HUAS ).

Pemenue. B TepMuHAX T€H30pa HAIPSKEHHUI WK TEH30pPa, gedopMaIiun
YPaBHEHUsT PABHOBECHST UMEIOT OObITHBIA BUI: O /01 = 0 man, MOACTABUB O
u3 (5.11):

Ougk o Ouy
—t———=0. (1)
6&% 1—-20 am

Ho npu nepexoze k BekTopy u Hano yuects quddepenupanbaoe ycuaosue (27.6).
Vumuoxus (27.6) Ha €y, ¥ YIPOCTHB 1O 4, K, TOIy<HM 2

= —[7b].4(¢). (2)

Ownr,  Owgk

ai’k 0xn

Ilepenucas (1) B BuIe
l 8wik l 6wki o} 6wu
2 6&% 2 a.'l}k 1—-20 8.737;

U HOACTaBUB Coaa (2), HaxoauM

Owp; 1 Owy

- =I[Thlis(%).

6&% 1—20 am
Ilepexons Teneph K u, coryacHo (27.2), HAXOAMM HCKOMOe YDaBHEHHUE [Isi HEeOJI-
HO3HATHOHN (byHKIME u(r) B BHIE

Au+ Vdivu = [rb]é(&). (3)

1-20
Pemenne 3T0ro ypaBHEHUS TOJKHO yIOBJIETBOPATH ycaosuio (27.1).
2. Ounpegenurs gedopManyio BOKPYT MPSIMOJIMHENRHON BUHTOBON IMCIOKA-
UK B U30TPOIIHOIL Cpejie.

1) ®usmaeckmit cMBICT 3TOH 1 OPYTHUX 3a/1ad, OTHOCAIINXCA K N30TPOITHOM cpe-
Jle, YCJIOBEH, IIOCKOJIbKY DeaJsIbHBbIE JTUCIOKAIIMMA II0 CAMOMY CBOEMY CYIIECTBY
CBOVCTBEHHBI JINIIH KPUCTAJJIAM, T. €. AHU30TPOIIHOM cpejie. DTHU 3a/1a4u, OJHA-
KO, IIPeICTaBAAIOT OIIPeieIeHHBIN NJLTIOCTPATUBHBIN MHTEpeC.

2) Hamomamm dopmyy
€ilmCikn = 01kOmn — O1nOmk.

6*
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Pemenue. Boifupaem mummagpudeckrne KOOPAMHATHL Z, T, @ C OCBIO 2
BJIOJIb JIMHUM JUCJIOKAINK; BeKTOp Broprepca: b, = by = 0, b, = b. 113 coobpa-
JKeHUI CHMMETPHH OYeBUIHO, ITO CMeIeHIe U IIaPasjIeJIbHO OCH 2z U He 3aBUCHUT
OT KOOpAMHATHL z. Y paBHeHue pasHoBecus (3) 3azaum 1 cBogurcsa k Au, = 0.

Peurenne, ynosmersopsiomee ycaosuo (27.1) 1):

b
Uy = —.
2
Y TEH30pOB Uk ¥ O OTJIAIHBI OT HyJIS JIUMIb KOMIOHEHTHI
b
Uzp = 75 Ozp = —
47r 27r

Tak 4To JedopMalms IpeacTaBiageT cob0il TUCThIH CIBUT.
CBoGomHas SHEPrUs AUCTOKAIAA (HA €ZMHUILY €€ JIJIMHBI) JACTCA WHTErPATIOM

1 b2 dr
F== [2u,0.,dv =" [Z
2 47
JorapudpMUYIECKU PACXOIAIIMMCS Ha 060uX mpeaenax. B kauecTBe HUKHETO TIpe-
JIesa CIeAyeT B35 Th BEIMINHY MOPAIKA ATOMHBIX PAcCTOAHuUi (~ b), Ha KOTOPBIX
nedopMaliys BEIUKa U MAKPOCKOIIUYECKasi TEOPUsl HEIIpUMEHNMa. BepxHuil ke
mpejiesi OIpeIesiseTcs pa3MepaMu Mopsiaka AauHbl L auciiokamuu. Torma
2 L
F=F 1,z
47 b

Ouepruro ke medOPMAIUHA B «CEPAIEBUHE» TUCIOKAIMA BOmM3n ee ocu (B 001a-
CTH C TIIOmAIbIO cedenus ~ b”) mMoxmo omenuTh Kak ~ pb?. IIpu In (L/b) > 1

9Ta dHEPrus MaJjia 0 CPABHEHUIO C HEPrueil Iojs yupyroil aedopmMarmn 2

3. OmpenenuTh BHYTPEHHHE HANPSKEHWs B aHU30TPOIHON Cpeje BOKDPYT
BUHTOBOI IHCIOKAIINY, ITePIEHUKYJISIPHON INIOCKOCTH CUMMETPUN KPHUCTAJLIA.

Pemenue. Bsibupaem cucremy KOOpAWHAT X, Y, Z TaK, ITOOBL OCh Z COB-
nagaja ¢ JuHueil auciaokanyu (1 cHoa mmmieM b, = b). BekTop u onsaTh nmeer
JINITH KOMIIOHEHTY 4, = 4(x,y). Tak KaK IJIOCKOCTh TY ABIAETCHA TIIOCKOCTHIO
CUMMeTPHUH, TO PABHBI HYJIIO BCe KOMIIOHEHTBI TEH30DA Aikim, Y KOTODBIX WH-
JIeKC Z BCTpevaeTcs HedeTHOe uncyo pa3. 1lo3roMy OTIMYHBEI OT HyJsIs TOJIBKO
IB€ KOMIIOHEHTBI TEH30Pa Ok :

ou ou ou ou
Onz = Aazawz— O + )\mzyz ay, Oyz = /\yzng + Ayzyz%
BeeneMm NByXMepHBIE BEKTOD O U TEH30D Aag: Oa = Taz, Aaf = Aazg: (@ =1, 2).
Torma
- ou
a, =
a afB T 61173
a ypaBHeHme paBHOBecusi 3anucbiBaercs B Buze dive = (. ckomoe pemrenve
3TOr0 ypaBHEHHs JO/IKHO yIO0BJIETBOPATH yciosuio (27.1): §Vudl =b.

1) Bo Bcex 3amauax o OPAMOJIUHEHHBIX JUCIOKAIUAX IPUHUMaeM BEeKTOp T B
OTPUIATE/IbHOM HAIIPDABJICHUU OCH Z.

2) Dru onenku umeroT oGl XapakTep U CIPaBeJIUBbI 110 HOPAAKY BEJIMIUHBL
Juist i060# (He TosIbKO BUHTOBOI) auciokauuu. Cresyer 0OTMETHTD, 9To haKTh-
uecku 3Hadennd In (L/b) 06GbIMHO HE CTO/Ib BEJIMKHU, TAK YTO SHEPIUS «CEPIIEBH-
HBI» COCTABJIsIET 3aMETHYIO JaCTh [IOJIHON SHEPIUU JUCIOKAIMN.
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B raxom Buze 3amatda coBmamaer ¢ 3amadeil 0 HAXO0XKIEHUN MHIYKIUA U Ha-
MIPSIXKEHHOCTH MArHUTHOTO 0715 (POJIb KOTOPOTO UTPAIOT 0 U V1) B @HU30TPOII-
HOI cpesie (¢ MArHUTHOMN MPOHUIIAEMOCTBIO A 3) BOKPYT IPSAMOJIMHENHOIO TOKA,
cwia koroporo I = cb/4m. Boconp30BaBUINCh U3BECTHBIM U3 €K TPOJIUHAMUKA
peleHneM 3TOH 3a1a49u, HalimeM

b Aapepyary
2T \/ |)‘|)\;’IB’$<1/$B’

rue |)\| — onpeenuresb TeH30pa Aqp (cm. VIII, 3amaga 5 k § 30).
4. Onpenemursd nedopMaIuio BOKpyr HpﬂMOJ‘II/IHeI/IHOI/I KDaeBOH JUCTOKAIIH
B M30TPOIHOM Cpese.

Peumenue. Ilycrs och 2z HanmpapjieHa BIIOJIb JIMHUHU AUCIOKAIINN, & BEKTOD
Broprepca: b, = b, by = b, = 0. I3 cummeTpun 3303498 0YEBUIHO, YTO BEKTOD
,I[e(bOpMaJ_II/II/I JIEZKUT B IINIOCKOCTHU XY W HE 3aBUCHUT OT 2, TaK 9YTO Mbl UME€EM J1€J10
¢ mmockoi 3astadeit. Huske B 9101 3a/1a49€e BCce BEKTOPHI U BEKTOPHbBIE OIIEPATIAN —
ABYMEPHBIE B ILJIOCKOCTH XY .

Byznewm uckars perreHue ypaBHeHUst

Au+ #V divu = —bjd(r)
1-20

Oaz = —

(CM. 3a1a9y 1; j — eIUHUYHBIN BEKTOP BI0JIb OCHU y) B BUJE U = 11(0) + w, rae
11(0) — BEKTOP C COCTaBJIAIOUIUMU
b b
ugo) = —, ul(’o) = —lnr
2 2

b )
(MHMMasT ¥ BEIECTBEHHAS YACTU OT o In (z + iy)); r, p — MOAAPHBIE KOOPIH-
w

HATHI B IUIOCKOCTH ZY. DTOT BEKTOD yaoBieTBOpsaer ycnosmio (27.1). Ilosromy
3a/la4a CBOJAUTCH K HAXOXKIEHUIO OFHO3HA4YHOH (yHKnmum w. IlockosibKy, Kak
JIErKO yOenuThest,

divu® =0, Au® = bjo(r),
TO W YIOBJAECTBOPAET YPABHEHUIO
Aw + 1 12 Vdivw = —2bjé(r).

DT0 — ypaBHEHUE PAaBHOBECHUs II0J] JefICTBUEM CHJI, COCDEIOTOYEHHBIX BIIOJIb
0OCH Z C 0ObEMHON ILIOTHOCTHIO

Ebj
1+o

(cp. ypasuenue (1) B 3amade x § 8). C moMompo HalZEHHOIO B TOH XKe 3amade
Ten3opa ['puna m1g HeorpaHWYEHHON Cpe/Ibl HAXO0XK/IEHNEe W CBOJIUTCS K BBIYUHC-
JICHWIO MHTErPAIa

2/[(3 40)j —I—ﬁ] dz, R=+r?+27.
871'(1—0 "

o(r)

R3

B pesysprare mosyunm

b{ y 1 Ty }
Up = — arctg—+—
2 2(1 — o) 22 + y?

u __i{ﬂln 2 + 24.;1‘—2}
Y 21 1 2(1 — o) RIYFRpS I i
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Beraucienmsiit 0TCi01a TEH30D HAIPSAXKEHHI NMeeT JEKaPTOBBI KOMIIOHEHTH

Ozz = —

2 2 2 _ .2 _
pp Y82 +y7) Uw:bBy(w y) Umy:bev(x y

(x2+y2)2 ’ (x2+y2)2’ (w2 +y2)2
niain HOJ'IHpHI)Ie
sin cos
Orr = 0pp = —bB (p, oro =bB _90’
r r
1%
rie B=——"——.
A 27(1 — o)

5. BeckoHedrHoOe YMCTO OAUHAKOBBIX MAPALICTBHBIX TPAMOJTUMHEHHBIX KPae-
BBIX JIMCJIOKAIIAil B U30TPOMHON Cpejie PACIIONIOXKEHBI B OJHOM IJIOCKOCTH, IIep-
MeHIUKYASPHON X BeKTOpaM Bioprepca, Ha OZWHAKOBBIX PACCTOAHUAX h ApyT
ot apyra. Haiitu mampsizkeHust cIBHUra, CO3JaBaeMble TAKOM «IUCTOKAIMOHHOMN
CTEHKON» Ha PaCCTOSHUAX, OOJIBIINX IO CPABHEHUIO C h.

Pemenwue. Ilycrs mucookanwmm mapaJuieibHBI OCH 2 W PACIIOIOKEHBI B
mwiockoctu yz. CoracHo pe3dyJbraraM 3a7a4du 4 CyMMapHOe HAIIPsiKeHHe, CO3-
J1aBaeMOe BCEMU JUCJIOKALUSIMU B TOYKE T, Y, JAETCs CyMMOM

— Ba o~ 2’ —(y—nh)>
0y (2,y) = bB n;oo [2 + (y — nh)z]z.

Ilepenmmenm sty cymmy B BuzAe

0wy = ~bB- [J(a, 8) +aW] :
e > 1 T y
T = 2 Gxeoe “Tw e

Corytacuo gpopmyne cymmupoBanus Ilyaccona

fj f(n) = fj 7 fa) e da,
n=—oo k=—oco "
HakieM
o= [ iy vomeSonn [ €l
J o+ = et
= g + %r 26_2”’”‘ cos(2mkp).

k=1

IIpu @ = x/h > 1 B cymme 10 kK MOXKHO OCTaBUTH JIMIIb IEPBLL WIEH, U B
pe3yJbTaTe II0JLyIUuM

20T _onusn

Ouy = 4 B—¢ """ cos o).
h? h

Takum 06pa30M, HAIPSIZKEHHs! yOBIBAIOT IIPU YAAJIEHHU OT CT€HKHU II0 SKCIIOHEH-

LUAIBHOMY 3aKOHY.

6. Onpenesmmts medopManUio U30TPOITHON CPEAbl BOKPYT AUCIOKAIIMOHHON
nersu (J. M. Burgers, 1939).
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Pemenme. UWcexogum u3 hopmyster (27.10). Ten3op Aikin, I1g B30TPOITHOMN
cpenst coryacHo (5.9) u (5.11) MoxkeT GBITH IPEICTABIECH B BHE

20
/\i m =
kl /f/{l_

Tenzop I'puna nys m30TPONHON Ccpeibl HalileH B 3aaade K § 8 U MOxKeT ObITh
[IPEJICTaBJIEH KaK

Ok 01m + 0510km + 5im5kl} .
ag

1
Gix(R) = ———— (3 —40)d;x + vivi }.
it(R) 167ru(1—0)R{( )dik + vive}
3mecb R = (r — r') — pamuyc-sexrop or saementa df (B Touke r') kK TOuKe
nabmonenust nedopmanuu (Touka r); ¥ = R/R — eIuHWYHBIA BEKTOP B 9TOM
Hanpassennu. Iloncrasus otu Beipaxkenus B (27.10) u mpousBeas MO HHTErpa-
siom Tpebyembie audGepeHIIPOBAHNS, IOy IMM MTOC/IE BHIYUCICHA

1—-20 1 ' ' '

3
+ m Eu(bl/) (v df'). (1)

Crosuiye 30eCh HHTErPaJjIbl MOXKHO BBIPA3UTh Y€pe3 HHTErPAJIBI IO KOHTYDY
D — no netse auciaokanuu. st 9TOro HCIoIb3yeM ciieayomne GOpMyIbL:

f—[bdl]—/%{(bu)df’—u(bdf’)},

f[bu]dl':—/%{bdf’+(bu) (v df')}.
D $p

Wurerpassl B MPaBbIX YaCTAX PABEHCTB IIOJLYy 9AI0TCS U3 KOHTYPHBIX HHTEIPAJIOB
B JIeBO#i wacTu npuMeHeHneM TeopeMbl CTOKCa, COIIACHO KOTOPOH Ipeobpaso-
o ! / ! ! !

BaHue ocyuecrsisiercs 3amenoii dl' — [df' - V'] (tme V' = 0/0r ); HOCKOJIBKY
HOZBIHTErPAJIBHOE BBIPAXKEHNE 3aBUCUT TOJBKO OT PA3HOCTH T — I, 9TO HPeod-
pasoBaHme SKBHBaJIeHTHO 3ameHe dI' — —[df' - V] (tme V = 6/81‘) Bsenem
TaK»Ke TeJIeCHBIH yrou €2, moj KOTopbiM netist D BunHa U3 TOUKM HAOJIIONEHNS,
COIVIACHO OIPEEJICHIUIO

1 /

= [ —vdf.
R2

Torma moste cMeleHuit IpeaCTaBUTC B BUIE

u(r) = b43+—fR[bd1]+ vf ([bv]dl).

Heonuo3zraunocTh 5T0M (DYHKIUN 3aK/I0YEHA B IEPBOM YjieHe — yroj ) MeHs-
ercs Ha 47 upu ob6xoj1e BOKpyT jmHun D.
Baanu or netsn Berpazkerue (1) cBomurcs K
1-20 3
u(r — {S(bv)+b(Sv) —v(Sb)} + ———(Sv) (bv) v.
() = G (S W) b (S0) = v (S)) 4 s (8) (bw)

Dty dopmysty MOKHO GbLIO ObI IOy IUTh U HermocpeacTeerHo u3 (27.11), (27.12).
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§ 28. JleiicTBue moJist HANIPAXKEHUI HA JTUCTIOKAIIUIO

PaccmorpnM pucnokarmonnyto nerao DD B mosle ynpyrux Ha-

(e)

npsxKeHuit o;;°, CO3IaHHBIX JEHCTBYIOIMME Ha T€JI0 BHEIIHUMM Ha-
rPy3KaM#, W BBIYUCIUM CHUJY, HEHCTBYIOIIYIO HA HEE B ITOM IIOJIE.
CoryacHo OBIM TpaBUIaM JIJIsT 9TONO HaJ0 Haiitu pabory 0Rp,
MPOM3BOAUMYIO HaJ JUCIOKAIMEN Mpu OECKOHEYHO MaJjiOM €e CMe-
IIEHUH.

Bepremcst K BBeieHHOMY B § 27 TIPECTABIECHUIO O JIUCIOKAIINOH-
HO#T eTsie D Kak JIMHUU, HAa KOTOPYIO OMMPAETCs TTOBEPXHOCTDL (Sp)
pa3pbiBa BEKTOPA CMEIIEHNs]; BeJTMIINHA PA3PhIBa JaeTCsi (popMyJIoit
(27.7). Cwmeruenne juHWM guciokanuu D TIPUBOAUT K W3MEHEHUTO
nosepxHocT Sp. IlycTh 0X — BEKTOpP CMEIEHUs] TOYEK JUHUU D.
CuMemasgacs Ha 0X, 3AeMeHT dl IJIMHLI IUHAN OINKMCLIBAET ILIOIIA L
Of = [0x - dl] = [6x - T]dl, wem u onpenensieTcs npupanieHue IIIo-
maau moBepxHocTu Sp. IIoCKOMBKY pedsb MIeT Telmepb O PeabHOM,
(PU3UIECKOM CMEIIECHUN ITUCIOKAINN, HEOOXOINMO y9eCTh, 9TO yKa-
3aHHAs OIEPAIUsi COMPOBOXKIAETCS M3MEHEHNEM (PU3MIECKOTO 00b-
eMa cpeabl. [ToCKOMbKY CMeIeHuss U TO9eK CPeAbl 10 00€ CTOPOHBI
TOBEPXHOCTHU PA3JINIAIOTCA HA BEJIMIUHY b, TO 9TO W3MEHEHHUE 1aeT-
Cd TIPOU3BEICHUEM

0V =bdf = [0x - 7] bdf = éx[rb]df. (28.1)

B cBa3m ¢ 3TMM BO3MOXKHBI JBE CYIIECTBEHHO PA3JIMIHBIE (DU-
3uvueckue cutyaruua. B ogHoit w3 Hux 6V = 0, cMmelneHnne JIHHIH
JWC/IOKAIINN HE CBA33aHO C m3MeHeHmeM obbema. Tak Oymer, ecau
CMEIIEHNEe TPOUCXOAUT B ILJIOCKOCTH, OMPEIeIsieMOil BEKTOpaMU T
1 b. DTy IJI0CKOCTH HA3BIBAIOT MAOCKOCTILI CKOADHCEHUA TAHHOTO
sjeMenTa auciaokanun. Orubaromyio ceMeicTBa IJI0CKOCTEH CKOJIb-
JKEHUsT BCEX DJIEMEHTOB JJIMHBI et/ [ Ha3BIBAIOT NOGEPTHOCTHLIO
CKOABICEHUA ITUCTOKAIIMN; OHA, IIPEJCTaBJIgeT COOOH IUINHAPHYE-
CKYIO TIOBEPXHOCTDH ¢ 00Pa3yOIUMU, TTapAJLIeIbHBIMEI BEKTOPY Biop-
repca b !). ®usudeckast 0COGEHHOCTD IIJIOCKOCTH CKOJIbKEHHST COCTO-
AT B TOM, YTO TOJBKO B Hell BO3MOYKHO CPABHUTEJILHO JIEFKOE Me-
XaHUYECKOe IEePeMEIeHne TUCTOKAIUU (O KOTOPOM B 3TOM CJIY4Yae
OOBIYHO TOBOPAT KAK O €€ CKOAbAHCCHUU) 2).

C m3MeHeHneM ILIOMAIM [IOBEPXHOCTU Sp IIPU CMEIIEHWH IUC-
JIOKAIMK CBS3aHO M3MEHeHue CUHTYIsApHOi nedopmanuu (27.8), co-

1) Bo3MOKHBIE CHCTEMBI IIIOCKOCTEH CKOJIBIKEHNS B AHA30TPOIHOM cpeme dhak-
TUYECKU OIIPEJIESIAIOTCS CTPYKTYPO ee KPUCTAJIMIECKOH PeIIeTKH.

2) Taxk, [/1s IepeIBUKeHNs M300PaXKEHHON Ha PHC. 22 KPAEBOIl AMCIOKAIIIN
B €€ IIJIOCKOCTH CKOJIbXKeHUsI (ILJIOCKOCTh £Z) JIOCTATOYHO CPABHUTEIBHO HEGOIIb-
LINX II€PEMEeIIeHHI aTOMOB, B Pe3y/IbTaTe KOTOPBIX <«JINITHUMH» OyayT OKa3bI-
BaTbCs BCe OoJee yaajieHHbIe OT IIJIOCKOCTH Yz KPUCTAJIINIECKHE IOy IIJIOCKOCTH.
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cpenorodenHoe Ha JuHun D. Ero MOXXHO TpeICTaBUThL B BUIE
1
sulp = L{bildx - Tl + bilox - T)}3(€), (28.2)

rie §(€) — sBenennas B § 27 naymepnas O-byukus. [loguepkuem,
910 3Ta AedpopMalins OJHO3ZHATHO OIpeaeisiercsa (opmoit guuaun D
U CMeIeHreM 0X, B OTJIUYMe OT BbipaxKkenus (27.8), 3aBUCSIIETO OT
MPOU3BOIBLHOTO BHIOOPA TIOBEPXHOCTH Sp.

Bripazkenue (28.2) onuchiBaer JIOKaJIbHYIO HEYIIPYTYIO OCTATOY-
Hy0 gedopMalnio (ee Ha3bIBAIOT NAACMUYECKOT), HE COMPOBOK-
JAIOIIYIOCsST YIIPYIruMu HamnpsiKeHusimu. CBsizaHHas ¢ Heit pabora,
COBEpIIIaeMasi B KOHEYHOM CYeTe BHEITHWMH HUCTOYHUKAMHU, TAETCS
WHTerpaJjioM

f 01(1? du;p dV

(cp. (3.2) ), roe nox du;; HALO MOHMMATH IOJHOE IEOMETPHYECKOE

m3Mmenenne gedopmanmn. OHO CKIAIBIBACTCA U3 YIPYTOH ¥ TLTACTH-

JeCKOl uacTell; HAC MHTEpecyeT 37eCh TOMBKO paboTa, CBsi3aHHAS C
()

niacTEgeckoit acTeio V). ITocte mojgcTanoBKy du,, u3 (28.2), BBU-

JIy HAJIUYHUSA B HEM O-(DyHKIUH, OCTAETCA WHTEIPUPOBAHUE TOJBKO
BJIOJTH JIJTUHBI JTUCTOKAIIMOHHON meTn D:

0Rp = fagz)eilm 0T Ty dl. (28.3)
D

Koaddurment npu dz; B MOABIHTETPAJTHHOM BBIPAYKEHUU €CTh CUJIA
fi, AeiicTBytomasi Ha eJUHUILY JJUHBI JUHUU JUCIOKAIUU. Takum
obpaszom,

fi= eikﬂwl(;)bm (28.4)

(M.O. Peach, J.S. Kohler, 1950). Ormernwm, uro cuna f nepresmn-
KyJIIpHA BEKTOPY T, T. €. JIMHUU JIUCIOKAIHH.

Dopwmyaa (28.3) nomyckaer HarsgHyo uHTeprperarnuio. Corac-
HO CKa3aHHOMY BBIIIE CMEIIEeHNEe JIEMEHTa JIMHUU JIUCIOKAIUU CBO-
IUTCS K PA3PE3aHUI0 HEKOTOPOH miomaakn df u caBury BepxHEro
Gepera pa3pesa OTHOCHTEILHO HuKHero Ha miauay b. [Ipumoxenmas

(e)

K df cuna BHyTpeHHWX HampAKEHUN ecThb 0, ° dfy, a TPOU3BOIAMast

. . 6 b: (e) d
3TOfl cu/Ioit npu caBure pabora ectb bo,,” dfy.

IMockonbKy B HamMcaHHOM Bujie popmyJia (28.4) OTHOCUTCST TOIb-
KO K TIEPEMEIEHUI0 B IIJIOCKOCTH CKOJIbYKEHUsI, UMEET CMBICT CPa3y

1) IIpu BBIBOIE YPaBHEHMIT JIBUMKEHUsI BUPTYaJIbHbIE IIJIACTUYECKYIO U YIPY-
ryo gedopManuu HAIO0 PACCMATPUBATH KAK HE3aBUCUMbBIE MepeMeHHble. VIHTe-
pecysach ypaBHEHHEM JBAKCHHAA TACIOKAIWA, HaI0 PACCMATPUBATh TOJBKO ILIa-
CTUYECKYIO JepopMaIuio.
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JKe HalmcaTh Npoeknuio cuibl  Ha 3Ty mirockocts. [lycts 3¢ — eau-
HUYHBIN BEKTOP HOPMAaJN K JIMTHUW JIUCJIOKAITUU B ILJIOCKOCTH CKOJb-
xkenus. Torma

Jr="fx= 6¢kz%i7kbm0l(e)

m
njin
(e)
fL= Vlalmbm, (285)
rje v = [»T] — BEKTOp HOPMaJM K ILJIOCKOCTH CKOJIbXKeHusi. Ilo-

CKOJIbKY BEKTODPbI b U v B3aUMHO TEPIEHIUKYJISIPHBI, TO (BBIOpaAB
B/IOJIb HUX JIBEe M3 KOODJAMHATHBIX OCEfi) Mbl BUIMM, 4TO cuia f|

OTIPEJIENIIETCST BCETO OJIHOM M3 KOMIIOHEHT TEH30pa al(;) .

ECJII/I Ke cMemeHue AJUCIOKalluu IIPOUMCXOJUT HE B IIJIOCKOCTH
CKOJIbKeHnsA, T0 0V # 0. DT0o 3HAYMUT, YTO CMeleHne Heperos paspe-
3a IpUBEJIO Obl K TOsIBJIEHNIO M30bITKA BemecTa (Koraa onua Geper
«IIepexJIecTbIBaeT» APYyToil) win K ero mejocrade (o6paszoBaHue mie-
JIM MEKJIy Pa3/BUTAOIIUMUCS OeperaMu). DTOT0 HeJib3sl JI0MyCTUT,
€C/IN MoJIaraTh, YTO B IPOIECCe IBUKEHUS IUCTOKAIIUU CILIONTHOCTH
CpeJibl He HAPYIIAETCs U ee MJIOTHOCTh OCTAeTCs HEM3MEeHHO# (¢ ToY-
HOCTBIO JI0 YIPYTrux jgedopmanuii). Yerpanenue u30bITOUHOIO Bere-
CTBa WJIM 3allOJIHEHHE €r'0 HEXBAaTKW IPOUCXOAUT B PEAJIbHOM KpPHU-
craie auddy3uoHHBIM CI0COO0M (OCh JAMCIOKAIINK CTAHOBUTCS WC-

TOYHHKOM MIH CTOKOM auchby3HOHHBIX MOTOKOB BermecTsa) ). O me-
PEMEITEHNN TUCIOKAINHT, COITPOBOXKTAOIIEMCsT UG y3UOHHBIM «3a-
JeunBanueM» J1eeKTOB CILIOIIHONW CPEJbl, TOBOPSIT KaK O ee nepe-

noasanuu ?).

W3 cxazaHHOIO fACHO, YTO, HOIYCTHUB IEPEeNo/I3aHue TUCAOKAIIUN
B KaQ4eCTBE BO3MOXKHOI'O €€ BUPTYaJIbHOI'O IepeMeleHns, HeoOX0I1-
MO CUHTATh, YTO OHO, KaK U CKOJIbXKEHHe, IIPOUCXOIUT 0e3 JIOKAJIb-
HOTO M3MeHeHus oObeMa CpeAbl. ITO 3HAUUT, 4TO U3 JedopMarun
(28.2) Ha/O BBIYECTH OTBETCTBEHHYIO 33 H3MEHEHHE 00beMa JacTh
% ikul(lm), T. €. OIUCHIBATH ILTACTUYECKYIO J1ePOPMAIMIO TEH30POM

dufp?) = {%bz'[éx T+ %bk[ax T — édikb[dx : T]} 3(€). (28.6)

CoorBercTBeHHO BMecTO (28.4) moyunM Caeayoiry o ;hbopMyIty s

1) Tak, u3oGpaskeHHAs Ha PUC. 22 IUCTOKAIS MOKET IIEPEMEIIATHCS B IIOC-
KOCTH Yz Julib 3a cuer nuddy3nOoHHOIO yXO0/1a BEIIeCTBA U3 <«JIMIIHEH» MOoJIy-
IJIOCKOCTH.

2) HockoabKy Takoii mporecc sumuTupyercs auddysueit, o Moxer (haxTu-
YeCKU WI'PATh POJIb JIUIIb IIPH JOCTATOYHO BBICOKUX TEMIIEPATYDPAX.
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JeACTBYIOIIECH Ha JUCIOKAIIUIO CUJIbL 1)
1
fi = eirTrbm (Ul(;) - §5lm07(1672> (28.7)

(J. Weertman, 1965). Ilonnas cumia, neficrByromasi Ha BCIO JUCTO-
KAIHOHHYIO IMETJII0, PABHA

F;, = eiklbmf (01(72 - %&ma,(fn)) dxy. (28.8)
D

Ona oTIMYHA OT HYJIA TOABKO B HEOZHOPOLHOM IIOJE HAIIPAKEHUI
( (e) _

upu g, = const UHTErpaJj CBOAUTCA K f dzy = 0). Eciu va npors-
JKEHWW TIeTJIN T10JI€ HANPSKEHUH MEHSIeTCsS MaJio, TO

0 1
F; = €z'kzbma—$p (07(;3 - 55177107(1672) §D$1” dz

(meTsiro mpejcTaBsieM cebe pacHooKeHHON BOIM3M Hada a Koop-

nuHar). Bxogsitmupe cioja mHTErpasibl 00pasyoT aHTHCHMMETPUIHBIH
TEH30D

f:l:p dxy = —ka dxp.

Wmest 910 B BU/LY, JIEPKO BBIPA3UTh CHJIY Yepe3 BBejeHHbINH B (27.12)
JICTOKAIHOHHBIA MOMEHT djy 2):

(e) (e) (e)
F; = dlmM + 1 (dil 9onn _ g 80—,,,,) . (28.9)

ox; 3 ox; i ox;

B onHopogHOM 110716 HANpSIYKEHUIT 9Ta CUJIA, KaK y2Ke ObLIO yKa3aHo,
obparaercs B HyJib. [Ipu 9TOM, O71HAKO, HA TIETJIIO JAeCTBYeT MOMEHT
cuL

K; = eum$zifm dl,

KOTOprfI TOXKE MOXKHO BBIPA3UTL 4Ye€pe3 ,HHCHOK&HHOHHbIﬁ MOMEHT:

1
K; = eiridym (U(e) - §5lm07(fn)> - (28.10)

Im

!) Ilpencrapisiercss OUeBHIHBIM, UTO BCECTODOHHEe (DABHOMEPHOE) CIKATHE
KPHCTAJLTA HE JTOJIKHO TIPUBOANTD K MOABICHHIO CUbl f; Boipaxkenue (28.7) sTum
CBOIICTBOM 00J1a1a€T.

2) IIpu BeIBOZE mCHONIB3yeTCst TakKe DOPMYIIA €;ki€imn = OkmOin — Oknlim ¥
YPaBHEHUS] DABHOBECHSI 80}2 [0xm = 0.
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3amayu

1. Haiitu cuity B3anMOAeHCTBUS IBYX MAPAJLIEIbHBIX BHHTOBBIX IUCIOKAITAH
B U30TPOIHOH cpejie.

Pemenue. Cuia, geficTByomas Ha eJUHUAILY JJIUHBI OHON IUCIOKAIUN B
I10JIe HAITPSIYKEHUI, CO31aBAa€MbIX BTOPOU AUCIOKAIINE, ONpeaersieTcs: mo Gop-
Mmyse (28.4) ¢ momompo pesysbraroB 3amadn 2 § 27. OHa mMeeT paauasbHOE
HaIIpaBJIEHWE U paBHaA

f _ pblb2
27r
Jwucrokanmn omporo 3uaka (bibe > 0) OTTATKMBAIOTCS, & MUCIOKAIMHA PAHBIX
3HAKOB (b1by < 0) IPUTATUBAIOTCA.

2. [IpsamosnnHeiiHas BUHTOBAS JUCTIOKAIMS PACIOI0KEHA IaPAJIJIeIBHO ILJIOC-
KO CBOOOIHOM TTOBEPXHOCTH M30TPOIHOM cpenpl. HaliTu meificTByOmIyo Ha auc-
JIOKAIIAIO CHJLY.

Pemenwue. Ilycrs mmockocTs yz COBIRIAET C IIOBEPXHOCTHIO TEJIA, & JHC-
JIOKAIIUs IIapajlyIeJIbHA OCU Z U MMeeT KOODIAWHATHI £ = Zo, ¥ = 0.

TTone manpsizkenwuii, 0CTaBIISIONIEE IOBEPXHOCTH CPEJIBI CBOOOIHOM, ONUCHIBA-
eTCs CyMMOI IIOJIeil IUCIOKAINHN U ee 3ePKAJIbHOTO OTPAXKEHHS B IIJIOCKOCTH Y2,
KaK ecjv Obl OHU OBLIM PACIIOJIOKEHBI B HEOIDAHUYEHHOU CPe/Ie:

Uwz=_ﬂ_b|: Y - Y :|
2w [(z —z0)?2+y? (z+m0)?+y? ’
o u_b[ T—x0  x+mo ]
V5T op (x—z0)2+y2 (z4+wz0)2+9y2]

Taxkoe 1osie mecTByeT Ha PACCMATPUBAEMYIO AUCIOKAIUIO C CHJION, PABHOM IPHU-
TSIKEHHIO CO CTOPOHBL €€ 3ePKAJIbHOI0 N300parkeHusl, T. €. JUCTOKAIINS IPUTAT Y-
BaeTcCd K IIOBEPXHOCTH Cpedbl C CHJIOHN

pb’
47xo '

3. Haiitu cuity B3auMoAeficTBUS JABYX MaPaJIIeIbHBIX KPAEBBIX JUCIOKAITHI
B M30TPOIHOU Cpefie, PACIOJIOKEHHBIX B IIapaJlIe/IbHBIX IJIOCKOCTAX CKOJIbIKe-
HUS.

Pemenue. IlycTs ma0CKOCTH CKOIBXKEHUS MIAPAJIEIbHBI IJIOCKOCTAM L2,
a 0Ch z MapaJuUIeJbHA JIMHUAM JUCIOKAIW; Kak u B 3amade 4 § 27, momaraem
7, = —1, by = b. Torma cuita, neficTByomas Ha eQUHUILY JJIUHBL IUCIOKAIUN B
IoJie pryI‘I/IX Ha,HpH}KeHI/Iﬁ Oik, nMeeT KOMIIOHEHTHI

fo =bowy, fy = —boss.

B mamHOM citydae 0, OTpemeTSIIOTCS BBIPAXKEHUSMU, HANTEHHBIMEA B 3aade 4
§ 27. Ecnu omHa mmciokamusa COBIAZAET C OChIO 2z, TO OHA, JEHCTBYET Ha BTO-
PYIO JMCIOKAIUIO, IIPOXOJSINYIO Yepe3 TOYKY T, Y Ha IJIOCKOCTU TY, C CHUJION,
KOMIIOHEHTBI KOTOPOIi B MOJIAPHBIX KOOPAUHATAX PaBHBI

b1b2B b1b2B .
fo= 222 fo=—"2Zsin2p, B= _r
r r 27(1 — o)
IIpoeknus Ke CHJIbl Ha MJI0CKOCTh CKOJIbKEHUs PaBHa
COS (p coS 2
fo = bibs pLosycos sy
r

Ona obpamjaerca B Hysb Ipu ¢ = 7/2 u upu ¢ = 7/4. IlepBoe u3 3TUX 1OJI0-
JKEHHI COOTBETCTBYET yCTONIMBOMY paBHOBecuio pu bibs > 0, a BTopoe — mpu
biby < 0.
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§ 29. HemnpepbiBHOE paciipeaesieHne JUCIOKAIAN

Ecnn B xpucrajie uMmeercst OJHOBPEMEHHO MHOTO JIUCIOKAIUN,
HAXOJISIIIUXCST HA OTHOCUTEIBHO MAaJIbIX (XOTsl, KOHEYHO, U DOJIBIINX
[0 CPABHEHWIO C TOCTOSIHHOW DEIIeTKM) PACCTOAHUAX, TO CTAHOBHUT-
cd 11e71eco0bpa3HbIM UX yCPEIHEeHHOe paccMoTpenwne. pyrumu cio-
BaM¥, PACCMATPHUBAIOTCA «(pu3ndeckn OECKOHETHO MAaJIble» JIEMEeH-
ThI 00'bEMa KPUCTAJIIA, 9ePE3 KOTOPBIE TPOXOIUT JOCTATOYHO MHOTO
JMCJAOKAITMOHHBIX JIMHUM.

DopMyIUPOBKA YPaBHEHUsI, BBIPAXKAOINIET0 OCHOBHOE CBOHCTBO
JMCJIOKAIIMOHHLIX  JepOpMalInii, JOCTUTAETCA €CTECTBEHHLIM 00606-
mierureM ypasaenusi (27.6). Beegem Tensop p;r (mensop naommocmu
ducaokayudi) Takoil, 9T06bI €ro MHTErpas 1Mo MOBEPXHOCTH, ONUPAIO-
mietics wHa 1t000# KouTyp L, 6611 paBen cymme b BekTopos Broprepca
BCeX HUCIOKAITMOHHBIX JIMHUN, OXBATHIBAEMBIX 3TUM KOHTYPOM:

f Sy Pik dfi = bg. (29.1)

HempepbiBable DYHKIMN p;; ONHUCHIBAIOT DACIPEIEIeHNE JIUCIOKA-
Uil B KpucTasie. TOT TEH30D 3aMeHsieT COOOM Teleph BBIPAKEHUE
B [IpaBoii yacTu ypapHenus (27.6):

8w k
ox;
Kak BUIHO U3 3TOT0 YpaBHEHUsI, TEH30D P;k JOJKEH YI0BJIECTBOPATH

YCJIOBUIO dpis
ik _ (29.3)
am

(B cayuyae OAMHOYHON IUCIOKAIMU 3TO YCJAOBHE BbIpaXKaeT COOOi

POCTO MOCTOSIHCTBO BEKTOpa Broprepca BI0Jb JIMHUK IUCTOKAIINN ).

IIpu TakoM pacCMOTPEHUU JTUCTOKAIMA TEH30D Wik CTAHOBUTCS
[IEPBUYHON BEJIMYMHOM, ONKUCHIBAIOIIEH AedhOopMalIlnio 1 OIpPeaesIsiio-
mieit Tensop pedopmaiuu corsacuo (27.4). Bekrop ke cmerenus u,
KOTODBIil ObLT 6bI CBsI3aH € wjk, onpenenenHueM (27.2), mpu 3TOM BO-
00111e He MOXKET OBbITh BBEJIEH (9TO SICHO YK€ W3 TOr0, U4TO MIPHU TAKOM
onpejesiennn Jesas 3 6BM ypasHenus (29.2) TOXKIECTBEHHO 06pa-
THIACHh ObI B HyJIb BO BCEM 00beMe KPUCTAILIA).

Jlo cux Top MBI TpeIoIarain JUCIOKAIINA HETOABUKHBIMI. BhI-
SICHIM TeIephb, KAKUM 00pa30oM TO/KHA ObITh CPOPMYIUPOBAHA CH-
cTeMa ypaBHEHUIT, TIO3BOISATONIAsT B MIPUHITATIE OTPEIEUTh YIPyTHe
nedopMaIi U HAIPSIXKEHUST B CPEJIe, B KOTOPOU TUCTOKAIINNA COBEP-
IIAIOT 3aJAHHOE JBUZKEHHE ).

1) Mb1 He 3aHEMaeMCs 31eCh BOIIPOCOM 00 OTIpe/IeIEHUHN CaMOTO JTBUKEHWUS
JIMCTIOKAIUI 110 IIPUJIOXKEHHBIM K TeJly cuyiaM. Perenue sToro Bompoca tpebyer
JETAIBHOrO M3YyYeHUs MUKPOCKOIMMYECKOTO MEXAaHM3MA JBUKEHUS TUCIOKAIIAN
¥ MX TOPMOXKEHUS HA PA3JINYHBIX j1edeKTax, KOTOPOe JOJKHO IIPOU3BOAUTHCS C
yaeToM (HPAaKTUIECKUX TAHHBIX O PEATHHBIX KPHUCTAJLIAX.
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Ypasuenue (29.2) He 3aBUCUT OT TOTO, MOKOSITCS UM JBUKYTCS
quciokanuu. [Ipu 9TOM TEH30p W) MO-NPEKHEMY OCTAETCsl BEJIU-
YMHOM, ONpeNesIoNnel yupyryo aedopMalui; ero CuMMeTpuIHas
YaCTh €CTh TEH30D yIpyroil gedopMaruu, CBA3aHHbIA 00BIYHBIM 00~
pa3oM 3akoHOM ['yKa ¢ TEH30pOM HAIPsIKEHU{H.

D10 ypaBHEHHE, OJHAKO, TelePb HEJOCTATOYHO sl MOJHOIO

dopmynuposanust 3amaun. IlojHas cucreMa ypaBHEHWId JIOJKHA
OPEJIEIATh TAKYKE W CKOPOCTh V TIEPEMEIEHUs] TOYEK CPEIb.
Ho npwm sTom HEOOXOaAMMO yUecTb, 9TO JBU-
L JKEHIe TUCTOKAIN COTTPOBOXK TAETCS, TIOMUMO W3-
\\ | MEHEeHHUsT yUpyroi medopMalium, TakkKe U W3-
|

| MenenreM (OPMBI KPHUCTAJLJIA, HE CBA3AHHBIM C
BO3HUKHOBEHUEM HAIPAXKEHUN — NAGCMUNECKOT
dedpopmayueti. Kax yKe yIOMUHAJIOCH, TBUKEHIE
IUCTOKAINI KaK pa3 W MpecTaBiger coboit Mmexa-
| HU3M TUIacTuYeckoii gedopmarun. (CBsi3b aBuKe-
| HUSA JACTOKAITMH C ILTACTUYIecKoil medopmarimeit
|

|

SICHO IEMOHCTPHUPYETCA PUC. 25: B PE3YJIBTATE IIPO-
XOXKJEHUS KPAaeBO#l IUCIOKAIINK CJAEBA HAIPaBO
BEPXHSAS — HA/JI IJIOCKOCTHIO CKOJTbXKEHUS — YacThb
KPUCTAJJIa OKa3bIBAETCH CABUHYTON HA OJUH Tie-
[ ][] PUOA DeIIETKH; NOCKOIbKY DEIIETKA B Pe3ysIbTa-
17 Te OCTAeTCHd MPABUJILHON, TO KPUCTALI OCTAETCS
1

[ ]

I
I ey

HEHAPSI2KEHHBIM.) B IPOTHUBOMOIOKHOCTH yIIPY-
roit jgedopMaliuu, OJHO3HAYHO CBSI3aHHOW C Tep-
MOIMHAMUYECKUM COCTOSTHUEM TeJIa, ILIacThYe-
ckast jechopMarus aBJseTcs (pyHKITHeil mporecca.
[Ipu paccMoTpeHUM HENOABUXKHBIX JTUCTOKAIIIT
BOIIPOC O Pa3JeseHud YHIPYrodl U MIacTUYeCKOMN
nedopMariiii He BOSHUKAET: HAC UHTEPECYIOT pU
9TOM JIUIITh HANPSKEHUsI, HEe 3aBUCSIIIHE OT IIPe-
IBIIYIIe HCTOPUH KPUCTAJLIA.
Ilycth U — BEKTOp TE€OMETPUUECKOTO CMEIIe-
Puc. 25 HUsI TOYEK CPENbl, OTCUYUTHIBAEMBIN, CKAaXKEM, OT
WX TIOJIOXKEHUSI TEePE]] HATIaI0M IPOIEcCa ;:Le(bop—
MalliH; ero MPOU3BOJIHAS 10 BpeMeHn U = v. Ecim 06pa30BaTb c
HOMOIIBI0 BEKTOPA U TEH30D <«IOIHON jucropcenuy Wiy = duy/0x;,

()

TO MBI TOTYYUM €0 «IJIACTUYECKYI0 YacTh» W, ~, BbIYTA U3 Wi
TEH30p «YIPYyTroil IUCTOPCHUW», COBIAIAIONINN C (PUTYPUPYIOMUM B
(29.2) renzopom w;i. Begem oboznaveHue

o owl”
—Jik = =5 (29.4)

CAMMETPHUIHAS JaCTh j;; OMPeesseT CKOPOCTh M3MeHeHUs TeH30pa

()

IJIACTUYECKO# Jedopmalin: U3MeHeHne U, 3a OECKOHEYHO MaJioe
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BpeMsi dt paBHO
IL 1,. .
5u( M = —5(]ik + Jki)ot (29.5)

(E. Kroner, G. Rieder, 1956). Ormernm, B 9aCTHOCTH, YTO €CJIU TLJIa~
cTUYeCKast ;Le(bopMauHﬂ HPONCXOANT 663 HAPYIICHA CIUIOLIHOCTH
TesIa, TO CJIeJ| TeH30Pa ji; PaBeH Hyo. JlefCTBUTEeNbHO, IacTHIe-
ckag nedopManus He IPUBOJIUT K DACTSZKEHWIO MM CKATHIO Tesa
(KOTOpBIE BCEr1a CBA3aHBI ¢ BOSHUKHOBEHNEM BHYTPEHHUX HAIDSIZKe-

HWIA), T. €. u,(Ck - =0, a mOTOMY U Jki = —8ukm)/8t =0.
IMoncrasue B onpenenenue (29.4) (Zn) Wik — wj, 3ammimem
€ro B BUJI€ YPABHEHUS
ot ’

CBSI3BIBAIOIIET0 CKOPOCTU M3MEHEHWsI YIPYTOil M IIaCTUYIeCKOi e~
dopmaruii. 37eCh j;; HAIO0 PACCMATPUBATH KAK 3a/IaHHBIE BEJTHIU-
HbI, KOTOPBIE JIOJI2KHBI Y/IOBJIETBOPSATH YCIOBUSIM, 00ECTIEINBAOIIAM
coBMeCTHOCTD ypasHenuit (29.6) u (29.2). D1y ycI0Bus MOy IaI0TCS
muddepentposanueM (29.2) 110 BpeMeHN U MOJCTAHOBKOH B HEro
(29.6); oHM MMEOT BUJ| yDABHEHMUSI

O 4 gy, OImE — 29.7

ot + itm ox; ' ( ’ )

Ypasuenust (29.2), (29.6) BMecTe ¢ IUHAMUYECKUME yPABHEHUSIMU
. Jo;

pU; = 8‘;:, Oik = NiklmUim = NikimWim, (29.8)

COCTABJIAIOT IOJIHYIO CHUCTEMY YPaBHEHUI, ONUCHIBAIOIINX JIMHAMH-
Ky yupyroit cpespl ¢ asuzKymumMucs pucaokarusvu (A. M. Kocesuw,
1962). Qurypupymomiye B 9TUX YPABHEHUSX TE€H30DBI Pk U Jif SABJIsA-
I0TCS 33laHHBIMU (DYHKIUSIMU KOODAUHAT (U BpeMeHI/g, XapaKTepu-
3YIOIIMMHI PACIIPEJIESIEHIe U JBUXKEHUE JUCTOKAIMH. DT DYHKITHH
JIOJIZKHBI YJIOBJIETBOPSITH YCJIOBUSAM COBMECTHOCTH ypasHeHwuil (29.2)
JPYT C APYroM u ¢ ypasHerueM (29.6), BbIpakaeMbIM DABEHCTBAMU
(29.3) u (29.7).

Yenosue (29.7) MoxKHO paccMaTpuBaTh Kak quddepeHimanbHoe
BBIPAXKEHME «3aKOHa COXpaHeHusi BeKTopa Broprepcay B cpexe. eii-
CTBUTEJILHO, IPOMHTErpupoBas obe yactu ypasHenus (29.7) mo 1o-
BEDPXHOCTH, OTIMPATOMIENC HA HEKOTOPYIO 3aMKHYTYIO JTUHUIO L, BBE-
ast corytacHo (29.1) nonabiit BekTop Broprepca b oxBaueHHbIX JHHEEH
L nuciokanuii u BOCHOB30BABIINCE TeopeMoit CTokca, IOy Ium

db .
d—: = — § LJik dZIIZ'. (299)

W3 Buja 3TOro paBeHCTBAa OYEBHIHO, YTO MHTErPaJjJ B €ro MpaBoii
YacTH OIPEJIesieT BeJIMYNHY BEKTOpa Bioprepca, «IpoTeKaroIieros
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B €IMHUILY BpPeMeHU depe3 KOHTYp L, T. e. yHOCHUMOTO JUCTOKAITHSI-
mu, nepecekarorumu Juauio L. [loatroMmy ecrecTBeHHO Ha3BATH Jik
TEH30POM NAOMHOCNU NOMOKA UCAOKAUUL.
¢lcHO, B 9aCTHOCTH, UTO B CJIyUae OT/IE/b-
HOM AMC/IOKAITMOHHON TTET/IN TeH30D J;; UMe-
eT BUJ
Jik = €itmPikVim = €itmTVmbrd(§) (29.10)
B COOTBETCTBUH C BblpazkeHumeM (28.2) s
Puc. 26 TJTACTUYECKOM j1epOPMAIUH TIPU CMEIeHUH
JUCTOKAIUT; 371eCh V — CKOPOCTDb JIMHUY JUCJTOKAINYA B JaHHON ee
rouke. [Ipu 9T70M BekTOp 1mOTOKA Yepes 1ement dl kourypa L (j;xdl;)
nponopiwonasner dl[TV] = V [dlr], 1. e. npoexiuu ckopocru V Ha
HATTpaBJIEHNe, TEPIEHINKY/IIpHOe KaK dl, Tak W T; W3 TeOMeTpH-
9eCKUX COODpaYKEHUil OYEBUIHO, YTO TaK W JOKHO OBLIO OBITH —
TOJIBKO 9TA MPOEKITHsT CKOPOCTH TTPUBOAUT K TIEPECETCHUIO TUCTOKA-
et syemenTa dl.

Ormerum, uro cies Terszopa (29.10) nponopuuoHaeH TpoeKun
CKOPOCTH JIUCIOKAIINN HA HOPMAJIb K ee TIJIOCKOCTH CKOThKeHus. BbI-
1ie ObLIO yKa3aHo, YTO OTCYTCTBUE HEYNPYTOro M3MEHEHWs IJIOTHO-
cTu cpelibl obecrieunBaerca yeaoBueM j; = 0. Mbr Bumum, urTo mjsd
OT/EJIBHON MHUCIOKAIUU 9TO YCJIOBUE O3HAYAET IBUYKEHWE B ILIIOCKO-
CTU CKOJIbXKEHWS B COOTBETCTBUU CO CKA3AHHBIM BBIIIE O (DU3UIECKO
npupose ABuKeHns mucaokanuit (cm. mpumed. °) ma c. 168).

Haxomertr, octanoBUMCS Ha CIydae, KOTIA JUCTOKAITHOHHBIE TET-
JIM B KPUCTAJLIE PACTPEIETEHBI TAKUM 00PAa30M, ITO WX CyMMAapPHBIH
BekTop Broprepca (o6osnaumm ero uepes B) pasen Hymo 1). 1o
YCIOBME O3HAYAET, UTO TPHW WHTETPUPOBAHUE IO JTFOOOMY TOmeped-

HOMy CEYCeHUIO TeJia
fpik df; = 0. (29.11)

Orcrona caenyer, 94To MJIOTHOCTh QUCTOKAINNA B 3TOM CJIyYae MOXKET
OBITH TTPECTABICHA B BUIE

Pits = €t ok (29.12)
ox;

(F. Kroupa, 1962); Torma unrerpas (29.11) npeobpasyercs B wHTe-
rpaj Mo KOHTYPY, MPOXOASAIIEMY BHE Teja W OOpAIaeTcsad B HYyJIb.
Ormerum TakKe, 9TO Bhipaxkenue (29.12) aBroMarwyecKu yuaoBJie-

TBOpsieT ycioBuio (29.3).
Jlerko BueTbh, 4TO ONpeeseHHbIil TakuM 0bpa3zom Tenzop Py
MpeACTaBIsieT COOOM TIOTHOCTD IUCTOKAITMOHHOTO MOMEHTa B JIe-
dopmMupoBaHHOM KpucTajie (ero eCreCTBEHHO Ha3BaTh I[TOITOMY

!) Hajmrame qucIoKamde CBSI3aHO ¢ HEKOTOPHIM H3IHOOM KDPHCTAJIA, KAK 9TO
CXeMATH9IeCKH n300pakeH0 B yTPHUPOBAHHOM Buae Ha puc. 26. Yciaosue B = 0
03HAYaeT OTCYTCTBHE MAaKPOCKOIIMIECKOr0o U3ruba KpUCTasa B IIEJI0M.
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ducaokayuornot noaspusayuet). JeRcTBUTETHHO, MOJHBIA UCIO-
KaITMOHHBIN MOMEHT KpucTaJyia D;p paBeH 10 ONpeaeeHn o

Di = Siby = %eilm > bkng dzm = %f CilmT1Pmk AV,

1€ CyMMHUPOBAHUE NPOU3BOJUTCA 110 BCEM JUCTOKAIMOHHBIM I1€T-
JISIM, & WHTErPUpPOBaHmue — M0 BCeMy 0bbemy kpucrasia. [logcraus
crona (29.12), umeem

1 AP, 1 OPnr  OPy

" 110CjI€ MHTETPUPOBAHUA 110 IaCTAM B KazKJ0M M3 ABYX YJICHOB

Dy, = f Py dV. (29.13)

IInoTHOCTD K€ TOTOKA IMCIOKAIUI BBIPAYKAETCS UepPe3 TOT Ke
Ten30p P, cormacHo
_ 0Py
at
B sToMm nerko ybenuThes, HanpuMep, BHIYUCTUB UHTErPAJ f Jik AV

Jik = (29.14)

[0 TPOM3BOJIBHONW YacTw 0ObeMa Teaa C TOMOIIHIO BbIPAYKEHUS
(29.10) Kak CymMMy MO BCeM 3aKJIOYEHHBIM B 9TOM OObEME JHCI0-
KalmoHHbIM merisiM. OrmernM, uro BhIpazkenue (29.14) Bmecte c
(29.12) aBromMaTHUYECKH YIOBJIETBOPSAIOT yCaoBuio (29.7).

Cpasuus (29.14) u (29.4), MBI BHIUM, YTO (5w§]1;m) = 0Pj. Eciin
YCIIOBUTBCSL CUNTATH IUIACTUYECKYIO 1eDOPMAIUIO OTCYTCTBYIOMIEH

B cocrosggauu ¢ Pj, = 0, To Oyzmer u wl(;:n) = Pj;. Ilogpasymesaercsi,

9TO BeCh Tporiece aedopmaruu mpoucxoauT mpu B = 0. 910 06cTo-
SITETECTBO HAO TOTIEPKHYTh, TTOCKOIBKY MeXKIy TeH3opamu Py, n

()

W, CyIeCTBYeT MPUHIMIHUAIbHOE pasjndue: B TO BpeMms Kak P

. (1)
ABJIAeTCA (PyHKIUel COCTOAHUS Tesla, TeH30p w,;, ~ He ecThb (PyHK-

WS COCTOSTHUS, & 3aBUCUT OT ITPOIIECCA, IPUBEIIIETO TEJIO B TAHHOE
cocTosinue. B aTux ycioBuax nMmeem

Quy,
or;
IJIe CHOBA Uf — BEKTOP IMTOJHOTO NeOMeTPUYECKOr0 CMEIEeHHs OT IT0-
JIOXKeHUsT B HeJlehOPMUPOBAHHOM COCTOstHUM. Y paBHenue (29.6) npu

9TOM Y/IOBJIETBOPSIETCSI TOXKJICCTBEHHO, & JMHAMUYECKOE YDaBHEHUE
(29.8) mpuHEMaeT BuT

wig = Wi, — wS;‘“) = — P, (29.15)

2
Oum_ _ —Aiklm—aB:. (29.16)

i — Nifplm ——m =
PU; Zklmawkawl
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Takum obpaszom, ompejeseHne yopyroit maedopmaiiuu, CO3LaHHOM
JBUXKYIUMUCS auciaokarusvu ¢ B = 0, cBoaurcs K 3aade o6bId-
HO¥ TEOpUU yIpyrocTu ¢ 06bLEMHBIMU CUJIAMU, PACIIPEIETEHHBIMU 110
KPUCTAJLITY C IIOTHOCTBIO — A1 O P /0.

§ 30. PacnpenesieHue B3anMOAENCTBYIOIIAX JUCTIOKAITAN

PaccMoTpuM COBOKYITHOCTB OOJIBIIIONO YHC/IA OJUHAKOBBIX IP-
MOJIMHEWHBIX JINCIOKAIH, PACITONIO2KEHHBIX TaPaJIeJbHO APYT APY-
I'y B OJIHOW M TOH 2Ke IJIOCKOCTH CKOJIbYKEHWs, U BBIBEJEM ypaBHE-
HUe, ONpejessioliee UX paBHOBECHOE pacipemesenue. Ilycts ock z
napaJsiesbHa JUCIOKAIUAM, a TJIOCKOCTb £z COBIAJIAeT C ILIOCKO-
CTBIO CKOJIbYKEHUS.

Bynem muisi ompeniesieHHOCTH CYUTATh, YTO BEKTOPHI Broprepca
JIUCTIOKAINI HAIPaBJIEHBI BJOIL OCH Z. Torja cuiia, NefcTBYOMast
B IJIOCKOCTU CKOJIbYKEHUS Ha eJUHUILY JJIMHBI JIUCIOKAIUU, PaBHA
boyy, rie oyy — HalpsKeHue B TOYKe HaXOKeHHUs JUCTOKaIiN.

Hamnpsizxenust, co3gaBaembie OIHON MPIMOTHHERHON IMCIOKAIII-
eit (u meficTByIOIMe Ha JAPYIYIO JUCIOKAIUIO), YOBIBAIOT OOpaTHO
[IPOTIOPIIMOHAIBHO paccTosiHuio ot Hee. [losromy Hampsikenue, co-
3JaBacMOe B TOYKE T AUCIOKAIUeN, HaxXoAd1eica B ToOUKe z! , UMeeT
sun bD/(z — x'), tae D — mocTostHHas TOPSIKA BETMIUHBI YIPYTHX
MomyJielt Kpuctajuta. MoXKHO moKa3aTh, 9To 3Ta mocrosguuas D >0,
T. €. JIBE OJIMHAKOBBIE [IMCIOKAIMU B OIHON M TOI Ke TJIO0CKOCTH
CKOJTbKEHWsT OTTAJIKUBAIOTCS JIPYT OT JipyTa ([ W30TPOMHO cpe-
JIbI 3TO TOKA3aHO B 3a1a4e 3 § 28).

O6o3HaunM vepes p(x) JUHEHHYIO IJIOTHOCTD JUCIOKAIN, pac-
npejlesleHHbIX Ha oTpeske (a1,as) ocu z; p(r)dxr ectb cymMMma Bek-
topoB Broprepca auciiokaruii, IpoxXoAsdIInX 4epe3 TOYKH HHTepBaJa
dx. Torna nosHOe HANPsXKEHHE, CO3/IABAEMOE B TOYKE & OCH & BCEMU
JUCTIOKAIUSIMU, 3AMUIIETCS B BUJE UHTETPAJIA

a2
oy = —D/ ps(f_—)cf. (30.1)
a1

Jist Touek BHYTpH CaMoro oTpeska (a1, ag) 3TOT UHTErpaJl JA0JKeH
MOHUMATLCA B CMBIC/IE IVIABHOTO 3HAYEHUS JIJIsT TOTO, YTOOBI UCKJIIO-
YATH (PU3AYECKH OECCMBICJIEHHOE JefCTBUEe IHUCIOKAIIMU CAaMOIl Ha,
cebst.
Eciu B kpucTaiie umeercst TakkKe U IJI0CKOe (B IJIOCKOCTH XY )
(e)

IOJIe HAIPSKEHU Oy (T,y), CO3AAMHOE 33 JAHHBIMU BHEITHUMU Ha-

Ipy3KaMH, TO KazKaasd JUCIOKaIys OyJIeT HaXOAUThCS MOJ JeiiCTBI-

eMm cuiibl b (04y + p()), 1€ MbI 0603HAYMMIN [J1S KPATKOCTH p(T) =
(e)

= gy (2,0). YcioBrue paBHOBECHS 3aK/IIOYAETCH B OOPAIIEHIN TOM
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CHJIBL B HYJIb: Oy +p =0, T. €.
as
p&)de _ plx) _
f e D = w(x), (30.2)
a1

rjie IJIaBHOE 3Ha4YeHWe OO03HAYEHO, KaK 3TO MPUHATO, MEPEUEPKHY-
THIM 3HAKOM HHTErpaja. IT0 — WHTErpajIbHOe YPaBHEHHE ISl OMpe-
JleJIeHrsi PaBHOBECHOTO pacrpeesenus p(x). OHO OTHOCUTCS K THILY
CUHTYJISPHBIX WHTErPaIbHBIX ypaBHeHui ¢ sapom Kormru.

Pemienne takoro ypaBHeHHUsI CBOJMTCS K 3ajade Teopuu (hyHK-
I KOMILJIEKCHOTO TTePEMEHHOT0, (hOPMYJIUPYEMOit CAeaYIOIuM 00-
pasom.

O6o3naunm ugepes (z) dyHKIUIO, ONPEIETEHHYI0 BO BCeil T10C-
KOCTH KOMILIEKCHOTO Z (C pa3pe3oM 1o oTpesky (ai,asz)), KaK uHTe-
rpaj

Q(z) = / ”f_—)i& (30.3)

IIpenenvublie 3nadenus 3Toit HyHKIINKM Ha BEPXHEM W HIKHEM Oepe-
rax paspesa obozHaunm depes Q1 (z) u Q7 (x). OHu paBHBI TAKUM Ke

UHTEerpaJjiaM, B3siThIM 110 OTPe3KY (a1, az) ¢ 060X0J0M TOYKU Z = I CO-
OTBETCTBEHHO CHU3Y UJIU CBEPXY 110 OECKOHEYHO MaJIOH MOJIyOKpPY K-

HOCTH, T. €.
az

O () = f”fﬂ 4 inp(a). (30.4)
— X
ay
Eciu p(€) ynosnersopsier ypasuenuto (30.2), TO raBHOe 3HAUYEHHE
MHTErpasga PaBHO w(T), TAK 9TO MMeeM

Ot (z) + Q (2) = 2w(x), (30.5)
QO (z) — Q (z) = 2inp(x). (30.6)

Takum ob6paszom, 3azada o pemennn ypasaenus (30.2) skBuBa-
JIHTHA 3ajade 06 OThICKaHWU aHaguTHIeckoit dyuxmun 2(z) co
cpoiicrBoM (30.5), mocsie wero p(x) onpenensiercs 1o (30.6). Ilpu
9TOM (PuU3NIECKUE YCIOBUsST PACCMATPUBAEMON 3a1adu TPEOYIOT TaK-
ke, 94Tobbl 2(00) = 0; 9TO CJIeAYIOT U3 TOTO, YTO BJIAJU OT CUCTEMBI
JUCTOKAIUi (& — $00) HANPSKEHUs Oy JOJAKHBI OOPAIIATHCS B
wy1b (1o ompenerennio (30.3), BHe orpeska (a1,a2): Ozy(z) = —
—DQ(x)).

PaccmoTpum cHavasia cirydaii, KOrjia BHENTHUE HANPSIKEHUsT OT-
cyrcrByor (p(z) = 0), a AUCTOKAINK CIEPKUBAIOTCS KaKNMUA-JIHO0
npensitcTBuAME (1edeKkTaMy peleTki) Ha KOHIaX orpeska (aj,ag).
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Ipu w(z) = 0 umeem uz (30.5): QT (z) = -0 (z), 1. e. bynkmusa
Q(z) nomxkHA MeHATH 3HAK NPU 00X0]e KaxKJIOi U3 ABYX TOYEK aq,
G9. DTOMY YCJIOBHIO YIOBIETBOPsieT JTE00ast (DYyHKIIUS BUIA

P(z)
Qz) = , 30.7
(2) (a2 — 2)(z —a1) ( )
rae P(z) — nomunom. Yenosne xe Q(oc0) = 0 dukcupyer (¢ Tod-
HOCTBIO JI0 OCTOSIHHOTO Ko3(bduimenta) Bbibop P(z) = 1, Tak 1ro

Q(z) = L . (30.8)

(a2 — 2)(z — a1)

Taxoit ke Buj Oyaer umersb, cornacao (30.6), u uckomast pyHKIUs
p(x). Oupenenus koaddurmenT B Heil COMIACHO YCIOBUIO

T de =B (30.9)

(B — cymma BeKTOpOB Broprepca Bcex JMCIOKAIN), TIOJTY UM
B

plz) = /(a2 —z) (@ —a1)

MpbI BuinM, 9TO IMCIOKAIUU CKATLTMBAIOTCA 110 HATPABJIEHUIO K IPe-
OATCTBUAM (MPAHUIAM OTPE3Ka) C IIOTHOCTHIO, OGPATHO MPOOPITH-
OHAJILHOM KOPHIO M3 paccTOgHmil 10 HuX. [[o TakOoMy 2Ke 3aKOHY BO3-
pacTaroT npu NpubJIMKEHUN K @] WIN Gy HANPS2KEHUsS BHE OTPE3Ka
(a1, a2); Tak, npu > ay

(30.10)

P BD
W e —az)(az —ar)

Jpyruvu croBaMu, KOHIEHTPAIWsT JUCIOKAINT y IPAHUIBI TPUBO-
JMT K TAKO[l Ke KOHIEHTDAIMN HANpPSKeHW{l [0 JPYTYI0 CTOPOHY
IDAHWIBL.

[IpeamonoKunM Tenepb, 9T0 B TeX Ke yCIOBUAX (IIPensTCTBUs
B 33/IaHHBIX KOHIAX OTPE3KA) MMEETCsl TAKJKe W BHEIIHee IOJIe Ha-
upsizkernit p(x). Obosnaunm uepes Q(z) bynkuuio suga (30.7) u

nepermmmen paserctso (30.5) (pazgemms ero ma Qf = —€y) B Buge

Qf(z)  Q () _ 2w(:£)‘
Qi (@) Q@) Q5 (x)

Cpasnus 510 paserctso ¢ (30.6), ges1aeM BBIBOJ, 4TO
a2
0 _ 1 [ w@) d¢
o) in / T OE—7 + i P(2), (30.11)

ai
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rne P(z) — mnomuaoM. Perienue, yuoBieTBOpsitolee yCIOBHUIO
Q(o0) = 0, noayuum, Beibpas B Kauectse ((z) dynkuumio (30.8)
u nonoxkus P(z) = C (C — koncranta). ckomas dbyskuus p(z)
HAXOIUTCH OTCIOAA, II0 (bopMyﬂe (30.6) u pasHa

pla) =~ f az—s)@—al){—&ﬁ

3
(30.12)

(a2 — z)(z — a1)
IMocrosinnas C onpenensiercst ycaosuem (30.9). U 3mecy p(z) BO3-
pacraer npu T — ay (Wi T — a1) no 3akony (az — )~ Y2, a mo

IPYTYIO CTOPOHY IIPENATCTBAS BO3HUKAET TaKasd 7K€ KOHIEHTDALAS
HaIlPAXKEeHUN.

Ecnu npengrcrere nMeercs TOJIBKO ¢ OJHOW CTOPOHBI (CKarXKeM,
B TOUKE (3 ), TO HCKOMOE DEILEHUE JIOJKHO YIOBJIETBOPSITE YCIOBHUIO
KOHEYHOCTH HANPSKEHUHA PH BCeX I < Gg, BKIOYas TOUKY L = a1
IIPU 3TOM CaMO IIOJIOXKEHUE MTOCIeIHe TOYKM 3apaHee HeU3BECTHO U
JIOJIZKHO OIPEJIEIUThCS B Pe3yabTaTe perieHns 3a1aun. B TepMuHax
Q(z) sro 3nauuT, uro §2(ay) MOMKHO ObITH KOHEUHBIM. Takast GyHK-
st (yI0BJIETBOPAOIas TakKe 1 yeaosuto £2(oo0) = 0) mosyaurcs mo
Toit xxe dopmye (30.11), eciiu B KauecTse y(2z) BLIGPaTH DYHKINUIO

QO(z) = V 22___0;7

Toxe oTHOCsILYOCA K By (30.7), n nomoxurs B (30.11) P(z) = 0.
B pesynbrare mosmyamm

pr) = 22__“; f \/ — (30.13)

IMpu z — a1 p(r) obpamaercsa B Hyﬂb Kak /z —ay. Ilo Takomy
JKe 3aKOHY CTPEMUTCS K HYJIIO C JPYTOil CTOPOHBI TOUKH G TIOJHOE
HAIPsIKEHUE 0gy(2) + p(T).

HakoHer, mycTh IIpensiTCTBUst OTCYTCTBYIOT B O00MX KOHIAX OT-
pe3Ka U JUCIOKAIUN CIEPKUBAIOTCS JIMIIb BHEITHUMH HAIIPSIKe-
musmu p(z). Coorsercreyromee 2(z) momyunm, monoxus B (30.11)

Qo(2) = \/(az — 2)(z — ay), P(z)=0.

Onnako ycinosue 2(00) = 0 Tpebyer mpu 9TOM COBIOIEHUST JTOTIO-
HUTETHHOTO yeaoBust: npoussens B (30.11) npemenbHbiil mepexom K
Z — 00, HalljleM

a2

w@ds (30.14)
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Uckomas dyukuums p(x) maercs dopmyioii

p(z) = = (ag —x)(x — aﬂf = —WS()g — sci&x, (30.15)

IpudeM KOOPAWHATHI 41, G2 KOHIIOB OTPE3KA ONPEIEITIOTC YCIOBU-
mu (30.9) u (30.14).

3agaua
Haiitn pacupemesmenve muciiokamuii B OZHOPOIHOM IIOJIe  HAITPSZKEHUA
(p(z) = po) Ha yUacTKe ¢ MpensTCTBHEM HA OJHOM WJIM Ha 0OOMX KOHIAX.
Pemenue. B ciyuae npenstcrBus Ha OZHOM KOHIE (a2) BBIUUC/IEHNAE HH-

rerpana (30.13) naer
Po T —ai
T) =y [ —
plz) 7D\ as —x

U3 ycnoeus xe (30.9) ompenessiercst AJIMHA yYaCTKa PACIOIOXKEHUs] JUCIOKA-
umii: a2 — a1 = 2BD/po. B6msn mpenaTcTBus, O APYTryIO CTOPOHY OT HETO,
HAIIPsI)KEHUs] KOHIEHTPUPYIOTCS 110 3aKOHY

a2 — ail
Ozy R Pof| —.
r — a2

B cayuae yuacrka (qymHb 2L), OTpaHIYEHHOTO ABYMs IPENATCTBUSIME, BbI-
GupaeM Ha4ajI0 OTCYeTa & B €ro cepeause u HaxomuM mo (30.12)

1 Po
)= ——| =2+ B}.
p(@) m/L? — x2 (D )




Fr'TABA V

TEIIJIOITPOBOJHOCTDb N BA3KOCTD
TBEPIBIX TEJI

§ 31. YpaBHeHUE TEIJIONPOBOJHOCTA B TBEPJBIX TEJAAX

HepasrnomepHast HarpeTocTh TBEPIOH Cpebl He IPUBOINAT K BO3-
HUKHOBEHUIO B Hell KOHBEKIINM, KaK 9T0 OOBITHO HMEET MECTO B KU -
KocTsax. [losToMy mepeHocC Terta OCyIeCTBASIeTCS 3eCh OQHOM TOTb-
KO TeIJIONPOBOJHOCTEIO. B CBS3M € 9TUM TIPOTIECCH TETLIOTPOBOIHO-
CTH B TBEPJBIX TEJIaX OMUCHIBAIOTCS CPABHUTEIBHO 6ojiee MpOCThIMI
YPABHEHUSAMU, YEM B JKUJIKOCTSIX, TJIE OHU OCJOXKHSIOTCS KOHBEKITAEH.

VpaBHeHHEe TEIJIONPOBOAHOCTH B TBEPIOH cpeae MOXKeT ObITb
BBIBEJIEHO HEMOCPEJCTBEHHO M3 3aKOHA COXPAHEHUs] SHEPIUH, BhIPa-
JKEHHOT'O B BH/JIE YPABHEHWS] HEMPEPBIBHOCTH JIJIsl KOJMYECTBA TEILIA.
KosmuecTso Teria, moriomaeMoe B eIUHUIY BPEMEHHU B €IUHUIIE
obbema Tena, papuo T'0S/0t, rne S — sHTpONUS €UHUIBI 00BEMA.
OTa BeIUUUHA JIOKHA ObITH TpupabHena — divq, rae q — IJI0T-
HOCTH TIOTOKA, TeIjia. DTOT MOTOK MPAKTUYECKH BCETA MPOMOPIINAO0-
HAJIEH TPAJIMEHTY TEMIIEPATYPhI, T. €. MOYKET ObITH 3alUCaH B BUIE
q = — »VT (3 — rennonposoguocTh). Takum obpasom,

aa—f = div (>VT). (31.1)

Cornacuo dopmysie (6.4) suTpomnusi MOKeT ObITh 3anucaHa B BUJIE
S = So(T) + Kau;j,

IJle (@ — TeMIePaTyPHBIH KOIMPUIHEHT PACITHPEHNS, & Sy — IHTPO-
nusi Tesa B HenedOPMUPOBAHHOM COCTOsiHMU. Byem npeanosaraTs,
YTO, KAK 9TO OOBIYHO UMEET MECTO, UMEIOIINEC B TeJIe PA3HOCTH TEM-
[EPATYP JOCTATOYHO MAJIbl JJIsi TOTO, YTOObI MOXKHO ObLIO CYATATD
[IOCTOSHHBIMY TAaKWe BEJIMYHWHBI, KaK 2, @ u T. . Torma ypaBHeHue
(31.1) mocsie OACTAHOBKY HANUCAHHOTO [17isi S BBIPAYKEHUST TIPUMET
BUJT

95 4 o KT 2t = AT,

TZ20
ot ot

CorytacHO M3BECTHO#, TEPMOINHAMUYIECKON (HOPMYJIe UMeeM

Cp— Cy = Ka*T.
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IIpousBonuyto 0T Sy MOXKHO HATMCATH KaK

95y _ 950 _ C, 0T

ot 9T ot T ot

(mpomsBognas 05)/0t 6epercs npu uj; = divu = 0, 1. e. mpu mocTo-
STHHOM 00'beMe).

B pesysibrare nosiyanM ypasHeHUE TEILIONPOBOIHOCTH B CIEIY O~
eM BUJIE:

G =€ Givu = %AT. (31.2)
«@ ot

¢, 2L+
ot
Jns Toro 9robbl MOJNYYUTH MOJHYIO CHCTEMY YDaBHEHWii, HaI0
[PUCOEJIMHATE CIOJIA €Ille yPaBHEHWe, Onpe/esdioniee 1edopMariuio
HEPABHOMEDHO HAIPETOrO Tesid. DTUM yDABHEHUEM SIBJISIETCs yDaB-
Henue paBHoBecus (7.8)

2(1 — o) graddivu — (1 — 20) rotrotu = 2a(1+0)

VT. (31.3)
U3 ypasrenusi (31.3) moxker ObITH ONpejieneHa, B IpuHiuie, aedop-
Mallis TeJIa TPYU MPOU3BOILHO 33JJAHHOM PaCIPEIeeHUN TeMIIepa-
Typbl. IlojcTanoBka moydeHHOro TakuM obpasom jist div u BhIpa-
JKeHust B ypasHenue (31.2) npuBeier K ypaBHEHUIO, OMPEIE/ISIONIEMY
pacripesiejieHue TeMIepaTypbl, B KOTOPOM HEM3BECTHON (QyHKIHeit
SIBJIsIeTCs OjiHa TObKO T'(x,y, 2, t).

PaccMoTpuMm, HarpuMep, TEIIONPOBOIHOCTh B HEOT'PAHUIEHHOIH
TBEPIO Cpelie C pacIpe/ie/IeHueM TEMITEPATYPbI, YIOBIETBOPIONINM
TOJIBKO OJHOMY YCJIOBHIO: Ha OECKOHEUHOCTH TEMIIEPATypPa CTPEMUT-
cd K TIOCTOAHHOMY Tipeseny Ty n medopmanysa OTCYyTCTByeT. B Ta-
KOM ciiyvae ypasHenue (31.3) npuBoauT K creyromieil 3aBUCUMOCTH

mexay divu u T (cm. 3amaqy 8 § 7):

. 140 .
dlvu——s(l_o_)a(T To).

IMoncrasmsia 910 BhIpazkenue B (31.2), mosyuumM ypaBHeHHe

(1+0)Cp+2(1-20)C, 0T _ AT
3(2—o0) ot

THUIla IIPOCTOr0 ypaBHEHUs TEILIONPOBOJHOCTH.

VpaBHeHUEM TAKOr0 K€ TUIIA OIMUCHLIBAETCS W PACIPEIEIeHUe
TeMIIEpPaTypbl BJOJb JJIWHBI TOHKOI'O IIPSAMOI'0 CTEPXKHHA, eCIu XO-
Tsi OBl OJIMH W3 €ro KOHIIOB He 3akperuvieH. Pacrpejesenue Temiie-
paTypbl BJOJb KayKJ0I0 U3 IIOIEPEYHBbIX CEYEHUM CTep:KHS MOXKHO
CYUTATH MOCTOSHHBIM, Tak 4To 1" 6yger DyHKIHEH TOIBKO OT KOOP-
JIMHATBI Z BJOJIL €ro Jyinbl (1 oT Bpemenn). Temnosoe paciumpenue
TAKOTO CTEPyKHS IIPUBOUT TOJIHKO K M3MEHEHHUIO ero JIJINHbI 6e3 u3-
MEeHEHUs TPAMOIMHERHO# hOpMbI U 6€3 BOBHUKHOBEHNA BHY TPEHHUX

(31.4)
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HANpsKeHUH B HeM. ZICHO 1mo3ToMy, uro mnpousBogHas 0S/0t B 06-
mem ypasaernu (31.1) momkaa 6GpaThCs MIPU TTOCTOSTHHOM JABJIEHNN,
u ockonneKy (0S5/0t), = Cp/T, T0 pacupeesenne TeMIepaTyper 6y-
JIET OTUCBHIBATHCST OJHOMEPHBIM YPABHEHHEM TeILIONPOBOIHOCTH
or T
p— = H—.
ot Ox?

Hamo, Bupodem, OTMETHUTE, 9TO C TPAKTHIECKHU TOCTATOTHON TOU-
HOCTBIO paCIpejie/IeHne TeMIIEPATYPHI B TBEPJOM Tele MOXKET BCET-
JTa OTPEeTIThCS MPOCTHIM YPABHEHUEM TeTLIOMpOBoAHOCTH. Jleo B
TOM, 9TO BTODPOIl WjeH B JieBoii Yactu ypasHenus (31.2) npezacrasis-
er coboit nonpasky nopsiaka (Cp, — Cy)/C, M0 CPaBHEHHIO € MEPBLIM
wienoM. Ho y TBepabIX Tesr pasHUIa MEXK/ly Pa3IuIHBIMU TEILI0eM-
KOCTSIMA OOBITHO BECbMa MaJia, W €CJIU MPEHeOPeraTh e, TO ypaB-
HEHUE TEeIIONPOBOIHOCTH B TBEPJIBIX TeJIaX MOXKHO BCEIJia MHCATh B
BUJIE

9T _ VAT, (31.5)
ot
rjie X — €CThb MeMNepamyponposodHoCcmy, OTIpeIeaaeMas KaK OT-
Hoterre kKoadduimenTa » K HEKOTOPOH cpenneit TemmoemMkoctu C
ennHATEl obbema, X = ¢ /C.

§ 32. TenI0ONIPOBOAHOCTH KPUCTAJLIIOB

B anmsoTpomnnoM Tese HATpaBIeHne TOTOKA TETLIa ¢ He JI0KHO,
BOODIITE TOBOPS, COBIIAIATE C HATPABJIEHNEM TPAJNEHTA TEMIIEPATY-
pol. [TosTomy BMecTo dopmysibl q = —x AT MeXIAy q U IPagHeHTOM
TEMIIEPATYPHI B KPUCTAJLIE MMEeT MeCTo Gosee 00TIas 3aBUCHMOCTD

Qi = —Hif— (32.1)
a.'l}k
Tenzop BTOpOTO panTa 3¢, HALIBAIOT TEH30POM TEILTOTPOBOIHOCTH
kpuctasia. COOTBETCTBEHHO ITOH 3aBUCHMOCTH YPABHEHUE TETLIO-
nposozanocru (31.5) Toxke Gyaer uMers Gostee 06wt Buj
or o’T
C— =my——.
ot Oxi Oxy
Ten30p TEILIONTPOBOIHOCTH CHMMETPUYIEH:
My = M. (32.3)

DTO yTBEPKIEHNE, K JIOKA3ATEIHCTBY KOTOPOTO MBI TENEPD Tepeii-
JIeM, ABJIACTCA CIEICTBAEM MPUHITAINA CAMMETPUH KHHETHIECKUX KO-
s dunuenton (cm. V, § 120).

CKOpOCTb  yBEJIMYEHWsl TOJHON SHTpOmMM Teaa  Oarogapst
HEeOOPATHMBIM MTPOLECCAM TEILIONPOBOAHOCTH PaBHA

Snonz—/%dV:—/div%dV—i—/Qgrad%dV.

(32.2)
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Ilepsoiit naTerpas, 6yay4uu npeodpa3oBaH B MHTETPAJI IO MTOBEPXHO-
ctu, ncuezaeT. Takum 00pa3oM, MOy IaeM

Snon = /QV% dVv = —/ quQT dV,

g o _ [ 1,97
Ston = / T2 qi 021 dV. (32.4)

B coorBercTBUM ¢ 00IMM OmpejeieHeM KUHETUYECKUX Kod(hdu-
IUEeHTOB 1) MBI MOeM Ha ocHoBanuu (32.4) caeTaTh BBIBOI, YTO B

JAHHOM CJIydae TAKOBBIME SB/IAIOTCH Kosbdurmentsr T2, B cOOT-
HOTIIEHUSIX o7
g = —T%s (L—> :
T? Oxy,
ITosToMy U3 cuMMeTpUU KUHETHYECKUX KOIDDUITUEHTOB HETOCPe-
CTBEHHO CJIeJIyeT MCKOMOe cooTHomenue (32.3).
Ksagparuunaa dpopma
9T _ 9T or
(h (91‘1 ik 8.’E, a.tk
JIOJI2KHA, OBITH CYIECTBEHHO TOJIOXKUTEIBHON, MOCKOJIBKY TOJI0XKHU-
TeJIbHON JIOJIZKHA ObITH Npou3BojHAs (32.4) OT SHTPONMU TIO Bpe-
MEHU. YCJIOBHEM CYIIECTBEHHOW MOJOKUTETBHOCTA KBAIPATUIHOM
dOpMBI siBJIFETCs, KAK U3BECTHO, TIOJIOYKUTEIbHOCTD TVIABHBIX 3HAYE-
HU MaTpuIsl ee Koaddunmentor. IlosTomy Bce TyIaBHBIE 3HATEHUS
TEH30Pa TEIIOIPOBOIHOCTU ), BCEIJIa MOJOKUTEJbHBI, YTO, BIIPO-
4eM, OYeBHJHO W W3 MPOCTHIX COOOparKeHUl O HANPABJIEHUU TeILIO-
BOI'O TIOTOKA.

Yucmo pa3anyHbIX HE3ABUCUMBIX KOMIIOHEHT TEH30Da 3k 3aBU-
CUT OT CUMMeTpuu Kpucrajia. [IocKoIbKy TeH30D i, CHMMETPUYEH,
9TO YHCJIO TAKOE Ke, KAK Y CHMMETPUYHOI0 TeH30pa BTOPOI'O0 PaHTa
ik, (Tenzopa TersioBoro pacimpenust; cM. § 10).

nJjim

§ 33. BsaskocTh TBEpPABIX TeJI

IIpu nzydenun JBUKEHUS B yIPYTHUX TEIAX MbI JI0 CUX MO CYU-
TaJIM, 9TO MPOTECC TeOPMUPOBAHUST TPOUCXOAUT OOPATUMBIM 00-
pasom. B neficTBUTEIEHOCTH TIPOIIECC TEPMOIUHAMUYIECKN 00pATHUM,
TOJTBKO €CJIM OH TIPOUCXOJUT C DECKOHEYHO MaJioii CKOPOCTBIO, TaK
YTO B KaXK/IbI{ JJAHHBIII MOMEHT B T€JI€ YCIIEBAET YyCTAHOBUTHCH COCTO-
siHUE TEPMOJMHAMMYECKOI0 paBHOBecus. PeajibHOe JIBUXKEHUE IMPO-
MCXOJIUT, OJTHAKO, C KOHEYHO! CKOPOCTHIO, TeJIO HE HAXOJAUTCA B KaXkK-
JIBIN JIAHHBI MOMEHT B PABHOBECHUU, M TOITOMY B HEM POUCXOMIAT

1) Ucnonesyercs onpenenenne B dopme, nauHoii B VI, § 59.
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MIPOIIECChI, CTPEMIIINecs: MPUBECTU €r0 B PABHOBECHOE COCTOSHMUE.
Hanuuune smux mpoIeccoB u MpUBOAUT K HEOOPATUMOCTHU JIBUYKEHUS,
MIPOABJILONIEHCS, B YACTHOCTH, B JUCCHATIALINN MeXaHU4IeCKON dHep-

THI, TIEPEXOISAIIEH B KOHIIE KOHIIOB B TEILIO ).

Huccuranus sHepruu 00yCJI0BJINBAETCS TTPOIIECCAMH JIBYX POIOB.
Bo-nepBbix, n1pu HEOJUHAKOBOCTU TEMIIEPATYPHI B PA3HBIX MECTAX
TeJia B HEM BO3HUKAIOT HEOOPATUMbIE TTPOIECCHI TEIIONPOBOIHOCTH.
Bo-BTophix, eciiu B Tesie MPOUCXOINUT KaKOe-HUOY/Ib BHY TPDEHHEE JIBU-
JKEHUe, TO IMIPOUCKO/ISIT HeoOpaTUMbIE TTPOIECCHI, CBSI3aHHBIE C KOHEY-
HOCTBIO CKOPOCTHU JIBUKEHWS; TU IIPOIECCHI JIUCCUIIAINA SHEPTHUH
MO2KHO Ha3BaTh, KAK U B 2KMJIKOCTHAX, IIPOIECCAMH BHYTPEHHErO Tpe-
HUS UJTU BS3KOCTH.

B GonbmmrCcTBE CyvaeB CKOPOCTh MaKpPOCKOIUIECKOTO JTBUYKE-
HUsl B TeJie HACTOJIBKO MaJia, YTO JUCCUIIAINS SHEPIUY HEZHAYNUTEb-
ma. Takuwe «mouru oOpaTUMBIE» ITPOIECCHI MOTYT OBITH ONMHMCAHBI C
HOMOIIIBIO TaK Ha3bIBaeMoil quccunarusaoil dyukipn (cm. V, § 121).

Vmenno, ecim MMeeTCss HEKOTOPAasi MEXaHUYeCKas CUCTEMA, JBU-
JKeHIe KOTOPOH COMPOBOKIAETCA ITUCCUTIAIINEN SHEPTUU, TO TBUXKE-
HUE MOXKET OBITH OMUCAHO C MIOMOIIBI0 OOBIYHBIX YPABHEHUI JBUXKE-
HUS, B KOTOPBIX HAJ0 TOJTBKO K JEHCTBYIOMINM HA CHCTEMY CHJIAM
JTO0ABUTH QUCCUNAMUBHBIE CUABL TIH CUAbL MPEHUA, SBIIIONTIECS
JINHEWHBIMU (DYHKIUAMU CKOPOCTEH. DTHU CUJAbI MOT'YT OBITH IIpE]I-
CTaBJIEHBI B BUJIE TTPOM3BOIHBIX 110 CKOPOCTSIM OT HEKOTOPOI KBaIpa-
TUIHON (DYHKITUH CKOPOCTEN, HA3BIBAEMOH JTUCCUTIATUBHON (DYHKITH-
eit R. Cwia Tpenus f,, COOTBETCTBYIOIAs KaKOH-HUOY b U3 0000-
IEHHBIX KOOPJUHAT (, CUCTEMBI, UMEET TOT/IA BUJ

a — T . ¢
04a
HuccunatuBaasi (pyHKIUS ABJISETCS CYIIECTBEHHO IOJIOXKUTETHHOM
KB IpATHIHOM popMmoit ckopocTeit ¢,. Hamcannoe cooTHomenme 3K-
BUBAJIEHTHO COOTHOIIIEHUIO

0R == fadda, (33.1)

rjie § R — n3MeHenme TUCCUTTATHBHON (DYHKIINN TPU OECKOHETHO Ma~
JIOM MU3MEHEHUH CKOpocTeii. MOKHO Tak»Ke TIOKa3aTh, ITO yIBOCHHAS
nuccnnatuBHast GyHKIMA 2R ompenenser yMeHbITEHHE MeXaHUdIe-
CKOl 9HEPTUU CUCTEMBI B €JUHUILY BPEMEHH.

Jlerko 0606muTh coornomenue (33.1) ma cayvail JBEZKeHHS C
TPEHUEM B CILIOITHOM Tejie. B 9ToM citydae coCTOsTHIE CUCTEMBI OITpe-
JIeJISIeTCS HeMPEPBIBHBIM PSII0M 000OIIEHHBIX KOOPAUHAT. JTUMHU KO-
ODJIMHATAMU SIBJISIETCS BEKTOD CMEINIeHWs WU, 33JaHHBIN B KaxKI0M

) Ilon mexanuyeckoii sHeprueil 3/1eCh MOAPA3YMEBAETCH CYMMa KMHETUIECKON
9HEePIur MaKPOCKOIMYECKOr0o IBUXKEHUS B YIPYI'OM Tejle U ero NOTeHIUaJIbHO
(yupyroit) sueprum, 00yc/IoBIeHHON HasmaneM fedhOpMalnn.
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rouke Tena. CooTBeTcTBEHHOE 3TOMY CcoOoTHOIEeHHe (33.1) momKHO
ObITH HAIIMCAHO B HHTEI'PpaJJIbHOM BHIE:

§ [RaV =~ [ fidv;aV, (33.2)

rie v = u, a f — nguccunaruBHas cuia, JefCTBYOMIAs Ha eIUHUILY
obbeMa Tejia; 3aMuIeM MOTHY0 JUCCUTTATUBHYH0 (DYHKITHIO BCETO Te-

Ja B BUJE f RdV, rne R — nuccunartuBHast QyHKIUS, OTHECEHHAS

K eIuHuIe odbeMa TeJa.

OnpegenuMm Temepb OO BUJ AUCCATATUBHON dyHKIMT R
i pedopmupyembix Ten. Oyuxuus R, onuchiBaioiasi BHYTpPEH-
Hee TpeHwne, JOMKHA 0OPAIAThCSI B HYJb, €CTH B TeIe OTCYTCTBYET
BHyTDEHHEe JBUYKEHWEe, B YaCTHOCTH, €CJIU TeJI0 COBEPIIAeT TOJIBKO
moCTymaTe/bHOe WM BpAaIlaTe/bHOe JABUMKEHME Kak 1eoe. pyru-
MU CJIOBAMY, JUCCUTIATUBHAsT (DYHKIUS TOJIKHA 00PAIATHCS B HYJIb
npu v = const u npu v = [Qr|. DT0 3HAYUT, YTO OHA JO/DKHA 3a-
BHUCETH HE OT CaMOW CKOPOCTH, & OT €€ TpaJUueHTa, IPUIEM MOXKEeT
COJIEP2KATh JIUIb TaKne KOMOWHAIINN TTPOU3BOJHBIX, KOTOPbIE 00pa-
MATCS B Hy b npu vV = [Qr]. TakoBBIME SIBJISIFOTCST CyMMBI

L= L(0u %)
Vik 2<8$k+81‘i ’

T. e. mpou3BOAHBIC TeH3opa medopManuu 0o BpeMmenu ). Takmm
0bpa3oM, JauccUraTuBHAsST (DPYHKINS JOKHA OBITH KBAIPATUIHON
dyurumei or v;,. Haubosee obruit Bum Takoit yHKITHH:

1
R = 5 MiktmVikVim- (33.3)

Tenzop ueTBEPTOro PAHTA 7kl MOXKET ObITH HA3BAH TEH30POM Bsi3-
KOCTH. DTOT TEH30p 00JIaJ[aeT CJIEIYIONUMI OUEBUIHBIMEU CBOUCTBA~

MM CI/IMMeTpI/II/I 2):
Nikim = Mmik = Mkilm = Nikml- (33.4)

Beipazkenue (33.3) ananorununo uipakenuto (10.1) mast cBobos-
HOW SHEPrUM KPUCTAJIA: BMECTO TEH30pa YIPYrOCTH B HEM CTOUT
TEMePh TEH30D Nikim, & BMECTO U, — TEH30D vj. lloaToMy Bee pe-
3yJIBTATHI, o/TyueHHble B § 10 111 TeH30pa Ajkm B KpUCTAJLIAX PaA3-
JINYHOW CUMMETPUH, B TIOJIHOW Mepe OTHOCATCS W K TEH30DY ikim -

1) Cp. aHATIOrMYHbIE PACCY K IEHUS TI0 TIOBOLY BSI3KOH KUIKOCTH (VI § 15).

2) HanmoMHmM, 4TO CyIIECTBOBAHHE JUCCHNIATHBHOM (BYHKIINH SBIISETCS CIIe-
CTBHEM IPUHIUIIA CAMMETPUN KnHeTnIeckux koaddunmenros Oncarepa. Nven-
HO STOT TPWHIMI TPUBOIUT K NEepBoMy m3 paseHcTsB (33.4) (nnsa ko durnen-
TOB B JIMHEAHBIX COOTHONIEHUSAX (33.7)), SKBUBAIEHTHOMY (HAKTY CylIIECTBOBAHMUI
KBaﬂpang{lHoﬁ dbopwmsr (33.3). DTo GymeT mpaAMO MOKA3AHO TI0 AHAJIOTHTHOMY TI0-
BOZY B .
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B wactHoCTH, B M30TPOIIHOM TeJjie TEH30D 1)kl UMEET BCETO IBE
HE3aBUCHMbIE KOMIIOHEHTH! 1 R MOXKeT ObITh 3allMCAHO B BHJE, aHa-
JIOTMYHOM BbIpazkeHuto (4.3) s ynpyroii SHepruu HW30TPOIHOTO
Tesa:

1 2
R=n (Uik - g(sz'kvll) + gvfl, (33.5)

rae n u ( — nBa Koaddunmenta Bsizkoctu. [lockonbky R — cymie-
CTBEHHO MOJIOXKUTEbHAsT DYHKIHS, KO3 duimenTs! 1), ( TOMKHBI
OBITH TOJIOKUTETBHBIMHA.

Cootrrorenwe (33.2) aHAJIOMUYHO COOTHOIICHHIO, UMEIOIIEMY Me-
CTO JjIsT CBODOIHON yIIPyToil SHEpTHH:

5 [Fav =~ [ Fu;av,

rae F; = 0oy [0z — cuna, 1efcTBYIONIast Ha eJIUHNAILY 00beMa TeJia.
IlosToMy BBIpakenwe /i JTUCCUTIATUBHOM CHJIBI Yepe3 TEH30D Vg
MOKeT OBITh HAITMCAHO HEIOCPEJICTBEHHO 110 AHAJOTHH C TeM, Kak F;
BBIPAXKAETCI YepPe3 Ujk:

80 ,k

fi= =%, (33.6)

Ory
rae JIUCCUIIATUBHBIA TEH30D HAIIpsKeHUN ag 1, OIIPesIeIAeTCs 1oCpei-
CTBOM

OR
Oi = Doy iklmVim- (33.7)

Vder BA3KOCTH B YPABHEHUSIX IBUKEHUsT MOXKET OBITh OCYIIIECTBJIEH,
CJIeIOBATEILHO, TTPOCTO IIYyTEM 3aMEHBl TEH30pa HAIPSKEHUN o B
9THUX yPABHEHUSIX CyMMOMN 0 + 0 .

B uzorponrom Tese

1
Oip = 21 (’Uz'k - g&'kvu) + Coudik. (33.8)

DTO BBIpAXKEHWE, eCTECTBEHHO, (DOPMAIBHO COBMATAECT C BHIPAYKEHN-
eM JJI1d BA3KOI'0 TeH30pa HAlPAXKEHUI B YKUJIKOCTH.

§ 34. IloryiomieHue 3ByKa B TBEPABIX TeJIaX

Koad urmenT mororienns 38yKa B TBEPbIX TeIaX MOXKET ObIThH
BBIUUC/IEH BIOJHE aHAJOTUIHO TOMY, KaK 3TO JETAETCS JIJIsl YKUITKO-
creit (cm. VI, § 79). IIpoussenem 3/1eCh COOTBETCTBYIONINE BBIUHCTIE-
HUS JIJIsT W30TPOTTHOTO TeJTa.

Jluccumnamnumsa MeXaHuIeCKOW SHEPIUU B TeJIe JAETCT CyMMOW

Fhex = —%‘f(VT)QdV—szdV,

r7e TEpPBBI WiaeH 00YC/IOBJIEH TeIIONMPOBOAHOCTBIO, 8 BTOPOH —
BSI3KOCTHI0. Bocnosb30BaBimmch Bbipaxkenuem (33.5), nmeem, takum
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obpazom, (opmyiry

. 1 2
Eyex = ~Z (VT)?dV —2n / / ('Uz'k - 56¢kvu) v —¢ [ v av.
(34.1)

J1ist BBIYUCIEHNS TPAJINEHTa TEMIIEPATYPHI MOJIB3YEMCST TEM, UTO
3BYKOBbIe KOjiebaHus B mepBoM npubsrkenun ajnabarudubl. C 1mo-
MOIIIbIO BbIpaxkenus (6.4) Jyis SHTPOIIUYU 3aIUIIeM yCioBue aaunaba-
TUYHOCTH B BU/IE

S()(T) + Kauy = S()(TO),

roe Ty — Temmeparypa B HemedOpMUPOBAHHOM cOCTOsHUM. Pazja-
rag pasuoctb So(T) — So(Tp) B pan no crenenam T — Ty, umeem ¢
TOYHOCTBIO JI0 WJIEHOB TTEPBOTO TOPSIKA

08y _ C.

So(T) — So(To) = (T — TO)@TO Ts

(T —Tp)
(mpousBoHast 0T SHTpONMHU Gepercsa npu u;; = 0, T. €. IPU TOCTOSH-
HOM oObeme). Takum o6pasom, nmeem

TaK

v

T — T() = — Ugg -
BOCHOJI])3OB&BIHI/ICI) TaK2Ke€ COOTHOLIEHUAMUN

_ C Kan 2 42
K:KH3=—UKM[, — = T G,
Cp p

IEePENUChIBA€M 3TO BbIPpazKE€HUE B BUJE

T Ty = —TC?” (cl? . %c%) wii. (34.2)
p

PaccmorpumM cragasia morsomienne moNepeyvHbIX YIPYTUX BOJIH.
TenonpoBoAHOCTE BOOOIE HE MOXKET IMPUBECTH K IIOTVIOIIEHWIO Ta-
KUX BOJIH (B paccMarpuBaeMoM pubszkerun). JeficTBUTE/EHO, B
roTiepeyHoi BosHe uy; = 0, W moTOMy TeMmIepaTypa B Heil, coryac-
HO (34.2), mocrosiuna. [lycTh HanmpaB/eHre PacipOCTPAHEHUST BOJIHBI
BBIODAHO B KAYeCTBE OCH I; TOTIA

ugz =0, uy = ugycos (kx —wt), u, = ug,cos(kx — wt)
U 13 KOMIOHEHT TeH30pa jedopMalul OTJIUYHBI OT HYJIA TOJBKO

Ugy = _uozyk sin (kz — wt), Uz, = —% sin (kz — wt).
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ByneM oTHOCUTH AMCCHMIIAIIAIO SHEPTUH K eJUHUIE 00beMa Tesa;
JIst cpeiHero (1o BpeMeHM) 3HAUeHUsT STO BeJUUUHBI [IOJTydaeM U3

(34.1)

—_ 4
— _nhw 2 2
EMeX - __Q(UOy + qu)?
2¢c

t
rjae Mbl nojcrasuin k = w/cy. TlomHas xKe cpejiHsis SHEpPrusi BOJI-
HBl paBHA YABOCHHON CpelHell KUHETUYECKON 3Hepruu; OTHOCH ITY
BEJINYMHY TOXKE K €IUHUIE 00beMa, oIy IuM

2
Fnl - 2 2
E = qu = %(on + UOZ).

Koaddurmenr morsomnieHnst 3ByKa OIPENE/IsieTCsT KaK OTHOIIIEe-
HUE CpejHell JIUCCUMAINA SHEPIUU K YIBOEHHOMY CPEJHEMY IIOTO-
Ky 9HEPruy B BOJIHE; 9T BEJUYUUHA OMpPEIe/sdeT 3aKOH U3MEHEHUS
AMILITUTYIBI BOJHBI C PACCTOSTHUEM, YOBIBAIOIIEH MPOMOPIMOHATIBHO
e 7", Takum obpazom, HAXOAUM g KOIMDPUIMEHTA TOTIOMICHUS
MOTIEPEYHBIX BOJIH CJIEYIONTee BBIPAsKeHMe:

_ [P . (34.3)

" 20E  2pcd

B nposonbHoit 3ByKOBOI BOIHE Uy = Ug €08 (KT — wt), Uy = u, =
= 0. Anasiornynoe Buraucienue ¢ nomoinbio dhopmya (34.1) u (34.2)
NPUBOIUT K PE3YJILTATY:

w? (4 ) #To’p*ct ( 403)2
= - {1 -== . 34.4
N= [ S +¢)+ o7 5 (34.4)

O1u GHOPMYIBI OTHOCSITCS, CTPOrO TOBOPS, JIUIh K TOJHOCTHIO
UBOTPOIHBIM aMOpPGHBIM TestaM. 110 mopsiIKy BeTUIHHbl OHU, OJHA~
KO, OTIPEJIE/ISIFOT 3aKOH MOTJIONIEHUS 3BYKa TAKKE U B aHU30TPOITHBIX
MOHOKPHUCTAJLIAX.

CsoeobOpasHble 0COOEHHOCTH TIPEICTABISET TOIJIOIIEHNE 3BYKa B
MOJIMKPUCTA/IMIECKUX Teax. KCau ajinaa BOJHBI 3ByKa A MaJjia 110
CPABHEHUIO C PA3MEPAMU ¢ OTIETBHBIX KPUCTAIIUTOB, TO B KAYKJIOM
KPHUCTAJLIATE 3BYK MOTVIOIIAETCS TaK YKe, KaK OH MOTJIOIMAJCST OBl B
OOBIIOM KPHUCTAJLIE, W KOI(PMUIMEHT MTOTJIONIEHUsT TPOIOPIINOHA-
JeH w?.

Ecnu xe A > a, To xapakTep morsioiieHus Mensiercs. B rakoii
BOJTHE MOXKHO CUUTATH, UTO KAXK/IbIl KPUCTAJLIAT TTOIBEPTAETCS BO3-
JIEHCTBUIO OJTHOPOHO PACIIPEIEIEHHOTO fdaBjenusi. Ho BBUY aHu30-
TPOIUU KPUCTAJUINTOB U IPAHUIHBIX YCJIOBUN HA TTOBEPXHOCTAX UX
COTIPUKOCHOBEHUSI BO3HUKAIOIIAS [IPU 3TOM J1epOPMAITHsT HEOTHOPOI-
Ha. OHa OyJler UCIBITHIBATE CYIIECTBEHHbIE U3MEHeHUsl (M3MeHeHue

MOPSAJIKA BEJIMYUHBI €e CaMOii) Ha MPOTSKEHUNA Pa3MepOB KPHUCTAJI-



192 TEIJIOIIPOBOJHOCTE U BA3ZKOCTH TBEPJBLIX TEJI LV

JINTA, & He HA TMPOTSKEHUN JIJIMHBI BOJIHBI, KAK 9TO OBLIO OBI B OHO-
poxuoM Tejie. [Iia morsomenus 3ByKa CyIeCTBEHHBI CKOPOCTH U3Me-
HeHUs JeOpPMAI ¥ BO3HUKAIINE IPAJIMEHTHl TeMieparypsl. U3
HUX TIepPBbIe OY/IyT UMETH TO-TIPEKHEMY OOBITHBIN TOPSIIOK BEJTHIHU-
vbl. ['paguenTsl ke TeMnepaTyphl B Ipeeiax KaxKa0oro KpUuCTaslIn-
Ta aHOMAJIbHO Besmku. [oaToMy TOrJIONIeHre 3ByKa, 00YCIOBIEHHOE
TEIIOIPOBOSHOCTBIO, OYIET BEJUKO MO0 CPABHEHUIO C MOTJIOIIEHUEM,
CBA3AHHBIM C BA3KOCTBIO, M JIOCTATOYHO BBIYUCIUTH TOJBKO TIEPBOE.

PaccMoTpuM s1Ba pa3snudHbIX Mpene/bHbIX Ciydas. Bpems, B Te-
YeHue KOTOPOI'0 IIPOMCXOJUT BbIpaBHUBaHUE TeMIlepaTyp Ha pac-
CTOSIHUSIX ~ @ IIyTeM TEeILIONPOBOJAHOCTU (BPEMsl DeJIAKCAIUH JJIsi

TeTLIOTPOBOIHOCTH), — TIOpsAaKa Beamauabl a’/y. IIpeamomoxmv

cHauaa, 4To0 w <K x/a’. DTO 3HAYUT, YTO BPEMs PEIAKCAIME MAJIO
[0 CPaBHEHUIO C MEpPUOIOM KojebaHuii B BOJHE, W TMOTOMY TeILIO-
BOE PABHOBECHE B IpeJe/iax KayK/I0T0 KPUCTAJINTA B 3HAUATEIHHOI
CTeneHn yCrueBaeT YyCTaHOBUTHCA; Mbl UMeEEM 3/1eChb AeJI0 C TOYTHU U30-
TepMI/I‘{eCKI/IMI/I KOJ'Ie6aHI/IHMI/I

HyCTL T' — BO3HUKAaIOUME B KPHUCTALIUTE PA3HOCTH TeMIiepa-
Typ, a T} — pa3sHOCTH, KOTOPBIE BO3HUK/IM Obl IPH aauabaTuaeckoM
npotecce. Pacxos Teria myrem TerionpoBoaHOCTH (Ha eIUHUIYY 00b-
eMa) ecTb e
—divqg = »2AT' ~ Z—,

a2

Konuaectso xe Tema, Bblaesomeecd mpu AepOpMaIinm, — MOPsI-

ka Besinuntbl T5C ~ wTjC (C — remnoemkocts). Ilpupasausast stu
JIBa BBIPAXKEHUSI, ITOIYy4UM

T~ T
X
TemnepaTypa UCHBITbIBaeT U3MeHenue ~ 1’ Ha IPOTAKeHUU pas3Me-
POB KPHUCTAJLINTA, TaK 4TO ee rpajuent ~ 1" /a. Hakonern, Tj) Haxo-
JM 13 (34.2), T1e Hal0 TOJIOXKUTE Ui ~ ku ~ uw/c (u — aMmuTyaa
BEKTOPA CMEIIEHNA):
Tapcw
Ty ~ =%, (34.5)
C
(oueHUBasT TOPSIIKK BEJIMYKH, Mbl, €CTECTBEHHO, HE OTJIMYAEM DPas-
JIMUHBIE CKOPOCTHU 3BYKa ¢). C MOMOIIBIO 3TUX PE3YJIBTATOB BBHIYKC-
JISIeM QUCCHIALNIO SHEPIUU B €IUHAIE 00beMa

Buyex ~ _(VT) T (T’>

a

1, PA3/e/UB ee Ha MOTOK SHeprun ¢k ~ cpw?u?, momydnM HCKOMbIi

K03 DUIUEHT 3aTyXaHUS
Ta?pea®

¥~ W ompn w< X (34.6)
xC a?
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(C. Zener, 1938). CpaBHuBasi 9T0 BbIpAsKEHNE ¢ OOBIYHBIM BbIPAZKe-
areM (34.3) u (34.4), MbI MOXKEM CKa3aTh, 9TO B PACCMATPUBAEMOM
C/Iydae MOTJIOIEHNE 3BYKA MOJUKPUCTATAYECKIM TEJIOM MTPOUCXO-
JUT TaK, KaK ecau 661 0HO 00187310 BABKOCTHIO

Ta’p*cta?
~N —

xC

ropaszo 6osblieil, 4eM UCTUHHAsT BI3KOCTb COCTABJ/ISAIONINX €0 KPH-
CTAJLJINTOB.

Jlasee, paccMOTpUM YACTHBIN MpPENeNbHBIN Caydaii, KOTIa
w > x/a®. pyruMu cioBaMm, BpeMs peaKCaIii BeTIKO MO CPaB-
HEHUIO C TIepUO/IOM KoJiebaHuil B BOJIHE, U 33 BPeMsl KaxKJI0r0 IepHo-
Jla He yCIeBaeT TPOM30UTH 3aMETHOE BbIPDABHUBAHWE BO3HUKAIOITUX
npu gedopmarun pazHocTeil TemuepaTryp. boito 661, omHAKO, HEIpa-
BWJIBHBIM CUUTATh, YTO OIPEIEJISIIONINE TIOTJIONIEHHE 3By Ka I'Pa/INeH-
THI TeMIIepaTypbl NOopsiika Beaudnssl 1)) /a. Tem caMbIM MBI y4UTBI-
BaJiu Obl JIMIIB MPOIECC TEIUIONPOBOSHOCTA BHYTPHU KaXKJIOI'O KpPH-
crasmuTa. MexKay TeM OCHOBHYIO DOJIb B JAHHOM CIydae TOKeH
UrpaTh TeraoobMen Mex iy cocepuumu kpucrasiamu (M.A. Heaxo-
suu, 1948). Eciu 6b1 KpUCTALIUTEL ObLINA TEIJIOM30TUPOBAHBI JIPYT
OT JpyTra, TO Ha T'PAHUIE MEXK/Jy HUMU CO3/IaBaJIMCh Obl PA3HOCTH
TEMIIEpaTypP TOTO Ke MOPsIIKA BeJIMIUHbI T(), 9TO 1 PA3HOCTH TeMIIe-
paTyp B IpeJiesax OTJAEIbHOTO KpHCTaainTa. B geiicTBuTes bHOCTH
JKe TPaHUYHbIe YCJIOBUS TPEDYIOT HEIIPEPBIBHOCTU TEMIIEPATYPhI TTPHU
[IEPEX0/Ie YePe3 MOBEPXHOCTH CONPUKOCHOBEHUS] MEXK/Iy KPHUCTAJIIH-
TaMu. B pesynabrare BOSHHKAIOT <«PAaCHPOCTPAHSIONIAECA» OT Tpa-
HUI[ BHYTPb KPUCTALIATA «TEMIIEPATYPHBIE BOJTHBI, 3ATYXATOIIHE

Ha PACCTOSHUU 12
§ ~ (&) .
w

B paccmarpuBaemom criyuae 6 < @, T. €. OCHOBHOM TPaIHEHT TeMIIe-
paTypbl — HOpsiKa BeaudnHbl 1))/ u nMeeT MecTo Ha PACCTOSIHUSIX,
MaJIbIX IO CPABHEHUIO ¢ O0IuMY pasMepamu Kpuctaaauta. CooTBeT-
CTBYyIOIIAA YaCTh 00beMa KPUCTALIATA ~ a2d; OTHOCA ee K MOTHOMY
obbeMy ~ a3, HaifleM CPEeJHIOI0 IUCCUTIAIINIO SHEPTHIL:

= P (Té)2 a?s -~ #Th?

B ~ = ~ .
Mex T as Tad

)

!) HamomHmM, 9T0 eciiv TEILIONPOBOISINAS CPEa OrPAHHYEH? MIOCKOCTHIO
x = 0, u30BITOYHAS TEeMIIepATyPa KOTOPOI M3MEHSETCS IIEPUOJUIECKH 110 3aKOHY

T' = Tie ™", 10 pacupeseeHne TeMIIEPATyPhl B CPEJIE OMUCHIBACTCH «TEMIIEPa-
TYPHOII BOJIHOII»

T' = T}exp [—iwt —A+i)z w/(2x)]
(em. VI, § 52).

7 JI. . Jlangay, E.M. JIudimuny, Tom VII
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Honacrasus ans T seipazenne (34.5) u pasaems wa cE ~ cpw?u?,

MIOJTYIUM UCKOMBIH KO3(DMUIMEHT MTOTJIOMIEHU ST

To’pe
v 22 S mpr w > X (34.7)
aC a?
OH OKa3bIBAETCS POTIOPIIAOHAIBHBIM KOPHIO U3 YaCTOTHI |).
Takum obpazom, KOIMPUITHEHT TOTJIOMIEHU 3BYKA B ITOJIUKPHU-

CTAJITMIECKOM Tejle TP CaMBIX MaJIbIX gacToTax (w <K x/a?) Mme-

HAETCA Kak wQ; zaTeM B obsacTu X/a2 < w K c¢/a oH MeHsieTcs

IPOIOPUHOHANBHO w'/2, a npu w > ¢/a k03bdUIMIEHT TOTTIONeH s

CHOBa, TIPOIIOPIIHOHAJICH W?.

AmnasornaHbie COOOPAKEHNST OTHOCITCS U K 3aTyXAHUIO TTOTIEPed-
HBIX BOJIH B TOHKUX CTEPXKHAX U IIACTHHKAX. Ecsi h ecTb Tosmmua
CTEPXKHS WM IJIACTUHKY, TO IPH A > h CyIIeCTBeH I'DaJUeHT TeM-
[IEPATYPHI B IMONEPETHOM HANPABJIEHUN U 3aTyXaHUE 0OYCJIOBJIEHO B
OCHOBHOM TeILJIONPOBOIHOCTEIO (CM. 3a1adn 91oro naparpada). Ec-

JIN IIPUA 9TOM BBIIIOJIHACTCA HEPABEHCTBO W K X/ h2, TO KoJiebaHus
MOXKHO CUUTATh U30TCPMUYCCKUMHU; [IOITOMY IIPU OLPENeICHUN, Ha-
pUMep, 9acTOT COOCTBEHHBIX KOJeOAHW CTEPXKHS WU TJIACTUHKH
HaJ0 B 9TOM C/Iydae II0JIb30BATHCA U30TEPMUYCCKUMU 3HAYCHUAMU
MOAyJiell yOpyroCTH.

3amauu

1. Onpenenuth K03bbUIMEHT 3aTyXaHHs TPOJOJIbHBIX COOCTBEHHBIX KOJIE-
GaHMit CTEePXKHS.
Pemenue. Koaddummenr 3aryxanus Kosebanuii CO BpeMeHEM OIIpeeisi-
€TCd KaK _
[Bvcex
B=-"—=;
2F
aMILIMTY A KoaeGaHuil yBhiBAeT CO BPEMEHEM IIPONOPLIHOHAILHO € !,
B mposonbHO#L BOTHE B KaXK/I0M MaJIOM y9aCTKe CTEPIKHS IPOUCKOIUT IIPO-
CTOE PACTSIKEeHMe HJIH CXKATHE; KOMIIOHEHTHI T€H30Da Ae(OpMAIIK
auz auz

;  Uzz = Uyy = —0ap s
0z 0z

IpH 3TOM U, = ug cos kz cos wt, rae

Uzz =

w

VEan/p

Beruuciienns, aHaJIOTUYHbBIE IIPUBEIEHHBIM B TEKCTe, IPUBOASAT K CJIELYIOIEMY
BBIPAXKEHUIO I8 KO3(DDUIMEHTOB 3aTyXaHUS:

_ w_z{z 3¢} — 4c? n ¢et %szaz}
20 \3(G - | ( —)BG —4c) | 903

Bumecto Ean, 0axg MBI BBEJIU 37€Ch CKOPOCTH ¢, C+ COIJIACHO popmymnam (22.4).

B

1) Takoit e 9aCTOTHO 3aBUCHMOCTEIO XapaKTepU3yeTcs IOIJIOIeHNe 3ByKa,
PACIIPOCTPAHSAIOMErOCH B XKUAKOCTH WA B Ta3e BOJIM3H TBEPAOH CTeHKH (HAIpH-

Mep, 1o Tpy6e); em. VI, § 79.
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2. To xe 1j1st TPOTOIBHBIX KOIEOAHMI TLIACTUHKH.

Pemenmune. JIsl BOJTH C HaIlpaBJIeHWeM KojebaHuil, mapaJjiielbHbIM Ha-
TPABIECHUIO BOJIHI)IZ{OCI/I Z), IMEeM CJIEAYIONHUe OTJIMIHBIE OT HyJIS KOMIOHEHTHI
TeH30pa gedopMarium:

Oug oan Oug
gy = y Uz = ———— —
Oz 1—o0an Ox
(cm. (13.1)). CxopocTh pacIpoCTpPaHEHUs. STUX BOJIH DABHA
|: Ea,'q :| 1/2
P(l -0 ;21;()
Berducienne IpuBOIUT K Pe3yJIbTaTy:
5= w_Q{Q 3¢t + 4ct — 6cic? ¢e? #Ta?p?(1 4 oapn)? }
20 L3 i3 (cF —c}) c(cf —c) 9C2 .

Jlj1st BOSTH ¢ HampaBJIeHWeM KOIe0aHW, EePIEeHINKY/ISPHBIM HAIIPABICHIIO
Boustebl, u;; = 0 ¥ 3aryxaHue 06yCIOBIEHO OJHON TOJILKO BSI3KOCTHIO 7). Koaddu-
IMEHT 3aTyXaHusd JJIs TAKUX CIydaeB BCerga onpemnensercd hopMmyJion

_ W’

2pc?
K sTM ciaydasiM OTHOCHTCS TaKKe W 3aTyXaHWE KDPYTUIbHBIX KOjaeOaHWil B
CTEPKHAX.
3. Onpenenmmrs K03DOUIMEHT 3aTyXaHUS [TOIIEPEIHBIX COOCTBEHHBIX KOJIe-

Gammit cTepxHA (C YACTOTAMM, yIOBICTBOPAIOMIMY YCIOBMIO w > x/h?, h —

TOJIIMHA CTEPIKHS).
Pemenue. OCHOBHYIO POJIb B 3aTyXaHUU UTPAET TEILIONPOBOAHOCTH. Co-
riacuo § 17 umeeM B KaxK/I0M 31eMeHTe 00beMa CTePKHS
T T
Uzz = —; Ugx = Uyy = —0Oang—

R R

(u3ru6 B TUIOCKOCTH 2); ipH w > x/h? xomeGamms agmabarmwamsr. [Ipn crabom
m3rube pagmyc xpusmsesl R = 1/X", Tax arto

ui; = (1 — 20a7) zX"

(mrpux o3magaer muddepernuposarue 1o z). Hambosee GbicTpoe W3MeHe-
HHUE TeMIepaTypa HCIbITBIBACT B HAIIPABJI€HUUW IIONEPEK CTEPZKHA; IIO3TOMY

(VT)? = (0T/0x)*. C momompio (34.1) u (34.2) momydaem s cpesmeit muc-
CUTIAII SHEPIrUr BO BCEM CTEpXKHE

_%TaQE;?mS f X7 4y
9C2

(S — mnomazap cegenns crepxkus). CPemHION MOTHYIO YHEPIHI0 MOKHO HANTH
KaK YIBOEHHYIO ITIOTEHIINAJIbHYIO SHEPIUIO:

Eanl, [ X7 d.
OKoHYaTEeIHHO MOIYYnUM /1Jist KO3 HUIMEHTa 32Ty XaHUS
4= %Ta2SEa;[
181,C}

7*
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4. To e ma omepevdHbIX KOAeOAHMI VIACTUHKY.
Pemenne. Cormacuo (11.4) mveeM B KazKI0M /1eMeHTe 00bEMa ITIACTHHKA

1—20an  0°¢
1- gan 6272

Ujj = —

(u3ru6 B UIOCKOCTH 22). Jdnccunanmio sHeprumn Haxoaum 1o Gopmysaam (34.1) n
(34.2), a mommy™0 CpemHIO 3HEPrUI0 — yaBamBas Beipaxkenne (11.6). Koadbdn-
IUEHT 3aTyXaHUA PaBeH

g 25T’ Ean 1 + 0an _ 23Ta’p (3¢] — 4c})’c}

3C2h? 1—oan 3C2h? (¢ —cP)c?

5. OnpenenuTh W3MeHEHHE COOCTBEHHBIX YaCTOT IOIEPEYHBIX KOJIeOaHUi
CTEpKHSI, CBSI3aHHOE C HeaauabaTuvHOCTHIO Kostebauuii. Crep:kens umeer op-
My ,HJII/IHHOfI IIJTACTUHKHW TOJIITUHBI h HOBerHOCTb CTEPZXKHA TIPEanojaaracTca
TeIION30IUPOBAHHOMN.

Pemenune. Ilycrs Tan(z,t) ecTh pacupeesieHrne TEMIEPATY DL B CTEPXKHE
npu agmabaTuaeckux konebanusax, a T (x,t) — HCTHHHOE PACTIPeIeNeHne TeMITe-
parypsl B HeM (£ — KOODJMHATA BIOJIb TOJIIIMHBL CTEPIKHS; U3MEHEHNEM TeMIIe-
PATyPBI BAOJIb IIOCKOCTH Y2 TIperebperaeM Kak 6osree MeyeHAbM ). I10CKOMbKY
npu I = Ty TenmooOMeH MeXKIy OTIEIbHBIMUA yYaCTKaMH Tejla OTCYTCTBYET,
SICHO, YTO yPaBHEHUE TEeIJIOIPOBOJHOCTH JOIXKHO UMeTh BU/

0 o°’T
T~ Tag) = X2
ot Ox?
IIpu nepmonmaeckux KonebaHUAX C IACTOTOM W OTKJIOHEHUS Tan = Lag—To, T =
= T —T, TeMmepaTypsl OT CBOET'O PABHOBECHOTO 3HaUeHUs 1 IPOIOPIINOHAIBHBL
e~y MBI mMeeM ) )
no W iw
+ —7 = —T an
X
(mTpux ozmaaer muddepernmposanme 1o ). IlockombKy Tasx, cormacuo (34.2),
[POIOPLIUOHAIBHO U], & KOMIOHEHTHI ;5 NPONOPUHUOHANbHBL = (cM. § 17), 1O
Tag = Az, rme A — IDOCTOSHHAS, KOTOPYIO HET HAIOOHOCTH BBEIUUCIATH (OHA
BBIIIaJa€T U3 OKOHYATEJIbHOI'O OTBeTa). Pe]lIeHI/Ie YpaBHEHUA
7+ E7' = gA:L‘
X X
¢ rpaETIHBIM yetosreM 7' = 0 ipu & = £h/2 (TIOBEPXHOCTH CTEPIKHS TETLION30-
JIIPOBaHa) ecThb

sin kx w
=A — ), k=040, /—.
’ (x kcos (kh/2) ) (1+9) 2x

MomenT M, cu BHYTDEHHHX HANpPsXKEHUH B U30IHYTOM crepxHe (u3rub
B IUIOCKOCTH £Z) CKJIAAbIBAETCS U3 M30TepMudeckoil yactu My ys (MOMeHT mpu

M30TePMUIECKOM H3THOe) U U3 JaCTH, CBS3AHHON C HEDABHOMEPHOI HAI'DETOCTHIO
crepxkud. Ecm My an ecTb MOMeHT mpu ammabaTmdecKoM m3rube, TO IPH He
BIIOJIHE 3 MabaTHYecKOM IIPOIIecce JOIOMHUATEIbHAA JaCTh MOMEHTa, yMEeHbIIa-
eTcs 10 CPABHEHUIO ¢ BesmunHOM My an — Myu3 B OTHOmeHUN

h/2 h/2
1+ flw)y= [ 27dz J zragdz.
—h/2 —h/2
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Onpenenss npu IPOU3BOIBHON YacTore w Moaysb HOura E, kak koadbdunmeHt
npornopuuonanabroct Mexay My u Iy /R (cm. (17.8)) u 3amedast, uro Eany —

— E = E*Ta”/(9C,) (cm. (6.8); E — usorepmudeckuit Moy FOura), Moxkem
HAIINCATh: To?

E,=E+[1+ f(w)] EQE.

Boruncienne maer ans f(w) BeIpazkeHue
24 (kh kh
= — —tg— .
fo) = (- )

IIpn w — oo mosy4aeM, KakK U JOJKHO ObLI0 ObITh, f = 1, Tak ut0 Eo = Eay,
ampuw =0 f=0u Eg =F.

YacTtoThl COGCTBEHHBIX KOJIe0aHWI TTPOMOPIMOHAIBHBI KOPHIO W3 MOYJIst
Omra (cm. 3amaam 4-6 § 25). IlosTomy mmeem

ETa2]
18C, |’

Tie wo — 3HaYeHUs COOCTBEHHBIX YACTOT IIPHU TOJHON aanabaTUIHOCTH KOreba-
mHit. DTO w KoMTIIeKcHO. Pasmensds neficTBUTeIbHYT0 T MEIMYIO 9acTh (w = w'+
+ i), moIyIaeM OKOHYATENIBHO [IjIsi COOCTBEHHON YaCcTOThI

ETa® 1 shg—sing]
3C, &3 ch& +cosé

w = wo [1+f(w0)

w' = wo [1—

u J1s Ko dunmenTa 3aryXxaHust
5= 2ET o’y [1 1 sh§+sin§]
3Cph? € ché+cos¢]’
rue BBeseHo obosnadenue & = h(wo/ 2x)1/ 2,
IIpm Gosbmx 3HAYEHUsX £ YaCTOTA W CTPEMUTCS, KAaK U CJIEI0BAJIO, K Wo, &

K03bPUIMEHT 3aTyXaHus K
2ET o’y

b=

B COIVIACHU C PE3YJIbTATOM 33Ja49u 3.
Mauibie ke 3HaueHHUs & COOTBETCTBYIOT HMOYTH M30TEPMUYECKUM YCJIOBUSIM;

B 3TOM CJIy4ae
( ETa2> ( E )1/2
wacwo|ll— R wo| — )
18C, Ean

a ko3 dunuenT 3aryxaHust

ET?a%h? ,
B=——ws.
180C, x

§ 35. Ouenp BA3KMUE >KUIKOCTHU

Jlns TunuaHBIX Kugkocrelr ypasaenusi HaBre—Crokca mpume-
HUMBI JI0 Te€X IOp, MOKa TEPUOIbl JIBUXKEHUS BEJIUKU 10 CpaBHE-
HUIO C MOJIEKYJISIPHBIMA BPEMEHAME. JTO, OJHAKO, HE OTHOCUTCS K
OYeHb BS3KUM YKUJKOCTAM. Jlyisi TaKuxX »KUJKOCTEN OOBIYHBbIE THJI-
pPOoAuHaAMUYECKNe YPaBHEHUS CTAHOBATCS HEIIPUMEHUMBIMU y2Ke IIPU
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ropaszio 66sbIuX nepronax jgpukenusi. CyIIeCTBYIOT BA3KUE KU
KOCTH, KOTODbIE B TEUEHUE JOCTATOYHO MaJbIX (HO B TO XKe BPeMs
GOJIBIIKX TI0 CPABHEHUIO C MOJIEKY/ISTPHBIME) TIPOMEKYTKOB BPEMEHU
BeyT cebsi, Kak TBepjble Tesia (HAIpUMED, [VINIEPUH, KaHUMOIIb).
AwmopdHbie TBepBIe Tea (HAIPUMED, CTEKJI0) MOXKHO PACCMaTpPU-
BaTh KaK IIPeJIe/bHBIN CIydail TaKMX YKUJKOCTEH ¢ BecbMa OOJIBIIOiN
BSI3KOCTBIO.

CroiicTBa 3TUX YKUIKOCTEH MOTYT OBITH OMHUCAHBI C/IEIYONIAM
criocobom (npemioxkenubiM Makceeanom). B rederne Mabix mpo-
MEeXXYTKOB BpeMeH: OHHU ymupyro medbopmupyrorcs. Ilocie mpexpa-
meHust epOpMaIM B HUX OCTAIOTCsl HAIPSIKEHUS CIBUTA, 3aTY-
XAIoIIue, OJHAKO, CO BPEMEHEM, TaK UTO 110 UCTEYEHUH JTOCTATOTHO
DOJTBITIOrO MTPOMEYKYTKA, BPEMEHN HUKAKUX BHYTPEHHUX HATPSIKEHUI
B YKUJKOCTU TIPAKTUYECKU He octaercsd. [lycTb T ecTb mOpSIoK Be-
JINYWHBI BPEMEHU, B TEUEHUE KOTOPOTO MPOUCXOIUT 3aTyXaHUE Ha-
npsizKeHuii (7 Ha3bIBAIOT MHOI/[A MAKCBEJLJIOBCKUM BPEMEHEM peJlak-
canun). IIpeanosoKuM, 4To KUIKOCTh MOJABEPTAETCs BO3IEHCTBUIO
HEKOTOPBIX TIEPEMEHHBIX BHENTHUX CUJI, TEPUOUIECKY MEHSFOIIIXCST
co BpeMeHeM ¢ 4actoToii w. Eciu nepuoy 1/w uaMenenust cust BeJuK
[0 CPAaBHEHUIO C BPEMEHEeM pejlakcaruu 7, T. e. wT K 1, 7o pac-
cMaTpuBaeMasi KUJIKOCTh OyJeT BecTu cedsi, KaK ODBIYHAS Bsi3Kast
KUIKOCTh. HanpoTus, npu J0CTaTouHO GOMBIIMX 4acTOTaX w (KOraa
wt > 1) kugrocrs Oyzer Bectu cebsi, KAk aMOPQHOe TBEPIOe TeJIo.

COOTBETCTBEHHO TAKWM <«ITPOMEKYTOIHBIMS CBOWCTBAM paccMa-
TPUBAEMBIX KHUJIKOCTEN MX MOXKHO XapaKTePU30BaATh OJIHOBPEMEHHO
KO3 UIMEHTOM BS3KOCTH 1) U HEKOTOPBIM <«MOJIYJIEM CIBUTAY [i.
Jlerko MmosyduTh COOTHOIIEHUE, CBS3BIBAIOIIEE JPYT C JAPYrOM IIO-
PSIKM BEJUYUH 1), (4 ¥ BpeMeHu pesjakcauuu 7. [Ipu BozueiictBum
MEePUOANYECKUX CHUJI C JOCTATOYHO MAJIONA 4aCTOTOM, KOI/1a X KUJKOCTh
BezieT cebst, KaK OOBIUHAsT, TEH30D HAINPSKEHU OMpeesaeTcst 00bId-
HBIM BBIDAXKEHUEM JIJisl BSI3KUX HAINPSKEHUN B XKUIKOCTH, T. €.

Oik = 2N = —2iNWli.

B obparHOM penebHOM CIydae OOTBIITUX YaCTOT KUITKOCTh Be-
et cebsi, KaK TBEDJO0E TeJIO, M BHYTPEHHUE HAIPSAKEHUS TOJIYKHBI
OTIPENEISIThCs TI0 (POPMYJIaM TEOPUU YIPYTOCTH, T. €. T = 2tk
(peub maer Bce Bpems 0 «jedOpMAaIUsiX YUCTOrO CABUIA», TAK UTO
npeanonaraercs, 9ro wu;; = 0, o5 = 0). IIpu gacrorax mopsiaka
w ~ 1/7 HanpsiKeHus, ONPEJEAIIINECT STUMU JBYMsl BbIPpayKe-
HUSIMU, JTOJI>KHBI COBITAIATH TI0 MOPSIIKY BEJTUIUHBL. TakmM o6pasoM,
umeeM nu/AT ~ pu/N, orkyaa

N~ T (35.1)

DTO U eCTh UCKOMOE COOTHOIIIECHNE.
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BriBenem, nakoner, ypaBHeHUEe IBUMKEHUS, KAUECTBEHHO OMUCHI-
BAIOIllee TTOBEJIEHNE PACCMATPUBAEMBIX Kujkocreit. [jisg sroro Oy-
JIEM UCXOJIUTH U3 HaubO0/Iee TIPOCTOTO TTPEIIOIOKEHUS O 3aKOHE 3Ty~
XaHUsl BHYTPEHHUX HANPsyKeHWH ([0C/Ie MPEKPAIeHUsT JIBUKEHNUs );
UMEHHO, OyZIeM CUUTaTh, 9TO OHO ITPOUCXOIUT IO TPOCTOMY DKCITO-
HEHIINAJIbHOMY 3aKOHY, YEMY COOTBETCTBYET ypaBHEHUE

dow _ _1,
dt T k-
C apyroii CTOpOHBI, B TBEPAOM Tejie ObLIO ObI 05, = 2[4U;, U TOTOMY
doiy, duig
=2
dt H dt
Jlerko BujieTh, YTO ypaBHEHUE
dO’ik 1 duzk
+ —o = 2u——= 35.2
dt - ik w dt ( )

[IPUBOUT K MPABUIBHBIM PE3YJIbTaTaM B 000UX MPEJAeTbHbIX CIIy4a-

X MEJJIEHHBIX U OBICTPBIX JBUKEHUI, & MMOTOMY MOXKET CIyXKUTb

UHTEPIOJAIMOHHBIM yPaBHEHUEM Jjl1d IPOMEXKYTOUYHBIX CIy4aeB.
Tak, /j1a 1MepuoinyYeckoro JBUKEHUS, KOTJA Uj, U O, 3aBUCHT

OT BPEMEHH MOCPeACTBOM MHOKHTEIS e~ ! mveem u3 (35.2)
—iwoji + %Uik = —2iwpiuk,
OTKyzIa
o = %uzk (35.3)

IIpu wr > 1 sra bopmyna gaer o;p = 2uuUk, T- €. 0OBIYHOE BBIpA-
JKeHUe sl TBEPABLIX Tes, a npu w7 K 1

Oik = —20UTWUE = 2UT Usg,

— 00BIYHOE BbIpazxKeHune AJjid KUJKOCTU C BA3KOCTBIO UT.



FrTABA VI

MEXAHUKA YKNJIKNX KPUCTAJIJIOB ')

§ 36. Craruyeckue gedopMaluu HEMATHUKOB

Kunkve KprCTasabl TPEACTABISIOT COO0# ¢ MAKPOCKOIMIECKO
TOYKW 3PEHUs AaHW30TPOIHYIO TEKYUIyIO cpeny. Mexannka 9Tux cpej
HeceT B cebe UepThl, CBOMCTBEHHBIE KaK OOBITHBIM JKUIKOCTSIM, TaK
U yOPYTUM CPEJIaM, U B 9TOM CMBICTE 3aHUMAET TOJOKEHTE, TTPOMe-
JKYTOUHOE MEXKIY THJIPOJUHAMUKON U Teopueil yripyrocTu.

CyIecTByOT pa3/udHble TUIBI KUJIKUX KPHUCTAJIOB. Karero-
DHIO HEMAMUNECKUT AHCUOKUT KPUCTMAAL06 (WU, KAK TOBOPAT /IS
KPaTKOCTH, HEMAMUKOE) COCTABIIAIOT CPEJIbI, KOTOPBIE B CBOEM HeJle-
GHOPMHUPOBAHHOM COCTOSTHUE OJHOPOIHBI HE TOMBKO MaKpO-, HO W
MUKPOCKOTIMIECKH; AHU30TPONHST CPEBI CBA3aHA TOMBKO C aHW30-
TPOTHO¥ opueHTarmei Mosieky B mpocrpancTse (cm. V, § 139, 140).
[omassrortee GOTBITUHCTBO U3BECTHBIX HEMATUKOB OTHOCUTCS K
MPOCTEAIIEMY WX THIY, B KOTOPOM aHH30TPOIHUS MOJTHOCTHIO OMpe-
JTETISTeTCs 3aJaHNeM B KaXK/I0# TOYKe CPEIbl eMHUTHOTO BEKTOPA N,
BBIJIEIATOIIETO BCETO OJTHO M30PAHHOEe HAMPABICHUE; BEKTOD 1 HA3bI-
BaiOT dupexmopom. IIpn 3TOM 3HAMEHWT N W —N, PABTAIATOIHE-
CS JIATITS 3HAKOM, (DU3WIECKN YKBUBAJEHTHBI, TAK UTO BBIJIETEHHON
SIBJISIETCS JIWIIb OIpeJieIeHHast OCh, & JBa IIPOTUBOIOIOXKHBIX Ha-
paBJIeHUsT BIOJIb Hee SKBUBaJeHTHBI. HakoHerl, cBOCTBa 5TOTO TH-
a HEMATUKOB (B KAXKJIOM 3JIeMeHTe WX 0ObeMa) MHBAPUAHTHBI OT-

HOCUTEJIbHO MHBEPCUN — HU3MEHEHHNA 3HaKa BCEX TPEX KOOPAWHAT 2).
HI/I}Ke MBI PaCCMATPUBAEM TOJIBKO 3TOT THUII HEMATUYICCKUX KUIKUX
KPUCTAJLIOB.

Takum obpas3oM, COCTOsTHIE HEMATUUIECKON Cpeibl OMNCHIBAETCS
BaJIaHUEM B KaXKJIOU ee TOUKe Hapsiiy C OOBIYHBIMU JIJIsi YKUJIKOCTH
BeJIMYUHAMU — ILJIOTHOCTU P, AaBJIEHUA P WU CKOPOCTU V — €lle U
AUPEKTOPpa 1. Bce 9THU BEJINYUHBI BXOOAT B KadeCTBE HEU3BCECTHBIX
dYHKIMIT KOOPJIUHAT ¥ BPEMEHU B YPABHEHUSI IBUKEHUsT HEMATHUKA.

B PaBHOBECHOM COCTOAHHNN HeHO,I[BI/I}KHbIIZ HEMaTHUK, HE€ HaXO-
JSIIIUACS T10J] JIefiCTBHEM BHEIIHUX CHJI (B TOM YHCIE CO CTOPO-
HBI OIPAHUYUBAIOININX €r0 CTEHOK ), OJHOPOJIEH: BO BCEM ero obbeme

1) Bra rnasa Hanucana cosmectHo ¢ JIII. ITuTaesckum.

2) HemaTtvku, He vHBapWaHTHBIE OTHOCUTEIPHO HMHBEDCHUU, HEYCTONYIMBHI 10
OTHOIIIEHHIO K AeOpMAIN, TPEBPAIIAIONIEH NX B TAK HA3BIBAEMBbIE XOJIECTEPH-
K — cM. § 43
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n = const. B gedopMupoBaHHOM Ke HEMATUKE HAIPABJIECHUE TUPEK-
TOPa MeJIJIEHHO MEHSIETCs 110 TTPOCTPAHCTBY; MEIIEHHOCTD MOIPa3y-
MEBaeTCs 3/1eCh B OOBIYHOM JIjIsi MAKPOCKOITMIECKON TEOPUU CMBICITE:
XapaKTepHbIE JJIUHBI, Ha KOTOPBIX gedopMariis CyIIeCTBEHHO Me-
HSIETCsI, BEJINKW 110 CPABHEHWIO C MOJIEKYJISPHBIMU Pa3MepaMu, TaK
YTO TPOU3BOJHBIE ON;/OT) TOJKHBI PACCMATPUBATHCS KaK MaJible
BEJTNYMHBI.

B sroit riiaBe MbI 6y1eM OTHOCUTD BCE TEPMOJIMHAMUYIECKIE BEJTU-
YUHBI K eIUHATE 00beMa 1ehOPMUPOBAHHOTO Tea, a He K eIUHUIEe
obbema HeeOPMUPOBAHHOTO, KAk B MPEABLIyINX riaasax. Ompeie-
JIEHHAsT TaKUM 00pPa30M ILJIOTHOCTH CBOOOIHOH 3Heprwu F memaTn-
9eCKOI Cpelibl CKJIAILIBAETCA M3 CBOOOIHON dHEPruu HeaedOpMIpPo-
Baunoro Hemaruka Fy(p,T) u snepruu nedbopmanuu Fy. [Tocaenmss
mpesAcTaBseT coboit KBaIpaTHIHOE MO MTPOM3BOIHBIM OT 1 BBIpAYKe-
uue, obmuit Bug xkoroporo (C.W. Oseen, 1933; F.C. Frank, 1958;
J.L. Ericksen, 1962)

Fij=F—-Fy= %(div n)? + %(nrot n)% + %[nrot n?  (36.1)

(em. V § 140); ormeruM, 9TO Jjisi €IMHUYHOTO BeKTOpa n(r) B CUIY
ToxecTBa Vn? = 0 cpaBeiimBo PaBEHCTBO

[nrotn] = —(nV)n, (36.2)

[O9TOMY TOC/AeHMI dieH B (36.1) MoKer OBITH 3alicaH TaKXkKe U B
skBuBasienTHON dopme K3((nV)n)?/2.

Dueprus (36.1) urpaer B MexaHWKe HEMATUKOB POJIb, AaHAJIOTUY-
HYIO POJIH YTPYTOil sHepruu JedOpMUPOBAHHOTO TBEPAOIO Tesa, 1
HNMEHHO ee CyIIeCTBOBaHME NPUIaeT 3TOI MeXaHWKe HEKOTOPBIE dep-

THI T€OPUH YIPyrocTn b).

Tpu KkBagpaTuvHble KOMOMHAIIMK TPOU3BOAHBIX B (36.1) He3aBU-
CUMBI JPYT OT APYTa: KaxK/1asd U3 HUX MOXKET OBITh OTIMYHA OT HYJIs
IpPU PABHBIX HYJIO ABYX Apyrux. IlostoMmy ycmoBue ycroitamBocTn
HeebOPMUPOBAHHOTO COCTOSIHUSI TPEOYET TONOXKUTEILHOCTA BCEX
rpex kKoddunuenros Ky, Ko, K3 (byHKINEM JIOTHOCTH U TeMIIe-
paTypbl); Mbl OyeM Ha3bIBATH UX MOOYAAMU YNPY20CMU HEMATHKA
(MX HA3BIBAIOT TAK¥XKe MOOYAAMU DPpanka).

YomsaueM, 9To gedOopMaIni, B KOTOPBIX OTANYHA OT HYJId JIUIIb
onxa u3 BeiumuuH divn, nrotn mim [nrotn|, Ha3LIBAIOT COOTBET-

1) HedopmupoBanue KUIKOTO KPHUCTAJIA IPUBOAKUT, BOOGIIE IOBOPS, K €r0
,I[I/ISJIeKTpI/I‘{eCKOﬁ TIOJIAPU3AINN 1 COOTBETCTBEHHO K BO3HUKHOBEHUIO JJIEKTPH-
geckoro nosist (cm. VIIL, § 17); sror adbderT 06braHO0 c1ab, 1 MBI He By1eM paccMa-
TPUBATH €r0 B/JIUAHNE Ha MEXaHUYICCKUe CBOMCTBA cpennbl. MI)I HE 6y,1:[eM TaK>Ke
pacCMaTpUBATh BAUAHUE, KOTOPO€ OKAa3bIBAECT Ha CBOICTBa KUIOKUX KPUCTAJLIOB
BHEIIIHEe MArHUTHOE TI0JIe; BBUJLY QHW30TPONMU MarHuTHON (bakTUIecKu maua-
MaI‘HPITHOfI) BOCIIPUMMYNBOCTU HEMATHUKa MATrHUTHOE II0JI€ OKa3bIBa€T Ha HETrO
OpHUEHTHUpYIOIIee JeiicTBHIe.
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CTBEHHO NONeEpeHviM U32U60M, KPYHEHUEM WJIN npOaOJl/beLM usau-

Gom ). B obmiem ciaydae, KoHeuHO, medpOpMAIist HEMATHKA COILEp-
JKUT OHOBPEMEHHO BCE 9TH TPHU jaeMenTa. Jlys mimocTpannm ux
XapakTepa yKaXKeM TPOCThbie TpuMephl. [IycTh HemaTnaeckas cpea
BAIOTHAET TPOCTPAHCTBO MEXK Ty IBYMsI KOAKCHATHLHBIMY ITATHHIIPH-
TECKUMU TIOBEPXHOCTSIMMU; O, (©, 2 — TMUTHHIPAIECKAE KOOPIUHATHI
C OCBIO Z TIO ocH TWAWHAPOB. Ecim mupekTop n B KaxXJ0# TOUYKe
CpeJibl HaIpaB/IeH BIOAb pajauyca (n, = 1, n, = n, = 0), To ge-
dopmarus npejcrasisier coboil nonepednsit w3rnb (divn = 1/r).
Ecin n manpasiieH B KaXXJ0# TOYKE BIOJb OKPYXKHOCTHU C TIEHTPOM
Ha OCH 2 (nw =1, n, =n, =0), TO MBI UM€EeM YUCTBI{ TPOJOJbHBIH
u3ru6 (rot, n = 1/r). Hakonen, ecau no Tonmuse (0Ch z) MIOCKO-
MApaJIETLHOTO CJIOsT HEMATHKA HATPABICHUE JUPEKTOPA MEHSIeTCS
10 3aKOHY 7, = €0S p(2), ny = sinp(z), n, = 0, MBI HMeeM JefI0 C
quCTBIM KpyuenueMm (nrotn = —¢'(z)).

CreHKHU, OrpaHUIWBAIONINE 3aHUMAEMBIN KUIKOKPUCTALITIE-
CKOIi cpeioit 00beM, U J1aKe ee CBODOIHAs IOBEPXHOCTH OKA3LIBAIOT
Ha CPEeJy OpUEHTUpYIolee Bo3eicTsre (06 9ToM OyIeT TOBOPUTHCS
noapobuee Huzke). [Io9TOMY y2KE caMo HATMYKe TPAHUYHBIX TI0BEPX-
HOCTe# TTPUBOIUT, BOODOIIE NOBOPsI, K JAe(hOPMUPOBAHUIO HEITOIBUAK-
HOM KUJIKOKPHUCTALINIECKON cpeabl. Bo3HMKaeT BOPoC 0 HAXOXK A€~
HUU YPaBHEHU, OTPEIe/ISIONINX 9Ty 1eOPMAINIO; IPYTUME CI0Ba-
Mu — 00 ypaBHEHUSIX, OMPEIEISIONINX PABHOBECHOE PACIIpeeIeHIe
n(r) npu 3ajaHHbIX rpaHndHbIX yeaousx (J.L. Ericksen, 1966).

st 3Toro mexoaum m3 0OOIIEr0 TEPMOIMHAMUYECKOTO YCIOBUS
paBHOBeCHUsI — MUHUMAJIBHOCTH IOJHOW CBOOOIHOW SHEPTUM Tea,
. e. uarerpana [ F'dV, npeacrasisomero coGoit GyHKIHOHAT OT
dyukium n(r). [TockoabKy BEKTOD N eIMHUYHBIH, 3TOT DYHKIIMOHAI

JIOKeH ObITh MHHUMAJIEH HPH JOHOJTHUTENIBHOM yCIoBHE N2 = 1.
Crenys m3BECTHOMY METOJY HEOTIPEIeIeHHBIX MHOXKUTETeit Jlarpan-
2Ka, HaJ0 MOTpebOBATh PABEHCTBA HYJIIO BapHUAIMH

5 /{F - %A(r)nQ} av, (36.3)

A(r) — Hekoropasi dyukiwmst. [TofbIHTErpabHOE BHIDAZXKEHUE 3aBUCUT
KakK oT caMux yHKIUH ni(r), TaK 1 OT WX Hpom3BOAHEIX. meem 2)

6 [Fav = /{am a( o akanl}dv -

OF
/{ 677'1 (aknz) } on; dV + f 3(0kns) on; df. (364)

1) ITo amrmmiickoit TepmuHOMTOrHY: Splay, twist mmm bend.

2) B 5roit TIaBe [yIsi YIIPOIEHHMSA 3aIiCh hOPMYI MBI GyIeM MOIb30BATHCH
[IPUHSATHIM B COBPEMEHHOM JInTepaType KPaTKUM 0003HAYEHUEM OIepaTopa qud-
depenrupoBanusa Mo koopauHatam: 0; = 0/0x;.
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Bropoit uien — unTerpas mo mOBEpXHOCTH TeJIa — CYIIECTBEH JIUIIIh
JUTST HAXOXKJIEHWST TPpaHWYHBIX yciaoBuii. [Tomarast moka on = 0 Ha
IPAHUTAX, HAXOJAUM JI7IsT BAPUAIIMH TTOJTHOM CBOOOIHON 3HEPrUn

6 [ Fav =— [Honay, (36.5)
riae H — BEKTOP C KOMITOHEHTaMH"
N o 6_F _ OF
H;, = Oy on ki FCESE (36.6)

Benmmuawra H urpaer poib 1078, CTPEMAIIETOCA <BBIIPAMUTHY Ha-
[paBJeHus N BO BCEM 00beMe YKUJKOI0 KPHUCTAJIA; €ero HA3bIBAIOT
MOAEKYAAPHBIM TLOAEM.

Ypasuenue ke (36.3) npuanmaer Bu

f (H+ An) dndV =0,

OTKy/Ia BBUJY MPOU3BOILHOCTH BAPHUAINNU 0N HAXOINM ypaBHEHUE
pasuosecust B Bujie H = —An. Orciogma A = —Hn, T. e. npomonbHas
KOMIIOHEHTA, 9TOT'0 ypaBHEHUHA Y/IOBJIETBOPLAETCS 3a CueT BbibOpa A.
TlosTomy dakTmaecku ycoBre PaBHOBECHS CBOIUTCS K TPEOOBAHUIO
KoJuHeapHoCcTH BeKTOopoB H 1 n B KaK 1011 TOYKE CPE/IbI; TPOI0JIb-
Has ke koMmroHerTa H we mmeer dpusndeckoro cmbiciaa. Takum 006-
pa3oM, YCI0BHE PABHOBECHsI MOXKHO 3alMCATh B BUJE

h=H - n(nH) =0, (36.7)

BBes BekTop h, g1 koroporo nh = 0.

Haitnem sBHOE BhIpaskeHre MOJIEKYISIPHOTO TIOJIST, COOTBETCTBYT0-
mero cBoboznoit sueprun (36.1). dus nposenenus auddepeHuupo-
BaHUS 110 Jpn; 3aMedaeM, 9T

divn = aini, I‘Otl n = €jk; 8knz
(F,ZLe €ikl — AHTUCUMMETPUYHBIA €JIMHUYHBIA TeH30p), " 1IO9TOMY

ddivn — 5 0 rotin = e
—a(ﬁkni) 1k _6(3km) ! lki-
B pesyabrare mosyauM s TEH30paA Tg; BHIPAKEHUE
ki = K10, divn + Ko(nrot n)ngey; + Kg[[n rot n]n]l eki- (36.8)

Hanbneitee nuddepennuposanue, coracHo onpejenenuto (36.6),
IPUBOIUT K CJeLyIOIeli T0BOIBHO CI0XKHOM (popMyJIe [Jis MOJIEeKy-
JIIPHOTO TOJISL:
H = V(K; divn) — {Ks(nrot n) rot n + rot (Kz(nrot n)n)} +
+ {K3[[nrot n]rot n] + rot [Ksn[nrotn]|}. (36.9)



204 MEXAHUKA »KUJKUX KPUCTAJIJIOB IJL. VI

I'panuanble yCaoBUS K ypaBHEHHSIM PAaBHOBECHUS HE MOTYT OBITH
YCTAHOBJIEHBI B OOIIEM BHJIE: OHU 3ABUCAT HE TOJBKO OT YIPYToit
suepruu (36.1), HO U OT KOHKPETHOrO DOjia B3aMMOJIEHCTBUSI KU I-
KOCTH C OI'PAHUYUBAIOIICH ee CTEHKOH; 3Ta IIOBEPXHOCTHAS JHEPrud
JTOJIKHA ObLTa ObI OBITH BKJIIOYEHA B TIOTHYIO CBOOOIHYIO SHEPIHIO,
MUHUMAJbHOCTb KOTOPOH OINpenessiioT yeioBusi paBHopecusi. Dak-
TUYIECKU ITU MOBEPXHOCTHBIE CHUJIBI OOBIYHO HACTOJBKO BEJTUKH, UTO
WMEHHO OHM YCTAHaBJMBAIOT HAIPABJEHUE N HA TPAHUIE, HE 3aBU-
cdrmee oT xapakTepa jgedopmaruu B odbeme obpasna. Ecau rpamnnd-
Has TBep/lasd MOBEPXHOCTh aHW30TPOITHA, TO TO HAIPABJIEHUE OKa-
3bIBAETCsI BIIOJIHE OIPEIeJIeHHBIM (MU OJJHUM U3 HECKOJIbKUX BIIOJIHE
onpeJie/ieHHbIX ). Ecim e moBepXHOCTh U30TPONHA (CHOa OTHOCUT-
Csl M Caydail CBOGOIHOI TOBEPXHOCTH), TO OKA3BIBAETCS 3a/aHHBIM
JIMIIB YTOJI MEXKJIy N U HOPMaJibio K moBepxHocTu. Eciau sToT yrosa
paBeH HYJI0, TO N UMeeT BIIOJIHE OIPE/IEIEHHOE HAIPABJIEHUE — 10
HOpMaJIi K TOBepxHOCTU. Kciau ke yroa oTjiu4eH OT HyJisd, TO JIO-
[IyCTUMBbIE HAIPABJIEHUs] N 3AIOJHIIOT KOHUYECKYIO MTOBEPXHOCTH C
OTIPe/IeJIEHHBIM YTJIOM PacTBOPA.

B 1ot mociesnedt curyarun HEOOXOJUMO TIOCTABUTH JIOTIOTHH-
TesibHOE TpaHuvHoe ycaopue. OHO ycraHaBauBaeTcs TpebOBaHUEM
obpalienusi B HyJib TIOBEPXHOCTHOrO uHTerpasa B (36.4) st Bapua-
Uil 0n, TPeJICTABJISIONUX CODON TOBOPOTHI M BOKPYT HOPMAJIU B
KaXKJOlf TOYKE TOBEPXHOCTU C COXPAHEHUWEM YIJia HAKJIOHA K Heil
(1. e. Bapuanuii, He MEHSIIOIUX TTIOBEPXHOCTHON sHeprun). Takast Ba-
puaisi umeer By 0n = [vn]dp, rue v — eJUHUYHbBIH BEKTOP HOP-
MasH, a d¢ — TPOU3BOJILHBIN (B KaxK/0 TOUKE TOBEPXHOCTH) YIOJ
noBopoTa. Hamucas Tak»ke sjaeMeHT 1moBepxXHOCTU B Buje df = vdf,
[TOJTY TUM

§ Thi€imnnnvmpide df =0,
OTKYJia BBU/LY IIPOM3BOILHOCTH 0 CIeIyeT IPAHUIHOE YCIOBHE
ThiCimnPnVmVE = 0, (36.10)
WM, HAIPABHUB OCh Z BIOJb V:
TagNy — TayNg = 0. (36.11)

Haxomer, caenaem erme caemyiomiee 3aMedaHne 1m0 TOBOLY (DUry-
pupytonwx B (36.1) momyseit ynpyroctu. ITocKoJIbKY OHEM BBeJEHbI
KaK KO3(MPUITUEHTHI B CBOOOIHON SHEPIUM, UMH OIPEIESIIOTCS U30-
TepMudeckue gedopmaiuu tesa. JIerko BUAETh, 0IHAKO, YTO Te JKe
K03 PUITMEHTRI OMIPEIETIAI0OT B HEMATHKAX TaKKe U a1nadaTuIecKue
nedopmarun. JleficTBUTEBHO, MBI BUIEN B § 6, ITO IS TBEPIOTO
TeJla Pa3/Indie MEXKJIy M30TEPMUYECKUMU U aInabaTudecKuMu MO-
JyJSMU BO3HUKAET B CUJIy HaJW4usd B CBOOOJIHOM SHEpruu djeHa,
JIMHEWHOTO 110 TeH30pY Jedopmarun. st HEMaTUKOB aHAJIOTUYHY O
POJTB MOT OBI UTPATH YUJIEH, JTUHEHHBIH TI0 TPON3BOIHBIM J;n,;. Takoi
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YJIEH JOJI2KEH ObLI Obl OBITH CKAJISIPOM U K TOMY K€ WHBAPUAHTHBIM
10 OTHOINIEHWIO K M3MEHEHHUI0 3HakKa n. QUeBHUIHO, UTO TAKOW UeH
HOCTPOUTH HEJIb3sl (IPOM3BE/IEHNE NTOt N — MCEBIOCKASD, & €JIiH-
CTBEHHBI HCTUHHBI cKasap div n Mensier 3uak BMecre ¢ n). [To sToit
[IpUYMHE N30TEePMUYECKUE U a/nabaTHYeCKne MOILYTH HEMATHKA COB-
[aJaloT APYr ¢ ApyroM (mogobHO TOMY, Kak 9TO MMEeT MECTO JJist
MOJIYJIsl CIBUTA W30TPOITHOTO TBEPIOTO Tea — CM. § 6). DTH paccyxk-
JIeHUsT MOYKHO CPOPMYJIMPOBATH U HECKOJIbKO WHA4Ye: B OTCYTCTBUE
JIMHEHHOTO dJieHa KBaJparTudHas ynpyrasg sueprus (36.1) asriser-
Cd4 NEepBOI «MaJIOi HOIPABKON» K TEPMOAUHAMUYCCKUM BEJIUYUHAM
HerepOPMUPOBAHHOTO TeJa; B CUJIY «TEOPEMBI O MaJbIX J00aBKAX»
(em. V, § 15), Gyjayun BeIpaskeHa depe3 COOTBETCTBYIOIINE TEPMO/IU-
HAMWYECKHE MepeMeHHbIe (TeMIepaTypy UM SHTPOIUIO), OHA OJIU-
HaKOBa JIJIsi CBOOOJIHOM SHEPIUH U [IJIsl BHYTPEHHEH SHEPIUu.

§ 37. IlpsimosinHeliHbIe JTUCKJIMHAINYA B HEMATUKAX

PaBHOBECHOMY COCTOSIHMIO HEMATHYECKOH CPEZBI TIPU 33 JaHHBIX
IPAHUIHBLIX YCIOBUAX HE 003aTEHHO COOTBETCTBYET BCIOLY Hempe-
pBIBHOE pacnpejienenne n(r), B KOTOPOM BEKTOP N MMe Obl B KazkK-
JIOfi TOYKE BIOJIHE ONPEJEeHHOE HANpPaBIeHne. B Mexanuke Hema-
TUKOB HEOOXOMMO PACCMATPUBATH TakKe U AehOpMAIU ¢ TOJSIMA
n(r), comepKamumMu 0co0ble TOYKU WU OCOOBIE JIMHUU, B KOTOPBIX
HAIpaB/IeHne N OKA3bIBAETCSA HEOMPEIeIeHHbIM. JInHelHbIe 0COOeH-
HOCTH Ha3bIBAIOT QUCKAUHAUUAMU.

Puc. 27

Bo3MoKHOCT BOBHUKHOBEHWS UCKJIMHAIMH MOMXKHO TPOUJLITIO-
CTPUPOBATH MPOCTHIMU TTpUMepaMu. PaccMOTpUM HEMATHK B JJTHH-
HOM IIMJIMHJIPUYECKOM COCYJle, TIPUYeM I'DAHUYHbIE YCJIOBUS TPedy-
10T TIePIIeHINKYISPHOCTH N TOBEPXHOCTH COCy/1a. KicTecTBeHHO 0XKu-
JIaTh, 9TO B PABHOBECHHU BEKTOD N B KAXKJOU TOUKe Oyjer JiexKaTh B
TLJIOCKOCTH TIONEPEYHOTO CeYeHUs IWINH/IPA W HaIPAaBJEH TI0 PaJIu-
YCY B 9TOM ceueHun (Kak 3T0 M300payKeHO Ha puc. 27 a); OYeBUIHO,
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YTO Ha OCH IMJIWH/IPA HApPaB/IeHne N OygeT P 9TOM HEOTIPeIe1eH-
HBIM, TaK 9TO 3Ta OCh Oyjer auckauHanuedi. Ecim ke rpanudnbie
YCIOBHS TPEOYIOT TMapalielbHOCTH HAIlPaBICHUs N CTEHKE COCYIa
B ILJIOCKOCTSIX €T'0 MOIEPEIHOr0 CEYeHMUsI, TO YCTAHOBUTCS PACIPEIe-
JIEHWE C BEKTOPaMU N, JIEXKAIUMKU Be3/€ BJOJIb KOHIEHTPUIECKUX
OKPYXKHOCTEH B 3THUX ILJIOCKOCTAX C IEHTPAMU Ha OCH IUJIMHIPA
(puc. 276); u B 3TOM CIy4ae HAIpPaBIEHHE N HA OCU OyJeT Heompe-
JITIEHHBIM.

D1u Ba MpUMepa — MPOCThIE YACTHBIE CIyYar MPIMOTMHEHHBIX
puckmHanmin. Mbl paccMoTpuM 00IILy0 3329y O BO3MOXKHBIX Pac-
npejiesieHusx n(r) B IpAMOJMHEAHbIX JUCKINHAINAX B HEOIDAHUYEH-
HOIT HeMaTuueckoii cpene. OueBuaHO, YTO pacmpe/esnenue n(r) B ta-
KO JMCKJIMHAIUY HEe 3aBUCHT OT KOOPIAMHATHI BJOJIDb €€ JIJIUHBI, TakK
YTO JIOCTATOYHO PACCMATPUBATH €TI0 B ILJIOCKOCTSIX, MEPIEHINKYISP-
HBIX OCH JUCKJIMHAIUU. ByjeM cauTarh, 9TO U caM BEKTOP N JIEXKUT
BE3JI€ B 9TUX IJIOCKOCTAX. TakuM 00pasoM, Mbl UMEEM JIEJI0 C ILI0C-
KOl 3a1adeil MexaHUKM HeMaTuKoB. HekoTopble obiinre cBoiicTBa pe-
IIEHUST TON 3a/1a91 MOTYT OBIThH BBISICHEHBI yiKe u3 0o0Imx coobpa-
JKeHuit, 6€3 pacCMOTPEHHsl KOHKPETHBIX ypaBHEeHUIl paBHOBECHS.

BeeneM HUIMHIPUIECKYIO CUCTEMY KOOPAUHAT T, ¢, Z C OChIO Z
BJI0JIb ocn jucksmHanun. Kak yxke ormedeHo, pacupezeserne n(r)
HE 3aBUCHT OT KOOpAMHATHI z. OHO He MOXKeT 3aBHCETh TaKyKe U OT
KOOPJIMHATHI 7, TIOCKOJIbKY B MOCTaBJIEHHON 3a/1ade (JUCKIMHAINSA B
HEOIDAHUYEHHOI Cpejie) HeT HUKAKUX MapaMeTPOB ¢ Pa3MEPHOCTHIO
JJIMHBI, C IIOMOIIBI0 KOTOPBLIX MOIJIa Obl ObITH IOCTpOeHa Oe3pas-
MepHas (kakoBoil siBisiercst n(r)) dynkuus nepementoii r. Takum
00pa30oM, MCKOMOE PaCIpeIe/ieHne 3aBUCHT TOJBKO OT YIVIOBOM Ie-
peMeHHOI: n = n(p).

Beemem yrosm 1 Mexjay N M paguyc-BEKTOPOM, IIPOBEICHHBIM
B IJIOCKOCTU z = const B JaHHYHO TOUKY (puc. 28); KOMIOHEHTHI

n JIBYMEPHOTO (B 9TOf TJIOCKOCTH) BEKTOPA 1
Y- ny = cost, ny, =sinp.
———— TlonsipHBIfi yTrOa ¢ OTCYUTHIBAETCSA OT
HEKOTOPOro M3OPAHHOTO HAIPABJICHUS B
ILJIOCKOCTH — TIOJISIPHO# ocu. Beegem Tak-
XKe yro ¥ MexJy n u TOJSIPHON OChIO;
Puc. 28 04€eBUIHO, UTO ¥ = ¢ + 1.

VckoMoOe — peleHue  Onpenessaerca
dyurmueit (). OHO TOIKHO yIOBIETBOPATH yCJIOBHIO (DU3UIECKOIT
OJIHO3HAYHOCTU — TIPU U3MEHEHWU MEePEeMEeHHON ¢ Ha 27 (T. e. mpu
00x0J1e BOKPYT HAYa I8 KOOPAMHAT) BEKTOP N JIOJIZKEH OCTATHCS HEN3-
MEHHBIM C TOYHOCTBIO JI0 3HAKA (M3MEHEHUe 3HAKA, JIOMYCTUMO BBULY

dusnyecKoil SKBUBAJIEHTHOCTH HANPABICHUA N 1 —N). DTO 3HAUUT,
4TO JOJIXKHO OLIThL

9o+ 2m) = I(p) + 27n,
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rje n — HeJI0e WK TOIYIeI0€e MOJTOKUTETHLHOE WM OTPUIATETLHOE
qucno (3madenue n = 0 orBedaer «Hene>OPMUPOBAHHOMY» COCTOS-
o n = const). s dyukuuu (@) = 9 — ¢ umeem orciozna

P(p+2m) =2m(n — 1) + P(p). (37.1)

Yucno n HazbIBalOT undekcom DPpanka TUCKITHAIIN.
Ypaprerue paBHoBecusi (KOTOpoe Oy/eT BBINUCAHO HUKE) OIpe-
JlesisieT TIPOU3BOIHYI0 dip /dp w mMeer BH

W _ 1 (37.2)

dp  f(¢)’
€ro IpaBad 4aCThb HE COACPXKUT HE3aBUCUMON IEepEeMeHHOR ¢ — Kak
CJIEJICTBUE TOTO, YTO YPABHEHUE JIO2KHO OBITH WHBAPUAHTHO IO OT-
HOIIIEHUIO K JIDOOMY ITOBOPOTY BCEH CHCTEMbBI (HEMATHKA ) KaK 11€JI0T0
BOKDYT OCH 2z (T. €. [0 OTHOIIEHUIO K TIPE0OPA30BAHUIO ¢ — ¢ + g );
dbyukuus f(1) nepuoguyHa ¢ NEPUOIOM T, NOCKOIbKY 3HAYEHUs 1
u P + 7 dusndeckn ToXKAecTBeHHBI. OTCIOMA

v
P = Of f(z)dz, (37.3)

r7e TOCTOsTHHAS WHTerPUPOBaHUs BhIOpaHa Tak, uro 1 = 0 npu ¢ =
= 0. [Togcrasus 310 BhIpazkenue B (37.1), Haiizem, 4To

™
- _ 1 1
F=Lffw)de =L, (37.4)
T n—1
npu n # 1 (yepra o3HAYAET yCPEIHEHUE 0 ePUoy (bYyHKIUMN).
Orcroia MOXKHO CIIEIATEH BayKHOE 3aKTI0UEHIE O CAMMETPUN JUC-
21
—~ B
2(n—1)
KPYT OCH 2z YIJIbI 1) MEHSIIOTCS Ha 7, T. €. BCe PACIPEIeIEHIe OCTaeTCs
Hem3MeHHBIM. JleACTBATENIbHO, ¢ YyIETOM MEPUOIUIHOCTH (DYHKITUU
f (%) sT0 IpeobpazoBanne MPUBOAUT K TOKIECTBY

_ o m " Gm _
o+ = bff(x)d:pzbff(x)da:—i— 7:{f(ac)dac=c,0—|—f7r.

KJIMHAIIAN: [IPU TIOBOPOTE BCell KAPTHUHBI HA YIOJ (P9 = 0-

n—1

Takum 06paszoM, B pe3yJibraTe OJHOTO JIMIIL TPeOOBAHNSI OHO3HA-
HOCTH OCh 2z aBTOMATUYECKU OKas3biBaeTcst ocbto cummerpuu (Chy,)
HOpsiIKa

m=2n-1|, n#l. (37.5)

«/ImHuUM TOKay JUPEKTOPA OMPEIETAIOTCI KAK JIMHAN, B KaXkK 10
TOUKe KOTOPBIX daement jymubl dl (dl, = dr, dl, = rdyp) mapase-
sen n. JIuddepennmnanbHoe ypaBHeHne STUX JIMHUIA:

dly _ 1e

dl, e
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dp _
- = tg . (37.6)

OTcrozia BUAHO, B 9aCTHOCTH, UTO CPEIV JUHUH TOKA UMEIOTCS
[PSIMOJIMHEHBIE, HA KOTOPBIX 1) = pm (p — 1e10e Yuc/Io). DT JTUHUH
IPeJICTABIAAIT co00ii 2 |n — 1| paguanbHbIX Jrydeii

T _ _

(p:|n_1|p:(pp, Y=pr, p=0,1,2,...,m—1. (37.7)
I1710CKOCTH MONEPEeIHOr0 CeUeHNs TUCKINHAAN JeJIUTCA STHMU JIy-
YaMU Ha 1M OJUHAKOBBIX, MOBTOPAIOIIAX IPYT JPYyTa CEKTOPOB.

IMepeiigeM K KOHKPETHOMY MOCTPOEHUIO PEIIeHns 1 HeMaTHKa,
sueprus gecbopMaIm Koroporo gaercs dopmysoi (36.1)1).

JI/1s1 TLIIOCKOTO pacipeieieHis MeeM

divn =13 4 ™ _ L cosap(1 + o),
r do r r

rot,n = _ldne | ome lsi]m/)(l + ),
r dp r r

nrotn=20

(' = dip/dp). B cBOBOIHON SHEPIUE OCTAIOTCA TOJIBKO WieHbl ¢ K1
n Ks32):

derdrdgoz—KlzK?’/(l—acos?¢)(1+¢'2)d—idr, a= —gz__i_gi

Murerpan o dr morapudyuyaecku pacxoaurcs. B peanpHbIX 3a-
Jadax OH 00pe3aercsi CBEPXy HA HEKOTOpoOil jymHe R mopsijika Be-
JIMIUHBL pa3MepoB oOpasma. CHuM3y Ke WHTerpas obpe3aeTcs Ha
PaCCTOSHUAX TIOPAJIKA BEJIMYUHBI MOJIEKYJISPHBIX Pa3MEPOB @, TIe
nepectaeT ObITh IPUMEHNMOT MaKpOCcKonndeckas Teopusi. [Ipu ompe-
JeJIeHIN WHTEPECYIONIero HaC PeNrenns Ha paccTodunax a K r K R
MOXKHO CYHUTATh MHOXKHUTETh

L= ﬁzlnE

r a

') Dra samaua pemamace Oceemom (C.W. Oseen, 1933) u ®pasxom
(F.C. Frank, 1958) mus gacTHOro ciydasi HeMaruka, B kKoropom Ki = K. 13-
saraemoe Huze obujee peurerne npunagyexur VI.E. I3anommuckomy (1970).

2) B HOZBIHTErpPAIBLHOM BBIPAYKEHHH HUYKE OIIYIIEHA IIOJHAS [IPOU3BOJHAL
(1 — acos2y) - 2¢)' = (2¢p — asin 21))’, aTo He Biauser Ha HOPMYIMPOBKY BapHua-
IMOHHOM 3aja49u. Mbl BBIBOJAMM 371€Ch YDABHEHUE PABHOBECHs 3aHOBO, HE TIPHU-
Gerag k oOmwmMm ypasaenusMm (36.7), (36.8), uro dbaxTmaeckn mOTPeGOBATO ObI
6o/1ee TPOMO3IKMX BBIYHC/ICHUH.
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IIPOCTO HEKOTOPO# MOCTOSHHON, TaK YTO PABHOBECHOE pacIpejesie-
HEe (@) ONpesessieTcs MUHUMAIbHOCTBIO (hyHKITHOHAIA

7(1 —acos2ih)(1 + ¢'?) dp = min. (37.8)
0

VpapHenue Ditaepa 3TOi BapHAIMOHHON 32 aYmn:

(1 — acos 2th)y" = asin2ep(1 — p'?). (37.9)

OHO nMeer, mpexKJie BCero, 1Ba OUeBHIHBIX DEIIeHNUs:
=0 (37.10)
" b =7/2. (37.11)

DTO — OCECHMMETPUIHBIE PEITeHNs, KOTOPBIM OTBEYIAIOT COOTBET-

crBenno puc. 27a u 6 '). DTH peleHns OJHOZHAYHBI, T. €. MHICKC
®panka srux guckanHamit n = 1 (cp. (37.1)).

s HaxoxjeHus pelneHuit ¢ n # 1 3aMedaeM, 9TO ypaBHe-
nue (37.9) umeer mepsbIil wHTErpas 2)

(1 — acos 29h)(¢p'* — 1) = const = = — 1. (37.12)

q2
Orcroma HaxopuM perienne B Buje (37.3) ¢ dyHkimeit

1/2
f(z)=q [%] . (37.13)
Koncranra g onpezensiercst ycaosuem (37.4)
[ 1 — acos2y 1/2
(n— 1)q/ [W] dp =m (37.14)
0

(TTpI 3TOM OMTAKHO 6BITE || % < 1). DTH BOPMYIIBI OTIPEIEATOT HiC-
KoMoe pemenne. [Ipu KazKi0M 7 pelenue emHCTBEHHO: TTOCKOIBKY
JeBasi gacTh ycaosus (37.14) — monOTOHHO BO3pacraroias GyHK-
W ¢, 3TO PABEHCTBO YJOBJETBOPSETCS JIMIIL OJHAM 3HAYEHUEM (.
Oyuxius f(x) gerna; mosromy (1)) — HedeTHas (GyHKIWA. ITO
SHAYUT, 9TO ILJIOCKOCTh ¢ = () ABISETCA MIOCKOCTHIO CUMMETPUU

1) Ormernm, uro B «BhIpOXKIEHHOM» ciayuae K1 = Kj, a = 0 cymecrByior
pemenusi ¢ JITOObBIMHU 1) = const.

%) Ecu paccMaTpEBaTh MOABIHTErPaIbHOE BhIpaskenne B (37.8) kak dbyHKmio
Jlarpamka OTHOMEPHONW MEXaHUIECKON CUCTeMBbl (IpUYIeM 1) Wrpaer poab 0606~
IIEHHO} KOOPJIMHATHL, ¢ — POJib BpeMeHH), T0 (37.12) ecTb MHTErpaJ SHEPrHUH.
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pacIipeiesieHust; B CULy CYIIeCTBOBaHUs ocu cumMerpun C, TeM ca-
MBIM BO3HHMKAIOT ere 1m — 1 MPOXOJSIUX Yepe3 OChb z ILIOCKOCTeld
CUMMETPHUU. Ha.KOHeIL, IIJIOCKOCTBIO CUMMETPHUHN, OYE€BHUAHO, ABJIACT-
cs maockocTh z = 0. Takum obpazoM, AUCKINHAINAS C UHIEKCOM 71
00J1a/1aeT TOTHONW CUMMeTpHel TOYedHOH rpymmbl Dy, .

ITpu n = 2 u3 (37.14) oueBuaHbIM 06pa30M Ciiejayer, 4To q¢ = 1,
U COOTBETCTBYIOITEE PEIeHNE CTh ITPOCTO

= =1/2. (37.15)

Jlns BbISICHEHUS] KaveCTBEHHOI'O XapaKTepa MOJYyYeHHBIX pellre-
HUM UCCIegyeM TOBeeHne JTUHUN TOKa BOIN3U PaanaIbHBIX JIydeit
@ = ¢p (37.7). Ha stux nywax ¢ = pm, a BOM3M HUX 9 = pw u

dynkuws (37.13) cBoaUTCS K TOCTOSIHHOI:

d 1 1z
—‘p=f(¢)%q<—_a )

p v A (37.16)

Orcroga
P —7p %(w — ¢p)-
Huddepennmranbaoe ypaBHeHUE JIMHUN TOKA TPUHUMAET BU/I
dlnr 1 A
dp gy .
OTKY/Ia HAXOAUM 71751 (POPMBI JIMHUI TOKA BOJU3M JIyda,

7 = const - | — pp|*. (37.17)

Ecnu BBecTH exkapToBbl KOOPJAWHATHI C OCBIO & BJIOJIb JIy4a, TO BOJIHU-
31 TIOCTIEJIHETO: T' & T, 0 — ) & Y/& U ypaBHEHUe JIMHUN TOKA 3aIli-
CbIBaeTCd B BU/JIE

y = const - '/, (37.18)

Hastee wHa10 paccmorpers paznugablie crydan. [Ipu n > 3/2 nve-
emn—1>0, uu3 (37.14) ouesuztno, uro ¢ > 0, u noromy A > 0.
B 3rom ciaydae TUHAM TOKa BBIXOJAT M3 Havasa KOODIUHAT, KacasCh
JIyda.

ITpu n = 1/2 napamerp ¢ < 0, a ¢ vum u A < 0. Huciennoe uc-
crenoBanue ypasnenns (37.14) moxasbiaer, uto ¢ > 1, a moTomy u
|A| > 1. 3 (37.18) Buano, uto y pacrer Bmecte ¢ z. Obracts BOIH-
3W HAYa/Ia KOOPIUHAT HeJb3s PACCMOTPETh 3THM CII0COO0M, TaK Kak,
corytacHo (37.17), mpu A < 0 MaJbIM 3HAYEHHIM ( — (P, OTBEYAIOT
OoJTbIITHE 3HAYEHUS T

Hakoner, pu n < 0 mapamerp —1 < A < 0 u, cormacuo (37.18),
y — 0 npu £ — 00. JIuHUKM TOKA aCUMITOTHYECKH TPUKUMAIOTCS K
JIydy.
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Ha puc. 29 cxemarnyeckn moKa3aHbl JIMHANW TOKA JJIST JUCKJIMHA-
it cn=3/2, n=1/2un=—-1/2.

n=3/2 n=1/2
m=1 m=1

Puc. 29

§ 38. HecunryJisipHoe oceCuMMETPUYHOE PeIlleHne
YPaBHEHUiI paBHOBECUsI HEMAaTUKOB

Ocecuvmerpuunsie gedopmanun (37.10), (37.11) (em. puc. 27),
IPEICTABILAIONINEe TUCKIUHAINN ¢ uHiaekcom ®panka n = 1, gaBis-
IOTCS. TOYHBIMHU DEIIEHUsIMU YPABHEHUN DABHOBECHS HEMATUYIECKON
Cpenbl C 33IAaHHBIMU TPAHUYHBIMHU YCJIOBUSIMM HA CTEHKAX COCYIA.
OHAKO OHU HE SBJSIOTCH €TMHCTBEHHBIMU PEIEHUSIMU ITUX 3a71aM.
OHu eIMHCTBEHHBI TOJBKO B KATETOPUU ILJIOCKUX De- |
menuit. Ecmm ke oTKazaThbca OT HPEANONIOXKEeHHd O .. ! ﬁ N
PACIIONIOKEHUY BEKTOPOB N BE37l€ B IMOMEPEYHBIX K N
OCH COCY/Ia TLIIOCKOCTSIX, TO BO3MOXKHBI U JIPYTHE Pe- o \i
IIeHNs], TIPUYeM He 00JIaaornne 0COOEHHOCTHIO Ha Al
ocu. Tak, ecin rpaHUYHBIE YCIOBUS TPEOYIOT mMepren- - \ |
JIUKYJISIPHOCTH N CTEHKe, TO JIMHUM TOKA JUPEKTOPA N/
B TAKOM DeIleHnn 6e3 0CoBeHHOCTH pacmoiokensl B N\ |/ |
MEPUIMOHAIBHBIX IJIOCKOCTAX W MMEIOT IIOKA3aHHYIO s
una puc. 30 dopmy. Haunnasicb Ha crenke HOpMaJib- \ !'

HO K Hefl, TMHUM TOKa M3rubaroTCsl, CTPeMsCh K OCH N\ | |

r =0, Ha KOTOpO#, TakuM 00pa30M, HAIpaBJEHUE N Vo
OKA3bIBAETCH BIIOJIHE OTIPE/IEJIEHHBIM. Bojiee Toro, Mbl N\ |
YBUJIUM, YTO OTCYTCTBHE OCODEHHOCTH B TaKOM pe-

IIEHUW TPUBOJUT K €ro OOJIbIllell TepMOjuHAMUYIe- Puc. 30
CKOM BBITOJHOCTH (MEHBIIEl TIOJTHON YyIIpyroil cBo6O;I-

HOI SHEPruu) M0 CPABHEHWIO C PEIIeHneM C OCOOEHHOCTBIO Ha OCH
(P.E. Cladis, M. Kléman, 1972). IlpuctynuM K HOCTPOEHUIO 3TOIO
DEeIleHn.

Bynem uckarh ocecuMMeTpUYHOE, OIHOPOIHOE BJIOJb OCH Z pe-
IIEHWE B IMJIMHIPUYECKUX KOOPAWHATAX T, 0, 2 B BUJIE

np =cosx(r), mny,=0, n,=sinx(r) (38.1)
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(cmbica yrta x nokazan Ha puc. 30). ['parndsoe ycioBue Ha CTEHKE:
x=0 mpu r=R (38.2)

(R — pasmyc IUIMHAPUYECKOrO COCY/IA), & Ha OCH TIOCTABUM YCJIOBHE
x=7/2 upu r =0, (38.3)

OTBedJaolIee, KakK yKe yKa3aHo, OTCyTCTBUIO ocobennoctu. Mmeem

rot,n = — "% = —cosxd—x,
divn = 140n) _ szdX 4 S85X
r dr r

Cpoboxnas sueprus gedopMaiun (Ha eAUHNLYY JJIUHBL BIOJIb OCH Z)
HaeTcs MHTErpaJgoM

InR
f27rerdr—7rf {(K sin® x + K3 cos® x)x'? +

+ Kjcos® x — Kysin2x - X'} dé, (38.4)

r7ie mrpEx o3HauaeT audepeHIpoBanye o mepeMentoi & = Inr 1),
[TepBbiit wHTErpa ypaBHEHUs PABHOBECHs! (T. €. ypaBHeHUs Dii-
Jiepa, BapMallMOHHOM 3a1aun 0 MuHuMyMe dyHukunonasa (38.4)):

(K sin? x 4+ K3 cos? x)x'? — Kj cos® x = const. (38.5)

Coryacuo ycmoButo (38.3) noyikHO ObiTh X — /2 npu & — —00.

OueBngHO, 9TO 1yt 3TOrO MOMKHO ObiTh X' — 0 mpm x — 7/2;
nosTomy const = (), Tak ITO

’ . v Kicosx

X = (K sin® x + K3 cos? x)1/2°

Orcroa HAXOJUM HCKOMOE DEIIEeHWe, YIOBJIECTBOPSIOIIEE yCI0-
Buto (38.2), B Buge

*I';U

cos X

X
/ (6 sin’ x+ Kycos” 0 g (38.6)
0

B nporusononoxuocts auckaunayu (37.10) 910 perenne He aBTO-
MOJIEIBHO: B HEIO BXOAUT pa3sMepHbIil mapaMerp amuHbl . MrTerpad

1) Iocnenpuii unen B [O/IBIHTErPAJIBHOM BBIPAYKEHUU HECYIIEeCTBeH it (hop-
MYJINPOBKY BaPHUAIMOHHON 3aJatH, HO HyK€H JIJIsI BBIUHUCICHHS IOJIHON CBOOOI-
HOI dHepruu.
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(38.6) BbIpazkaeTcs uepes sseMeHTapHbie hyHKIMU. Boinuiem oTser
B mpegnooxenun, 9o Kz > K;i:

1/2
r 1 —k2sin? y — k' siny / k . .
7 exp | —; arcsin (ksiny)

V1 —Ek2sin® x + k' sin x (38_7)
k2=K3_K1 k/2=1_k2=&
K; Ks'

IIpu r — 0 pasHOCTDL /2 — X CTPEMUTCSI K HYJIIO MPOTNOPIUOHAILHO
MEPBOI CTETEeHN T, & JUHUKM TOKA MPUOINKAIOTCI K OCH 2 TI0 9KCIIO-
HEHIMAJBLHOMY 3aKOHYy 7 ~ exp (const - z).

s cBOOOIHON SHEPTUM, CBSI3aHHON C 9TUM DEIIeHUEM, BBITHC-
JIEHVE J]aeT

i 1
[Fa2rrdr = 7K, {2 + o arcsin k} . (38.8)
0

OTMmeTuM, 9T0 3TO BhIpaykKeHue BOOOIIE He 3aBUCUT OT Pauyca Co-
cyna R. Dueprus e quckaunanuu (puc. 27 a; pemenue (37.10)):

R
[2rrEydr = KL, (38.9)
0

rae L = In(R/a) — Gosbiioii siorapudm, TPOUCXOXKIEHNE KOTOPOI'o
CBSI3aHO MMEHHO C 0COOEHHOCTHIO Ha OCH. MBI BUANM, YTO peEIeHne
6e3 ocobeHHOCTH HEPreTHIecKr O0JIee BHITOIHO TI0 CPABHEHHIO C pe-
menneM ¢ 0cobeHHOCThIO (ecim ToabKo Koabdunment K He aHo-
MAaJIbHO MaJI).

ITone n(r) paccMOTPEHHOTO 37€Ch OCECUMMETPUYHOrO 6e3 0co-
OEHHOCTH DEIeHNsT YPABHEHUN PaBHOBECHS MOYKET OBITH TOJIYIeHO
u3 1ot n(r) B AUCKJIUHAIK ¢ 1 = 1 myTeM HempepbiBHOH (T. . 6e3
BO3HUKHOBEHHUS KaKUX-JTUOO PaspbIBOB) JaedOpMaIiiy — MOCTeneH-
HBIM BBIBOJIOM BEKTOPOB N W3 TIOCKOCTEH 2z = const. 10 06CTOS-
TEIbCTBO SIBJISIETCS MPOSIBJIEHIEM BEChMa OOTIEl CHTyaIie, KOTOPast
OyIer BBISICHEHA B C/IEIYIONIeM maparpade.

3amauu

1. HaifTu ocecCuMMETPUTIHOE PellleHre yPaBHEeHUN DABHOBECUS HEMATHIECKOHM
cpenbl B UJIMHIPHYECKOM cocyae 6e3 0CODEHHOCTH Ha OCH, OTBEYAIOIIee I'PAHNY-
HBIM yCJIOBUSAM DHC. 27 6.

Pemenue. Umem pemenue B Buze

n, =0, ny, =cosx(r), n,=sinx(r)
C TPAHUYHBIMU yCJIOBUAMU
™
X(B)=0, x(0)= 2.
Nmeem

d . d .
roty, n = —cosx—X, rot, n = cosx —smx—X, divn =
dr r dr
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Csobomnas sHEprus:

R InR
[2rrFydr =7 [ {Ks(sinxcosx — x')> + K cos® x} dé.
0 —o00

IlepBLIit MATErpa yPaBHEHNS PABHOBECHL:
Kox'? — (Ko sin® x cos” x + K3z cos® x) = 0.
WnTerpupoBaHue 3TOTO ypaBHeHHs TPUBOJUT K pe3yibTaTy (momaraem Kz > K»):
1/2
T /1 —Ek2sin?y — k' sin k2_K3—K2 k/2_&
R V1 —k2sin? y + k/ sin x ’ Ks K3

IIpu r — 0 yroa x — 7/2 1o 3aKoHy

i )
Ty = L
g X R

CoboaHas Heprus 3Toil gedopmarim

R
J2rrFydr = K> {2 + N arcsin k} ,
0 kk’'

MeXKIy TeM KaK CBOOOIHAs SHEPIHUs IJIOCKOH muckamHammu puc. 27 6: wKsL.

2. UcenmenoBaTh yCTONYMBOCTD JIMCKIUHAIIMA ¢ WHAEKCOM 1. = 1 OTHOCH-
TenbHO MabX Bodmymennit Buna on(p) (C. 1. Anucumos, U.E. Jsarowuncrud,
1972).

Pemenwme. a) Hesosmymennoe mose paguarbaoil muckmHammn (puc. 27a):
nr, =1, n, =n, = 0. Bo3amymenHaoe e 1oJie nUIIeM B BUIE

1
n, =cosfcos® ~1— 5(92 +®%), n, =cosfsin®~ P, n,=sinf=x0,

rae yriasl @ u @ — QyHKUMM yryioBOH KOODAMHATHL (. DHEPrus, CBA3aHHAS C
9TUM BO3MyHIEHUEM:

2
[ Fardrdp = RT [ {597 + Kol + (s — K1)8° - K167} do.

Ijist 0b1Iero mcciieIoBaHus HAIO OBLIO OBI TTOJIOKUTH

0(p) = i 0:e?,  B(p) = i N

S§=—00 S=—00

¥ BBIPA3UTh dHEpPruio kak GyHkumio Bcex 0, ;. Ho u 6e3 Toro cpasy BumHO,
9TO paCcCMaTpUBaeMad JUCKJ/JINHAIIUL BCerda HeyCTOfI‘{HBa, OTHOCUTE/IBHO BO3MY-

merwst Oy (wren — K163 B sweprum).
6) HeBosamyieHHOe 11071€ DUPKYJIIsIPHOI AucKamHamu (puc. 27 6): n, = n, =
=0, n, = 1. Bo3aMylIeHHOE 110/l 3AIUCHIBAEM B BHJIE

Ny :cochos(g +<I>) ~—®, n, =coslsin (g +<I>) ~1- —%(92 + ®%),

n, =sinf ~ 0
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(oupenesnenue yria ¢ M3MEHEHO 110 CPABHEHHIO € npenbLayuM ciaydaem). Coor-
BETCTBYIOIIAs SHEPIHS:

2
f Fyrdrdyp = Rj f {K3(0" +@'%) + (K1 — K3)®® + (K2 — 2K3)0°} dop.

Hawubonee «omacubl» Bo3MmymieHus fg u Po; ycaoBus yCTONYMBOCTH IO OTHOIIE-
HUIO K 9THM BO3MYIIEHUSIM:

Ki > Kz, K> >2Ks.

Ilomy4aennoe B Tekcre u B 3amade 1 yTBepkaeHue, 9TO CBOOOMHAS SHEPTUs
medopMalluy B AUCKIMHANUSAX C 1 = 1 IPEBBINIAET SHEPIUI0 HECHHIYJISPHOIO
OCECUMMETPUYIHOTO PEIIeHUd O3HaYaeT JINNIb, 9YTO 3TU AUCKJIUHAITUNA MOTJIN 6])[
OBbITH B JIydUIIeM CIydae MeTaCTaOMIbHBIMU. Tereps Mbl BUIUM, UTO PAINAIbHAS
JMUCKJIMHANINS BOOOIIE HEYCTONUMBA, a MUPKYJIAPHAS yCTONIHMBA (OTHOCHTEIHHO
BO3MYIIEHUH yKa3aHHOIO BUAA) IIPH COBIIONEHUN OMPEIeJIEHHBIX COOTHOIIEHMH
MeXKIY MOIYJISMU.

3. HemaTudyeckas cpena 3alo/HAET IPOCTPAHCTBO MEXKIY OByMd IapaJl-
JIeTIBHBIMU IIJIOCKOCTSIMHM, IIPUYeM I'DAHUYHbIE YCJIOBUS HA OJHON IIOCKOCTHU TPe-
OyIOT NEePIeHIUKYIAPHOCTH, a Ha APYLoil — IapaJsieIbHOCTH IUPEKTOpa IIO-
BepxuocTu. OnpenenmTh PABHOBECHYIO KOHGMUrypamuio n(r).

Pemenue. PaBnHoBecHas koHurypamus OygeT, OU€BHIHO, IIJIOCKOMH; BbI-
GepeM ee IJIOCKOCTb B KQYeCTBe IIJIOCKOCTH L2 C OChIO Z IEPIEeHINKY/IAPHOM I'pa-
HUYHBIM IVIOCKOCTSM (1utockoctr z = 0 u z = h). TTomoxum

ng =sinx(z), n. =cosx(z).
Csobognast sueprus jgedopmanuu:
1
f Fydz = 3 f {Ksin® x + K> cos” x}x'* dz.
TlepBbiit HHTErPAJT YPABHEHWS] PABHOBECHUSL:

(K1 sin® x + K cos” x)x'? = const,

OTKY/JIa C y9eTOM I'DAHUYHBIX yCJIOBHIl

X /2
J (K1 sin® x + Ko cos® )% dy = % [ (Kisin® x + Ka cos® x)'/? dy,
0 0
o E(GR) o _ (Ka—K))
E(n/2,k)’ Ky

rae E(x, k) — sanunrudeckuii HTErpaJj BTOPOro Pofa.

§ 39. Tomosioruvueckue CBOMCTBA AUCKJIMHAIINHA

Hannoe B § 37 onpenenenne napekca Opanka ObLIO CYIECTBEH-
HO CBSI3aHO C IIPEIIOI0KEHNEM O IJIOCKOM XapakTepe aedOpMaIiny B
JUCKINHAIINN ¥ OJHOPOIHOCTHIO BIOJIb ee AanHbl. [lokaxkeMm Temeps,
KaKuM 00pa3oM 3TO IMOHATHE MOXKET OBITh BBEIEHO B OOIIEM CIIy-
4ae IIPOU3BOJIbHBIX KPUBOJIWHEHHBIX JUCKJ/IMHALWN B HEMAaTUYCCKONU
cpene.

DHeprust HeMaTUKa, He MEHSIETCS TIPU O THOBPEMEHHOM ITPOU3BOJIb-
HOM TIOBOPOTE IUPEKTOPA BO BCEX €r0 TOYKAX. B 9TOM CMBICIE MOYKHO
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CKa3aTh, YTO COCTOSIHUSI HEMATHUKA BBIPOXKJIEHBI TI0 HAIPABJIEHUSIM
JIMPEKTOPA; 9TU HAMPABJIEHUS UTPAIOT POIb NAPAMEMPE 6uipodicde-
ruA. BBesieM TOHSTHE O NPOCMParcmese 6uposicdenus — 00TACTH 1O~
MIyCKaeMOTo 0e3 M3MEeHEHUsI SJHEPIUN U3MEHEHUsI TapaMeTPa BhIPOK-
nenusi. M gBjsieTcss B TaHHOM CJIydae TMOBEPXHOCTH CGepbl eu-
HUYHOTO PaJInyca, KaXKaasl TOIKa KOTOPO# OTBEIALT OPeIe/IEHHOMY
HampasJieHno n. Hano onHako yuecTsb erre, YTO COCTOSHUS HEMATH-
Ka, OTJIMYAIOIINECs W3MEHEHNEeM 3HaKa N (PU3NIECKU TOXKIECTBEH-
ubl. JIpyrumu cioBaMu, 1raMeTpaThbHO MTPOTHBOMIOIOXKHBIE TOUKH Ha
cdepe du3MIECKN SKBUBAJEHTHBI. TaKuM 00pPa3oM, MPOCTPAHCTBO
BBIPOKIEHUsT HEMATHKA — cdepa, Ha KOTOPOil KaXKJIble IBE THaMeT-

PAJIBHO TIPOTUBOIIOIOXKHBIE TOUKH CUMTAIOTCS SKBHBAJCHTHBIMI ).

IIpeacraBum cebe, 9T0 MBI MPOU3BOAUM B (DUBUIECKOM OOBEME
HeMaTHKa 00X0j] BOKPYT PACIOJIOXKEHHOW B HEM JINCKJINHAIIMOHHOM
JINHUW TI0 HEKOTOPOMY 3aMKHYTOMY KOHTYDPY (Ha30BEM €ro KOHTY-
poum ). Byaem cieauth npu 9T0M 06X0j1€ 38 HAIPABJIEHUEM BEKTO-
pa n. Mzobpaxkaromas ero TO9Ka B MPOCTPAHCTBE BBIPOKICHUST —
Ha cdepe — OmmIIeT HEKOTOPBIH TOXKe 3aMKHYTBIH KOHTYD (Ha30BeM
ero kouTypoM I'). 3rech HaI0 pasauyuaTh JBa CIydasi.

B ognom m3 Hux koHTyp I' 3aMKHYT B
OykBaJbHOM cMbicae. Bo3ppaiasch B uc-
XOJIHOE TIOJIOYKEHNe, M300PaKAIONIAsT TOTKA
OTMCBHIBAET HEKOTOPOE IIeJI0e YHUCIO 7 Ie-
resib (Tak, Jyist KouTypos I'1 u 'y Ha puc. 31
9TO YHUCI0 PABHO 1 1 2). DT0 UUCIIO U ABJIsI-
eTcs TeJIOUNCTeHHbIM nHaekcom Ppanka.

B apyrom cayuae woutyp I, BbIii-
I W3 HEKOTOpO# TOYKM Ha cdepe, 3a-
KAHIUBAETCA B JIMAMETPAJIBHO MTPOTHBO-
oJIOXKHOM Touke. Takoit KOHTYD TOXKe
JIOJIZKEH PAaCCMaTPUBATBCS KaK <«3aMKHY-

Puc. 31 THIf» BBUJY SKBUBAJEHTHOCTU JHAMET-

PaJIbHO TPOTUBOTOIOXKHBIX ToueK. VHIeKC

DpanKa ONMpesenseTcs Kak MOMyIeI0e «9UCI0 METeThy, OMUChIBae-

MBIX [IPU 3TOM M300paKarouiei TOYKOi (TaK, JJisi MOJyOKPYKHOCTH
'/ 310 wmeno n = 1/2).

JI000i1 3aMKHYTHI!T KOHTYD Ha MOBEPXHOCTH CEPBI MOXKET ObITH
npeBpaiiieH B Jit000#l Ipyro#t 3aMKHYTHIN KOHTYD IIYTEM HepepbIB-
HOit (1. e. 6e3 paspeiBa KOHTYpa) jgedopmaiuu. Bojee Toro, ar0boii
BaMKHYTBII KOHTYD MOYKeT OBbITh HElpPEpPbIBHBIM 00Pa30M CTSHYT B

TOYIKY 2).

1) Bromy reomerpudeckomy o6pasy OTBEYAET B TONOIOIMH TAK HA3BLIBAEMAS
MPOEKTUBHASA TLIOCKOCTD.

2) IMedopMalmss KOHTYPa MOXKET OTPAKATh COGON KaK M3MEHEHHe KOHTYPA 7
B (pu3m9IecKOM MPOCTPAHCTBE, TAK W M3MEHEHHE CaMOoro moss n(r).
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Takke MOTYT OBITH IPEBPAIIEHBI IPYT B IPYTa JOObIE KOHTYPHI,
HAUMHAIOIIMECS U KOHYAIIINECS B NUAMETPAIBHO ITPOTHBOIIOIOXK-
HBIX TOYKaxX cdepbl. Takne KOHTYDBI, OTHAKO, HE MOTYT OBITH CTSIHY-
ThI B TOUKY: IPHU JePOPMUPOBAHUN KOHIIBI KOHTYPA MOT'YT CMEITATh-
Cs1, HO JIUIIIh OCTABAsCh MIPU 3TOM Ha KOHIAX KAKOro-aub0 IuamMerpa
cephr.

Takum obpazom, nagaekc PpaHKa HE SIBASETCS TOMOJOTMIECKUM
uHBapuaHTOM. TOIOIOTHYECKN WHBAPUAHTEH JIUITh (PAKT €ro Iejio-
MJIA TIOJTY TIEI0YNCIIEHHOCTH.

W3 ckazaHHOTO cile/lyeT, YTO BCE JUCKJIMHAIUNA B HEMATHYIECKO
cpejie paclajaioTcs Ha JBE KATEropuu, B KayKJ0# M3 KOTOPBIX BCE
JIMCKJIMHAIIMYM TOMOJIOTMYECKN SKBUBAJIEHTHBI — MOTYT OBbITH TIepe-
BeJIeHbI JAPYT B JAPYyTa IIyTEM HENPEPbIBHOTO JAe(MOPMUPOBAHUS IO
n(r) (C.H. Anucumos, U.E. J[zarowunckud, 1972). Oany karero-
PUIO COCTABJISIOT JUCKJIMHAIMYU C TeJgbIMu nHAeKcamMu PpaHka; 3Tu
JUCKJIMHAIIMM K TOMY K€ TOIOJOIMYECKU HEYCTOHYMBBI — OHU MO-
ryT OBITH BOOOIIE yCTPAHEHBI IIyTEM HEIPEPBIBHOTO AePOPMHUPOBa-
Hust. JucKnHaIms 11e/10T0 MHIEKCA MOXKET 3aKaHUNBAThCS B 00beMe
HEMATHUKA.

Jpyryio KaTeropuio COCTABJSIOT JUCKIWHAIUN C TOIYIIeJIbIME
UHIEKCAMA. DTU JUCKIUHAINE HEYCTPAHWMBI, OHU TOMOJOTHIECKN
YCTOUYUBBI.

Bormpoc o Tom, Kakas u3 TOTOJOINYECKN SKBUBAJIEHTHBIX CTPYK-
TYP J0/KHA (DAKTUYECKU OCYIIECTBUTHCS B TEX MJIM UHBIX 33 JaHHBIX
YCJIOBUSIX, 3aBUCUT OT OTHOCHUTEIbHON TEPMOIMHAMUIECKON BBITOJ-
HOCTH 3TUX CTPYKTYP. DTO 33]a4Ua BBIXOIUT 33 PAMKHU TOIOJIOTHIE-
CKOT'O aHAJIN3a.

Hapsny ¢ quHeitHbIMYE 0COOEHHOCTSMY, JUCKIMHAIUSIMU, B HEMa~
THIECKOU Cpejie MOTYT CyIIECTBOBAThH TaKYKe U TOUYEUHBIE OCOOEHHO-
cru. [Ipocreiimmii mpuMep Takoit 0COOEHHOCTH — TOYKA, U3 KOTOPOii
TOPYAT BEKTOPHI NI BO BCE CTOPOHBI («€XK» ).

JLnst BBISICHEHUS TOIMOJOTUYECKON KIACCU(PUKAIUU TOUETHBIX
0CODEHHOCTEl CHOBA 0OpATUMCH K OTOOPaKEHWSIM B TPOCTPAHCTBE
BBIDOXK/IEHUsT HA e€IMHUYHYIO cdepy. Boibe-

PEeM B 3al0JTHEHHOM HEMATUKOM (hU3MIECKOM U
poCTpaHcTBe JaBe Touku A n B, coennHen-

HbIE HEKOTOPBIM KOHTYPOM 7Y, OKPYKAOIUM o)

ocobyto Touky O, Kak MOKa3aHO Ha puc. 32. B
Ha egunnanoit cdepe xKoHTYpPYy <y OTBedaeT

ompeaenenublit KOHTYp I'. Byaem Temneps Bpa- Puc. 32

maTh KOHTYD 7y BOKpyr npsimoii AB. Tlocse

IOJTHOTO 000POTa, KOT/Ia KOHTYP COBMECTHTCS caM C CODOM, OH Onu-
meT B (hU3UIECKOM ITPOCTPAHCTBE BaMKHYTYIO TTOBEPXHOCTH 0. He
oTOOpaXKeHWe i, OMUCHIBAEMOE KOHTypoMm [, MOKpoer emmHWIHYO
cdepy, BO3MOKHO, Oojtee deMm ofuH pa3. ducyio N TOKpLITHI eau-
HUYHOM cdepbl 0TOOpaYKeHNeM X SBJISIETCS TOMOJOTUYIECKON Xapak-
TEpUCTUKON 0coboit Touku. OrobparkeHue > MOXKHO IMPEJICTABUTH
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cebe KaK HATSHYTYIO Ha cepy 3aMKHYTYIO IJIEHKY; OYEBUIHO, UTO
ee HUKaK HeJIb3s g{e IPOU3BOJIsl HA Hell KAaKUX-IM00 paspe3oB) CTs-
HYTHb B TOUKY. DTUM BBIPAYKAETCsT HEYCTPAHUMOCTD 0cobenHoCTH. K-
su N = 0, To 1m1eHKa BooOIIe He 0XBaTbIiBaeT chepy. DTo oTBEUALT
OTCYTCTBUIO OCOOEHHOCTH WJIM €€ YCTPAHUMOCTU — TaKyH ILJIEHKY
MOXKHO CTSIHYTh B TOUKY. 151 0cOOBIX TOUeK B HeMaTuke 3HaK N He
UMEeeT CMBICIA: €r0 W3MEHEHWe O3HAYAeT JINIb W3MEeHEeHUe Hallpab-
JIEHWI N BO BCEM IMPOCTPAHCTBE HA OOpATHBIE, YTO HE OTPAYKAETCS
Ha COCTOSTHUYM HEMaTUKA.

Yucno N, xapakTepu3yroliee TOUEUHYIO OCOOEHHOCTH, MOYKET
OBITH TOTBKO IEIBIM. JIerko BumeTh, uTo moaymeaoe N 03Haga 0 Ob1
B JICMCTBUTE/IBHOCTU CYyIIeCTBOBaHUE HEYCTPAHUMON JIMHEUHON, a He
TOYedHON ocobenHocTu. Tak, ecim Y MOKPBHIBAET ITOJIOBUHY C(EpbI
(N = 1/2), To 910 3HAYNUT, YTO, NPOCIEAUB 32 KAKOH-IM00 OJHOM
TOYKOM Ha 7y, MbI HafiJeM, YTO ee 0TOOpaKEHUE OMKUCHIBAET Ha cdepe
KoHTYp Buja [' /o (puc. 31), 9To cBUAETETHCTEOBAMO GBI O HATIINT

HeyCTpaHuMOi JuckanHammn ¢ uaiaekcom Ppanka n = 1/2 1).

B cBs3u ¢ 0b6cyxmenreM TOMOJIOrHTIeCKUX CBOMCTB 0CODEHHOCTEIH
B HEMATUKAX OCTAHOBUMCSI KPATKO HA TOTOJIOTHIECKOM HCTOTKOBA-
HUW JUCTOKATIAN — OCOOBIX JIMHUN B KPUCTAJUTMIECKUX PEIeTKAX.
[Ipencrasum cebe HEOTPAHWUEHHYIO KPUCTAJIMIECKYTIO PEIeTKy U
BBEJIEM OCH Z1, T2, T3, HATTPABICHHBIE BIOIb TPEX OCHOBHBIX TEPH-
OJIOB PEIIEeTKN; BEIUIHHBI ITUX MEPHUOAOB TMYCTh OYAYT a1, G2, G3.
DHepPTUsl PEmeTKr He MEHSIeTCS TPHU ee MapaslIebHBIX CIBUTAX Ha
JI06ble PACCTOSIHUAA BJIOJb OCel 1, To, T3. OOIaCTH M3MEHEHUS 114~
paMeTpOB BBIPOXK/IeHUsT (BEJIMYMH CABUIOB) — OTPE3KU JJIUHBI a1,
a3, a3, IPUUEM y KarXKJI0r0 OTPE3Ka 00€e ero KOHIIEBbIe TOUKU PACcCMar-
TPUBAIOTCSA KaK SKBUBAJEHTHBIE (IIOCKOJIBKY CABUI HA TIEPHOJ] COB-
MEIIAeT PEIIeTKY CaMy C COOOM, T. €. OCTaBJISIET COCTOSTHAE PEITeTKH
TOXKIECTBEHHO Hen3MeHHbIM ). OTPe30K ¢ SKBUBAJIEHTHBIMU KOHIIAMHU
TOIOJIOTHYECKU COBIAJAET C OKPYXKHOCThIO. Takum obpaszom, mpo-
CTPAHCTBO BBIPOXKIEHWS KPUCTALIMIECKON PEIIeTKN MPEeJCTaBIISIET
€000l TpexXMepHYI 00J1aCTh, TIOCTPOEHHYIO HA TPEX OKPYKHOCTSIX.
DTy 00/1aCTh MOYKHO TPEACTABUTE cebe KaK Kyb, ITPOTUBOIIOI0KHBIE
FPaHy KOTOPOTO TIOTIAPHO SKBUBAJIEHTHBI, WK, 9TO TO YKE CaMOe, KaK

TPEXMEPHYIO MOBEPXHOCTH TOPA B UETHLIPEXMEPHOM TPOCTPAHCTBE 2).
Ha takom Tope cymecTByIOT He CTATMBaeMble B TOYKY KOHTYPBI I,
KazK/bIIl U3 KOTOPBIX XapaKTepu3yercd TpeMd [eJOYUCIeHHBIMU TO-
[TOJIOTUIECKAME WHBAPUAHTAMUA N1, 19, N3 — IUCTAME 00XOI0B TPex
obpasytorux Top okpyrkHOCcTeit. KEenu kouryp I' — obpas kouTypa v,

1) Ipu uemom N momoGuble pacCyKIeHHs He IPUBEIM Obl K AHAJIOIUUHOMY
BBIBO/LY, TIOCKOJIbKY JVCKJ/IMHAIIMS [I€JI0r0 MHIEKCA YCTPAaHUMa, a 0TOOparKkeHue
¢ nenpiM N OTBEYAET HEYCTPAHUMON 0COOEHHOCTH.

2) TIomoGHO TOMY, KAK KBaJpPAT C MONAPHO SKBUBAJEHTHBIMY IIPOTHBOIIOIOXK-
HBIMU CTOPOHAMM TOIIOJIOTMYECKH dKBHUBAJIEHTEH ABYMEPHOH IIOBEDPXHOCTH TOPA
B TPEXMEPHOM IIPOCTPAHCTBE.
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06X01411Iero B PU3NIecKOM MPOCTPAHCTBE 0COOYIO JTMHUIO (IUCTIOKA~
[IU0), TO TPHU €ro WHBAPUAHTA COBIAJAIOT C TPEMsS KOMIIOHEHTAMMU
BekTOpa Broprepca (M3MEpeHHBIMU B €JIMHUIAX COOTBETCTBYIOIINX
HEPHUOJIOB a1, G2, G3). Takum 00pazoM, IUCTOKAIMU — TOMOJOIHYE-
CKU YCTOWYMBBIE HEYCTPAHUMBbIE 0COObIE JTUHUH, & UX BEKTOPHI Biop-
repca — TOIOJIOIMYeCKHue MHBAPHUAHTBI.

§ 40. YpaBHeHUS ABUXKEHUS HEMATUKOB

CocrosiHre JABUXKYINEHCST HEMATHIECKOW CPEeJIbl OIMpeesaeTcs
pacupenesicHuaMU B IIPOCTPAHCTBE YeThIPeX BEeJIUYUH: JUPEKTOpa N,
IJIOTHOCTH MACChl P, CKOpOCTU Vv u tioTHoctu suHTponuu S. Co-
OTBETCTBEHHO 3TOMY IIOJIHAA CUCTEeMa I'MIPONUHAMUYECKUX ypaBHe-
HUA JOBUKEHUS HEMaTUKa COCTOUT M3 4YeThIPeX YpPaBHEHUH, ompe-
JeJIAIOMUX [OPOU3BOAHBIE II0 BPEMEHU OT YKA3aHHBIX BeJIUYUH

(J.L. Eriksen, 1960; F.M. Leslie, 1966) 1).
Haumewm o ypasuenus jaisa aupexktopa. Ecim HeMaTHK HAXOIATCS
B paBHoBecuu (Tak uro h = () u ABUKeTCsl KaK 11€JI0€ C TOCTOsIH-
HOM 10 TMPOCTPAHCTBY CKOPOCTBIO, TO ITO YpPaBHEHWE JOTKHO BBI-
paxkarhb cobo#t mpocTo TOT PAKT, 9TO W 3HAUYEHUA N MEPEHOCATCI
B TIPOCTPAHCTBE C TOW K€ CKOPOCTHI0. JIpyrumm croBamu, KazxKmast
JACTUTA KUJKOCTH TIEPEMEITATCS B TTPOCTPAHCTBE CO CBOUM 3Ha-
YeHneM N. DTO BBIPAXKAETCSI PABEHCTBOM HYJIIO TOJHON (WM, Kak
rOBOPAT, CyOCTAHITMOHAIBHOI) MTPOU3BOIHON 110 BpEMEHH!
dn _ 9 4 (yV)n = 0. (40.1)
dt ot
B ofmem ke ciydae mpom3BOIBHOTO ABUMKEHUS B TPABOM YacTu
YPaBHEHUS TIOSIBJISIFOTCST YJIEHBI, 3aBUCAIINE OT h U OT MPOU3BOIHBIX
CKOPOCTH TI0 KOOPJMHATAM; B TEPBOM HEUCUE3AIOIIEM TUIPOITHAM K-
YECKOM MPUOIMKEHUN HAJI0 OTPAHMIUTHCS UJIeHAMU, JIMHEHHBIMU 110
9TUM BeJuanHaM. [Iponssogusle Jv;/JT), COCTABIISIOT T€H30D, KOTO-
PBIil MOXKHO pa3IeluTh HA CUMMETPUUYHYI0 U AHTUCHMMETPUIHYIO
TACTH: . .
Uik = 3 (alvk + 8kvz~), Qi = 3 (alvk — 8kvz) (402)
JLnst ycTaHOBJIEHUS 3aBUCUMOCTH OT ;; MTOCTATOYHO 3aMETUTH, UTO
[pU PaBHOMEDHOM BPAIEHUN HEMATHKA KaK IEJIOT0 C YIVIOBOH CKO-
poctbio 2, ¢ TOif Ke CKOPOCTHIO Oy/1eT BpaInaThCs U Bce mose n(r).
Takoe BpalreHnne OMMCHIBACTCA YPABHEHUEM
dn _ l[1rotv ‘n| wim dni _ Qping.
dt 2 dt

1) Mb1, wactuuno, crenyem usnoxenuo D. Forster, T.C. Lubensky, P.C. Mar-
tin, J. Swift, P.S. Pershan (1971).
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JelicTBUTENBHO, CKOPOCTH TOYEK BPAIMAIOIIEroCs KakK Ie0e TeJia
v = [Qr]; Torma rot v =28 u ;g CKOPOCTH M3MEHEHHs JTUPEKTOPA
HoJIy4aercsi Takoe ke Bbipaxkenue dn/dt = [Qn]. Yuenw xe, 3a-
BUCAIIHE OT V), JOJKHBI OBITH COCTABIEHBI C yIeTOM TPeOOBaHMS
ndn/dt = 0, cienyomero n3 MOCTOSHCTBA KBaJpaTa n? = 1. Ta-
KAM 00pa30M, IPUXOIUM K CJIEAYIOMEMY ODIIeMy BUAY «ypPaBHEHUS
JBUKEHWUS TUPEKTOPAY

dn;
CZ = Qping + X0y — nyng)ngvg + N, (40.3)

rae ')
N =h/y. (40.4)
Yaen N ommceiBaeT pesrakcaiuio JUPEeKTOpa K PAaBHOBECHIO IO JIeii-
CTBUEM MOJIEKYJISIPHOTO 10Jis, a Bropoii uied B (40.3) — opuenTu-
pyrolee meficTBrE TPaJUeHTa CKOPOCTH Ha aupekTop. Koadduim-
eHT ¥ (C pa3sMepHOCTHIO BA3KOCTH) U Ko duimenT \ (6e3pazmep-
HBIfI) B 9TUX YIEHAX UMEIOT KUHETHYECKYIO (2 He TepMOouHaMUIe-
CKYI0) TIpHpPOY 2).
YpaBHeHue s BPEMEHHOU MTPOU3BOIHON TJIOTHOCTH YKUJIKOCTH
€CTh YpaBHEHWEe HeTPEPBHIBHOCTH
9 1 div (pv) = 0. (40.5)
ot
OrMmeTnuM, 9T0 9TUM ypPABHEHWEM, 110 CYIIECTBY, OIPEIe/sieTCs TH -
POIMHAMUYECKAsT CKOPOCTh KaK IJIOTHOCTH MMOTOKA BEIIECTBa, OTHE-
CEHHAsl K €IMHUIIE €TI0 MACChI.
YpaBHeHUe i BPEMEHHOI MPOU3BOHON CKOPOCTH €CTh JIMHA-
MUYECKOe YPaBHEHUE d
& F, (40.6)
dt
rne F — cuma, mefictBytomast na equaniy obbema. B coorBeTcTBUM
C W3JIOKEHHBIME B § 2 OOMMMU PACCYKICHUAME, 00HEMHBIE CHTBI
MOTYT OBITH TPEJICTABIECHBI B BUIE TEH30PHOMW ITUBEPTEHIINN

F; = 0o,

TIe o, — TeH30p Hanpshkenuil. Torga muHAMUYIECKOe YpaBHEHUE 3a-
ITUIIIETCS B BUJIE

dvi _ (3%‘
a "o
Bun rensopa manpskenuit Oymer yCTaHOBIEH HUKE.

+ (VV)Uz'> = Ok0ik- (40.7)

) O6osnauenne N BBeneHO myisi 6OIEe SICHOO BHISB/ICHUS CTPYKTYDPBL HEKO-
TOPBIX (POPMYJI HIXKE, a TaK¥Ke BBUY JajbHeimux 0600menuit B § 43.

2) OrcyrcrBue B ipasoii yactu ypasHenus (40.3) 9I€HOB ¢ TpajiieHTaAMU IJIOT-
HOCTHU ¥ SHTPONUH (MM TEMIIEPATYPHI) CBA3AHO C TPEOOBAHNAMY MHBAPUAHTHO-
CTH ypaBHEHUH 110 OTHOLIEHUIO K MIPOCTPAHCTBEHHON MHBEPCUY U 110 OTHOIIEHUIO
K m3MeHeHHUIO 3Haka n. CM. 06 aToM nopobuee B § 43.
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Haxownerr, ocraerca ere ypaBHeHue Jijist SHTponuu. B oTcyTcTBUe
JIMCCUTIATUBHBIX MPOIECCOB JBUXKEHUE YKUJIKOCTU OBbLIO OBl ajnaba-
TUYHBIM, TPUYEM aanabaATUIHBIM B KaXKJIOM 3/IEMEHTE KUIKOCTH,
KOTOPbBIE MTEPEIBUrAINCHL ObI CO CBOMMM ITOCTOSTHHBIMU 3HAUECHUSIME
SHTPONUU. Y PAaBHEHUE, BBLIPAXKAIOIIEE COXPAHEHUE YHTPOIUHU, 3AIN-
CHIBAJIOCH OBI TIPOCTO B BUJIE YPABHEHUSI HEIMPEPBIBHOCTHU JjIsI HEE:

25 .. B
e +div (Sv) =0,

rae S — SHTPONWS eJUHUILl 00beMa, a VS — ILUIOTHOCTH ITOTOKA,

surpornu V). Ilpn ydeTe AMCCHIATUBHBIX IIPOIECCOB SHTPOMMHAHOE
ypaBHEHUE NMEEeT BUJL

O ydiv(sv+ ) =22

ot T T
Baech R — Tak HasbiBaeMasi quccunarusias dyukuust; 2R /T onpe-
JIeJIsIeT CKOPOCTh BO3PACTAHMS SHTPOINH 2); OHa, IIPEACTABIACT COBOl
KBaIPATUIHYIO (DOPMY, COCTABJIECHHYIO M3 KOMIIOHEHT TEH30pa U}, U
BekTopoB h u rpaguenta remneparyper V1. BekTop ke q — mioT-
HOCTB [TOTOKA TeILIa, CBSI3aHHOTO C TEIJIONPOBOIHOCTHI0. KoMoHeH-
ThI 3TOrO0 BEKTOpa — JiMHENHbIe PYHKIINNU KOMIIOHEHT BEKTOpa I'pa-

AWECHTa TEeMIIEPaTyPbl
q; = —%ikakT. (409)

B memarmueckoit cpege TeH30p K03 DUITHMEHTOB TEILIOIPOBOIHO-
CTHU 7, IMEET JBEe HE3aBUCUMBIE KOMIIOHEHTHI W MOXKET OBITH TPeJI-
CTaBJIEH B BUJIE

(40.8)

Hik = Hning + 21 (Sik — ning), (40.10)

rae %H " 32| OIIMCBIBAIOT TEILIOIIPOBOAHOCTH B IIPOAOJIBLHOM M IIOIIE-

pedHoM ([0 OTHOIIEHWIO K N) HAPABICHUIX.
3aKOH COXpaHEeHHd SHEPIMH B THIPOJMHAMUKE BBIPAXKACTCH
ypaBHEHHEeM BUa

9 [pv? O —
2 2+ B +aivq =, (40.11)

rae E — miotHoCTh BHYyTpeHHel snepruu, a Q — MIOTHOCTH MOTOKA,
sueprun. [Lnornocts sueprun E = Fy + By, rne Ey(p, S) ornocurcs

1) 910 ypasHenme MOxkeT GBITH IPEICTABICHO B SKBUBAJICHTHOM BHIE
ds 08 S
— === 4 (VV) jasl
dtp Otp p
BBIPAXKAIOIIEM [IOCTOSHCTBO IIEPEHOCUMON YaCTULIAMU JKHIKOCTH SHTPOIHIH, OT-
HECEHHOU K €IWHUIIE MACCHI.
%) Cama xe dynxnus 2R maer (kax u B § 33) CKOPOCTD JUCCHIAIMN MEXaHU-
veckoii suepruu (cp. VI, § 79).

:0’
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K HeaedhOpMUPOBAHHOI, OJHOPOIAHON cpene, a 3Heprust F, cBI3aHa
¢ nckaxkenneM 11os1s1 n(r). CoryacHo ckazaHHOMY B KOHIe § 36 Besu-
ynna Fy coBnamaer co cBoboamoii sueprueit Fy (36.1), ¢ Toii juib
pazuureit, aro momyaun yupyroctu Ki, Ko, K3 mompasymeBaroTcsa
BBIPAYKEHHBIMHU Yepe3 TIOTHOCTh W IHTPONUIO, & He TeMIepaTypy.

3aKOH COXpAHEHWS SHEPTHUN COJEPKUTCS, KOHETHO, B YPABHEHUIX
JIBIZKeHusT. MBI 2Ke BOCIIOJIb3YeMCsT M JIJTs YCTAHOBIEHUST CBSI3U MEK-
Jly BBEJIEHHBIMU BbINIe pyHKIHeH R, TeH3opoMm o0, u BekTopoM N.

Packpoem npoussosnyto o spemenu B ypasuenun (40.11) ¢ yue-
TOM TEPMOJIMHAMUIECKUX COOTHOIIEHMI

(3_E) -7 (3_E> -
0S/ p,n ’ Op/ S,n a

rje f — XUMUYEeCKuil MoTeHInal 1), Mmeem

g[ﬁ E]:v dp ov dp T&S’ (%) 40.12
ala Yo TPV THe T e Tl p,S (40.12)

Paccmorpum oTnensno mocneauuit wien. Beensa obosnadernue my;

3 (36.6), nmeem

(), = (2),, e

ot oni/p s Ot ot
{ani kTki [ 5 T Ok \ ki, ar T Ok \ kit

(Bmecro H 3mech nanmcano h, 1mockoabKy mpojoibHas 4dacTh H
cpasy Bblnajaer Beuay pasencrsa non/ot = 0). Ilogcrasus cioga
on/ot usz (40.3), uiem

(%> = (v Ogn; + Qigng — Avgng)h; — Nh+div (---)
ot p,S

7 TIOCJIE BBIJIEJIEHUS €Ille OHOU TTOTHON AUBEPTEHITNN:

9E4 — _Gv— B2 L div(--
(at )M_ Gy — 2+ div (), (40.13)

!) Momguepkrem, uro E 0THOCHTCS K 3aaHHOMY (€IMHIYHOMY) 06beMY, a Tre-
peMeHHBIM sBiseTcss ducao N dactun (Mosekys) B oroM obbeme. B V. xumu-
YeCKUi IMOTEHIINAJ Be3/e OTHOCHJICI K OJHOM YACTHIIE, T. €. OIPEIesIsycs Kak
1= 0E/ON. Ilockonbky N = p/m (m — Macca MOJEKyJIbl), TO IPUHSATOE 31eCh
olIpeJie/leHIe OTIMYAeTCsS OT OIpeiesleHus B T. V JIMIIb MHOXKHUTeNeM m. Bo n3-
OekaHve HeIOPa3yMeHW TPYU CPABHEHUH C TEPMOIAMHAMHYIECKUM COOTHOIIEHU-
em (3.2a), HATIOMHMM, 9TO 3/1eCb E €CTh BHYTDEHHsIsI SHEPIUs €IUHUIIBI 00beMa
B TOYHOM CMBICJIE TOIO CJIOBA, MEXIY TeM Kak B § 3 BenumumHa & OmpejiesieHa
KaK SHEePrusi KOJIM9IeCTBA BEI[ECTBA, 3aK/II0UEHHOr0 B equHuIle obbema Hemedop-
MHPOBAHHOI'O TeJIa.
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rie
G; = —hiO;ng + %819(7%}7,]‘, — nkhi) — gak(nlhk + nkhi). (40.14)

B/ech 1 HUZKE MbI HE BBITUCHIBAEM MOJHOCTHIO BBIPAYKEHUE O/ 3HA~

KOM JIMBEPTEHIIMH C [EJbI YMEHBIIEeHUsI IPOMO3IAKOCTH (HOPMY.IL.

Oru usennl (K KOTOPBIM MbI BEpHEMCsl elle B KOHIe naparpada)

He CYIIIECTBEHHBI /IS PeIleHrsl [IOCTABJIEHHOTO BOIIPOCA.
Bripazkenne (40.14) MOXKHO TpeICTaBUTH B BH/IE

G; = 8kaz(,:) + (@'Ed)p,g, (40.15)
rie

A 1
‘71(1:) = — Tkl ainl - E(nzhk + ’I’Lkhl) + E(Hth — nkhz) (4016)
IIpu npeobpaszoBannuu UCIOIL30BAHO PABEHCTBO
OFE
(0iEa)p,s = a—n:amk + Tk 00y,

(r)

Omnpenenenne Tenszopa 0;,’ HeopHO3HAYHO: BhIpaenue (40.15)

(r)

He M3MEHHTCS NpHU J00aBIeHuu K 0, JI000ro claraeMoro BUa
O1Xilk, TOE Xilk — NPOU3BOJBHBIN TEH30p, aHTHCHMMETPUIHBIN II0
nociaeaHeil nape uHAEKCOB (Xik = —Xiki)- Xors Tenzop (40.16) e
CUMMETPHUIEH, OH MOYKeT ObITh TPUBEIEH K CUMMETPUIHOMY BUIY
npubaBJIEHUEM UJIeHa YKA3aHHOTO BUJIA C HAJIEXKAIUM 00pa30M I10-
JOOpAHHBIM TEH30POM X1k . PaKTUIECKOE TPOBEIEHNE ITOM, TOBOTh-
HO I'POMO3KOIl, oIlepaliuy OTJIOXKHUM J0 KOHIIa rmaparpada, a ceiidac
MPOJIOJIZKUM BBIBOJI YPABHEHU JBUKEHUS, TIPEJIOIaras CUMMETPH-

3alUI0 az(,:) y2Ke IIPOU3BEICHHON.
IMoacrasus (40.15) B (40.13) u BBLAEISASA B OJHOM W3 UICHOB II0JI-

(r)

HYIO JIUBEPreHInio (C y4eTOM CHMMETPHYHOCTH Oy’ ), HOJIy UM 1)

(%) ,=-Nh+ oDy — (BE)p, gvi +div (). (40.17)
P,

Hakonen, nogcrasum B (40.12) dburypupyromiye taM mpou3BojI-
uble 110 Bpemenn u3 (40.5), (40.7), (40.8) u (40.17), npudem dacTHYO

(mpu OCTOSTHHBIX p U S) POU3BOHYO OT F BBIPa3uM Yepes TOTHY O
IPOU3BOJIHYIO CONIACHO

O;E = (0,E),, s + poip +T0;S.

1) Mockomsky Eo = Eo(p, S), 10 (8;Ea)p, s = (0:E),, s.
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ITocse psiza npeobpasoBanuii (BblIeIeHNsI IOJHBIX IUBEPreHIINil) M0~
JIyYUM B pPe3yJIbTaTe

2
0|20 4 B| = —oloi — Nh+ 2qVT + 2R +div (), (40.18)
rjie 0, CBSI3aHO ¢ o) (HopMyIIoit

(r)

oik = —plik + 05 + Ol (40.19)

a JaBJICHHME BBEICHO COIVIaACHO €ro TepMO,ILI/IHaMI/I‘IeCKOMy orpeznaeJsie-
HUIO:

p=pu—E+TS (40.20)

(pp = ® — TepMOAMHAMUYECKUH TTIOTEHIMAJ eJUHUIILI 00beMa Be-
IECTBA); KaK U JIOJZKHO OBLIO ObIThH, UM OMPENesIAeTCsl W30TPOIHAS
4aCTh TEH30Pa HAIPAZKCHUNA.

Cpasnus (40.18) ¢ ypasaenuem coxpanenust sueprun (40.11),; mbr
BUJIUM, YTO

2R = ol v, + Nh — %qVT. (40.21)

O1a QYHKIMS ONPeeaeT BbI3BAHHOE TUCCUTIATUBHBIMU TPOIECCa-
MU YBeJIMUYEHUE SHTPONuu. SIcHO 1mosTromy, uro BBejieHHbI B (40.19)

TEH30D 0}, MPECTABIAET COOOIl JUCCHIATHBHYIO («BA3KYIO») 9acTh

(r)

ren3opa Hanpskenuil. Tensop xe o, B (40.21) He BxOAMT; OH HPEJI-
crapssier cobofi HeUCCUTIATUBHYIO (OMUMO CBSI3AHHOI C JIaBJIEH-
eM) YacTh TEH30pA HAIPSIKEHHIT 1), creruduuecKyo s HeMaTHde-
CKO#l (B OT/In4re OT OOBIYHOM) KUJIKOCTH.

O6paruM Tak)Ke BHUMAaHUE HA TO, YTO B JUCCUTATUBHYIO (DYHK-

M0 He BXOAUT Ko3dunmenT A. XOTs ONUCHIBAEMbBIA 9TUM 6e3pas-
MepHBIM K03 dunmenroM 3pdeKT nmeeT sIBHO KHHETHUYECKYHO (& He

TEPMOJMHAMUYECKYI0) TIPUPOJLY, OH He JINCCUTIATHBEH 2),
ILnoTHOCTL 0OBEMHBIX CHJI B IBUKYINENHCS HEMATUYUECKONH Cpejie

F,=-0;p+ 8ka§,:) + oy, = —0ip + Fi(r) + F.

B mHenonsuxkHON pasHOBecHOi (x0T u gedopMUpPOBAHHOI) cpeje
F' =0, a cornacuo ycmosuio pasrosecus (36.7) u h = 0. Cornacuo
(40.14), (40.15) mpu sTOM cnta

F") = —(VEy), s, F=-Vp—(VE),s.

!) Ee unorma HaspiBaloT PeaKTHBHON UacThIO (OTCIONA HHIEKC (T), KOTODHIM
MbI CHAO UM €e 0GO3HAMEHNE).

%) J1a curyamms He yHuKaIbHA: HamoMHEM 3ddexT X0/ B SIeKTPOLMHA-
MHKe IIPOBOJISAIINX TeJI; OH TOXKe He CBS3aH C JUCCHUIIAIIE.
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Ecimu caurarh MOJY/IM YIPYTOCTH MOCTOSHHBIME, HE 3aBUCAIIAMA
or p u S Benmmuunamu, 10 (VEy), s = VE; u Torma cuna F =
= —V(p+E,). Ho B paBHOBecuu 101:xH0 6bITh Takzke u F = 0. Or-
CroJla CaeyeT, 9To (B yKa3aHHOM IPEJNONIOKEHIN) PACIpe/Ie/IeHIe
JIaBJIEHWsT BJIOJb HAXOJAIIEHCS B PABHOBECUH HEMATHUIECKON CPesIbl
naercst popmytoii )

p = const — Ey. (40.22)

IIpousseniem Teneps B SBHOM BHU/IE YIIOMSHYTYIO BBIIIIE OMIEPAIIATO

(r)

CHUMMeTpu3aluu TeH3opa o, . IIpexe Bcero, BHIMUCIUM B SABHOM
BHUJ/Ie aHTUCUMMETPUYHYIO YacThb 9TOro Tenzopa. llpm Bbruncienun

(r) (r)

pasHoCTU 0, " — 04" HAJ0 yYeCTh, YTO BHIDAsKEHUE

1

OF,
B, = 5 Lng + w5 Oing — T Oimy

CUMMETPHUIHO 10 WHieKcaM %, k. [IpoBepuTh 9Ty cUMMETPUIO HEro-
CPEJICTBEHHO HeJIErKo. [IpoIre ¢1enarh 9T0 KOCBEHHBIM TTyTEeM, BOC-
IIOJIb30BaBIINCH TE€M, YTO SHEPI'HULA Ed — CKaJIdp U TeM CaMbIM HH-
BapHaHTHa OTHOCHUTEJIbHO IIPOMU3BOJIbHDBIX Bpa.]l[eHI/IfI CUCTEMBbI KOOP-
jguuatr. [Ipu 6eCKOHEUHO MaJIOM MOBOPOTE Ha YTOJ 0@ KOOPAWHATHI
peobpa3yTcs Kak

v =r+dr, Jdr=[0p 1],

0T; = €ixTh, Eik = k0PI = —Eki-
Jlna m3MeHenns BEKTOpa N U TeH30pa JgN; NMEEeM COOTBETCTBEHHO
on; = eyny,  0(Okny;) = €ig Oy + €1 Oy

WNapapuanTHoCcTh (yHKIMU Fg TpU 3TOM TTOBOPOTE O3HAYAET, UTO
Bireir = 0. IlockombKy €;; — NPOMU3BOJILHBIN aHTUCUMMETPUIHBIH
TEH30pP, TO OTCIONA CIeAYeT, UYTO B — CUMMETPUYHBIA TEH30D, YTO
n TpebOBAJIOCH JI0KA3aATh.

Hmesa s10 B BUIy, JIETKO TPUBECTU AHTUCUMMETPUYHYIO YACTb

TEH30pa al(;) K Bugy (2.11) ¢ rerzopom

Yikl = NiTp — NET;-

!) Eciin me menarh yKa3aHHBIX IIpeIIoaoKeHuii, T0 cuay F pu mocTosHHOI
TeMIepaTrype MOXKHO npusecTH K Buny F = —pVpu tak, 9To ycioBume paBHOBe-
cus CBOOUTCA K 00braHOMY p = const. [leiicrBurensno, nuddepeHnnpys Bb-
paxkenue (40.20) m1s JaBJIEHUS W YUIUTHIBAask TEPMOIUHAMUIECKOE COOTHOIIEHNE
dE =T dS+pdp+(dEq),, s, vaiinem —Vp = —pVu—SVT +(VEy),, s, 0oTKyga
npu T = const u mosyvaercs yka3aHHOe BbipakeHue s F.

8 JI. d. Jlangay, E.M. Jludpmun, Trom VII
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(r)

ITocste 5TOro cUMMETPU30BAHHELL TEH30D 0,  MO/IyYaeTCH HEIOCPe/I-
crBenHo 1o dhopmyiie (2.13). Tlocsie HEKOTOPBIX IPUBEIEHW 0Ty IUM

A 1
‘7@(1:) = —g(nz‘hk + nihi) — = (w1 Oiny + iy Ogry) —

2
1
-0 [(mik + Tgi)u — Tgms — ming). (40.23)

OrmeTrM, 9T0 9T0 BhIparkeH#e (DaKTUIECKH COJEPIKHUT TOJIBKO MOIe-
peunble (110 nHEKCY k) KOMIIOHEHTHI T€H30pa ;). EC/Iu npecraBuTh
TMOCJIEAHUI B BUIE
qin = D) .
ik = T, + Tangny

(rak uTo wz(li)nk =0), To B (40.23) ocraHyTCsi TOJIBKO UJIEHBI C WZ(,?.

HakoHmer, BepHeMcs K 9/I€HaM C TIOJHBIME JIMBEPIEHIUSIMU, KO-
TOpBIE MBI J10 cux 1op He BuinuckiBaau. Cpasaus (40.18) c (40.11),
BUJIUM, YTO BBIDAsKEHUE, CTOsiIee 10J] 3HakoM div B COBOKYITHOCTH
9TUX YWIEHOB, ONPEJIENT COOO# IIOTHOCTH MOTOKA sHeprun. [IpuBesem
3J1€CH OJIYYAONIMACS TAKMM 00Pa30M OKOHUATEbHBIN Pe3ysIbTar:

2
Qi= (W+ %) v; — Tk {— vy Omg + Queng + Ay (Vi — nEnmvim) }+

A
+ = (nihg, — nghi)vg + E(nihk + nghg)vg — ol o — sk O T,
(40.24)

rne W =p + E — temioBast pyHKius. [lepBblit wieH coBIaIaeT ¢ BbI-
PasKeHMEeM TTOTOKA SHEPTUr B THAPOINHAMUKE OOBITHOM YKUJIKOCTH.

N | =

§ 41. InccunatuBHbie KO3(PDUIMEHTH HEMATUKOB

Ynenst ¢ N 1 0] B ypaBHEHUSX JIBUZKEHNIS BEIPAZKAIOT COOOIT pe-
JTAKCAITMOHHBIE TIPOIECCHI, BO3SHUKAIOIINE BCIEJICTBIE TEPMOSUHAMU-
YECKOW HEPABHOBECHOCTH CPEbl; 9Ta HEPABHOBECHOCTH B CBOIO OYe-
penb CBsA3aHa C OTIHYIHBIME OT HYJIs h 1 v;,. B obbramom rugponnna-
MUTIECKOM TPUOIMIKEHNN HEPABHOBECHOCTE TIPEITOIATACTC CTaboi,
T. €. BEIUIWHBI h, v;;, — B ONpemeseHHoOM CMBbICTe MaabiMu. Torma
0}, ABJIHETCS X JIAHEHHBIMI Dy HKI[ASMIL.

Ommako mpu TpuHATON HaMu (OpMe 3AMNCH yPABHEHUH TBUKe-
HUsl 3aBUCAIINX OT h 4enHos B 0}, nucars He Hag0. JeficTBuTebHO,
TaKWe YJIEHBI, COCTABJICHHBIE M3 KOMIIOHEHT h W n, uMenun Obl BH
const - (njhy + ngh;). Ho wien takoro Buga ye eCTb B HEJUCCUIIA-

o o T
TUBHO¥ 9aCcTh TEH30pa HATIPSIZKEHU agk) (40.23); nobasenue mom06-
HOTO 4JIEHA B 0}, CBOJHUJIOCH ObI [O9TOMY JIANIL K IEPEOHPEIETeHII0

ko3 durimenta A.
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O6muit By JIMHEHHOM 3aBUCUMOCTH agk OT Vjk:

!
Ok = NikimVlm, (41.1)
IpHUYeM TEH30p Y€TBEPTOr0 PAHTA 7);klm 00JaJaeT OYeBUIHBIMA CBO-
CTBAMHU CHMMETPUH (C/IEJCTBUSAME CHMMETPUI TEH30DPOB Oy H Vi)

Nikim = Mhitm, = TNikml- (41.2)

Kpowme toro, ator Tenzop obiagaer u 6ojee TIIyOOKON CUMMET-
pueit, ciaepyroieit u3 OOIEro MPUHIIAT, CUMMETPUN KUHETUIECKUX
ko3 dunmenrop Oncarepa (cm. V, § 120; kak u B § 32, HuKe B
9TOM maparpade Mbl MoJIb3yeMcst POPMYJIUPOBKON 3TOT0 TPUHITUTIA,
mauHoi B VI § 59 u BBeJeHHBIMU TaM OMpEJETEHUSIMYU BEJIUYUUH L,
u X,). U3 seipaxennst 2R /T 111 CKOPOCTH YBEJINYEHUST SHTPOIINH

BHJIHO '), YTO €CJIM [0/ BEJIMUUHAMY &4 HOHUMATH KOMIOHEHTHI TEH-
30pa Oy, TO «TEPMOJAMHAMHUYECKH COLPSZKEHHBIMI» C HUMU BEJIH-

guHaMu X, OyIyT KOMIOHEHTHI TeH30pa —Upy, /T 2). KOMIOHEHTBI

JKe TEH30PA 1);kim UTPAIOT POTh KHHETHUIECKUX KOIDDUITHEHTOB Yqp-
pwummun Omcarepa TpebyeT PaBEHCTB Yap = Ypg, T- €.

Nikim = Nimik- (41.3)

Ten30p Mikim AOMKEH OBITH COCTABJIEH JIUITH C TTOMOIIBIO €U~

HUYHOTO TEH30pa 0;; M BEKTOPA N C yUYETOM YKA3aHHBIX CBONCTB

cummerpun. Vimeercs BCero msTh JIMHEHHO HE3aBUCUMBIX TAKMX KOM-
Ounarwii)

LN Nmy  TiNEOim + MNm ik,
110k + NN Oim + NN Ok + MR Oit,
0ikOtms  0itOkm + Ok10im.

CoOTBETCTBEHHO TEH30D 1)k UMEET ISITh HE3ABUCUMBIX KOMIIOHEHT;
IpeACTaBUM COCTABJICHHBIA C €ro MOMOIIBI0 TEH30D HAIPAXKCHUN B

Buje 3)
oik = 2mvik + (n2 — m)dikou +
+ (n4 + 1 — 12) (OakMiNmVim + ningvy) +
+ (13 — 2m) (ningogs + ningvi) +
+ (05 + M + m2 — 203 — 2n4)nmE V. (41.4)

) HamomanM, 9T0 3Ta CKOPOCTH BBIPAXKAETCH Yepe3 BEJIUTUHBL Lq, Xq POP-
mynoit 2R/T = =Y &qXa.
a

2)B JIATEPATYPE O BEIMINHAX Tq U Xg FACTO TOBOPSAT COOTBETCTBEHHO KAaK O
MEPMOOUHAMUYECKUT TLOTMOKAT U MEPMOJUHAMUNECKUT CUNAT.

3) Muccunarupbie K03 UIEHTH HEMATUKOB ObIIN BBIEHBI (B IPYTOM BH-
nme) Jecauw (F.M. Leslie, 1966) u Iapodu (O. Parodi, 1970). Obmenpuasarsrit

BBIOOD ompezesnennii K03GhOUIMEHTOB BSI3KOCTH HEMATHKOB B JIATEPAType, I10-
BUIMOMY, €Ill€ HE YCTAHOBUJICS.

8*
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IlenecoobpasHocTh MMEHHO TAKOTO OIpedeseHus Bcex Koahduim-
€HTOB WJLIIOCTPUPYETCS CJIEAYIONIUM BBIDAyKEHUEM IUCCUITATUBHOMN
dyHKIUM, KOTOPOE OHO MPUHUMAET TIPHU BBIOOpE OJHOM U3 Oceil KO-
opauHat (0CH z) BJOJb HANPABIEHUS 10

1 2
2R = 2771 (Ua,@ - 550[,3“77) + 7721’(2)40[ + 277317(2)4,2 + 2774'Uzz'U04a +
1 1
1502, + 7 {5 (0:T)° + 51 (0aT)%} + ;hQ, (41.5)

IJle MHIEKCH «, (3, ¥ mpoberatoT aBa 3HaYeHus X, y. [I0CKOIBKY moJI-
KHO ObITh R > 0 (SHTpOMIMst BO3pacraer), T0 KO3PMUIUEHTH 11, 12,
M3, M55 %||; %1, Y TOJOKUTEJNBHbI U, KPOME TOTO,

Mans > 3. (41.6)

Takum 06pazoM, HEMATHYIECKAsT CPEJA XAPAKTEPU3YETCsT BCETO
JIEBITHI0 KHHETUIECKUMHU KO PUIMEHTAME: TATHI0 K03hdumen-
TaMU BA3KOCTH, IBYMs KOI(DPUIIMEHTAMHI TEILIOTPOBOIHOCTH, KO-
dunuenTom y (TOXKE MMEOMIUM PAa3MEPHOCTh BA3KOCTH) U Ge3iuc-
CHTIATUBHBIM 0e3pa3sMepHBIM KOI(PMUIUEHTOM .

Yucno Gurypupyommx B ypaBHEHUAX ABUKEHUsS K03 dUIneH-
TOB BSI3KOCTH YMEHBITAETCI B BAXKHOM CIydae, KOTJA JBUKYIIYIO-
Csl KUJKOCTH MOYKHO CUMTATh HECKUMAEMON (JIJIsl 4ero ee CKOpOCTh
JIOJZKHA ObITH MaJjia 110 CPABHEHUIO CO CKOPOCTBIO 3BYKA). Y paBHe-
HU€ HEeMPEPBIBHOCTU HECXKUMAEMON YKUJIKOCTH CBOIUTCS K PABEHCTBY
divv = vy = 0. B rensope nanpsizkenuii (41.4) BTOpoii WwieH BbInaa-
eT BOBCe, a TPeTuil npuHUMaeT BuJ const - d;x (1M Vim ). 3amedaeM,
YTO MOC/TEIHUN UjeH HEe IaeT BKJIaJla B JUCCUIATUBHYIO (DYHKITIIO
(oH BbIIagAaeT Ipu 0OPA30OBAHUU MPOU3BEIACHUS Ok V), MOCKOIBKY
VO = vk = 0). Kpome Toro, oH nmeer Takyio e TEH30PHYIO
CTPYKTYPY, KaK U WIeH —pd;; B TOJHOM TEH30PE HAIPIKEHUN 0.
Mexmy TeM, B THAPOAMHAMUKE HECKUMAEMON KUIKOCTH JTaBJICHUE
BBICTyIIAeT (HApsily CO CKOPOCTBIO) TIPOCTO KaK OJHA U3 HEU3BECT-
HBIX (DYHKIUH KOOPIUHAT W BPEMEHH, OTPEIETIEMbIX B PE3YIbTATE
peleHns ypaBHEHUI NTBUKEHWsT; OHO HE SIBJISIETCST 3/1€Ch TePMOJIM-
HAMHUYIECKOW BEeJTUYUHOHN, CBA3AHHON C APYTUMHU MOLOOHBIMU BEJIH-
YUHAMHU ypaBHEHHeM cocTtosguus. [loaromy wienbr —pd;, u const -
- 0ik (NN UL,) B TEH30pe HANPSKEHUH MOXKHO OObEIMHUTH JAPYT C
JIPYTOM, 9TO CBOJAWTCS TPOCTO K TIEPEONpEeeICHUI0 AaBaerusd. Ta-
KUM 00pa30M, BSIBKUI TEH30D HANPSI)KEHWI HEeCXKUMAEMO HEMaTH-
TECKON JKUJKOCTH CBOJUTCS K BBIPAKEHUTO

oi = 2mvi, + (N3 — 2m1) (ninvg + ngngvg) +
+ (Ty +m1 — 203)ninprynp v, (41.7)

(rzme Ty = M2 + M5 — 214) W CONEPIKNUT BCETO TPU HE3ABUCUMBIX KOI(]-
dunmenta Baskoctr. COOTBETCTBYIOINAS ANCCATATHBHAS (DYHKINS
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(ock z B1OB N):
1 2 2
2R =2 (vag — 56a5077> + Myv;, + 2n3v,, +
+ % {5 (0.T)? + 31 (9aT)?} + }—th (41.8)

(HATIOMHUM, 9TO Vgq + Vzz = 0); MOJOKUTETHEHOCTE KOI(DMDUIMEHTA,
7o obecrieunBaercst HepaBeHCTBOM (41.6).

3amgaua

OnpenemuTs Crty, TEHCTBYIONY IO HA TPAMOJIMHEHHY O AUCKINHATAIO (¢ WH-
nekcom ®Ppanka n = 1), ABUXKYIYIOCS B MEPIEHIUKYISAPHOM €€ OCH HAIIPaBJIe-
wun (H. Imura, K. Okano, 1973).

Pemenue. PaccmarpuBaeMm AUCKIUHAIMIO B CUCTEME KOODIMHAT, T OHA
mOoKOUTCA (W COBIAMAET C OCBIO Z), & JKUAKOCTH IBUXKETCS C IIOCTOAHHON CKO-
POCTBIO V BAOIL OocH . Pacupenesenne n(r) B IUCK/JIUHALMKA B 3TON CHCTEME
CTaIMOHAPHO U maeTca GopMynaMu (g TUCKIMHALIAN ¢ PATAATBHBIMA <JTHH-
SIMH TOKa JUPEKTODay, puc. 27 a)

Nz = COSY, Ny =siny,

rie noaspHbIl yron ¢ = arctg(y/x). B ypasaennn (40.3) umeem On/dt = 0 u
vir = 0 (BBHAY OTHOPOTHOCTH MOTOKA), TAK ITO OCTAETCS

Oon h
v

or v

Orcrona HAXOAUM i BO3HUKAIONIETO B PE3yJIbTaTe JBUKEHUS CJIA00r0 MOJIEKY-
JIIPHOTO TIOJIST

19]
h=7vlvn] £,

roe v — e,I[I/IHI/I‘{HI)Iﬁ BEKTOP B HaIIpAaBJIEHUU OCHU Z (B OTCYTCTBUE IIBUXKCHUA
MoJstekyaspHoe nojie h = 0, Tak KaK HeloJIBMKHAs JUCKJIMHAINS [IPEICTABIIIET
coboli paBHOBECHOE cocTostHmE cpempl). Inccnmarusras GyHkmms

h2 ) 2 2
2R = — ='yv2 2 2702—21 .
gl (2 +y?)
OHeprus, TUCCUMUPyeMasd B €IAHAILY BPEMEHN (M OTHECEHHAA K €IWHUIIE JJIMHBI
JINHUW JUCKJIVMHAIIAK ), JAeTCS UHTErPATIOM

f 9Rdwdy = myv’L, L=1nZ,
a

rae R — momepevnbie pa3Mepbl 06JIaCTH ABUKEHUs, & G — MOJIEKYJIAPHBIE Pa3-
Mepbl. DTa JIUCCUIANNS JO/KHA KOMIEHCUPOBATHCs paboToil v f, coBepuiaeMoit
npedicrByomeil Ha nuckiannanuo cuiioii f. Orcona Haxonum

f =myvL.

Jljisl AUCK/IMHAIIN C KPYTOBBIMU JIMHUSIMU TOKA, (CM. pucC. 27 6) mOIydaeTcs
TaKON 2Ke pe3yJIbTar.
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§ 42. PacnpocTpaneHne MaJiblX KojiebaHUIT B HEMaTUKAX

[Tosnas cucrema TOYHBIX ypPaBHEHUH THAPOIMHAMUKA HEMAaTHU-
KOB 0YeHb C1oxKHa. OHa, eCTeCTBEHHO, YIIPOIIAETCA B CIydae MaIbIX
KosebaHmit, KOrua JOTMyCTUMA JTHHeAPU3allns yYPaBHEeHU .

[Ipuctynas K uccie0BAaHUIO PACITPOCTPAHEHUST MAJBIX Koseha-
HUH B HEMATUYECKUX CPeJax, HAIOMHUM IIPe/IBAPUTE/IHHO, KaK1e TH-
bl (MOZIbI) KOJIeOaHUH CYIIeCTBYIOT B OOBIYHBIX XKUJIKOCTSIX. [Ipex-
JIe BCEro, 9T0 0OBIYHbBIE 3BYKOBBIE BOJIHBI C 3aKOHOM Jucrepcun (CBsi-
3bI0 MEKJIy 9aCTOTON w M BOJHOBBIM BeKTOpoM K) w = ¢k u cKopo-

CTBIO PACIPOCTPAHEHUA
c= (6—1’) . (42.1)
S

op

Konebanus B 38ByK0BOit BoHe npogosbhbl (ecMm. VI, § 64).
Hastee, CyIecTBYIOT CUJIBHO 3aTyXaOIIMe BsI3KUE BOJHBI C 3aK0-
HOM JIMCIIEPCHI

iw= "1k (42.2)
p

riae  — koapdunment Bs3koctu (M. VI, § 24). DTu BOIHBI MOMIE-
peuHbl (CKOPOCTh V TeEpIeHJIUKYJIsipHa BeKTOpY K), B CBs3u ¢ 4yem
UX 9aCTO HA3BIBAIOT cJ6u206bimU. OHU MOIYT MMETH JIBa HE3ABUCHU-
MBIX HAIPaBJICHUS TTOJSIPU3AIIN; 3aKOH JIUCIEPCHN OT HAIIPABJICHUS
MOJIAPU3ALINN HE 3aBUCHT.

HakoHerl, B HEIOABUKHOM KUIKOCTH MaJible KOJeOaHus TeMIie-
paTypsl (M SHTPOMMK) PACTPOCTPAHAIOTCH, KAK CTOIb YK€ CUIHHO 3a-
TYXaroIye BOJTHBI ¢ 3aKOHOM JIUCTIEDCHN

iw = xk?, (42.3)

rje X — TeMIepaTypornpoBoaHOCTh cpebl (em. VI § 52).

Bonnbl aHATOTUYHBIX TUTIOB CYIIECTBYIOT U B HEMATHIECKUX CPe-
nax. Ho manmane y HeMaTHKOB JOMOTHUTENLHON IMHAMUIECKOH TTe-
PEMEHHOM — IUPEeKTOpa N — TPUBOJAUT K TIOSBIEHUIO €I1e U HOBBIX,
crneruduyeckux g Hux tunos BonH (P.G. de Gennes, 1968).

Haunewm ¢ obbrunoro 3Byka B HemaTukax. Jlerko Bujaerhb, 4TO B
npejiesie JJ0CTATOYHO JJIMHHBIX BOJIH (T. €. OCTATOYHO MaJIbIX 3HAaYe-
HUil k) NONpPaBKU K CKOPOCTH 3BYKa, CBSI3AHHbIE C HAJIMYIMEM HOBOI
JUHAMUYECKOR MepeMeHHON, MaJibl, TaK YTO CKOPOCTb 3BYKa OAeT-
cst mpexkHei npoctoii dopmydoit (42.1). IlpexcraBuM aupekTop B
KoJte0JTIoneiicst cpejie B Buje N = N + 0N, rje Ny — IO0CTOSHHOE
BJIOJIb CPEIbI HEBO3MYIIIEHHOE 3HAYUEHWE, a 1 — MAaJas TepeMeHHas
qacTh (mockomeky n? = n3 = 1, To ngdn = 0). Cpasrenme JeBoit
yacru ypasuenus (40.3), ¢ nepBbIMU JABYMsI YJIE€HAMU B €10 IPABOi
9aCTH MOKA3bIBAeT, 4T0 won ~ kv, 1. e. on ~ v/c (unen :xe N = h/y
B PACCMaTPUBAEMOM TTPUOJINKEHUN SBIFETCA MAJION BETHINHOM 00-
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Jiee BBICOKOTO MOPSJIKA, MOCKOJIBKY, coryacHo (36.9), Moieky/sipHoe
nosie h o k?). Tlostomy unen Ey B TIOTHOCTH SHEPTUH KIIKOCTH:

By~ K (kén)? ~ K(ﬁ)Q

C

T. e. uMeer ToPsiIoK k2 10 CPABHEHMIO ¢ OCHOBHBIM UJIEHOM, KOTOPBIi
~ pv?. B paccmarpuBaeMoM TIPUOIMKEHUH STOH SHeprueil MOXKHO,
CJIeTOBATETHHO, TPEHEOPEUD, IeM 1 JTOKA3BIBACTCA CIETAHHOE BLITIE
YTBEPKICHUE O CKOPOCTU 3ByKA.

B crenyromiem 1o k mpub/inKeHUN MOSIBISIETCST CBSI3AHHOE C JTUC-
CUTIATUBHBIMU MIPOIECCAMHU TIOTIONIEeHNE 3By Ka. Creruduka HeMaTH-
ka (110 CPABHEHWIO C OOBIYHBIMU YKUJIKOCTSMUE) MPOSB/ISETCS B aHU-
30TPONUK HTOTO MOIJIOMIEHUST — €r0 3aBUCUMOCTH OT HAIPABJICHUS
pacIpocTpaHeHus: 3BYKOBO# BOJIHBI (CM. 3aady 1).

OcrabHble TUITBI KOJIEDaHNl B HEMATHKAX UMEIOT 3aKOH JINCIIED-
cum, oso6ubIit (42.2), (42.3): w e« k2. D10 3HAUMT, 4TO TPH J0CTA-
TOYHO MaJIbIX k BO BCsKOM ciyuae Oyaer w < ck. B cBoio odepennb
OTCIOJIA CJIEJIYET, UTO B HTUX KOJEOAHUIX KUIKOCTH MOYXKHO PaccMar-

TPUBATH KaK HECKIMAEMYIO |). YpaBHEHHe HelpPEepPbIBHOCTH CBOJIHT-
ca rorga K divv = 0 wm gaa moockoii Bojaasl kv = 0. Takum
00pa3oM, B OTHOIIEHUH KOJEeOaHUI CKOPOCTH pacCMaTpUBaeMble KO-
JiebaHus TIOMTEPEIHBI — CABUTOBBIE KOJIEOAHUSI.

JLnst viccaeoBaHus BCEX 9THX KOJeOaHWii MPOU3BEIEM JINHEAPH-
3allUi0 YpaBHEHUN JIBUMKEHHsI, TIOJOXKHUB B HUX N = ng + dn, p =
= po+ 0p. B mepBoM mpubIMKEHNN MOTEKYISIPHOE TIOJIe THHEHHO TI0
IPOM3BOAHBIM OT N M TEM CaMBbIM — JIMHEHHO 0 dn:

H = K,V divion — Ky rot (ng(ng rot dn)) + Ksrot[ng[ng rot dn]].
(42.4)

IlepBoiit ke 4WaeH B «pPEaKTUBHOI» YaCTH TEH30Pa HAIIPAKEHUT

(40.16) kBagpaTuyeH Mo 0n W MOTOMY JOJIZKeH ObITh omyteH. Jlo/-

JKHBI OBITH OMYyIIEHBI TAKKE W KBAJPATHIHBIE UJIEHBI, BO3HUKAIO-
o T

e Tpu 00Pa30BAHUN TEH30DHOW IMBEPTEHIINN 8ka§k) B ypaBHe-

ann (40.7) u wren (vV)v B ero sesoit wactu. B pesysnbrare 510

yPaBHEHUE CBOJUTCA K CIEIYIOIIEMY:

poL = —0idp + (s Ol — ok Opha) — 3 (o D, +

ot
+ nok Okhs) + (9k02k. (42.5)

') Hamomumm (cm. VI, § 10), 9TO HECTAIMOHADHO JBUIKYILYIOCS MKUIKOCTD
MOKHO CUATATh HECKHUMAEMON mpu ycmoBuax v &K ¢ m 7 > lfc, tne 7 m | —
[IPOMEXKYTKH BPEMEHHM U DACCTOSHUs, HA KOTOPBIX CKODOCTH KUJKOCTH HCIIbI-
THIBaeT 3aMeTHOe m3MeHeHHe. [jis Ko/1e6aTeIbHOrO JBUKEHHS IIEPBOE YCIOBUE
BCET/Ia, BHITIOTHAETCS TIPU JOCTATOYHO MAJIBIX aMILINTYJaX KoeOaHwmii, a BTopoe
yCJI0BHE KakK pa3 u o3HadaeT Tpebosanme w/k <K c.
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B ypasuenun ke (40.3) g0cTaTouHO 3aMEHUTH (B HEPBBIX JBYX dJIe-
HaX B [PaBoil 4acTw) N Ha Ny u omycTurh wieH (vV)dn B Jesoil
qaCTH:

65774
ot

Beuay pasercts ngdn = 0, vk = 0 BeKTOpBHI 6N ¥ V UMEIOT BCETO IO
JIBe HE3aBHCHMBbIE KOMIOHEHTHI. YpasHenus (42.5), (42.6) cocrasis-
0T MO9TOMY CHCTEMY YeThIpeX JIMHEWHBIX ypasHuenutt. mu ompee-
JISIIOTCST YeThIpe KoebaTebHble MOJIbI, B KaXKJIONH M3 KOTOPBIX MC-
MBITBIBAIOT CBS3aHHBIE IPYT C IPYTOM KOebaHust KAk CKOPOCTb, TaK
u guperTop. OOBIYHO, OJHAKO, CUTYAIlsl CYIIECTBEHHO YIIPOIIAETCS
BBUJY TOTO, UTO OGe3pa3MepHOe OTHOIIECHNE

— Ep
772

1
= Qpinor + A0 — noinor) nokvk + ;hi- (42.6)

1 (42.7)

oKazbIBaeTCs MaJIoit Bemmannoit ~ 1072-107* (31eck K un — mnops-
KU BEJTMYUHBI MOJIYJIEH yIPYrOCTH HEMATHKA U ero KO3 MOUINEeHTOB
BA3KOCTH 1)1, T, 73, 7Y). Kak Oyaer mokaszaHo HUXKe, TIPU STOM MOZK-
HO pa3/MYaTh JBa CYIIECTBEHHO PA3/IMYHBIX THUIIA KOJeOAHWIA, s
KasKJIOr0 13 KOTOPBIX ypasHeHust (42.5), (42.6) momyckator ompee-
JIEHHBIE YTIPOIIEHMUSI.
B ogHOM M3 HMX YACTOTA CBsI3aHA C BOJIHOBBIM BEKTOPOM COOT-
HOIIIEHUEM BHUJIA ,
iw ~ T (42.8)
p
anasiorndnbiM (42.2) (110 mpuumHe, KOTOpasi BBISICHUTCS HUXKE, 3TU
KOJIe0aHUST HA3BIBAIOT ObicmpbLmy CIBUTOBbIMI). B 0boux ypaBHeHU-
ax (42.5), (42.6) moxHO TOrga NpeHeGpeYh BCEMU UJEeHAMHU, COMIEp-

xkarmummu h. leiicrsurensro, u3 (42.8) BugHO, 910

5nwk_vwﬂ’
w nk

U [I03TOMY MOJIEKYJIAPHOE I10JIe

vk K
h ~ Kk*én ~ 222
n
Wcnonb3ys 9Tr omtenku, JIerko yoeauThCst, ITO 4IeHbl ¢ h B ypaBHe-
HUSIX MAJIbI TI0 CPDABHEHUIO C YJIEHAMU C V;; B OTHOIIEHUN ~ f. Takmm
00pazoM, cucrTeMa YPaBHEHU it OBICTPBIX CABUTOBBIX KOJeOaHMIl
CBOJIUTCST K

pa'ui
ot

= Qpinor + A0 — noinor) NokVkI- (42.10)

= Opoiy, — 0i0p, (42.9)

65774
ot
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[Teppoe ypaBHeHMEe HEe COAEPKUT 0N ¥ ONPEe/IsieT KoaeOaHusi CKO-
DPOCTH U 3aKOH JMCIIEPCHUH, TIOCI€ 9€r0 BTOPOE YPABHEHME HETIOCPE]I-
CTBEHHO JIAeT COILy TCTBYIOIIUE KojebaHusi TUupeKTopa (CM. 3a1ady 2).

[TepeiiemM KO BTOPOMY THUITY CIABUTOBBIX KOJIEOAHUIN MTPU YCIOBUN
B € 1 — k crenududeckuM i HEMATHKA MedAeHHbM Koaeba-
HUSM JUPEKTOpa. B 9TuX KoebaHusax MopsAoK BEJTUYUHBI TIEPEMEH-
HOM 9aCcTy JUPEKTOPA ONPEIEsTeTcs HaaHCOM MeXK /Iy TPOU3BOIHOMN
0dn /0t B nesoit wacru ypasrenus (42.6) u wiesom h/7y B ero npasoii
qacTi: wén ~ h/7y, u mockombKy h ~ Kk2dn, 3akon mucrepcun sTux
KOJIeOaHUl Ka4eCTBEHHO JAeTCsl COOTHONIEHUEM

k2

(42.11)

W ~

v

Odesuzno, 9To mpousBogHasa pdv /0t ~ pvw B JIEBOi 9acTh ypaBHE-
Hust (42.5) OKa3bIBAETCS [IPU STOM MAJION [0 CPABHEHHIO C JICHAMU
Opoly, ~ nuk? B ero npaBoil YACTH U TIOTOMY MOYKET OBITH OITyIIECHA.
YpaBuenue

1 A
— 0;6p + 5(”01 Okhi, — nok, Okh;) — 5(”01 Ophy, +
+ 1ok 8khi) + 8ka§k =0 (42.12)

OIPeJIe/ISeT CBI3b MEXK/Iy KOIeDaHUsIME CKOPOCTH U JUPEKTOPA, I10-
CcJle 9ero 3aKOH JMCIEPCHUH olpejessiercss u3 ypasHenus (42.6) (cm.
3ajady 3).

Ob6parum BHEMaHWe Ha TO, YTO OTHOIIeHHe dwacror (42.11)
u (42.8) wy/wg ~ p. Takum o6pa3om, mpu OAHOM W TOM K€ 3Ha-
YeHun Kk 9acToTa Wy, Maja 110 CPABHEHHIO C Wg; C ITUM U CBI3aHO
Ha3BaHUE COOTBETCTBYIOIINX KOIEOAHUI Me/JIEHHBIME U OBICTPBIMHE.

Hakouer, TemmeparypHble KojeOaHnus B HENOABHKHON HeMaTH-
YeCcKoil cpejie OTINYAIOTCS OT AHAJOTMYHBIX KOJIeOaHMil B OOBLIYHOM
JKUJIKOCTH JIMIIb IOSIBJIEHHEM AHU30TPOINU B 3aKOHE IUCIIEPCHH,
anasorngaom (42.3) (cm. 3agaay 4).

3amayu
1. Onpenenutsb K03GhMUIMEHT MOTTIONEHNS 3ByKa B HEMATHYECKOH cpeie.
Pemenue. Koaddunuent moraomenus ) BeraucisieTcs Kak OTHOIIEHNE
R
cpv?

I =

(cm. § 34), mpuuem auccunarusHas byHkumsa gaercs dbopmysoi (41.5). Ilpu
3TOM B HEHl MOXKHO OIIyCTUTH HJI€H h? /7. HeiicTBuTenbHO, Kak yKe yKa3aHO,
MoJTeKyJIsipHOe TIoe h o k2, u motomy h?/vy oo k*, Mexmy Tem, Kak ocraibHBIE

1) M1 0603HAMAEM 37€Ch Ty BeIMHMHY depe3 ', Bo n36esKaHme IIyTAHWIBI C
JMICCUTIATUBHBIM K03 dUIEHTOM 7.
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4tensl B R IpomopraonaabHer 60ee HI3KOM CTEIeHH BOTHOBOIO BEKTOPa — k2,
IIpocToe BEIUHCIEHNE IPHBOUT K CIIEIYIOMEMY De3y/IbTary »):

2

r=->2 3{(171 +12) + 2013 + 14 — 1 —12) cos” 6+
2pc

1 1
+(m+n2+n5 —2n3 — 2774)cos49 Flzer + (g — %J_)COS2 6] <— — —)} ,
v Cp

rae 6§ — yron mexzay k (u Tem cambiM v) u n. Boluucienue TenonpoBosHOCT-
HOHM YaCTH IIOIVIONIEHUS IIOJHOCTHIO AHAJOIHMYHO TAKOMY K€ BBIUMCIICHHIO [IJIsI
o6brunoii xkuakoctu — cM. VI, § 79 (¢p, ¢y — TEIIOEeMKOCTH eJUHULBI MACCHL

BEIeCTBA).

2. Haiitn 3akoH nucrepcun ObICTPBIX CABUIOBBIX KOJIEOAHMIA.

Pemenue. g miuockoi Bosiuel (v s exp i(kr — iwt)) ypaBrenue (42.9)
IPUHUMAET BH/L ) ) L,
—ipwv; = —ik;0p + ikrojy,.

Jlis Hec:KMMaeMOro HEMATHKA BI3KHI TEH30p HAIpsiKeHuil maercsa ¢Gopmy-
s0ii (41.7), u npocroe Boraucienue (¢ yaerom nonepeusoctu v, vk = 0) npuso-
IUT ypaBHEHWe K BULY 2)

ipwv = ikép + a1k’v + azk’n(nv) + azkk(nv), (1)
rae

1
a1 =mn1 + 3 (ns — 2m) cos? 6,
1 _
az =2 (3 — 2m) + (T, +m — 2n3) cos” 6,

1
asz = 5 (7]3 — 21’]1)(3059,

rae § — yron mexay k m n. Ymuaoxwus ypasuenue (1) ma k, momyanm dbopmyry,
OIIPEIeJIAIONLY 0 KOJIEOAHNUS JAB/IEHHs 110 KOJIeOAHUAM CKOPOCTH:

op = ik(nv)(as + a2 cos6). (2)

VIckoMBIif Ke 3aKOH JUCIEPCUE OIPEIENsieTcsl [IONePeYHBIMU KOMIIOHEHTAMHU
ypasuenus: (1). YMHOXUB 3T0 ypaBHeHue Ha [nk], mosyduM 3akoH Aucrepcun

‘ K K ( Lo, 1 2 )
iw; = —a1(f) = — [ msin® 0+ =nzcos” 0 |,
p p 2
OTBEYAIONNA KOIEOAHNAM V, HEePIEHANKY/ISPHBIM IIOCKOCTH, IIPOXOSIIEeH e~
pe3 BekTopsl k u n. 3akoH ke qucnepcuy s KOjaeOaHW, MOISPU30BAHHBIX B
YKa3aHHOH IIJIOCKOCTH, HOJIy9UTCs YMHOXKeHneM ypasHeHus (1) Ha n 1 MCKJIO-
YeHHeM U3 Hero 0p ¢ nomMompo (2):

. k2 .2 k2 1 — .2 1 2
iw = —{a1(0) + a2(f)sin” 0} = — Z(m +7,)sin” 20 + 51 €08 20 5.
P P

1) HpI/I BBIYUCJICHUN KBaJAPATUYIHBIX BEJIWYIUH BCE KOJ'IeGJIIO]J_[I/IeCH BEJINYUHBI
JIOJIXKHBI, KOHEYHO, 3aIIMCHIBATLCS B BEIECTBEHHOM BHIE — MX 3aBUCUMOCTD OT ¢
u r gaercs MHOX)uTesasMu cos (kr — wt).

2) st yrporenuns 3anucu (popMysI HHIEKC y Ny BE3/e HUXKE B 33/1a9aX OIMyC-
KaeM.
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O6a 3aK0HA HAXOISATCs, KOHEYHO, B COIVIACUU C Ka4eCTBEHHOI oreHkoit (42.8).
3. HaiiTi 3aKOH JUCIEPCUU MEJJIEHHBIX CABUIOBBIX KOJIEOAHUI.
Pemenwme. nsa mrockoit Bomabr (0n o» exp (ikr —iwt)) mureapm3oBanHOE

MOJIEKYJISIPHOE TI0JIE

h=H — n(nH) = —K,{k — n(nk)}(kén) — K>v(vén) — K3(kn)’sn,
rze
v=[nk] (v*=Fksin’6).
VYpasuenue xe (42.12) (¢ o}y us (41.7)) npunumaer Buj

1-X 14+

—ikép — a1k’v — ask’n(nv) — azkk(nv) 4 i n(kh) —1

h(nk) =0 (1)

(byuxuuu a1(6), a2(f) onpenenensr B 3amade 2). YMHOXKUB €ro Ha V, HAXOUM
CBsI3b MEXK/ly KOJIEOAHUAMHU V U 011, TO/ISPU30BAHHBIMYA NIEPIIEHANKYIIAPHO ILII0C-
xoctu k, n:

LA i) () = i 252 (kn) K, (v6m), @)

2k? 2

ar1(vv) = —i

rIe
K| = K,sin? 6 + K3 cos® 6.

Hanee, mmmem ypasrenne (42.6), yMHOKEHHOE HA V:

—iw(von) = %(1 + N @k (pv) — iﬂ (von).

Uckmoums orcioga (vv) ¢ momompio (2), HalieM 3aKOH JUCIepCrn KomeOaHuii,
HOJISIPU30BAHHBIX [EPIIEHIMKYJISPHO II0cKocTH K, n:

2 2
szszJ_{l_’_ (1+ X)”cos 9}.
Y 4aq

J1st HaXOXKIeHMsl 3aKOHA IUCIIEPCUY KOJIeOaHU, OIS PU30BAHHBIX B ILIIOC-

koctu kn, mpoenmpyem ypasaenue (1) Ha HaTpaBIeHWE, TEPIICHTUKYIAPHOE BEK-
ropy k (B muiockoctu nk) u yMHOXKaeM ero Ha n; 3TO AaeT

(nv)(a1 + az sin®§) = —%(1 + Acos 20) K (kdn),

rie
K” =K, sin2 0+ K3 COS2 6.

IIpomsBess Takue e omeparuu ¢ ypasaenueM (42.6), momyaum
. () k?

iw(kdn) = Ek (1 + Acos20)(nv) + — K (kdn).
Y

Uckmouns (nv) w3 060MX MOTy9IEHHBIX yPABHEHNUH, HAlIeM 3aKOH AUCTIEPCAN

2
iw) = KK, {l N 1+ /\cos’29) } .
v 4(a1 + a2sin? )
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O6a 3aKOHA HAXOAATCSA B COOTBETCTBUM C KaueCTBEHHOM omenkoit (42.11) 1).

4. HaiiTu 3aKOH JUCIEPCHM TEMIEPATYPHBIX KOIeOaHUi B HEHOIBUKHOM
HEMATHUKE.

Pemenme. IIpeoGpasoanme ypasrenms (40.8) 11st HECKIMAEMOTO HEMA-
THKA IPOU3BOJUTCH B TOYHOCTH TaK, KAK 9TO JIEIAETCS B CIydIae OOBIHOMN KUIT-
kocrr (cm. VI, § 50) m mpuBoaMT K ypaBHEHUIO

oT i
= = x0T, Xk = 22 = yyning + x 1 (0 — ning).
ot PCp

s xkomebarmit 6T o» exp (ikr — iwt) HAXOMMUM 3aKOH TUCTIEPCHM

iw = k*(x| cos” @ + x1 sin® 6).

§ 43. MexaHuKa X0J1€CTEPUKOB

Xosaecmepuseckue XKUJKAE KPUCTAILIB (ZT0AECMEPUKU) OTIATA-
I0TCA OT HEMATHUKOB OTCYTCTBUEM Cp€IN UX IJIEMEHTOB CUMMETDUN
neHTpa vHBepcuu. HampapieHud Ke N U —N JTUPEKTOPA TO-TIPEXK-
HEMY OCTAOTCsI SKBUBaseHTHBIME (cM. V, § 140).

OrcyrcTBrE IEHTpa CUMMETPUM TPUBOAUT K TOMY, 9TO CBOOOJI-
Has SHeprus aedOopMali MOXKET Telephb COAEpPKATh JIMHEHHBIA 110
[IPOM3BOLHLIM HIEH — IICEBIOCKAIAp nrot n. Ee obmmit Bug Moxer
ObITH npeacraBji€eH B BUIE

Fy = % (divn)? + %(n rot n + ¢)% + %[nrot n%,  (43.1)
rie ¢ — mapaMerp ¢ pa3MepHOCTHIO 0OpaTHON JJIMHBI. DTO OTIMINE
NPUBOJUT K PAIUKAJIBHOMY M3MEHEHUIO XapaKTepa PaBHOBECHOIO (B
OTCYTCTBUE BHEIIHUX BO3IEHCTBUIT) cocTosiHus cpeabl. OHO He siB-
JISIETCSL Teleph MPOCTPAHCTBEHHO OJHOPOAHBIM (N = const), KaK y
HEMaTHUKOB.

PaBHOBECHOMY COCTOSIHHIO XOJECTEPHKA OTBEYAET DACIIpejiesie-
HUe HAITPaBJIEHUN TUPEKTOPA, s KOTOPOTO

divn=0, nrotn=—¢, [nrotn]=0 (43.2)

(cBoboHast sHeprust (43.1) MUHEMAIbHA — PaBHA HYJII0). DTU ypaB-
HEHUsI UMEIOT PeIleHHe:

Ng = C08qz, Ny =singz, n,=0. (43.3)

D1y cTpyKTYpy (€e Ha3bIBAT 2eAukoudaabHoti) MOKHO TPENCcTa-
BUTH cebe KakK Pe3yJbTaT 3aKpPy4YUBaHUS BOKPYD OCH 2 HEMAaTHYe-
CKO# cpeJibl, TIEPBOHAYAJIBHO OPUEHTUPOBAHHONW CBOMMHA N = const B

1) IIpu BemecTBEHHBIX k BEIIECTBEHHAs! BEJIUYHHA W JTOIKHA ObITH IOIOXKH-
TeJIbHOI — KOosle0aHus JOJIKHBL 3aTyXaTh (& HE CAMOIIPOM3BOJILHO YCUIMBATHCS )
co BpemeneM. Bce Halimennabie B 3a1a9aX 2 U 3 3aKOHBI JTUCITEPCHUU STUM CBOMCT-
BOM 00JI181aI0T.
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OJTHOM HAIIPABJIEHUN B TLIOCKOCTH LY. OPUEHTAIIMOHHAS CTPYKTYPa
XOJIECTEPUKA, OKAZBIBAETCS TIEPUOINYECKON BIIOIL OJHOTO HAIPaB/Ie-
HUsI B IPOCTpaHCTBE (0CH z). BEeKTOP N BO3BpAIIAETCsI K MIPEKHEMY
3HAYCHUIO Yepe3 KazKIblii MHTEePBaJI JINHBL 27 /q BIOIb OCH Z, HO 110~
CKOJIbKY HATIPABJIEHUS N ¥ —N 9KBUBAJIEHTHBI, HCTHHHBIN TIEPUOJT TT0-
BTOPSIEMOCTH CTPYKTYDBI BIIBO€ MeHbIle — paBeH 7/q. Paszymeercs,
MaKPOCKOITUYECKOE OMUCAHNE TETUKOMIATBHON CTPYKTYPBI XOJIECTe-
puka dpopmynamu (43.3) uMeer CMbIC, JIUIIb €CIU TIAr CTPYKTYPhI
BEJIMK TI0 CPABHEHWIO C MOJEKYJISPHBIME pasMepaMu. B peasbHbIX
XOJTecTepuKax 3To ycaosme Bumomngerca (1/q ~ 107° cu).

[Ipm BBIBOSIE ypaBHEHWiT PABHOBECHS] W YPABHEHWH TBUKEHUS
HEMATHUKOB HAJUYKME Yy HUX IEHTPA WHBEPCHUU HE WCIOIB30BAIOCE.
TTosToMy Te ke ypaBHEHWs B UX OOINEM BUJE CIPABEJJINBBI U JIJIsI
XOJIECTEPUKOB. B TO0 3Ke BpeMst muMmeercs u psij oranawnii. [Ipex e Bee-
ro, MeHsIeTCsl BhIpaxkeHue Fjy, ¢ KOTOPBIM JIO/IZKHO BBIYUCIATHCS, CO-
rjacHo onpegenenuto (36.5), mosnexkysproe nosie h. lasee, Haauaue
JIMHEHHOTO 110 MTPON3BOHBIM UIEHA B CBOOOJHOM SHEPIUU MPUBOINT
K TIOSIBJIEHUIO PA3IUYMS MEXKJY M30TEPMUYECKUMHU U auabaTude-
ckumu 3HaveHusiMu MonyJis Ko (cp. konern § 36). B cdopmympo-
Bauuoit B § 40, 41 cucreme TUAPOIUHAMUIECKUX yPABHEHWI OCHOB-
HBIMH TEPMOIUHAMUYECKUMU TIEPEMEHHBIMHU SIBJIAIOTCS TJIOTHOCTD W
suTponus. COOTBETCTBEHHO STOMY JIOJKHBI UCIOTB30BATHCA a/Iha-
Haruyeckue 3HavueHus (Kak QyHKIUU p U S) MOJYJIsl YIPYTOCTH.

Haxkowery, cymecTBeHHOE W3MEHEHWE B TI'UIAPOJAMHAMUYECKUX
YPABHEHUSX XOJECTEPUKOB 110 CPABHEHUIO C YPABHEHUSAMHU JIJIsI HEMa-
TUKOB COCTOUT B TIOSBJIEHUH JOTIOTHUTEILHBIX WIEHOB B JUCCUTIATHB-
HBIX 9aCTSX yPABHEHUH — B TEH30pe HANPSKEHHil o)) , TENIOBOM II0-

toke q u Beauunne N B npasoii cropone gacru (40.3) (F.M. Leslie,
1968):

oir = (o1 )uem + w(Ni€kim + Mk€itm )nm O,
N; = (Ni)uen + veirmp /T, (43.4)
@ = (@) uem + viewinghi + p1(€mmink + €umkni)nmvik

(4JI€HDBI ¢ MHIEKCOM «HEeM» 0DO3HAYAIOT BLIPAYKEHUS U3 TUIAPONHA-
MWKH HEMATHUKOB). JIOTIONHATEIBHBIE WIEHBI B 9THX COOTHONIEHUSX
ABJIAIOTCA He MCTUHHBIME, a MCEeBJOTEH30POM M IICeBJI0BEKTOPaMU.
TeMm caMbIM HapyIIaeTcss CUMMEeTPUs OTHOCUTEILHO TPOCTPAHCTBEH-
HOIl MHBEPCUM, X MUMEHHO IO 3TOI NpPUYMHE 3TU YJeHbl OTCYTCTBY-
0T B TUAPOAMHAMUKE HeMaTukos. OOpaTuM BHEMaHUE Ha TO, 4TO
HOCTPOEHUE AHAJOTMYHBIX UIEHOB, KOTOPbIE ObLIM Obl MCTHHHBIMU
TEH30paMM WM BEKTOPAMM, HEBO3MOXKHO B CHJIy TpeOOBaHUS MH-
BapUAHTHOCTY ypPaBHEHWIl OTHOCHTEILHO M3MeHeHus 3Haka n. Tax,
wen suga const (n;0T + n0;T) B 0}, uam anen Buga const-h s q
MeHsIA Obl 3HaK BMECTe C M, MeXKJy TeM KaK TeH30p HalpsrKeHWit
U TEIIOBOI TOTOK JOJIZKHBI ObITH MHBAPHAHTHBLI 10 OTHONICHHIO K
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9TOMY MpeobpazoBaHuio. AHAIOIrMIHBIM 00pa30M, YIeH BHjIa const X
xXVT B N HeB0O3MOXKEH, TTOCKOJIBKY OH WHBAPUAHTEH TI0 OTHOIIEHWIO
K U3MEHEHWIO 3HAKA N, MexXK Iy TeM Kak sesnauna N (omnpeesstonias
npousBoHyio dn/dt) momkua Oblia Obl U3MEHUTH 3HAK.
Kosddunmentsr B Boipazkerusx (43.4) cBsa3aHbl APYT ¢ APYyTOM
COOTHOTIIEHUSME, ciaenyiomuvu 3 mpuamuna Oncarepa. Jlag mpu-
MeHeHusi Toro npunimna (cp. § 41) BeiGepem B KadecTBe BeJIu-

YUH &, — <TEPMOAMHAMHYECKUX IIOTOKOB» — BEJIUYHHLL 0, ¢, Nj.
N3 Buga puccnnarusHoit dyukiwun (40.21) (rounee, u3 Buga yHK-

muu 2R/T, onpenessiiomieii pocT SHTPONWU) BUIHO, YTO COOTBET-
CTBYIOIIUME «TEPMOJUHAMUIECKAME CUIaMu» X, OyyT BEJIUTIHHBI
—vi/T, O;T/T?, —h;/T. Haso tax:Ke y4ecTb, 4TO BEJTHYHHDBI OF
YeTHBI, & ¢;, IN; HEIeTHBI 110 OTHOIIEHUIO K 00PAIeHUIO BpeMenn (Kak
9TO BUJHO W3 MeCTa, 3aHUMaeMoro uMu B ypasaenusix (40.3), (40.7)
u (40.8)). Eciu BemM4IuHBL T4 U Tp UMEIOT OJMHAKOBYIO Y€THOCTH M0
9TOMY TIpeoOpa30BaAHNI0, TO COOTBETCTBYIONINE KUHETHICCKIE KO-
PUIMERTHI CBSA3aHBI PABEHCTBOM Yo = 7Yba; €CIU YK€ YETHOCTH Tg
U Tp PA3JIUYHBL, TO Yqp = —Ype. CPABHUB TENEphb <«IIEPEKPECTHLIE»

ko3 dunmenTsr B coorHomennax (43.4) 1), maitnem paBencrsa
vy =vl, p=pT.
Takum 06pazoM, MOKHO OKOHYATEJNHHO Hepenucarh (43.4) B Buje
i = (03 nen — u(ni[nV T, + ny[nVT];),
N = Nyey + v[nVT], (43.5)
dq = Quen + vT'[nh] + 2pT[n(v - n)],
rie cuMBoa (v - n) 0603HAYAET BEKTOD C KOMIIOHEHTAMHU Uk M-

I/ITaK, B MEXaHHUKE XOJIECTEPHUKOB IIOABJ/IACTCA 3aBUCHMOCTH TEH-

30pa HampsizKennii n BexkTopa N 0T rpauenTa remieparypsl 2). Pop-
Ma 9TOi 3aBUCHMOCTH (BeKTOpHOE npoussejaenne nV7T]) o3nadaer,
9TO I'PaJUEHT TEeMIIEePATYPbl IPUBOJUT K MOABJIEHUIO 3aKPY4YUBAIO-
X MOMEHTOB, rHQIL/’ICTByIOH_[I/IX Ha JUPEKTOP U Ha MACCy KUJIKOCTH.
B 10 ke Bpemsi MOJIEKyJISIpHOE IOJIe (COIPOBOXKIAOIICE BPAIIECHUE
AUPEKTOPa OTHOCUTEJIBHO }KI/I,HKOCTI/I) U I'PaJUCHTBI CKOPOCTHU KU/~
KOCTHU IIPUBOAAT K IIOABJICHUIO B Hell TEIJIOBBIX IIOTOKOB.

1) IIpu cpaBHennu HEOGXOAUMO TIIATEIBHO CJIEAUTH 33 MOPSIKOM HHIEKCOB B
MHOXKHTENE €k

2) Hanmomenm (cm. VI, § 49), 9T0 cymecTBOBaHWE CPEJY AUCCUTIATUBHBIX 1€~
HOB B YPaBHEHUSIX JBUKEHUs YJIEHOB C I'PA/JMEHTOM BTOPON HE3aBUCUMON T€PMO-
JMMHAMWYECKOH BeTMarHbI (HAIPUMED, TaBJICHH) 3aITPEMIEHO TPeOOBAHIAMY 3a-
KOHAa BO3pacTaHus dHTpornu. Hamndre TakKuX WIEHOB IMIPUBEJIO ObI K MOSBIEHIIO
B JUCCHIIATUBHON (pyHKIMHU 4wieHoB ¢ upousseaenusivu VpVT, hVp, koropsie B
oTcyTcTBHe Wienos ¢ kBaaparoM (Vp)? cremanu 6b1 HeBO3MOKHBIM OBecIeueHre
osIo)kuTebHOCTH R.
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OxHo 13 cBoeoOpa3HbIX, CHENNMUICCKUX JIJIsI XOJeCTEPUKOB TH -
POJIMHAMUYECKUX SIBJIEHUI MOXKeT OBITh HAIJISJHO ONUCAHO, KaK
«IIPOCAYMBAHNEY YKHUJKOCTH CKBO3b OCTAONILYTOCS HEMOIBUMKHON re-
sukonnanbuyto crpykrypy (W. Helfrich, 1972). Ono cocroutr B ciie-
JIYIOIIIEM.

IIpencraBum cebe XomecTepUUECKYIO Cpeny, TeJIUKOUIATIbHAd
CTPYKTYpa KOTOPOil 3aKperieHa B MPOCTPAHCTBE (CKaxKeM, 3a C4er
OTIpesie/IEHHBIX 3(PMEKTOB CIENEHU ¢ OTPAHUIUBAIIIUMEI CPEIY
crerkamn). [Tokazkem, 94To B 9TUX yCIOBUSAX BO3MOXKHO CYIIECTBOBA-
HI€ OSHOPOIHOrO II0 MPOCTPAHCTBY PABHOMEPHOI'O IMOTOKA, KHIKO-
CTU B HAIIPABJIEHUN OCU CTPYKTYPBI (OCh Z).

[Mockonbky crpykTypa (43.3) oTBeuaeT pPaBHOBECHOMY COCTOsI-
HUIO CPeJibl, OHa 0DpAIaeT B Hy b Mosieky isipHoe mosie, h = 0. Hasu-
YHe «IPOCAYNBAIONIETOCS» MOTOKA HECKOJBKO MCKAXKAET CTPYKTYPY
U COOTBETCTBEHHO CO3/aeT MaJjioe (BMeCTe CO CKOPOCTHIO MOTOKA )
MOJIEKyIsIpHOe Tosie. OnpesiesiuM 3TO TI0JIe, UCXOJA U3 yPABHEHUS
nsuxkenns aupekropa (40.3). Tockonbky nosie n(r) (B Hys€BOM 110
CKOPOCTH TIPUOJIMZKEHNUH) HENOABHKHO, On/dt = 0, a MOCKOIbKY
MOTOK KUJIKOCTH TIPEIoIaraeTcsi OJHOPOAHbIM (v, = v = const),
u v, = 1 = 0. B pesynbrare ypaBHeHne CBOIUTCS K PaBEHCTBY

dn h

(vV)n = v = o

C dynkmumeit n(z) u3 (43.3) HaxoAUM OTCIOIA
h = o qn], (43.6)

rje BekTop ( (¢ abCOMIOTHOM BEJIMUUHO ¢) HAIIPABJIEH BIIOJIb OCH Z.
B paccmarprBaeMbIx yC/IOBUSX BBIpayKeHUE JUCCUIIATUBHON (DyHK-

nnn (40.21) cBoauress kK 2R = h?/y u ¢ h s (43.6):
2R = yvig*. (43.7)

DTUM JAeTCT SHEPTUsI, TUCCUTTHPYEMasi B eIWHUITY BPEMEHU B eJIu-
HUTe 00beMa XKUIKOCTH. [Ipr CTAIMOHAPHOM IBUKEHUN 9Ta, SHEPTHS
KOMIIEHCHPYETCsT paboOTON BHEITHUX UCTOTHUKOB, TIO/TEPKUBATOIIX
JeficTBytomuii BIOAL ocu z rpaauenT gasiaenus p' = dp/dz. ILior-
HOCTH JIEHCTBYIOMINUX B Cpefie 0OBLEMHBIX CHJ KakK Pa3 /1aeTcd Tpa-
auenToM —Vp; pabora 3tux cuii (B eJIUHUIY BPEMEHU B €JIUHUIE
obbeMa) ectb —p'v U MpupaBHAB ee 2R HalieM CKOPOCThb «IIPOCAdH-

BaHUA» )
v=1L (43.8)

V9’
[To oTHOMMIEHNIO K WACTHUIE KUIKOCTH, MTPOTEKAOIEH «CKBO3b» Te-
JIMKOUJATBHYIO CTPYKTYPY, JUPEKTOP N BPAIIAETCs C YIIOBOH CKO-
POCTBIO ¥q. DTO BPAIIEHUE COTPOBOKIACTCI «TPEHUEM, XapaKTePH-
ByeMBIM KOIMDPUIIHEHTOM y; UM U OTPEIEITeTCs CKOPOCTh TeUEHMSI.
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B peasibHBIX yCIOBUSAX CKOPOCTH HE MOXKET OBITH TOCTOSIHHOM 110
BCell IMUPUHE TIOTOKA — OHA JIOJIXKHA 00paIlaThCs B HYJIb HA CTEH-
Kax OrpaHWIWBAOINIEH TOTOK TpyOku. Ilajmenue ckopocTu mpomncxo-
JIAT B CJIOE HEKOTOPO#H TOMIUHBI 0. Ho eJIMHCTBEHHBIM TTapaMeTpoM
JJIMHBI, XapaKTEPHBIM JIJIST PACCMATPUBAEMOTO JBUXKEHUST, SIBJISIETCS
BesimunHa 1/q. Ecau npussars, 94ro Bee K03 MUIMEHTh BI3KOCTH XO-
JIECTEPUKA UMEIOT OJIMHAKOBBIN MOPSIJIOK BETUIUHBI, TO OTCYTCTBYIOT
TaK>Ke W Kakue-aubo Oe3pasMepHble MapaMeTpbl, KOTOpble He ObLIn
661 ~ 1. OueBUIHO, 9TO B STUX YCIOBHUIAX BO3ZMOMKHO JIHINb 0 ~ 1/q.
Takum obpazom, Ipu TedeHuU MO TPyOKe OOJIBIIOro M0 CPaBHEHUIO
¢ 1/q pamuyca dopmyna (43.8) Gyaer cupaBeiyuBa Be3ne, 3a UC-
KJIFOYEHUEM JIUIIb OYeHb TOHKOTO (TOJIIMHA MOPSI/IKA [Iara IeJTuKO-
UJATBHOM CTPYKTYPBI) TIPUCTEHOYHOTO CJIOS.

§ 44. Yupyrue cBOiCcTBa CMEKTHUKOB

ITo mpuHATON TEPMUHOIOIUK K KATETOPUH CMEKMUYECKUT FKHJI-
KUX KPUCTAJLIOB (UJIM CMEKINUKOS) OTHOCITCS aHWU30TPOIHbBIE KU JI-
KOCTH Pa3sHOoO0Opa3Hol ciaoucToit crpykTypsl. [lo kpaiineit mepe HeKo-
TOpBbIE M3 HUX MPEJCTAB/ISIOT CO00# Tea ¢ MUKPOCKOIMYECKOH
byHKIMENH TIOTHOCTH MOMEKYJI, 3aBUCHIIEH TOJIHKO OT OJIHON KO-
opJuHATHl (CKaXkeM, z) ¥ IEpHOAMYecKoil 1o Heit, p = p(z). Ha-
nomuuM (cM. V, § 128), yro dyHKIMEH MIOTHOCTH ONMpeaesaeTcs
pacrpejie/ieHne BepOSITHOCTEH Pa3JInIHbIX MTOJOKEHUNH JaCTHIL B Te-
Jie; B JIAHHOM CJIydae MOYKHO TOBOPHUTH O PAa3JUYHBIX MOJOKEHUAX
MOJIEKYJT KaK IeJIoro, T. e. pdV ecTh BEPOSATHOCTH [EHTPY WHEPIUN
OTJeILHON MOJIEKYJIbI HaXOAUThCA B yieMmente obobema dV . Temo c
dyukupeit maoTHOCTH P(2) MOXKHO HPEACTABIATL cebe KaK COCTOsI-
mee w3 CBOGOJHO CMEIIAIONIUXCS JAPYT OTHOCUTETHHO JAPYra ILI0C-
KHUX CJI0€B, PACIOIOKEHHBIX Ha OJMHAKOBBIX PACCTOSHUSIX JIPYT OT
apyra. B KaxKJOM U3 CJI0€B PaCIOOKeHUe TEHTPOB WHEPIUU MO-
JIEKyJT OeCropsi/IouHO, W B 3TOM CMBICIE KasKAbIl M3 HUX MPeI-
cTaB/isieT COOOM «JBYMEPHYIO YKHUJIKOCTb», KUJKUE CJIOH, OIHAKO,
MOTIYT OBITH KaK M30TPOIHBIMU, TaK M AHU30TPONHBIMU. DTO pas-
JITUUE MOYKET ObITh CBHA3AHO C XapAKTEPOM YNOPSAJOYEHHONW OpUEH-
TAIMU MOJIEKYJI B CJI0gX. B mpocreiiiiem ciyuae aHU30TPOIUS Pac-
npejie/ieHnsl OPUEHTAIM 3a/1aeTCsi BCEro OJHUM HANDPABJICHUEM N
(cKazkeM, HANPABJICHUEM <«JJIMHHON OCH» MOJIeKyJbl). Fcim 310 Ha-
[paBJIEHNUE TEPIEHIUKYJISIPHO MJIOCKOCTH CJIOEB, CJIOM H30TPOIIHBI,
TAK 9YTO OCh Z SABJISIETCS OCBI0 aKCHAJbHOW CHUMMETPHUM Teja; Ta-
KOBAa, TO-BUIUMOMY, CTPYKTypa TakK HA3bIBAEMBIX CMeKmukos A.
Ecnu ke wampap/ieHre n HAaKJIOHHO K TJIOCKOCTH TY, TO B 9TOMH
ILJIOCKOCTH TOSIBJIAETCsT U30paHHOe HAlpaBJIeHHe W OCeBasg CHMMeT-
pHsl MCYe3aeT; TaKOBa, MO-BUAMMOMY, CTPYKTYpa TaK HA3bIBAEMBIX
cmexmuros C'.
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Mg 6yiem paccMaTpuBaTh HU2KE TOJBKO 00JI€€ TPOCThIE CMEKTH-
ki A (1 rOBOPUTH O HUX MIPOCTO KAK O CMEKTHKAX). Bo Bcex m3Bect-
HBIX CMEKTHKax A, MOMUMO aKCHabHOI CHMMETPUU BOKPYT OCH Z,
UMeeT MECTO TaKKe U SKBUBAJIEHTHOCTH 0DOMX HAIPAaBJICHUI och 2.
Ecnm cmekTuk obsrajaer eme u meHTPOM WHBEPCHH, TO €r0 MaKpO-
CKOMMYECKAsi CUMMETPUst (T. €. TOUeUIHAsl IPYTINa CUMMETPUH) TaKast
JKe, KaK y HEMATHUKOB; MUKDOCKOITUYECKasl YK€ CUMMETDHs, & C Heto
U MEXaHUIECKUEe CBOWCTBA, KOHEYHO, COBEPIIIEHHO Da3HbIE.

ITo moBoy CKa3aHHOrO O CHUX MOP HAJO CJEIATh CJIEYIOILY IO
OYeHb BayKHYI0 OroBOpKy. CyIlecTBOBaHWE CTPYKTYPHI ¢ HEITOCTOSIH-
HOI BJI0JTH 00beMa Tejta (hyHKIIUelH I0THOCTH MPe/InoiaraeT J0CTa-
TOYHYIO MaJjIOCTh CMEIIEHUil, MCIBITHIBAEMBIX MaJIbIME yIaCTKAMU
TesIa B pe3y/bTare TerioBbix (rykTyarnuit. Mexry Tem s CTpyK-
Typel ¢ p = p(2) 9rH QIyKTyalMOHHBIE CMENeHNs] HEOrPAHUYEH-
HO PACTyT Npu yBeaudeHun pasmepos rena (cm. V, § 137). Crporo
rOBODSI, 9TO O3HAYAET HEBO3MOYKHOCTH CYIIECTBOBAHUS OJHOMEPHOM
HMEePUOMIECKON CTPYKTYPhI B HEOIDAHUYEHHON IO CBOMM pa3MepaM
cpese. PaKTUICCKH, OJHAKO, CMBICJI 9TOTO YTBEPXKICHUS OKA3bIBACT-
sl BECbMa, YCJIOBHBIM BBUJLY MEJIJIEHHOCTH (BCEro JIorapidMuIecKoi )
BO3pacTanust (GIYKTyaluil Ipu yBeJudeHun pa3Mepos rea. Ouen-
K¥ (HCIOIB3YIOMINE TUIWYHBIE 3HAYEHUST MATEPUATHHBIX KOHCTAHT
M3BECTHBIX CMEKTHUKOB) MOKA3BIBAIOT, YTO PA3PYIIEHUE OJHOMEPHOM
HMEePUOMIECKON CTPYKTYPbI MOIJIO OBl TIPOUBOATH JIUIIb [TPH TPAKTH-
YeCKU HepeabHBIX OIPOMHBIX pa3Mepax M, TAKUM 00pa3oM, B 000t
peaJIbHOI MOCTAaHOBKE BOIIPOCA CTPYKTYPa p (Z) OKa3bIBAETCS OCYIIIe-
CTBUMOM.

[ToguepkaeM B TO Ke BPEMsI, YTO C Pa3PYIIEHHON DIyKTyaIus-
MU CTPYKTYpoit p(z) (T. e. B KOTOPOIi cTayio yxke p = const) cpema
OTHIOJIb HE CTAHOBUTCH OOBITHON KUIKOCTHIO. [IpuHIMIHAIBEHOE OT-
JINYME COCTOUT B CBOMCTBAX KOPPEJIAIMOHHON (pyHKIINN (hayKTyaruit
IUIOTHOCTH B Pa3JIMYHBIX TOUYKaX HpocrpaHcrBa: (dp (r1)dp(re)). B
OOBIYHO¥ KUJIKOCTH 3Ta (DYHKIMs W30TPOIHA U YOBIBAET MU I =
= |ry — r1| — 00 no sKcnoHeHnMAaIEHOMY 3akoHy (cMm. V, § 116). B
cucreme ke ¢ p = p(z) KoppensunonHasi OyHKIMA 0CTaeTcsi (npu
YBEJIMYEHUN Pa3MepOB TeJia) aHU30TPOIHON U yObIBAET TIPU T — 00
JIUIIIB 110 MEJIJIEHHOMY, CTelIEHHOMY 3aKOHY, TPUYeM TeM MejlJIeHHee,
gyeMm HEzKe Temneparypa (cm. V, § 138).

IMpucrynast K MOCTPOEHUIO MEXaHUKH CMEKTUYECKUX Cpejl, Hao
HAYaTh C OTHICKAHWUS BBIPDAYKEHUS JJIsi TJIOTHOCTH CBOGOIHOM dHEP-
run ux pedopmarn. Beumgy MEKPOCKONUYIECKOH OHOPOJHOCTH Cpe-
JIbl B TJIOCKOCTH XY CMEIICHUsI €€ TOYEK B ITOH IJIOCKOCTH CBsi3a-
HBbI C W3MEHEHHUEM SHEDPIWU JIIh MTOCTOIBKY, MOCKOIBKY OHU ITPH-
BOJSAT K M3MEHEHUIO TJIOTHOCTH BernecTBa. VIMest 9T0 B BUJY, BbI-
6epeM B KauecTBe OCHOBHBIX TUIPOJUHAMUIECKUX TEPEMEHHBIX (I10-
MUMO TEMIIEPATY DI, TPEIIOIATAOIIEHCsI TOCTOSTHHON B0JIb CPEIbl )
IJIOTHOCTH P U CMEIIEHNE U, = U TOYEK CPEJbl BIOJb OCH 2. DHEPIHsi
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nedopMaluy 3aBUCUT OT U3MEHEHUs ILJIOTHOCTH p — pg (pg — MI0T-
HOCTB He1ebOPMUPOBAHHOM CPEJIbI) W OT MPOU3BOJHBIX CMEIeHHs U
1o koopauaaram. [Ipu 3rom niepsbie npoussogable Ou/0x, du/dy Bo-
00111e HE MOT'YT BXOIUTh B KBAJAPATUIHYIO YaCTh CBOOOJHOI SHEPIUM:
eCJIi OBEPHYTH TeJI0 KaK I1IeJI0€ BOKPYT OcCeil T Wau Y, TO 3TH MpPO-
M3BOJIHBIE M3MEHSTCSA, MEXKJy TeM KaK SHePIHsl JOJKHA OCTAThCS

HEeU3MeHHO 1).

Kax Bcerma B Teopum ynpyroctu, m3MEHEHWS BCEX BEJIUYNH B
IPOCTPAHCTBE OYIyT MPEIIOIaTaThCs TOCTATOTHO MEIJICHHBIMHU, TaK
97O HEPTHA JePOPMAIIAN ONPEAE/IIeTCA TEPBBIMU HENCIE3AI0NMHI
IJICHAMU PA3JIOZKEHUA IO CTEIMEHAM IIPOCTPAHCTBEHHBLIX TIPOU3BO/I-
vbIX. Kpome Toro, onHako, OymeT mpenoiaraThCs ele u 0osee qaJie-
KO HJIyIee YCJIOBUE: CAMUM CMEIEHUS U MTPE/IOIATA0TCsT HACTOTBKO
MaJIbIMHM, 9YTO CJIOX OCTAIOTCHA BE34€ IIOYTHU IIapaJlJICJIbHBIMU O,I[HOI7I n

TOH K€ ILJIOCKOCTH TY 2).

B sTux mpeanonokenusax u ¢ y4eroM CUMMETPHE CPeNbl CBOOOI-
Has SHEPTUs 1edOPMAIIN CMEKTHKA JTAETCS CAEAYIONTUM BBIpaXKe-
HHUEeM:

Fy=F — Fy(T) =
_ A2 _,\0u  Bpy (0u\? , Ki 2
= (0= p)” +Clp—po) 32 + 2 (2) + Eraup®,
I
Al=gatys (40)

Yren suzga ) (Ou/0z)A | u 3amperaeTcs mpeamonaraeMoi 3ech K-
BUBAJIEHTHOCTbIO 0OOUX HAIPABJIEHUIT OCH Z, T. €. CUMMeTpHeil 110
OTHOIIEHUIO K TPeOOPa30BaHUI0 U — —U, 2 — —2, T, Yy — T, y (oT-
pazkeHue B MJIOCKOCTH ZY) WIH U — —U, Z — —2, Y —> —Y, T — T
(MOBOPOT BOKPYT TOPH3OHTAJIBHON OCH BTOPOTO TOPSIKA — OCH I);
[0 3TOH Ke NPUYMHE OTCYTCTBYyeT wieH Buga (p — po)Aju. Yuer
[EPBOTO YJIEHA PA3JI0KEHUs 10 BTOPHIM MPOU3BOAHBIM (OTCYTCTBY-
IOIU# B TEOPUH YIIPYTOCTH TBEPBIX Te€JI) HEOOXOIUM BBUJY OTCYT-
crBus B Fy MIepBbIX NPOU3BOJHBIX MO X U Y. YCIOBHs yCTOWIUBOCTH
He1e(hOPMUPOBAHHOIO COCTOSIHUSI, T. €. YCJIOBHUS TIOJOXKUTETbHOCTH
suepruu (44.1), rmacar

A>0, B>0, AB>C> (44.2)

') B yupyryio SHEprimmo TBepIbIX TeJ 9TH HPOM3BOIHBIE BXOAAT B KOMOMHA-
IUAAX Ugz U Uy, C IPOU3BOIHBIMU OT Uy U Uy} ITU KOMOMHAIINU IIPU yKA3AHHOM
TIOBOPOTE HEe M3MEHATCH.

2) B sroM cMBICIe OGIACTH NPUMEHHMOCTH DA3BHBAEMOIl 3/€Ch MEXAHHKI
CMEKTUKOB Oosiee y3Ka, 4eM [iIsi PACCMOTPEHHOH BBIIIE MEXaHUKH HEMATHKOB,
B KOTOPO# JIOIYCKAJIACH MO TUPEKTOPa N(r), CKOMb yTOAHO CHILHO OTIHIAIO-
mpecst oT HeaedOPMUPOBAHHOIO OJHOPOIHOIO PACIIPEIEIEHHMSI.

3) Taxoit unen durypuposar s V, § 137.
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O6o3unavenue koapdunmenra K1 B (44.1), copnamatomiee ¢ 060-
suadenneM B (36.1), BeiGpano ne cayuqaiino. eiicrsurensho, gedop-
MAIIUIO CJIOUCTOM CTPYKTYPBhl CMEKTHKOB MOYKHO OIUCHIBATH PACIpe-
JlesieHreM JupekTopa n(r), moHuMasi ero Kak HopMaJib K j1edopMu-

POBAHHBIM CJIOsIM, 3aJaBaeMbiM ypasHeHusimu u(r) = const. [Ipu
MaJIOM HMCKa>KeHUM CJIOEB
du ou
Ng R —, Ny~ —, n,~1, (44.3)
oz oy

u Torma (Aju)? = (divn)?, T e. Kak pa3 Ta BeJWYMHA, KOTOPas
durypupyer B coorsercrByiomem wiene B (36.1). Koaddurmenro
ke B u C B (44.1) xapakrepHbl jijist CenuuIecKoil KpucTaLInde-
CKOI TIPHPO/IHI CMEKTHKOB, OTIHIAIONINK HX OT HEMATHKOB 1).
O6parum BHUMaHWe Ha TO, 4YTo B npubmmkennu (44.3)
nrotn =~ rot,n = 0. Ilosromy unen Bujga nrotn B cBOOOIHOI
SHEpruu (& TEeM CaMbIM U XOJIECTEPUIECKOE UCKAYKEHUE CTPYKTYPhI —

§ 43) B CMeKTHKAaxX OTCYTCTBYET BHE 3aBHUCHMOCTH OT HAJIUYHMSA WA

OTCYTCTBUS CPEJU €ro 3JIEeMEeHTOB CUMMETPHUU LIeHTPa NHBEPCUH.
VpaBHeHUs PABHOBECHS CMEKTHKA TOJYYAl0TCd MUHUMUBAIHEH

[IOJIHO# CBOOO/IHOM SHEPIUU 10 TEPEMEHHBIM p U U [PU JIOTIOTHH-

TeJTBHOM YCJIOBUH f pdV = const, BeIparkarolieM COXpaHeHUe MoJI-
HOM MacChl Teaa. MUHUMAI3UPYS Pa3HOCTD

dedV—AfpdV

(rme A — mOCTOAHHBIA MHOXKUTENb Jlarpanka) MO p, TMOAYIUM pa-
BEHCTBO

A 0
Z(p—po) +C = = A,
po 0z

CBSI3BIBAIOIEE M3MEHEHWE ILJIOTHOCTHU ¢ medopmarmeii cioes. Iloma-
rag, 4To py €CTh MIOTHOCTL npu du/0z = 0, umeem A = 0, u Torga

0 C
p—po= —poma—z, m = %. (44.4)

) IogaepkueM, 910 qUPEKTOP N (IIOHUMAEMBIH KaK N30PAHHOE HATPABICHUE
OPHEHTALMU MOJIEKYJI B CJIOSIX) HE sIBJIsIeTCsl B CMEKTHKax (cMeKTukax A) HesaBu-
CHUMO¥ THAPOIUHAMUTIECKOH IepeMeHHoi. s mepeMeHHOi N B ruIpoinHAMUKE
HEMATUKOB XaPAKTEPHO, 9TO OIHOPOAHBIN TOBOPOT oA N(r) BO BCEM TeIe HE
CBA33H C U3MeHeHueM 3Hepruu. VIMeHHO 1109TOMY Me/IJIEHHOe U3MeHeHUe 11 BI0/Ib
Tesla CBA3aHO JIMIIb C MAJIbIM U3MEHEeHUeM 3HePIuu, MOCIeJHsAs 3aBUCUT TOIBKO
OT IIPOM3BOJHBIX OT N ¥ MOXKET OBITH PA3JI0XKeHa I10 HUM. B cMekTHKax ke BCs-
KMt TaKOH MOBOPOT MEHAET OPUEeHTAIIMI0 OTHOCUTEJIbHO CJIOUCTOH CTPYKTYPBI U
ObL71 OBI CBsI3aH CO 3HAYUTE/IbHBIM M3MeHeHneM SHepruu. OTMeTnM, 9TO B CMeK-
tukax C, T TUPEKTOp HAKJ/IOHEH K HOPMAJIM I10J] HEKOTOPBHIM OIPEeIeIeHHBIM
YTJIOM, OJHOPOJHBIM IIOBOPOT HAIPABJICHUN N BOKPYI HOpPMaJieill ¢ COXpaHeHU-
€M BeJIMYMHBI YIVIa HAKJIOHA CHOBA He ObL7 Obl CBS3aH C W3MEHEHHEM SHEepPruu.
ITosTomy 3mece cHOBa mOSABISETCS HOBas THAPOSMHAMUTIECKAs IEPEMEHHAS —
MIPOEKIUA N Ha IIJIOCKOCTb CJI0EB.
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Bespasmepnbiii  kosdpdumument m cBsazaH ¢ KO3MDPUIUEHTOM
Ilyaccona ¢ 1jisi «CTep2KHS», BEIPE3AHHOTO W3 CMEKTUKA B HAIIPaB-
Jernu ocu z. JleficTBuTe/IbHO,

P ;OPO _ _V‘;OVO — _(U:p:p + Uyy + Uzz)
(em. (1.6)), rae u,, = Ou/0z, a Ugy, Uyy — KOMIIOHEHTHI TEH30DA
Jdedopmaiun B miockoctu zy. Ilonaras gz, = uy,, nmeem
1-m
2

Ugy = Uzz

u, cpaBHUB ¢ onpeenerneM (5.4):
o=1"m (44.5)

ITpu m = 0 kosbdunmenT o TPUHUMAET XapaKTEPHOE JJIsi XK IKO-
cru 3HaveHue o = 1/2.

Uckmouns u3 (44.1) maMmeHeHwe MWIOTHOCTH C momomipio (44.4),
HOJIY MM CBODOJIHYIO SHEPIHIO, BBIPDAXKEHHYO TOJBKO YepPe3 u:

_ pB (0u)? | K 2
Fy =2 (6z) + 2 (A, (44.6)
rie ,
r_p_¢&
B=B-<. (44.7)

Bapwupysa mommyio ¢cBoOOAHYIO SHEPTHIO 110 4, HAlIeM Terephb MOCe
HECKOJTBKUX WHTEIPUPOBAHUN TIO TACTIM:

s f FydV = — f F, sudV, (44.8)
rie
2
F, = pOB";_Z — K1 A%, (44.9)
z
Ouesnzto, uro F, ectb (0THeCeHHas K enuHUIE 00beMa) CUIa, Jeii-
CTBYIOIAs B HAIIPABJIEHUN OCH Z B 1epOPMUPOBAHHOM CMEKTHUKE TIPH

yG1oBuM, 4TO U3MEHEHUE IIJIOTHOCTU Y2Ke <«IIOJCTPOUJIOCH» TIOH de-

dopMaImIio.
B paBuosecun F, = 0, Tak 4TO CMeIeHUE U YIOBJIETBOPIET JIU-
Heitnomy nudpepeHImaibHOMYy YpaBHEHUIO

2
pOB'% — K1 A2y = 0. (44.10)

Ecmu ma Teso eficTBYIOT ele u NPUIIOKEHHBIE K HeMY O0beMHbIe
BHEIIHWE CUJIBI, TO OHU JOJZKHBI OBITH J00ABJIEHBI K JIEBOH 4acTH
ypasrenust (cp. (2.8)).

Orromenne (K, /B'py)'/? umeer pasmeprocts 1amse! u rpyGast
ero onenka ects: (Ki/B' po)l/ 2 ~ a, T7€ @ — TepUoj OJHOMEPHOIL
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CTPYKTYPBI (PacCTosiHue MexKIy CiosiMu). Ecim cMekTuK moasepr-
HYT JedopMaliii, CyIeCTBEHHO MEHSIOMENCs B MJIOCKOCTH Ty Ha
paccrosiHusax ~ | > a, To u3 (44.10) ciemayer, 4To B HAIPABICHUN
ocu z aeopMaliysi UCIBITHIBAET CYIIECTBEHHOE U3MEHEHHUE JIUIIh Ha
paccrosmuax | ~ 13 fa > 1.

B kauecTBe mpuMmepa HaiijieM TPUHOBCKYIO (PYHKITHIO ypaBHE-
uust (44.10), 1. e. cmemmenne v = G,,(r) = G(r) B nepemeHHON TOY-
Ke I', BBI3BAHHOE €IUHUYHON COCPEJOTOUYEHHON CUJION, IPUIOKEHHONI
B Touke r = ( u zeficTByoIIeil B HApaBIeHun OcU z (Cp. 3ajgady
K § 8). DTa QyHKIUSA YIOBIETBOPSAET yPABHEHUIO

2
pOB'%TC: — K1 A2G +6(r) = 0. (44.11)
Coseprast Haj| 3TuM ypasHeHueMm npeobpasosanue Pypoe (1. e.
YMHOXKHUB ero Ha e 'K' y mpomHTerpHpoBaB 1m0 doz), HAXOAUM s

dypbe-komnonenT dyukuun G(r) BoIpaxkeHue
Gx = [poB'k; + Kik1] 7",

rne k2 = k2 + kg Ob6parnoe dypre-peobpazoBanme JaeT UCKOMYIO
(PYHKIUIO B BUI€ WHTETrPaJIa

ikr 3
G(r) = / ¢ dk_ (44.12)
poB'k? + K1k?% (2m)3

DToT mHTErpas Jorapudmuaeckn pacxonurca mpu k — 0. g npu-
JMTaHWsT €My OIMpPeIeTeHHOTO CMBICTA HAJM0 MCKIIOYUATH TTePEeMeITeHne
Tema KaK TeI0T0, TPE/IMOI0KIE 3aKPEILIEHHON HEKOTOPYIO YCIOBHO
BBIOPAHHYIO €r0 TOUKY, I' = Ir(; TOT/Ia B IUCIUTEE TOIBIHTEIDATD-
HOTO BBIDAsKEHMs HAJI0 mucaTh eX' — e'¥To y pacxoammocts yerpa-
HSIETCS.

Beprewmcst errie pa3 K BOIPOCY O BIUSTHUY TEILJIOBBIX (DJIYKTYaAIIHii
Ha CBOWCTBA CMEKTMKOB — Ha TOT pa3 Ha UX YIPYTHe CBOWCTBA.
Hawnbosmee ompenesenabiM 00pa3oM BOIPOC MOXKET OBITH ITOCTABIEH
CIETYTOTINM 00Pa30M: KakK MEHSIETCS MO/ BAUTHIEM (hTyKTyarnii ge-
dopmarms, co37aBaeMast IPUIOKEHHON K TE/Ty COCPEIOTOUCHHON Cr-
JIOfi, T. €. KaK MeHsieTcs rpuHOoBCcKasi dynkuusg G(r)? OkaspiBaercs,

YTO 9TO W3MEHEHMe CBOJAMTCA K 3aMene B Bhipaxkenmu (44.12) k2
k% coorsercrienno Ha
—4/5 2/5
1 1
2 (1n ) n kb <ln _) ,
ak. ak.
e @ — BeJMYMHA TOpHAIKA TNepuoja cTpyKTyphbi ). B cBoio oue-

) Grinstein G., Pelcovits R.A. // Phys. Rev. Lett. 1981. V. 47. P. 856; Phys.
Rev. 1982. V. A26. P. 915; E. 4. Kay // 2K9T®. 1982. T. 83. C. 1376. IIpu

WCCJ/TEIOBAHUN HEOOXOAUMO YIUTHIBATH TAKKE W UJEHBI TPETHETO M YETBEPTOTO
[IOPSIJIKOB II0 % B PA3JIOXKEHUM CBOOOHON SHEPIUU.
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peJsib TaKoe M3MEHEeHHe MOYKHO HAIJISIIHO MHTEPIPETUPOBATH KaK M3-

MeneHne 3(pEeKTUBHLIX 3HaYeHuil ynpyrux mogyseit B’ u K| npu

YMEHBIIEHIH XapaKTePHbIX 3HAYEHWH BOJIHOBOTO BeKTOpa jedopmMa-

1y (T. €. YBEJIMYEHUN €e XapAKTePHO# npoTszKeHHOCTH ~ 1/k). Mbr
!

BuanM, 9TO 3 dexTnBHOE 3HaMeHNE B b yowiBaer mpu k, — 0 Kak

[n(1/ak,)]~%/°, a K\s¢ pacrer npu k3 — 0 kak [In (1/ak)]?/>.

DaKTUIECKH, OJHAKO, 3TU dPDEKTH MOTJIA ObI CTATH CYIIECTBEHHBI-
MU JTAIIB TPU MPAKTUYECKH HEPEeaThbHBIX OMPOMHBIX paszMepax.

YKaxkeM B 3aKJIH0UeHHe 3TOT0 maparpada, uro seipaxkenue (44.6)
JUUIST YIIPYTOil SHEPTUH CMEKTUKA MOXKHO HECKOJBKO 0DOOIIUTE BKJIIO-
YEHWEM B HEro HEKOTOPBIX YJIEHOB 0Oojiee BHICOKOTO MOpsjiKa, HO 6e3
BBEJIEHUS TIPU 3TOM JIOTIOTHUTEIBHBIX KOI(DDUIMEHTOR.

st 9TOTO 3aMeTHM, UTO BKJIAJ B HEPTHIO, OMMCHIBAEMBIH Tep-
BbIM ujeHOM B (44.6), dusndecku CBA3aH C U3MEHEHHEM DPACCTOs-
HUSI @ MEXKJy CJIOSIMU; NPOM3BOJHAst Ou/dz cOBHIAJaeT ¢ OTHOCH-
TEJLHBIM M3MEHEHHEM 9TOT0 PACCTOSHUS TPU CMENEHUN U, = U, U

HOTOMY 9TOT YJIEeH MOYKHO 3allucaTh B BUJE 1 poB'(da/a)?. Ho pac-
CTOSTHME MEXKJy CJIOSIMH MOYKET U3MEHUThHCsI He TOMBKO W3-3a 3aBHU-
CUMOCTH CMEIIEHUs U OT KOOPAWHATHI Z, HO U OT €ro 3aBUCUMOCTH
OT & 1 Y. DTO JIErKO MOHSTh, IIPEJICTABUB ceOe BCE CJION OJHOBPEMEH-
HO MOBEPHYTHIMHU, CKAasKeM, BOKPYT OCH ¥ Ha yroy € takum obpasom,
9TO BEJMYUHA EPUOJIA CTPYKTYDBI BIOJIb OCU 2 OCTAETCS PABHOI a;
PaCCTOsTHUE YKe MeXKJly CJA0sIMU (M3MEPEHHOE IO HAIPABJIEHUIO HOP-
MaJielf K HUM) OKa3bIBAETCsl TIPU 9TOM PaBHBIM @ cos 6. IIpu mMambix
yriax § u3aMeHeHue PacCTOSHUS MEXKJly CJIOSMU
2
da = a(cosh —1) = —%.
ITockoabKy B TO Ke BpeMs CMeIeHHe 1 IPU PACCMATPUBAEMOM T10-
BOpOTe ecTh u = const + x tg 6 ~ const + z6, To

da _ 1 <8u)2
o 2\ox)
B Takom BHUE 9TO BBIpaXKEHWE CIIPABEINBO MPH JI0O0H 3aBUCHMO-
CTH 4 OT T; €CTM ¥Ke U 3aBUCHT TaKXKe W OT ¥y, To BMecTo (Ou/dz)?
naso macars (V  u)?.
Takum o00pazoMm, ¢ y4eToM OMHCAHHOTO 3PdeKTa CBOOOIHYIO
suepruio (44.6) Haj0 nMCaTh B BUJIE

2
’ 2 2
F, = P8 5_"_1<3_") _1(ou oA w)? (441

4= 5 15: 2 \og 2 \ ay + 5 (AL (44.13)

DTO BHIPAYKEHNE WCIOIB3YETCST B 337[ade K 3TOMY maparpady.
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3amaua

Canoit cmexkTuka (TOMmuHBL h) € IUIOCKMMHM TDAHULAMH, NAPAJLIEIbHBI-
MU TJIOCKOCTSM CJIOMCTOH CTPYKTYPbI, MOABEPTHYT OJHOPOIHOMY PACTAXKEHUIO
BZIOJIb IEePIEHINKYIIPHON eMy ocu z. HallTu KpUTHIeCKyI0 BeIMUnHy pacTsizKe-
HUS, 38 KOTOPBIM CJIOMCTasg CTPYKTYPa CMEKTHKa CTAHOBUTCH HEYCTOHYMBOH 110
OTHOWEHMIO K monepednsiM Bo3Mymenusm ( W. Helfrich, 1971) 1).

Pemenue. OpHopomHOe pacTszkeHume o3HadaeT medopManuio u = 7z,
rae nocrosHHas y > (. I UCCIe0BaHus yCTONYIMBOCTY TIOJIATaeM U = Yz +
+ du(z, z), roe du — Mas0e BO3MYyIIEHHUE, YAOBIETBOPAIONIEE TPAHMIHBIM YCII0-
BuaM du = 0 npu z = *h/2 (mwrockocts zy BHGpaHa HOCepenute ciosi). C
TOYHOCTHIO 10 9JIEHOB BTOPOT'O MOPAIKA, HOIHAA YIPYTad SHEPIAA BO3MYIIEHUS
(oTHECEHHAA K €TMHWIE JJTMHBI BIOIH OCH Y):

1 . (96u\? o6u\? 9%u\’
0Fydrdz== [ {B'po(Z=) - B =z K ded
/ aavas 2/ po(az) p07(8$)+ 1<8x2> raz

(1)
(anen ¢ y0du/dz BHIIAmAET NpPU WHTErPUPOBAHUK 110 dz B CHJYy I'DAHHUIHBIX

ycsoBuit).
Bynem paccmarpuBaTh BO3MymieHuS BUIA

du = const - cosk,z - coskyx, k,=mn/h, n=1 2 ...

(momepevHasi MOIYJIALMS CIIOUCTON CTPYKTYDBI). YC/IOBUE YCTONYIUBOCTH CTPYK-
TYPBI COCTOWUT B TIOJOKUTENBHOCTH SHeprum (1). 3aMeHWB BCe MHTErPHPyEMBIE
MHOxmTeH Sin?, cos? ux cpemHEMM 3HAMEHHAME 1 /2, moyYuM 9TO ycioBUE B

BHUIE
B'po(k2 — vk2) + K1k > 0.

I'paruna ycrofamsocTu (10 MEPe yBETUHEHHS ) OMPEIEIACTCS TIOIBICHAEM BE-

IECTBEHHOTO KOPHsI k2 TPeXt/IeHa B JIEBOH YaCTH 9TOr0 HEPABEHCTBA, (KOMILIEKC-
Hble 3Ha4YeHusi k,; HE yIO0BJIETBOPSIOT YCIOBUIO KOHEYHOCTH BO3MYIIEHUs BO BCei
wIocKoCTH Y). IlepBoe Takoe MOABIEHUE TPOMCXOANT i BOSMYIIEHHA C 1 =
= 1. /I;1g Hero HAXOAUM KPUTHIECKOE PACTKEHIE U COOTBETCTBYIOIIEe 3HAYCHIE

kz = ka )Z
2 ( F’l >1/2 ( B/>1/2
Ykp = —— ; s ka =1 - .

§ 45. Jlucokanum B CMEKTUKAX

IlongaTtue puciokanuy B CMEKTUKE MMEET TOT YK€ CMBICI, YTO U
B 0OBIYHOM KpucTtajie. PasHuiia cOCTOUT JIUIIL B TOM, YTO BBU-
JIy OJTHOMEPHO# (BJIOIb OCH Z) MEPUOJAUIHOCTH MUKPOCKOIHUIECKON

) I1a HEYCTOWYNBOCTD aHAJOTMYHA PACCMOTDEHHOM B § 21 HeycToWumBOCTH
CKMMAaEMOro IPsSIMOr0 CTePXKHSI.

2) Buauenne kxp ompenesisieT JUIIb aOCOMIOTHYIO BEJIHMIUHY <BOJHOBOTO BeK-
TOpa» BO3MYIIEHUHA B IIJIOCKOCTHU TY, HO He MOJHYIO CHMMETPHIO BO3HHKAIOIIEH
nedopmanmu. Onpenenenue mociegHedl TpebyeT BBIXOJA 33 PAHHUIBI TPUOJIN-
JKeHUs, OTBEYAOIIEr0 JIMHEHHBIM (110 du) ypaBHEHHsSM DaBHOBecusl (CHUTyaIusi
31eCh aHAJOTUYIHO TOW, KOTOPpad MMEET MECTO Ajid KOHBEKTUBHOU HEYCTOUINBO-
CTH IIOCKOIAPAJLIEIbHOrO cJiost xKuakoctu — cM. VI, § 57). Cm. Delriew J.M. //
Journ. Chem. Phys. 1974. V. 60. P. 1081.
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CTPYKTYPBI CMEKTHKOB BEKTODP Broprepca auciokaluu B HUX BCETIa
HAIpaBJ/IeH M0 OCH Z, a [0 BeJMYUHE PaBeH IeI0MYy KPATHOMY OT
EepUoJa @ CTPYKTYPHI.

C yderom 3Toro 3amedanus jjist 1eOPMAIUU BOKPYT JIUCIOKa-
MU B CMEKTUKE OCTAETCS CIPaBEeIIMBOI mosiyueHHas B § 27 dop-
mysa (27.10) — npu HajiexkaieM ONpeeseH|n TeH30pa MOLyJIel
YIPYTOCTH Njkim - LIS 3TOTO BBEJAEM TEH30D HAIPSIKEHUN B CMEKTH-
K€ Ojr B COOTBETCTBUU C OOBIYHBIM OIpEJIEIeHUEM, T. €. 10 hopMyJIe

F, = 801, (45.1)

rae F, — obbeMHas «cuyia BHYTpeHHUX HampsikeHuil» (44.9). Bse-
JIeM TakKrKe TeH30p AedOopMalliii, OTBEYAIOMINA CMEIIEHNI0 U, = U;
OTJINYHBbIE OT HYJISl er0 KOMIIOHEHTBI:

Ou _ 10u _10u

uzz:_

az, Ugpy = 58_1" Uyz = 5@ (45.2)

Cuna (44.9) moxer ObITh npejcrasieHa B Buje (45.1), ecu BbIpa-
3UTHh TEH30D HANpPsiKEeHWH depe3 TeH3op gedopmaimn GpopMyIaMn

_ 1
Oik = NikimOim ) €

Aozzz = pOB/7 Aoxzz = )\zyzy =-KiAj,

(45.3)
)\zxzy = Asgzz = Azyzz =05
HEKOTOPBIE U3 9TUX KOMIIOHEHT — ONEPaTOPHI.
®opmysa (27.10) mas cMeleHus U, = 4 IPUHUMAET BU/I
0
u(r) = —Azklzb/nl%G(r —r')df’, (45.4)

Sp

rne G = G,, — dyukuusa (44.12).

PaccMoTpuM Ba 9acTHBIX Ciydasi AUCIOKAIUN — MPSIMOTHHER-
HbIEe BUHTOBYIO U KpaeBylo. B miepBoM ciiydae och JUCIOKAIME COBIIa-
JlaeT ¢ HalpaBJeHneM BeKTopa Broprepca, T. e. ¢ 0cbio z. DTOT CIIy-
qaif BoOOITe He TpebyeT KaKmX-TnhO HOBBIX BRIUUCIEHHI. 3apamee
sicHO, 4TO jedopMalus v Oy/IeT 3aBUCETh TOJHKO OT KOODJAWHAT T,
y. Ho B mrockoctu zy cpena msorpomnHa. IloaTomy MoxkHO cpasy
BOCTIOJTB30BATHCS PE3YIBTATOM 3agadn 2, § 27, COMIaACHO KOTOPOMY

uw="t¢ (45.5)

o’

rie ¢ — HOOJAPHBII YyTol PaJnyCc-BeKTOPa B IJIOCKOCTUH ZTY.

1) OcrabHble KOMOOHEHTHI Aikim MOYXKHO BBHIOpATh TakK, UTOOBI ObLIO F =
= F, = 0; B dopmymy (45.4) 5T KOMIIOHEHTBI HE BXOZSAT.
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Obparumcst K Oojee CIOKHOMY CAYYal0 KPAEBOW IUCIOKAIIUN
(P.G. de Gennes, 1972). B sroMm ciy4ae OCb JUCIOKAIUY IEPIEH-
JIMKYJISIPHA, BEKTOPY Broprepca; mycTh oHa cOBIAIaeT ¢ ochio y. To-
rja B KadecTse moBepxHoctu Sp B mHTErpase (45.4) MOXKHO B3SThH
MPaBYIO TOJYILIOCKOCTh Y, & BEKTOP N HOpMaju K Heill Oymer je-
JKaTh BJOH OTPHUIATETHFHOIO HANPABJIEHUsT OCH z. 3 BCEX KOMIIO-
HEHT BHJA Ak, OTJIMYHA OT HYJd TOILKO \,,,, = B'pg, Tak 4ro
dopmyna (45.4) npuHnMaer Buj

oo oo
u(r) = bB'pg / /%dx’dy’.
z

—oo 0

Moxcrassiem cropa dyukmmo G uz (44.12). Tuddepennuposa-
HUe 110 Z JaeT MHOXKUTe/b ik, , nnrerpuposanue 1o dy naer 276 (ky),
)-byHKIMA ycTpaHgeTca 3aTeM HHTerpupoBaHueM 10 dky,. B maTe-
rpaJe

o i ,
Je " da!
0
11151 obecriedeHnst CXOAUMOCTH Had0 IOHUMATh k,; Kak k, —10. Takum

00pa30M, IOC/Ie BBIIOIHeHHs uHTerpuposanuii no dz’ dy’ dk, moy-
JaeM

o0
exp (tkzx) dk,
u(r) = —b ——— 2 I (ky, 2
(x) / ke — i0 (x7)27r7
—00
re
o0
I(ky, 2) = k. exp (1k.2) dkz, A2 — K, .
k2 4+ N2k 27 B’po
—0o0

Ilocieianit wHTErpa BBIYUCISETCS ITyTEM 3aMbIKAHWS KOHTYPA
HHTETPUPOBAHNS HECKOHETHO Y IAJTEHHON MOTYOKPYKHOCTHIO B BEpX-
weit (npu z > 0) win wwkwedr (npu z < ) NOTYIIOCKOCTH KOM-

IJIEKCHO TepeMeHHoi k, 1 B3ATHA BhIUeTa B mOTIOce k, = i)\kg VI
_ -y 1.2,
k, = —1\kz:
. 2
I= i5 exp (—Ak2|z])

TJle BEPXHUN WM HUKHWI 3HAK OTHOCSTCS COOTBETCTBEHHO K 2 > ()
n z < 0. Takum obpazom, cMereHne

o.¢]
b 2 - dkm
u(z,z) = :|:4—m_ / exp { —AkZ|z| + ikyx} R (45.6)
—00
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Bosee unrepecHo, oHaKo, HE CaMO CMEIEHNE, & €ro MPOU3BOIHBIE
o KoopanHaTaM. [ljig mpoW3BOIHON M0 & UMeeM

o

0 b .

Ou_ L / exp {—AK2|z| + ikpa} dhy =
—00

T
—————exp4— . (457
NESYPIRE p{ 4)\|z|} (45.7)
Coryiacao (45.6) mpousBojiHasi O z CBs3aHA C MPOU3BOJHBIMU 110 T
dopmyoit

2
u_ p\2u
0z ox?
OTKy/1a
ou bx { z2 }
Ou _ ___ be ol 1 45.8
9z 8n 2P P T g (45.8)

Hedopmaiiusg 6bICTPO (IKCIIOHEHIIUATBLHO) CTPEMUTCA K HYJIO TPH
|z| — 0o 1 ropaszo MeIerHee (0 CTENEHHOMY 3aKOHY ) IPH | 2| — 00.

§ 46. YpaBHeHUsI ABU>KEHUS CMEKTUKOB

Mexannka CMEKTHKOB HMeeT TO 00Iee ¢ MEXaHHUKOI HeMaTH-
KOB, UTO B 0DOWX CAydasgX pPedb UAET O THIPOJMHAMHUKE C JIOTIOJ-
HUTEJbHBIME (110 CPABHEHWIO C OOBIYHON KUIKOCTBIO) TI€PEeMEHHbI-
mu. B caydyae meMaTWKOB 3TO# ITEpEMEHHON SBJIAETCA IUPEKTOP 1,
a B CIydae CMeKTUKOB — cMmerrenne u cioes (P.C. Martin, O. Paro-
di, P.S. Pershan, 1972). Tlocnentee tpebyer nosichenusi. CKOPOCTH
OTIPENIE/ISIeTCS B THAPOAMHAMUKE KaK WMITYJIbC €IMHUIIBI MAaCChl Be-
mecTBa. Ke KOMIOHEHTa v, OTHIONbL He 00s3aHa COBIAIATH B JIaH-
HOM cjiy4ae ¢ npousBogHoii du/0dt. Ilepenoc maccel (B Hampasiie-
HUM OCH Z) MOXKET OCYIIECTBJISAThCS B CMEKTHKE HE TOJIbKO 3a CYer
1epOPMUPOBAHNS CJI0EB, HO W IIYTEM <«IIPOCAUUBAHUS» BEIECTBA
CKBO3b OCTAIOIILYFOCsI HETIOBUKHOI OJHOMEPHYTO CTPYKTYPY (110106~
HO ommcaHHOMYy B § 43 anasormanHoMy 3(hhEKTy B XOJECTEPHKAX).
DTO SBIEHUE HEe CIEMUMUIHO I KUJIKAX KPUCTAIOB, AHAJIOTHY-
HOE SBJICHWE BO3MOXKHO W B TBEPJBIX KPUCTAJIAX, [JI€ OHO CBSI3AHO
¢ muddysueit nedexros (cM. nmpumed. Ha ¢. 130). Ho B cmekTukax
OHO B TIPUHITATIE HEYCTPAHUMO BBUIY OOJIBINEH «PAa3MBITOCTHY TTE€PH-
OJTMYECKON CTPYKTYPbI (Kak Obl comepzKallell 3HaYnTebHOe YUCIO0
nepeKTOB — BaKaHCHil) ¥ OGOJIbIIel TOJABUKHOCTH MOJIEKY.I.

Ilpu agmabaTuvaecKoM JABUMKEHUHW KaXKJIBIH EMEHT YKUJIKOCTU
[EPEHOCUT CBOE ITIOCTOSIHHOE 3HAYEHUE SHTPONuH § (OTHECEHHOH K
eJIMHUIIE MACCHl); €CJIM B KAKON-M00 HAYAJILHBI MOMEHT BpPEMeHU
SHTPOMHS § OBLIA TIOCTOSHHA TI0 BCEMY 00bEMY CPEeIbI, OHA OCTAHETCST
ITOCTOAHHON W B majbHeitmem. [lockonbKy ycmoBue s = const crmpa-
BEJITABO UMEHHO JIJIsT SHTPOTIHN €IMHUIIBI MACCHI, OyTeT YI0OHBIM OT-
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HOCUTH CHaYaJja K eJUHWIE MaCChl TaKyKe ¥ BHYTPEHHIOI SHEPTHIO
cpenbl; obo3HaunM ee yepe3d €. g npedopMUpOBaHHOTO CMEKTHKA,
9Ta BEJIMYMHA BbIpazKkaercs hopMyJioil, anamornanoi (44.1):

A C 0
ca=e—co(s) = o (p—p0)* + (o= po) 5o +
0

2
+ 2 (2 + Eraiw?, (46.)
2 \0z 2po

e po — IUIOTHOCTH HeneOPMUPOBAHHON cpefibl; KoddduiimeH-
el A, B, C 371€ch He coBIagaior ¢ TakoBbiMu B (44.1) — oHu npej-
CTaBJIAIOT COOOI Tenephb ajnadaTudecKue 3HAYEHWsT MOJLyJIel yIpy-
roctu (M HPEIoNAraloTCsd BbIPaXKeHHbIMU B (DYHKIUU OT ), a He
nzorepMuyeckue, Kak B (44.1); uro kacaercs koadduimenta Kq, 10
€ro M30TEPMHUYECKOE 1 aIHabaTHIECKOe 3HAYEHUS COBIIAIAIOT 110 TEM

yKe TIPHYMHAM, 9TO U IS HeMAaTHKOB (cM. Komer § 36) 1).

Eununa macebl Bemectsa 3anumaer oobem 1/p. Tlosromy tep-
MOJMHAMUYIECKOE COOTHOIeHNE 1jisi AudphepeHiaia SHEPTUn:

de =Tds—pdV =Tds+ %dp.
p

JlaBmenve B cpeje MOXKHO, C/I€I0BATEIbHO, HaiiTu audpdepeHtmpo-
BaHneM Bblpazkenus (46.1)

—2( %) & A(p— u
p—p(ap)s~A(p po) +poC = (46.2)

JlanbHeiiniee TOCTPOEHNE yPaBHEHWIT JIBUKEHIA CMEKTUKOB OY€Hb
0IM3KO IO WCITO/IB3YEMOM ITOCIEI0BATE/ILHOCTH OMEePAINii TPOn3Be-
nmerHoMy B § 40 BRIBOIY ypaBHEHUI IBUKEHUS HeMATUKOB. Jlist ycn-
Jienusi 3ol ananoruu cuosa (Kak u B § 40) GygeMm 10Ib30BATHCS
sueprueit £ = pe m surponueit S = ps, OTHECEHHBIMU K €INHUIIE
obbema.

VpaBHeHIe HempepBIBHOCTH HMeeT OOBIYHBIH B )

g—’t) + div (pv) = 0. (46.3)
JluHaMu4eckoe ypaBHeHHe JIIsi CKOPOCTH JIOJIZKHO UMETh BH/
dv;
pd—i = Okoik (46.4)

1) Crporo rosops, B (46.1) Hano 6B1710 661 TICATS AU /D2 —d9(5) BMEcTo du/dz,
rae §o(s) — 3mavenune Ou/dz B OTCYTCTBHE BHEITHUX CHJI MIPHW SHTponmm S. Pac-
CcMaTpUBas IBUMKCHUE ITPU 33JaHHOM S, MBI MOXKEM BLIOpATh B KadecTBe Hee-
(i)OpMI/IpOBaHHOFO HUMEHHO 9TO COCTOAdHUE U IIOJIOKUTH (50(8) = O. HoﬂqepKHeM’
OJTHAKO, YTO MOCJIE ITOTO y2KE HeIb3s1, Hanpumep, Aud pepeHIMpOBaTh BhIPaKe-
uue (46.1) mo s ¢ Henpo onpegeserns Temeparypsl o dbopmysne T = (9e/0s),!

2) XoTs MBI HHTEPECYeMCsl B KOHEIHOM CUeTe JIAIIb JTHHEAPU3OBAHHBIMU Y PaB-
HEHUAMUNU rHBI/I)KeHI/IfI7 MBI HE HpOI/I3BOI[I/IM HHHeapH3aHﬂH Ha KazKIO0M 3Tall€ BbI-
BOJIOB, TaK KaK 3TO YCIOXKHUIIO Obl 3amuch Gpopmy.
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(cp. (40.7)); Bug TeH30pa HANpPsiKEHU# OyIeT YCTAHOBJIEH HUKE.
Ere o110 ypaBHeHUe CBsI3aHO ¢ HAJUYUEM JIOTIOTHUTEIbHOMN 1me-
peMeHHO u BbIpaxKkaer coboii ormuue v, ot du/dt:

ou _ 4y, =N. (46.5)
ot
Bennauna N npeacrapisier coboit CKOPOCTE «ITPOCAMUBAHUAY — CKO-
POCTb KUJIKOCTH OTHOCUTEIbHO OJHOMEPHOW PEIIeTKN; OHA WMeeT
KUHETUYECKYTO [IPUPO/LY, U €€ BhIpaXKeHue OY/eT yCTAHOBJIEHO HUXKE.
Hakowneri, ypaBuenue 71 SHTPOIUH, YIUTHIBAIOIIEE JUCCUTIATAB-
HbIe TIPOIecchl B cpeje, nmeer Buj (40.8)

95 | 4 a) _ 2R
o +div (Sv + T) T (46.6)

Kax u B § 40, BbIuncsisieM IpoOM3BOIHYIO 110 BDEMEHN OT HOJIHOMN SHEP-
MU eJUHALB 00beMa cpelibl, GUTyPHUPYIONIYIO B YPABHEHUH 3aKOHA
coxpanenns sHeprun (40.11). Orardane BO3HUKAET TOIBKO B BHJIE MO~

cnepuero wiena B (40.12). Mmeem reneps ')

0E.\ [ 0E 9 ou ou\ _
(W)p,s - (a(azu))p,S oz ar T KAL) (AL at)

ou .
= —h 2 div (-} (46.7)

(kak u B § 40, YIEHBI C NOJHBIMU JIMBEPIEHIUsIME He BBIIUCHIBAEM ),
rIe BBeJIeHO 0003HavYeHue

B ) _ 2 _ u p—po) _ 2
h=3, (mm))ms Kiflu=pB s +C=5— ~ Killu
(46.8)

Ecau paccmarpuBaTh h KakK 2z-KOMIIOHEHTY BEKTOPHON BEJMIHHBI
h = nh (n — exuHUYHBII BEKTOD B0 OCH 2), TO JIETKO YOEJIUTHCS,
YTO 3TOT BEKTOP MOXKET OBITH IPEICTaBIEH B BUIE JUBEPTEeHIINN

hi = Ol (46.9)
()

rJle CAMMETPUYHBIA TeH30D 0" UMeeT CIe/lytoline KOMIIOHEHThI:
0 0
00(072 = 3(171;) = K1A | 75, US;) = poBZE 4+ Cp— o),
0z 0z
() ou (r) Ou (r) (46.10)

1) Brech u HEKe H3MEHEHIEM MOIY/IEH YIPYTOCTH BIOIb CPeIbl IpeHeGperaeM.
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IMoxpcrasus B (46.7) Ou/Ot us ypasuenust (46.5) u CHOBa BbIIEIUB
B OJIHOM U3 YJIEHOB MOJIHYIO JUBEPreHIINIO, TUIIeM

(%) = —hN—v OpoD +div {1} =
P, )
= —hN + ’UikO'Z(,:) +div{---}.
D10 BBIpazkenue ornmdaercs or (40.17) b cMbIcIOM 0003HAUE-
muit h u N1). Tlocrymas najee Take, KaK 9TO ObLIO OObLSICHEHO
B § 40, monyunm npexuee Boipaxkenue (40.21) st guccunaTUBHORM

PyHKIAN
2R = olyvix + Nh — %VT, (46.11)

e o}, — BA3Kas YAaCTh TEH30pa HAIPSXKEHMIL:

ok = —poik + ‘71(1:) + ol (46.12)
Hunamuueckoe ypaprenue (46.4) ¢ 9TUM TEH30POM HANDPSKEHU
IPUHAIMAET [oc/Ie JuHeapusaiun (onyckaeMm wied (vV)v) Bus

Ov;
Po 61; = —0;p + hi + Ok0oiy, (46.13)

rie BekTop h = nh onpezenen Boipaxkenuem (46.8).

Bazkwuit Tenzop manpsizkeHmit agk, TEIJIOBOM OTOK q U CKOPOCTb
npocadnBatusg N («TepMOJUHAMUYECKHE TOTOKKY ) OOBIYHBIM 06pa-
30M MPEJCTABJISIFOTCS BBIPAXKEHUSIME, JTUHEHHBIMIA TI0 «T€PMO/INHA~
mugecknm cunamy» —vip /T, T=28;T, —h/T, npuaem kosbdummen-
ThI B 3TUX BBIPAXKEHUSX CBsI3aHBI JPYT C APYTOM COOTHOIIEHUSIMU,
crenytomumMu u3 npuatmrna Oucarepa. He moBropsist 3aHOBO cOOTBET-
crBytomux paccyxkiaenuii (cp. § 41, 43), nanumem pesysabrar. [Ipu
9TOM GyJIeM CYuTaTh, 9TO (KaK 9TO OOBIYHO MMEET MeCTO) CMEKTUK
obJ1aiaerT MeHTPOM WHBEPCUU (10 CHX 10D 9TO eIlle He Penosiara-
siock). Torya BA3KWit TEH30D HANPSIKEHWH JaeTcs Toii ke (hopmy-

Jiofi (41.4), 910 U ISt HEMATUKOB, IPUYEM TI0j] Il CJIEyeT MOHUMATh
HampasJieHne ocu z. TernsoBoil MOTOK M CKOPOCTb ITPOCAYNBAHUS J1a-
I0TCS BbIPaKeHUAMU

= L =— = \h— LT
9z = — 92 + :U‘h'7 qL VT, N Aph T oz’ (4614)

¥4

[IPpUYEM TIOJ0KHUTETbHOCTb JUCCUITATUBHON (DYyHKIUH TpedyeT BbI-
IIOJIHEHUS HEPaBEHCTB

|, 71, )\p > 0, /LQ < T)\p%”. (4615)

1) A rakxe orcyrcreuem wieHa v;(9; E). Takoil 4ieH, 0IHAKO, sIBJISIICS ObI
B JAHHOM CJIydae MaJIO¥ BeJIWYIMHOM TPEThero IMopAgKa, KOTOPOH MOXKHO IIPeHe-
Opedb 10 CPABHEHUIO C BEJIMUWHAMH BTOPOIO IIOPSIKA.
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SdlBnenne MpocauMBaHUs JEJAET BO3MOKHBIM CYyIIECTBOBAHUE B
cMekTrKax 3pdeKrTa, mogobHOTO ONMMCaAHHOMY B KOHIE § 43 mJisi XO-
JIeCTepUKOB. Ecau 1mepuogndeckas CTPYKTypa CMEKTUKA KaKHM-TO
CII0CO0OM 3aKperieHa B IMPOCTPAHCTBE, BOZMOXKHO CYIIECTBOBAHUE
OJIHODOJIHOTO CTAIIMOHAPHOIO TeYeHUsl BIOJb ocu z. U3 (46.13) cie-
Jyer, 9o Jyist Takoro redenus dp/dz = h, an3 (46.5) ¢ N u3 (46.14):

vy = —Aph =M\ (46.16)
dz
K ckazannomy BbIllle 0 KHHETHIECKUX KOIPDUIMEHTAX CMEKTHU-
KOB HaJIO C/IeJATh BAaXKHYIO OTOBOPKY. Y:Ke yrmoMuHaBmiascs B § 45
pPacxoauMocThb QIyKTyaluil B CMEKTHKAX B OCOOEHHOCTH CHJIBHO IIPO-
SIBJISIETCSl MMEHHO B KHHETHYECKUX SIBJIEHWAX, YTO MOXKET CyIIe-

CTBEHHO U3MEHUTH UX XapPaKTEP 1).

§ 47. 3ByK B CMEKTHUKaxX

B 06bIuHBIX KUAKOCTAX (& TakKe B HEMATUYECKUX KUIKUX
KPHCTAJIaX) CYIIeCTBYET JIUIh OJHA BETBb CaH03aTyXaIOIMINX 3BY-
KOBBIX KojiebaHU{l — IIPOJI0JIbHBbIE 3BYKOBBIE BOJIHBI. B TBepibIX
KpucTajjiax u aMop@HBIX TBEPJBIX TeJaX CYIIECTBYIOT TPU 3BYKO-
Bble (aKyCTHYeCK¥e) BETBU JIMHEHHOIO 3aKOHA TUCIIEPCUN KOJIeOaHU i
(§ 22, 23). OHOMEpPHBIE KPUCTAJLIBI — CMEKTUKY — U 3/1€Ch 3aHUMAa~
0T TTPOMEXKYTOTHOE TIOJIOKEHIE: B HUX UMEIOTCS JIBE aKyCTUUECKUE
sersu (P.G. de Gennes, 1969). He unrepecysich 31ech K03hdumu-
eHTAMU 3aTyXaHUsl ITUX BOJH, U UMes B BUJY JIUIIb OMpEJeIeHIe
CKOPOCTeil UX PaciIpoCTpaHeHus, TpeHeOpeKeM B YPABHEHUSX JIBU-
JKeHWsT BCEMU JIMCCUNATWBHBIMU djieHamu. llogHasi cucrema JimHe-
ApU30BAHHBIX YDABHEHUI JBUXKEHUS CKJIAJBIBAETCS U3 yPaBHEHUS
HEIPEPBIBHOCTH

‘%+pdivv:o (47.1)
(3mech M HUMKe MHJEKC y po omyckaeM; p', p' — mepemenuble dacTm
NJIOTHOCTHU U JIaBJieHust), ypasHenus (46.5), Koropoe CBOAUTCS K
Ou
= — 47.2
YT o (47.2)
— IIPOCAYMBAHKE OTCYTCTBYET, ¥ JUHAMUYIECKOTO ypasHeHus (46.13):
Z—: = —Vp' +nh, (47.3)
npuyeM, coryiacuo (46.2),
p = Ap + pC Z—Z. (47.4)

) Cum. Kay E.J., Jle6edes B.B. // ZKIT®. 1983. T. 85. C. 2019.
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B Breipaxkennn (46.8) nis h caemyer omycruts wien Ki A2 < u, cozep-
JKAIWIT TPOM3BOIHBIE BBICHINX MOPSAIKOB, — OH OKA3aJICA ObI CJIMII-
KOM BBICOKOTO TIOPSIIKA, TI0 BOJTHOBOMY BEKTOPY Kk, KOTODBIi JIJIsT 3BY-
KOBBIX BOJIH CJIElyeT PACCMATPUBATH KaK MAJIYI0 BEJIMYUHY:

h=pB ‘“+03P (47.5)
0z

B peanpubIx cMekTHKAX BeUUUHbI B 1 C' 0OBITHO MaJIBI IO CpaB-
unernio ¢ A. B 9Tux ycaoBusix, KOTOpble MBI U OYIeM TIPEINoIararh,
npuposa 00erx aKyCTHIeCKUX BETBEH B CMEKTHUKAX CTAHOBUTCS 0O-
Jlee HarJIg/IHOM.

Eciu nperebpeds B ypaBHEHUSIX JBUXKEHUS BCEMU WIEHAMU, CO-
JepxkammuMu Majibie ko3 dunmentsl B u C, TO OHE CBEYTCS K ypaB-
HEHUAM JIBUZKEHHT OOBIYHON YKUJIKOCTU C YPaBHEHHEM COCTOAHNS
p = Ap/, 1. e. ¢ cxkmmaemocteio (9p'/0p')s = A. CoorsercTByio-
e STOMY CIydai0 KojaeOaHus MPeICTaB/IAI0T (3060171 0OBIYHBIE 3BY-
KOBbBI€ BOJIHBI — IIPOJIOJIbHBIE BOJIHBI CKATUS U PACHIMPEHUS] CPEJIBI.
CKOpOCTH UX PACTIPOCTPAHEHMUST

| = A2 (47.6)

u (B paccMaTpUBaeMOM NPUOJIMKEHNN) He 3aBUCUAT OT HAIPABJIEHMUS.

®azoBast CKOPOCTH Co BOJH BTOPOI aKyCTUYIECKON BETBU, KAK MBI
YBU/INM, MaJja [0 CPaBHEHUIO C ¢1: w/k = ¢y K ¢;1. [losromy mo
OTHOTIIEHUIO K ITUM KOJEOAHUIM CPEIy MOXKHO CIUTATDL HECKUMae-
Mot (cp. mpumed. Ha c. 231). YpaBHeHHe HENPEPbIBHOCTH CBOJIUTCS
npu 3TOM K ycioButo Heckumaemoctu divv = 0; B (47.5) omyckaem
BTODOIl 4jieH, Tak 4To ypaHerue (47.3) npuHuMaeT Buj

ov ' 0%u
—=-V npB —. 47.7
5 P +npB —— (47.7)
IIpomudbepeHpoBaB 2-KOMIOHEHTY 9TOTO YPABHEHUSI [0 Z U MO/~
CTaBUB B HEro v, = Ju/0dt, nomy4um

@ 62 / 25

P o 92 PP e

rae § = Ou/0z. llpumenus xke K ypasuenuto (47.7) onepanuio div, B
CUJTY YCTIOBUS HECKUMAEMOCTH TIOTYIUM

%6
Av' = oB L2
p P 922

Hakownern, MCKIIOYMB M3 3TUX ABYX ypaBHeHWi p’, MOJyduM OJHO
ypaBHEHUE [T BEJTUYUHBI 0

02 No o f 0% B
O As=B { 2+ a—Aé} . (47.8)
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BaBUCUMOCTH CMEIIEHUsST U OT KOOPJAMHATHI 2 O3HAYAET, 4TO Me-
HSIOTCsI PACCTOSHUS ¢ MEXKIY coceiHuMu ciosimu: 0a = (Ou/0z)a,
caMma ke BeJdarHa 0 = Ou/dz JaeT OTHOCHTEILHOE N3MEHEHNE ITOT0
paccrositus. Takum obpasom, ypasuerue (47.8) onuchiBaeT pacnpo-
crpanenue nornepeunoii (kv = 0) BOJIHBI, B KOTOPOil HCIIBITHIBAIOT
KOJIe0aHUST PACCTOSTHUSI MEKJLy CJIOSIMU TIPU TIOCTOSTHHOR TLIIOTHOCTH.
Jst 1110CcKO# BOJTHBI, B KOTOPOIit 0 oo exp{ikr —iwt}, u3 (47.8) mveem

w?k? = BE3 k2,
OTKY/Ia HAXOJUM CKOPOCTh
¢ = BY?sinf cos, (47.9)

rie 0 — yrom mexay k n ochio z. 91a CKOPOCTH aHU30TPOITHA, TPH-
geM obparaercs B Hy/db [ PACIPOCTPAHEHWs KaK BIOJb OCH 2
(0 = 0), tak u B mockoctu zy (0 = m/2). Ilpu yruax, 6ausKux K
9TUM 3HAYEHUIM, BO3PACTAET POJIb JIUCCUTATUBHBIX 3bderTon. (Cum.
sajaan 2 u 3 K aromy maparpady.)

3amayu

1. Haiitu ¢a30BBIE CKOPOCTH AKYCTUIECKUX BOJH B CMEKTHKAX IIPU IIPOU3-
BOJIbHOM COOTHOIIeHNU Mexay moayiasmu A, B, C.
Pemenme. IIpomuddepennmposas ypasaenue (47.3) mo ¢ m MCKIIOIUB

npoussomubie Op' /Ot 1 Ou/Ot ¢ nomombio (47.1), (47.2), HoMyunM ypaBHeHHe

d%v . v, o .. 0%v,
Ty = AVdivv — CV P +n —C$d1VV+B 5.2

i1t II0CKOH BOJIHBL, B KOTOPOii V o» exp (ikr — iwt), 9170 ypaBHEeHUE cBOAUTCS
K COOTHOIIIEHUIO

—w?v = —Ak(kv) + Ckk,v. + n[Ck, (kv) — BkZv.]. (1)

IIycrs BonHOBOI BekTop k pacnosoxen B mockocru zz. Torga us (1) crenyer,
YTO M CKOPOCTB V HAXOIUTCH B TOH ¥Ke IJIOCKOCTH, & T- U Z-KOMIIOHEHTBI JAIOT
CHCTeMy OBYX yPaBHEHHN

v.[c? — (A+ B —2C) cos? 0] + v, (C — A)sinf cosd = 0,
v:(C — A)sinfcos 0 + v.[c* — Asin® 6] = 0,

rue ¢ = w/k — ckopoctb BoiHBL, a § — yroa mexny k u ocero z. Ilpupasuss
HYJIIO OIIPeJIeJINTE/Ib ITOH CHCTEMBI, IIOIYYUM JUCIIEPCHOHHOE YDaBHEHMe

' —P[A+ (B —2C)cos” 0] + (AB — C?)sin” fcos® 6 = 0.

BObIIumii 1 MEHbIIHiT KOPHE 3TOT0 KBa/IPATHOTO (110 ¢°) yPABHEHHUS OIPEeIeISIOT
CKOPOCTH €1 U c2. B wacTHOCTH

AY/? npu 0=m/2,
Cc1 =
(A+B-20)Y? umpu  6=0.

CKOpPOCTB Ke C2 B 9TUX HAIPABJIEHUAX OOPAIIAETCs B HYJIb.
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2. C y4yeToM AMCCUNIAIIAN OMPENEUTh 3aKOH IUCIEPCUM BTOPOM aKyCThdYe-
CKOIl BETBU IIPY PACIIPOCTPAHEHUH B IJIOCKOCTH cJIoeB (v = 7/2).

Pemenue. B ycrnoBmsax 3amasy CKOPOCTH V HAIIPaBJIEHA 1O OCH 2, a BCE
BeJMHUHBL 3aBUcAT OT x. IIpoenupys ypasuenue (46.13) Ha ochb 2, momywaem

—iwpv = —K 1 k*u + ikol,. (2)
C nomompio (41.7) maxonum
ro_ 1kns
Ohe = ——0.
2

JIerko mpoBepuTh, 9TO BBUAY MajocTu mapamerpa Kip/n3 (cp. ¢ (42.7)) MoxmHO
nperebpedn 1eBoit 9acThio (2), a 3¢ dexTh TpocauMBaHua MpU MATBIX k HECy-

HIECTBEHHBI, TaK 9TO ¥ = —iwu. OKOHYATEIHHO MOJydaeM 3aKOH JIUCIIEPCUHN:
. 2K 5
w=—=F".
s

3. To xe maa pacHpOCTPAHEHUS IEPIEHANKY/ISPHO IJIOCKOCTH CI0eB (¥ =
=0).
Pemenue. VYcnoBue HecKMMaeMOCTH NPUBOIAUT B 3TOM CIydae K TOMY,
9r0 v = ( U OBHXKeHWe CMEKTHKa IIPOMCXOAHUT TOJIBKO IIyTeM IIPOCAUMBAHUL.

"3 (46.5) u (46.14) umeem Torna

ou 0%u

&N\ oBZE

or P 92
i 5
tw = A\ppBE~.

Mpr npeneGpernm B (46.14) <wneHOM € TPAJMEHTOM TEMIIEPATYDPHI. DTO BO3-
MOXKHO, €CJI TeMIIePATypPa PeJIaKCUpyeT ObICTpee, 9eM CMEIIeHUe U, T. €. eC/In
X|| > AppB. B aToMm criydae, 0aHaKo, Hy*KHO TIOHIMATh 1of, B m3orepmmaeckmit
MO/yJIb yIPYTOCTH.

9 JI. O. Jlangay, E.M. Jludpmun, Trom VII
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