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FIABA 1

YPABHEHUA IBUKEHN A

§ 1. O6001mEeHHbIE KOOPINHATHI

O iHUM U3 OCHOBHBIX TTOHSITUN MEXAHUKU SBJISETCH TIOHITUE Ma-
mepuarvhot mouku b). Ilox MaTepraIbHOM TOYKOH MOHUMAIOT TEJIO,
pa3sMepaMyu KOTOPOTO TIPY OIMCAHUU €r0 JBUKEHUsI MOXKHO TIPEHe-
6peun. PazymeeTcsi, BOBMOXKHOCTH TAKOTO TIPEHEOPEKEHUS 3aBUCUAT
OT KOHKDETHBIX YCJIOBUI TOi nyn nHO# 3a7a4u. Tak, miaHeTbl MOX-
HO CYUTATHh MATEPUAJIHHBIMYA TOYKAMU [IPY U3YUE€HUU UX JBUKEHUS
Bokpyr CojHIa, HO, KOHEYHO, ITOTO JEJIaTh HEJIb3s IIPU PACCMOT-
pEHUU UX CyTOYHOT'O BPAIIEHUSI.

[TonoxeHnre MaTepuaabHON TOYKM B IIPOCTPAHCTBE OMPEIETITET-
cs ee PaJUyC-BEKTOPOM I, KOMIIOHEHTHI KOTODPOT'O COBIIQJIAIOT C €€
JIeKapTOBBIMU KOODJIWHATAMU I, Y, z. [IponsBognas r mo Bpemenu ¢

'v' = @
dt
HA3BIBAETCS CKOPOCTBIO, a BTOpas Ipom3BogHas d°r/dt? — yckope-
uueMm Toukn. Hike, Kak 9TO MpUHATO, MBI OyI€M 4acTO 0003HAYATH
muddepeHImpoBanne M0 BpEMEHN TOYKON HaJ OyKBOit: vV = T.

Jliisi ompenesieHus TOJIOXKEHUs CUCTEMBbI n3 N MaTepuajbHBIX
TOYeK B IPOCTPAHCTBE HAMO 331aTh N pagmyc-BeKTOpoB, T.e. 3N
KOODJMHAT.

Boobiie 4ncio HE3aBUCHMBIX BEJIMYNH, 33/JaHNE KOTOPBIX HE0O0-
XOOUMO I OJHO3HAYHOIO OIpEJEeIeHNUs TIOJIOXKEHUSA CHCTEMBI,
HA3BIBAETCA YUCIOM ee cmeneHel c60600b; B JAHHOM CJIydae 3TO
qucyio paBuo 3N. DT BeJUUMHBI HE 00A3aTEIbHO JOJKHBI OBITH
JI€KaPTOBBIMUA KOODJMHATAMHU TOYEK, U B 3aBUCUMOCTH OT yCJIOBHUI
33129 MOXKET OKa3aThcsa Oojiee yIAOOHBIM BBIOOD KaKuX-jnbO Ipy-
TUX KOODJMHAT.

JI10bble s BesIM4uMH q1, q2, - - -, (s, BIIOJHE XapaKTEPU3YIOIINE 10~
JIOJKEHUE CHCTEMBI (C § CTEIEHSAMH CBOOOAbI), HA3BIBAIOT €e 0600-
WEHHBIMU KOOPOUHAMAMUY, 8 TIPOU3BOIHBIE §; — €€ 00600WEHHBIMU
CKOPOCTAMU.

1) Bmecro TepMmuHa «MaTepHasbHAs TOYKA» MbI OyZeM 9acTO FOBOPHTH O
«94aCTUIAX>».



10 YPABHEHUSA JBU>KEHUA IJI. 1

3amanne 3HAYEHUN 00ODIIEHHBIX KOOPAUHAT €IIle He OIPEIeIseT,
OJTHAKO, «MEXAHUYIECKOTO COCTOSHWSI» CHCTEMBI B JAHHBIA MOMEHT
BPEMEHH B TOM CMBICJ/IE, YTO OHO HE IIO3BOJISET IPEICKA3ATH II0JIO-
KEHUE CUCTEMBI B TIOCJIEIYIOIIE MOMEHTRI BpeMmeru. [Ipu 3amanapix
3HAYEHUAX KOOPIUHAT CUCTEMa MOXKET 00JIaaTh MPOU3BOJbHBIMU
CKODOCTSIMY, & B 3aBUCHMOCTH OT 3HAYEHUS IOCIETHUX OyIeT pas-
JIMYHBIM U [OJIOXKEHWE CHCTEMBI B CJIELYIOIMHA MOMEHT BDEMEHH (T.€.
4epe3 GECKOHEYHO MaJiblii BpEMEeHHO MHTepBaJ dt).

O iHOBpEMEHHOE K€ 33JaHME BCEX KOOPJUHAT U CKOPOCTEHN TOJI-
HOCTBIO OIpEJesIseT, KaK IIOKA3hIBAET OIBIT, COCTOSHUE CUCTEMbBI U
MTO3BOJISIET B MIPWHIIMAIIE MPEICKA3aTh HajbHeiinee ee aBukenne. C
MaTEMATUIECKON TOYKHU 3PEHUS ITO 3HAYUUT, YTO 33JAHUEM BCEX KO-
OPJIMHAT ¢ ¥ CKOPOCTEH ¢ B HEKOTOPBI MOMEHT BPEMEHU OJHO3HAY-
HO ONPEJIEIAETCH TAKXKE U 3HAYEHUE YCKOPEHUH § B 9TOT MOMEHT ).

CooTHolteHNs, CBS3BIBAOIINE YCKOPEHUS C KOODIWHATAMU W
CKOPOCTSIMM, HA3BIBAIOTCA YpasHeHuamy Odsudicerus. 1lo oTHOIIE-
Huio K QyHKImaM ¢(t) 310 — nuddepeHianbHble ypaBHEHUST BTO-
pOTO TIOpsijiKa, WHTETPUPOBAHME KOTOPBIX IO3BOJISET B IIPUHIIUIIE
OTIPEESIUTh ITU (PYHKIUU, T.€. TPAEKTOPUU JBUXKEHUS MEXaHUIE-
CKO#I CUCTEMBI.

§ 2. lIpuHnun HamMeHbIIEro AeficTBUS

Hawubonee obias hopMyanpoBKa 3aKOHA JABUKEHUSA MeEXaHUYE-
CKUX CHCTEM JAETCA TAK HA3BIBAEMBIM NPUHUUNOM HAUMEHDULEL0
deticmeus (nmu npunyunom Iamuavmona). CorsiacHO 3TOMy IPHH-
IUIY KaXKJasd MEXaHUIeCKas CUCTEMa XaPaKTePU3yeTcs OlpeeieH-
HOM byHKIMEH

L(ql, q2, ---, Qs, (j17 q'2, q'87 t)

wu, B KpaTkoil 3amucu, L(q, q,t), IpudeM JABUKEHUE CUCTEMBI YIO0-
BJIETBOPAET CJIEAYIOUIEMY YCJIOBHUIO.

IIycts B MoMeHTHI Bpemenu t = t] u t = ty cucreMa 3aHUMA-
€T OIpeJeJIEHHbIE TOJIOXKEHNSI, XapaKTepu3yeMble AByMs HabOpaMu
snauennit koopauaar 1) u ¢(2). Torza Mexkxy STUME TOIOXKEHAUAME
CUCTEMa IBUKETCS TAaKUM 00pa3oM, 4TOObI MHTErDaJl

1) Hns xkparkocTu 0603HaUYeHUi MBI OyIeM YacTO YCJIOBHO NMOHUMATh IOZ, ¢
COBOKYNHOCTb BCEX KOOPIHWHAT (1, g2, ..., Js (¥ IOJ, § AHAJIOTMYIHO COBOKYIHOCTD
BCEX CKOPOCTeii.)



§2 IIPUHIUII HAUMEHBIIIETO JENCTBUS 11

t2
S = /L(q, o,t) dt 2.1)
t1

uMeJl HauMeHbIlee BO3MOXKHOoe 3Hadenue '). Oynkuusa L Ha3bIBaeT-
ca Ppynryueti Jlaepanorca nanHol cucremsl, a uaTerpad (2.1) — deti-
CMBUEM.

Tot dakT, uro dyukuua Jlarpamka cOIEPKUT TOIBKO q U §, HO
He 6ojiee BBICOKME TMPOM3BOIHBIE §, (, ..., ABISETCA BbIPAKEHUEM
YKA3aHHOT'O BBIIIE (DAKTA, ITO MEXAHUIECKOE COCTOSIHUE MOJTHOCTHIO
OIIPEJIEJISIeTCS 33 JAHIEM KOODIMHAT U CKOPOCTEIA.

[Tepeitnem K BbIBOAY AU dEPEHINATBHBIX yPABHEHU, perrao-
mux 3a7ady o0 ompenesieHnn Makcumyma umHTerpasa (2.1). dua
YIPOIIEHNs 3amuch (POPMYJI IIPEJNOIOKAM CHAYAA, YTO CUCTEMA
obJiagaeT BCEro OMHOM CTENEeHBI0 CBOOOIBI, TAK YTO JOJXKHA OBITH
ompefeseHa Bcero onHa GyHkuus g(t).

ITycrs g = q(t) ecTb Kak pa3 Ta dbyHKIUS, Ay KOTOPOit S nmeer
MUHUMYM. DTO 3HAUUT, 9T0 S BO3pacTaeT Ipu 3ameHe ¢(t) Ha a00y10

bymetmo wa a(t) + 5q(t), (2:2)
rae dq(t) — dbyukuus, Mangas BO BCeM MHTepBaJje BDEMEHH OT t1 110
to (ee HasbIBaOT Bapuayuet; pyukImu ¢(t) ); MOCKOIBKY npu t = t1
u t = ty Bce cpaBHUBaeMble (byHKImHU (2.2) MOKHBI IPUHUMATH
OIHU U T€ K€ 3HAYEHUS q(l) u q(2), TO JOJIKHO OBITH:

5q(t1) = 5q(t2) = 0. (23)

W3zmenenne S npu 3amene q Ha ¢ + 0q JaeTcsd Pa3HOCTHIO
to to

/L(q + 8¢, + 0q,t) dt — /L(q, q,t) dt.

t1 t1
Paznoxkenne sToit pasHoctu 1o crenessM dg u 8g (B mOgBIHTErpaAIb-
HOM BBIPAyKEHWH) HAYMHAETCS C YIEHOB IIEPBOr0 Hopsiaka. Heobxo-
JIUMBIM YCJIOBHEM MUHUMAJIBLHOCTHU S 2) ABJjisieTcs obpalleHue B HyJlb

1) Cienyer, ofHAKO, yKa3aTh, 9TO B TAKON (hOPMYJIMPOBKE NPUHIMI HANMEHb-
11ero AefiCTBUS He BCErJa CIPABEIJIUB JJjid BCEH TPAEKTOPHUH ABUKEHUS B LIEJIOM,
a UMb AJI8 KaXXKA0r0 U3 JOCTATOYHO MAJIbIX €€ yJAaCTKOB; [JIs BCel K€ TPaeK-
TOPHH MOXKET OKa3aThCsl, 4TO uHTerpaj (2.1) mMeeT JMIIb 3KCTPEMAJIBHOE, HE
06513aTe/IbHO MUHIMAJIbHOE 3HAYEHHE. DTO 06CTOATEHCTBO, OAHAKO, COBEPILEH-
HO H€ CYIIECTBEHHO NPH BBIBOJE YPaBHEHUI JBU2KEHU, HCIOJIb3YIOLIEM JIUIIb
yCJI0BHUE 9KCTPEMAJIbHOCTH.

%) Boo6iie — 9KCTPEMAIBHOCTH.
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COBOKYITHOCTH 9THX YJIEHOB; €€ HAa3bIBAIOT IEPBOil Bapuanueil (uim
06BIYHO POCTO Bapuanueil) uaTErpasa. TakuM 06pa3oM, IPUHII
HAVMEHBIIETO JEHCTBUS MOXKHO 3aIUCATh B BUJIE

to
55 =5 / L(g,3¢) dt = 0, (2.4)
t1

WY, TPOU3BEs BapbUPOBAHUE:
to

/ (g—zéq + g—ssq) dt = 0.

t1

3amedas, aTo 8¢ = %Sq, MPOMHTErPUPYEM BTOPOH UJIEH IO YACTAM:
2}
t2 L  d oL
5 +/(————.)5 dt = 0. 2.5
9, 3¢ dtaq) (2.5)
t1

Ho B cuity ycioswuii (2.3) mepBblii 4jieH B 9TOM BBIPA’KEHUAY NCIE3AET.
OcraeTca mHTErpaJj, KOTOPHIH T0JKeH ObITH PaBeH HYJIIO IPHU IPO-
M3BOJIBHBIX 3HAYEHUAX O¢. DTO BO3MOXKHO TOJIBKO B TOM ClIydae,
€CJIX IOABIHTETDAJIBHOE BBIPAXKEHNUE TOXKJIECTBEHHO OOPAINaeTCs B
Hysb. Takum 06pa3omM, MbI IOJIydYaeM ypaBHEHUE

_ oL
65_6_{1

[Ipu HATMYNK HECKOJBKUX CTENeHei CBOOOABI B IPUHITAIIE HAUMEHb-
IIEro JNefiCTBUSA JO/KHBI HE3aBUCUMO BapbUPOBATHCA S PA3IHYHBIX
dbysxmit g;(t). OueBrgHO, YTO TOrIA MBI HOJYYaeM S yDABHEHHUIA:
%g;—f;i:o (i=1,2,...,5). (2.6)

910 — nckomble muddepeHIaIbHble YDABHEHUS; OHU HA3bIBAIOTCS
B MexaHUKe ypasHenusmu Jlazpanowca t). Ecim dyukmus Jlarpan-
JKa JTAHHOM MEXaHUYEeCKOH CHCTEeMbI M3BECTHA, TO ypapHeHus (2.6)
YCTaHABJIUBAIOT CBA3b MEXK,Iy YCKOPEHUSMHU, CKOPOCTAMH B KOOD/IH-
HATAMH, T.€. IPEJCTABIAIOT COOOW ypaBHEHWS JBUKEHUS CHCTEMBI.
C maremaTmyeckoil Touku 3peHus ypasHenus (2.6) cocraBiis-
IOT CHCTEMY § yPaBHEHHiHI BTOPOTO MODSAIKA JJi § HEM3BECTHBIX
dbynuximit ¢;(t). Obwiee pemenne TaKON CHCTEMBI COIEPKUT 28 MPO-

) B BApHALMOHHOM HCYHCICHHH, PACCMATPHBAIONIEM (GOPMATBHYIO 3aJady
00 ompenesieHn SKCTPEMYMOB MHTErpasoB Buaa (2.1), OHM Ha3BIBAIOTCA YpPaes-
HEHUAMY Dlisepa.
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M3BOJIBHBIX TOCTOAHHBIX. JIJIS MX OmpezesieHnsa M TEM CaMbIM IOJI-
HOTO OIIpEJIENIEHNS ABUKEHUS MEXAHUIECKON CHCTEMBI HEODOXOIMMO
3HAHWE HAYAJIBHBIX YCJIOBUN, XapaKTEPUIYIOMIUX COCTOSHUE CUCTE-
MBI B HEKOTODPBIN 33JaHHBI MOMEHT BPEMEHW, HANPUMED 3HAHUE
HAYaJIbHBIX 3HAYEHUN BCEX KOOPAWHAT U CKOPOCTEH.

IIycTh MexaHMYECKasi CUCTEMa COCTOUT M3 JBYX 4acreit A u B,
KaKJasd M3 KOTOPHIX, Oyaydn 3aMKHYTOH, mMesa Obl B KadecTBe
dyuknun Jlarpamxka coorBerctBenno ¢pyukunu Ly u Lp. Torma B
npejesie, IpU Pa3BeIeHUN YacTedl HACTOJIBKO HAJIEKO, YTOOBI B3au-
MOJEHCTBIEM MEXKJIYy HUMHU MOYXKHO OBLIO MpeHEOpPEUD, JTarpaHkeBa
byHKIUS BCEl CHCTEMBI CTPEMUTCH K IIPEIEIy

limL =Ly + Lp. (2.7)
OTO CBOMCTBO aaauTWBHOCTH (yHKIUU Jlarpanxka BBIPAXKaeT CO-
60it TOT (paKT, YTO ypaBHEHUS IBUKEHUS KaXKI0M U3 HEB3AMMO/IEH-
CTBYIOIIUX YacTell HE MOTYT COJEPKATDH BEJUINHBI, OTHOCAIINECT K
JPYTUM YaCTIM CHCTEMBI.

OueBnaHO, uTO yMHOXKEHNE DYHKINHU Jlarpamxka MeXaHUIECKOM
CHCTEMBI Ha MPOU3BOJILHYIO IOCTOSHHYIO CaMoO 10 cebe He OoTpa-
JKaeTCs Ha ypaBHeHusix ABrkeHusd. OTcCroma, Ka3ajgoch ObI, MOIJIA
BBITEKATDh CYIIEeCTBEHHAs HEOIPEIEJEHHOCTh: (DyHKImMHU Jlarpamxa
PAa3JIMYHBIX U30JIMPOBAHHBIX MEXAHUYIECKUX CUCTEM MOTJIN ObI yMHO-
XKaTbCd Ha JIOObIe pasyimyHbie mocTosiHHbIE. CBOMCTBO aIANTUBHO-
CTH YCTPaHSET 3Ty HEOIPEIEeJIeHHOCTb, — OHO JOIYCKAET JIMIIb
OTHOBPEMEHHOE YMHOXKEHUE JIATPAHKEBBIX (DYHKIMI BCEX CHCTEM
Ha OJWHAKOBYIO IMOCTOSHHYO, YTO CBOJUTCS IIPOCTO K €CTECTBEH-
HOMY IIPOM3BOJIy B BBIOOpE €IMHUI] U3MEPEHHUS ITOU (DU3UIECKOIH
BEJIMYMHBI; MBI BEPHEMCSI €IIle K 9TOMY BOIPOCY B § 4.

Heobxommmo caenathb eme ciaemymomiee obiree 3amedanue. Pac-
cmorpum jse bynkuun L'(g,q,t) u L(g, ¢,t) , ormraaomuecs apyr
OT JIpyTra Ha MOJIHYIO IIPOU3BOIHYIO II0 BPEMEHU OT KAKOH-1n00 hyHK-
U KoopauHAT u Bpemenu f(g,t):

U@@Q=meﬂ+%ﬂ%u (2.8)

Berunciennbie ¢ momMoupio 3Tux AByX byHKumit uHTerpass: (2.1)
CBA3aHbl COOTHOIIIEHUEM
to to

to
§=/U@@ﬂﬁ=/¢@¢ﬂﬁ+/%ﬁ=
t1 t1 t1

= S+ f(g?,t2) — f(aW, 1),
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T.€. OTJIMYAIOTCA APYT OT APYTa JOIOJHUTEIbHBIM YJI€HOM, NCYE3al0-
UM [IPY BapbUPOBAHUE JIeHCTBUdA, TaK uTo yciaosue 8S’ = 0 cos-
nagaer ¢ ycaoueM 0S5 = 0, u BUJ ypaBHEHHUN JBUKEHUsT OCTAETCSH
HEU3MEHHbBIM.

Takum obpasom, byakmnus Jlarpamxka ompenesieHa JIUIIb C TOY-
HOCTBIO 10 IpUOaBJIeHHS K Hell IIOJHON IPOU3BOMHON OT JIr0OOit
GYHKIMY KOOPAWHAT W BPEMEHN.

§ 3. Ilpunmun orrocuTensHOCTH lanmumes

Jlist m3ydeHns MEXaHWYEeCKUX SBJIEHUN HAI0 BHIOPATH Ty WX
HHYIO Cucmemy omcyema. B pa3audHbIX CHCTEMaX OTCUETa 3aKO-
HBI JIBU2KEHUS UMEIOT, BOOOIIIe TOBOPS, Pa3indHblil BuA. Eciu B3aTh
IIPOM3BOJIbHYIO CHUCTEMY OTCYETa, TO MOXKET OKa3aTbhCs, UTO 3aKO-
HBI JTaKe COBCEM IIPOCTHIX sIBJIEHU OyAyT BHIMJIAAETh B Hell BEChbMa
CJ0XKHO. FKcTecTBeHHO, BO3HMKAET 333498 OTHICKAHUS TAKON CHCTe-
MBI OTCYETA, B KOTOPO# 3aKOHBI MEXAHUKHU BBITJISAIEIN ObI HanbosIee
IPOCTO.

ITo oTHOIIIEHNIO K TIPOU3BOJIHLHOM CUCTEME OTCYETA IIPOCTPAHCTBO
SIBJIIETCA HEOTHOPOJHBIM U HEM30TPONHBIM. DTO 3HAUHUT, UTO E€CIIU
KaKOoe-JInbO TeJI0 He B3aMMOJEHCTBYET HU C KAKUMU APYTUMU TeJia-
MW, TO, TEM He MEHee, €r0 Pa3JINYHbIE MOJIOKEHNS B IIPOCTPAHCTBE
¥ €ro pa3judyHble OPUEHTAIINA B MEXaHUYECKOM OTHOIIEHUU HE K-
BUBAJIEHTHBI. 10 K€ caMoOe OTHOCUTCA B ODIIEM Ciiydae U KO Bpe-
MeHHU, KOTOpoe OyJeT HEOMHOPOIHBIM, T.€. €r0 PA3JIUYHbIe MOMEHTHI
HEIKBUBAJIEHTHBIMU. ¥YCJIOXKHEHNE, KOTOPOE BHOCHIH ObI TAKUE CBO-
CTBa IIPOCTPAHCTBA U BPEMEHM B OIMCAHNE MEXAHUYECKUX SBJICHMUIA,
— oueBunHo. Kak, Hanpumep, cBobogHOE (T.€. HE HOIBEPraroieecs
BHEIIHUM BO3JEHCTBUSAM) TEJIO HE MOIJIO Obl MOKOUTHCS: €CJIA CKO-
POCTb Tejla B HEKOTOPBIi MOMEHT BPDEMEHU U PaBHA HYJIIO, TO yKe
B CJIEAYIONIUH MOMEHT T€JIO HAa49aJjI0 ObI JBUTATHCA B HEKOTOPOM Ha-
MIpaBJICHUH.

Oxka3bIBaeTcs, OJHAKO, YTO BCET/A MOXKHO HAWTH TaKyIO CHCTe-
MY OTCYETa, 0 OTHOIIEHUIO K KOTOPOM MPOCTPAHCTBO SBJISIETCS OJI-
HOPOJHBIM M W30TPOITHBIM, & BpeMsl — OJHOPOIHBIM. Takas cu-
CTeMa HA3bIBAETCS UHEPUUAAbHOU. B Hell, B 4acTHOCTH, CBOOOIHOE
TeJIO, TIOKOAIIeeCs B HEKOTOPBIN MOMEHT BPEMEHU, OCTAETCS B ITOKOE
HEOTPAHWYEHHO OJITO.

MB&1 MOXKeM Tenephb Cpa3y CAeIaTh HEKOTOPHIE 3aKII0YEHNUS O BU-
e dyukuy JlarpaH:ka cBOOOIHO ABUKYIIENCS MaTEPUAIHHOM TOY-
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KU B MHEPIUAJIbHOM cucTemMe oTcuera. OIHOPOIHOCTD MPOCTPAHCTBA
¥ BpEMEHU O3HAYAET, YTO 3Ta (DYHKIINA HE MOXKET COIEPIKATD ABHBIM
00pa3oM HU paJuyCc-BEKTOPA I' TOYKH, HU BpeMenu t, T.e. L apisgercsa
dyHKIMER JUIh CKOPOCTU V. B cuity ke M30TpOonuu mpoCTPaHCTBA
dyuaknus Jlarpamka He MOXKET 3aBUCETh TAKXKe W OT HAIPABJICHUS
BEKTOpA V, TaK YTO ABJSAETCA (PYHKIMEN JUIIH OT €ro abCOIIOTHOM
BEJIMYMHBI, T.e. OT KBaJpara v = v’:

L = L(v?). (3.1)
BBuny mesaBucumoctu dyukuumm Jlarpamxka oT r uMeeM
OL/Or = 0, u moromy ypaBHeHus Jlarpanxa mMeroT Buj, ‘)

doL _

dtov — 7
orkyna OL/Ov = const. Ho nockonbky OL/0v aBnsiercsa dbyHknmeit
TOJIBKO CKOPOCTH, TO OTCIOJA CJIEILYET, 9TO U

v = const. (3.2)

Taxum 06pa3oM, MbI IPUXOJUM K BBIBOJY, YTO B MHEPIUAJIHHOM
CHCTEME OTCYETA BCAKOE CBOOOTHOE IBUKEHUE IIPOUCXOIUT C IIOCTO-
STHHOW 110 BEJINYMHE W HATIPABIIEHUIO CKOPOCTHIO. DTO YTBEPXKIEHNUE
COCTaBJIAET COAEPKAHUE TaK HA3BIBAEMOTO 3GKOHG UHEPUUU.

Ecnu mapany c umeromeiica y HaC MHEPIUAJIBLHON CUCTEMOM OT-
CcueTa MbI BBEJEM APYIYIO CHUCTEMY, ABUKYIIYIOCE OTHOCUTEIHHO
IIEPBOl IPAMOIMHEHHO ¥ PABHOMEDPHO, TO 3aKOHBI CBOOOIHOTO IBU-
JKEHUS 0 OTHOIIEHUIO K 3TOM HOBOI cucTeMe OYIAyT TeMU K€, YTO
¥ TO OTHOINEHWIO K IMEPBOHAYAJIBHON: CBOOOHOE JBWKEHUE CHOBA
OyIeT IIPOUCXOAUTH C IIOCTOSTHHOM CKOPOCTBIO.

OnbIT MOKA3BIBAET, OJHAKO, UTO HE TOJHKO 3aKOHBI CBOOOIHO-
ro JBUXKEHUS OyIyT OJWHAKOBBIMH B 3THX CHCTEMAaX, HO UTO W BO
BCEX JIPYTUX MEXaHUYECKUX OTHOIIEHUSX OHU OYIyT MOJTHOCTHIO K-
BUBAJIEHTHBIMH. TakuM 00pa3oM, CyIIecTByeT He O/Ha, & OeCKoHed-
HOE MHOYXXECTBO MHEPIMAJIBHBIX CUCTEM OTCUETA, JBIKYIIAXCA IPYT
OTHOCUTEJIbHO APYTa IPAMOJIMHEHHO u paBHOMepHO. Bo Bcex aTmx
CHCTEMAaX CBONCTBa IPOCTPAHCTBA U BPEMEHU OJUHAKOBBI W OJWHA-
KOBBI BCE 3aKOHBI MEXAHUKH. JTO YTBEPKIEHUE COCTABJISIET COJED-
2KaHVE TaK HA3bIBAEMOI'O NMPUHUUNG omruocumeavrhocmuy laaures —
OJIHOTO M3 BAasKHEHIIINX MPUHIIAIIOB MEXAHUKH.

1) Hox, MIPOU3BOAHON CKaJIAPDHOM BEJIWYMHBI IO BEKTOPY MOApa3yMeBaeTCs
BEKTOP, KOMIIOHEHTHI KOTOPOT'O PaBHBbI IPOU3BOAHBIM OT 3TOIl BEJIEYHHBI IO CO-
OTBETCTBYIOIIUM KOMIIOHEHTaM BEKTOPAa.
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Bce ckazanHOE 1OCTATOYHO SICHO CBUIETEIHCTBYET 00 MCKITIOUM-
TEJILHOCTH CBOWCTB WHEPIMAJIHHBIX CHCTEM OTCYUETA, B CHJIy KOTO-
PBIX MMEHHO 3TU CUCTEMBI JIOJIXKHBI, KAK IPABUJIO, UCIOIb30BATHCS
pY M3YYEHUU MEXAHUIECKUX sBjieHuil. Be3ge B manbueiimewm, rioe
obpaTHOe HE OTrOBOPEHO 0C000, MBI OyIAEM PacCMAaTPUBATH TOJBKO
MHEPIUAJIbHBIE CUCTEMBI OTCUETA.

[lonnas mMexanmyeckas SKBUBAJEHTHOCTH BCErO OECUMCIIEHHOTO
MHOXKECTBA, TAKMX CHUCTEM ITOKA3BIBAET B TO K€ BPEMsI, UTO HE CyIIle-
CTBYeT HUKAKOM OJHOW «abCOIFOTHOMY CUCTEMBI OTCYETa, KOTOPYIO
MOXXKHO OBLJIO OB TIPEAIOYECTD APYTUM CHUCTEMAM.

KoopmunaTs! r u r’' 0HOI M TOI YK€ TOYKHU B JBYX Pa3IMIHBIX
cucremax orcuera K um K', U3 KOTOpLIX BTOpas JBUXKETCS OTHOCH-
TEJIbHO IEPBOM CO CKOPOCTBIO V, CBA3AHBI IPYT C APYI'OM COOTHO-
IIIeHNEM

r=r +Vt (3.3)
IIpu sToM mompa3ymeBaeTcs, YTO XOJ BPEMEHU OIWHAKOB B 00€MX
CHUCTEMAX:
t=t. (3.4)
IIpenmnonoxenne 06 abCOMIOTHOCTH BPEMEHU JIEXKUT B CAMOI OCHOBE
NPEJICTABJICHUN KJIACCUIECKON MEXAHUKH ).

@opmynst (3.3), (3.4) masbBaloT npeobpasosaruem larunes.
IIpuniun oraocuTenbHOCTH amuies MOXKHO CHOPMYINPOBATEH KaK
TpeOOBaHNE WHBAPUAHTHOCTH YPABHEHUI IBUXKEHUS MEXAHUKU IO
OTHOIIIEHUIO K 3TOMY IPeOOpPa30BaHUIO.

§ 4. ®ynkuma Jlarpanxka cBoOOJHON MaTepPUAIHLHOMN TOYKM

ITepexons k ompezenennio Buga pyHkimu Jlarpanxka, paccMoT-
pUM CHa4aja mpocTeimmii caydait — CBODOJHOE NBUXKEHWE MaTe-
PHAIBHOM TOYKYW OTHOCUTEIbHO WHEPIIUAJHHON CHUCTEMBI OTCYETA.
Kak mbr yxke Bumenu, dynkuus JlarpaHxka B 3TOM CIydae MOXKET
3aBHUCETH JIMIIb OT KBAJAPaTa BEKTOpA CKOPOCTH. JIjisi BBIACHEHUS
BHJIa 3TOH 3aBUCUMOCTH BOCIIOJIH3YEMCS IPUHITUIIOM OTHOCUTEIHHO-
cru lamunesa. Eciu umueprmanabHas cuctema orcuera K aBuxkeTcs
OTHOCHUTEJIbHO HMHEPIMAJIbHON cucTeMbl oTcueTa K' ¢ GecKoHedHO
MaJIolt CKOpPOCTBhIO €, TO V! = v + &. Tak Kak ypaBHEHHs JBHKE-
HUsI BO BCEX CHCTEMAaX OTCYETA JIOJIXKHBI UMETh OJWH U TOT K€ BHJ,
10 dbynkus Jlarpamxa L(v?) momxaa npu TakoM mpeo6Gpa3oBaHuy
nepeittu B bynkmuio L', koTopas eciu u oTmmdaercs ot L(v?), To

1) Ono =e CIIpaBE€OJINBO B MEXaHUKE T€OPUU OTHOCUTE/IbHOCTH.
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JIUIITH HA TIOJTHYIO MPOU3BOJHYIO OT (DYHKITMN KOODJAWHAT U BPEMEHN
(cm. xomHer § 2).
Nmeem
L' = L) = L(v® + 2ve + €2).
Pasznaras 9T0 BhIpaxkeHue B psAf 10 CTeneHaM € u npenebperas Gec-
KOHEYHO MAJIBIMU BBICIIINX HOPSIKOB, MTOJYJIaeM

L) = Lv?) + 2L ave.

Ov?
Bropoit umen mepBoi#t 4acTu ITOr0 paBEHCTBA OYIET MOJHOM IIPO-
M3BOJIHON TI0 BPEMEHM TOJBKO B TOM CJIy4Yae, €CJu OH 3aBUCUT OT
ckopoctu v jmmeitno. ITosromy OL/Ov? or ckopocTn He 3aBuCHT,

T.e. dyHkuua Jlarpamka B pacCMaTpUBAEMOM CJIydae IPAMO IIPO-
MIOPIIMOHAJIBHA KBAJPATy CKOPOCTH:

L= %’u2, (4.1)
rJe m — IOCTOAHHAS.

U3 Toro uro dyukimsa Jlarpanxka Takoro BUIa YAOBJIETBOPHAET
[IPUHIAITY OTHOCUTEJIHHOCTH ['ajinies B ciiyyae GECKOHEHYHO MAaJIOTO
mpeobpa3oBaHus CKOPOCTH, HEIOCPEACTBEHHO CIeAyeT, 9TO (PYHK-
nust Jlarpanka yI0BJIETBOPSET 3TOMY MPUHIIAIY U B CIy4ae KOHEY-
HOit ckopocTu V cucrembl orcueta K otaOcuTensno K'. JleiicTu-
TEJIHHO,

r_m 2 _m 2_m 2 m my2
L = SV = 2(v+V) 5V +22vV+2V

njimn

r d (om my,2
L _L+$(25rv+3v t).

Bropoit wien sBisgeTcs MOJHON MPOU3BOIHON U MOXKET OBITH OITYIIEH.

Bennuuna m Ha3bIBaeTCH Maccoti MaTepUAIbHON TouKn. B cuiy
cBoiicTBa agauTuBHOCTH (byHKIMHN Jlarpamxka, Iy CHCTEMbI HEB3a-
UMOAEHCTBYIONX TOYEK UMEEM )

2
L= Zm;”a. (4.2)
a

Cnenyer MOMYEPKHYTH, YTO JIAIIL MPU yYeTe ITOrO CBOMCTBA
JaHHOE OIpelesieHre MaCChl IPHUOOpeTaeT peajbHbIN cMbica. Kak
y2ke OBLIO OTMEYEHO B § 2, Bcerga MOXKHO YMHOXKUTH GyHKImO Jla-
TPaHXKa HA JIIOOYIO MOCTOSHHYIO; 3TO He OTPAXKAETCA Ha ypaBHEHU-

) B kauecTBe MHIEKCA, YKASHIBAIOLIETO HOMED YaCTHIBI, MBI GyJeM MOIb30-
BaThCs MEPBBIMU OyKBaMU JIATHHCKOrO aJjiaBuTa, a IJjis UHAEKCOB, HyMepyIo-
X KOOPAWHATHI, UCIONIb3yeM OyKBHI 4, k, 1, . ..
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ax pemkerns. s dysknun (4.2) Takoe yMHOXKEHWE CBOIUTCA K
M3MEHEHUIO eIUHUIbI U3MEPEHUsT MACChl; OTHOIIEHHUS YK€ MacC Pas-
JIMYHBIX YACTHI], KOTOPHIE TOJIBKO W MMEIOT PEAJIbHBIN (DU3NIECKUit
CMBICJI, OCTAIOTCS TIPU 3TOM IIPe0OpPA30OBAHNN HEM3MEHHBIMU.

Jlerko BumeTh, 9TO Macca HE MOXKET OBITh OTpHIATENbHON. B
CaMOM JieJIe, COIVIACHO IIPUHIAILY HAWMEHBIIETO NEeUCTBUA IJid Jeii-
CTBHATEJILHOT'O JBUXKEHUS MATEPUAJIBLHON TOYKM M3 TOYKH 1 IIpo-
CTPAaHCTBa B TOUKY 2 WHTErpaJI P

2
_ mu
s=[ma
1

nMeeT MUHUMYM. Ecu 661 Macca 6bli1a OTpULATEIBLHOM, TO [J1A TPa-
€KTOpHii, TI0 KOTOPHIM YaCTHIIA CHAYAJIA OBICTPO ymajsgeTcs oT 1, a
3aTeM OBICTPO MpUONMXKAETCA K 2, MHTErpaJj JeHCTBUS IPUHUMAJ
OBl CKOJIb YTrOIHO OOJIBINKE 1O AOCOFOTHOM BEJIMYINHE OTPHUIATEh-
Hble 3HAYEHUs, T.€. He UMeJ Obl MUHUMYyMa, ).

ITone3no 3aMeTUTH, YTO

2
v = (ﬂ)2 — (4.3)
dt dt?
ITosTomy muisi coctaByenusi pyukiuu Jlarpamxka JT0CTATOYHO Haii-
TH KBaJIPAT JJIUHBI 3JIEMEHTA Ayru dl B COOTBETCTBYIOIIEN CUCTEME
KOOpAWHAT.

B mexkapToBbIX KoopauHaTax, Hampumep, di? = dx? + dy? + dz?,
U, CJIEIOBATENIHHO,

L=2(&"+§" +2°); (4.4)
B mummEaprdeckux di2 = dr? + r2d@? + dz? u
L=2(+r¢* + £%); (4.5)
B chepuuecknx di2 = dr? + r2d0? + r?sin? 0d? u
L= %(1’”2 + 7202 + r2sin? 09?). (4.6)

§ 5. ®ynkuug Jlarpamka cmcTeMbl MATEPUAAIBHBIX TOYEK

PaccmoTpum Tenephb cucteMy MaTepUaIbHBIX TOUEK, B3aUMOIEH-
CTBYIOIIUAX TOJIBKO JAPYT C APYTOM, T.€. HU C KAKUMHU ITIOCTOPOHHUMHU
TeJJaMH He B3aUMOJEHCTBYIOINNX; TAKYIO0 CHUCTEMY HA3BIBAIOT 3aAM

1) Cpenannas B NpUMeYaHuK Ha C. 11 OroBOpKa He MeIIaeT 3TOMY BBIBOALY,
Tak Kak npu m < 0 wHTerpas He MOr O6bl MMeTb MUHHMyMa HHU IJIs KaKOTO
MaJIOr0 y4acCTKa TPaeKTOPHUU.
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xnymoti. OKa3bIBaeTCd, YTO B3aMMOIEHCTBHE MEXKJY MaTEPHUAIb-
HBIMU TOYKaMU MOXKeT ObITh ONMCAHO HpubaBiieHHEM K (DYHKIMH
Jlarpam»ka HeB3auMoOzeHCTByOIMX To4YeK (4.2) onpenenenHoii (3a-
BHUCAIIEHl OT XapaKTepa B3aMMOJAEHCTBHs) (PYHKIUHM KOOPAUHAT ).
O6o3uauuB 31y pyHKImO yepe3 —U, Hamuiem

2
L:Zm;”a —U(ry,ra,...) (5.1)
a

(ro — pamuyc-BeKTOp a-if TOukM). DTO ecTh OOIWMIA Bux ByHKIUH
Jlarpanska 3aMKHyTO! CHCTEMBI.

Cymmy 2
2

Ha3bIBAIOT KUHEMUYECKOU 9Hepeu2{2, a dyaknuio U — nomenyuans-
1Ot sHepeueti CUCTEMBI; CMBICI ITUX HA3BAHUMN BBISCHUTCH B § 6.

Tot dakT, 4TO MOTEHINAIbHAS SHEPTUS 3aBUCUT TOJBKO OT Pac-
TTOJIOXKEHUS BCEX MATEPUAJBHBIX TOYEK B OJWH W TOT XK€ MOMEHT
BPEMEHHU, 03HAYAET, YTO N3MEHEHNUE IOJIOKEHNS OJHON U3 HUX MI'HO-
BEHHO OTPAaXKaeTCA Ha BCEX OCTAJbHBIX; MOXKHO CKa3aTbh, YTO B3au-
MOJENCTBUS «PACIPOCTPAHAIOTCSI» MIHOBeHHO. HemsbexkHOCTh Ta-
KOTO XapaKTepa B3aUMOIEHCTBUS B KJIACCUIECKOU MEXaHUKe TECHO
CBSI3aHA, C OCHOBHBIMU IPEIIOCHIIKAMH MOCJEIHeH — abCOIIOTHO-
CTHIO BPEMEHM U IMPUHIUIIOM OTHOcHTesbHOCTH [anmtes. Kcim 6o
B3aUMOJENCTBUE PACIPOCTPAHAIOCHh HE MTHOBEHHO, T.€. ¢ KOHEYHONI
CKOPOCTBIO, TO 9Ta CKOPOCTh ObLIa Obl PA3JIMYHA B PA3HBIX (IBUKY-
IIUXCs JPYT OTHOCUTEIBHO APYyTra) CHCTEMaX OTCYeTa, TaK Kak abco-
JIOTHOCTH BPEMEHM aBTOMATHYIECKU O3HAYAET IPUMEHUMOCTD ODBIU-
HOTO IIPABUJIa CJIOXKEHHS CKOpPOCTeil Ko BceM apjeHuaM. Ho Torma
3aKOHBI IBIKEHUs B3aMMOJENHCTBYIOMINX TeJ ObLIM OBl Pa3IMYHBI
B Pa3HBIX (MHEPIMAJIBHBIX) CUCTEMAX OTCYETA, YTO IPOTHBOPEUMIIO
OBl IPUHIIUAITY OTHOCUTEIHLHOCTH.

B §3 wmbr roBopmiim TONBKO 0O OFHOPOIHOCTH BpeMeHU. Bun
dbyukmpn Jlarpamxka (5.1) nokasbiBaeT, 9TO BpeMs HE TOJBKO Of-
HODPOZHO, HO M M30TPOIHO, T.€. €r0 CBOMCTBA OAMHAKOBBI IO 0OOUM
HampaBJyieHuaM. B camom fesie, 3amena t Ha —t ocTaBiisieT DYHKIUIO
Jlarpamxka, a CIeI0BaTEIbHO, U YPABHEHNUA IBUKEHUS HEM3MEHHbI-
mu. /Ipyrumu caoBaMu, €CJI B CUCTEME BO3MOXKHO HEKOTODOE [IBU-
2KEHUeE, TO BCErJa BO3MOXKHO U 00pPaTHOE JBMKEHUE, T.€. TAKOE, IIPU

1) D10 yTBEp2&KIAEHNE OTHOCUTCA K M3JIaraeMOil B HACTOAIIEH KHUTe KJIacCU-
YeCKOH — HepeJIATUBUCTCKON — MeXaHUKe.
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KOTOPOM CHCTEMA, IPOXOJIUT T€ XK€ COCTOSTHUSA B OOPATHOM TIOPSIIKE.
B sTom cMmpbicie Bce BUKeHNsI, IPOUCXOASINNE IO 3aKOHAM KJIACCH-
9eCKOM MEXaHUKU, OOPATHMBI.

3uag dyskuio Jlarpanka, MBI MOXKEM COCTABUTH YDABHEHUS

JBYKEHIA d oL oL
dtdv, ~ Org’ (52)
IMoxcrasus cioxa (5.1), momydnm
dve _ OU
G = o (5.3)

YpaBHEHUS ABUXKEHUS B 3TOI (OpME HA3BIBAIOTCI YPABHEHUAMU
Hvtomona n mpencraBasgior coboit OCHOBY MEXaHUKU CUCTEMBI B3a-
UMOJENCTBYIOMINX JacTull. BekTop

oU

Fo=—17, (5.4)

crosiiuii B IpaBoii yactu ypasreruii (5.3), Ha3bIBaeTcs cu.ol, aeii-
CTBYIOIIEl Ha a-10 TOUKy. Bmecte ¢ U OHA 3aBHCHUT OT KOODAUHAT
BCEX JaCTUIl, HO HE OT UX CKOpocTeil. Y paBHeHus (5.3) HOKA3bIBAIOT
ITO9TOMY, YTO ¥ BEKTOPBI YCKOPEHWS JACTHUIL SBJISIIOTCS (DYHKIMSMHI
TOJIBKO OT KOOD/INHAT.

[ToTennmanpHasa SHEPTUA €CTH BEJININHA, OLIPeAesIsgeMast JINIIb C
TOYHOCTBHIO JI0 MPHUOABJIEHUSA K HEWl MPOM3BOJILHOM MOCTOAHHOM; Ta-
KO€ TIpuOaBJIeHNe HE U3MEHUJIO Obl YDABHEHUI [BKeHUs (YaCTHBIH
caygait yka3aHHON B KoHIe § 2 HeomHosHauHOocTH dyHKIMU Jla-
rpamxa). Hanbosee ecrecTBeHHBI 1 OOBIYHO IPUHATHINA CIIOCOD BbI-
6opa TOM MMOCTOAHHON 3aKJ/II0YAETCI B TOM, YTOOBI IOTEHITHAIbLHAS
SHEpPrus CTPEMUIJIACH K HYJIIO NPU YBEJIWYEHUN PACCTOSHUN MEXKIY
YaCTUIAMH.

Ecnu nyia onvcanvst ABUKEHUS UCIOIL3YIOTCS HE JEKAPTOBBI KO-
OpPJIMHATHI TOYEK, & MPOU3BOJIbHBIE OOOOIIIEHHBIE KOOPIUHATHI ¢;, TO
[IJIsI TIOJIyIeHUs JIaTPAHKeBOM PYHKIUY HAJIO0 IIPOU3BECTH COOTBET-
CTBYyIOIIee Ipeobpa3oBaHue

. Ofa .
Tq = fa(q1a q2, - -+, Qs), Tq = 6qqu u T.AO.
k

IToncraBiisig 3Tu BhIpakeHus B (OYHKIHIO
1 .9 .9 .9
L= 3 Zma(xa tYat+ za) -0,
a
ostyauM uckoMyio dpyaknuio Jlarpamxka, KoTopas OyneT uMeTh BUL,

L= Y a@)aax - Ulg), (5.5)
i,k
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rae a;; — OYHKIUE TOJIBKO OT KoopanHaT. KuHeTuyeckas sHEPTus B
00ODIIIEHHBIX KOOPAMHATAX TO-TIPEKHEMY HABJISETCS KBaIPATUIHOMN
dyHKIMER CKOPOCTEH, HO MOXKET 33aBUCETHh TAKXKE M OT KOODAWHAT.

Jlo cux mop MbI TOBOPWJIM TOJIBKO O 3aMKHYTBIX cucTteMax. Pac-
CMOTPHM Terepb HE3aMKHYTYIO CUCTeMy A, B3aMMOIEHCTBYIOIIYIO C
Opyroit cuctemoit B, coBepiatomieit 3aaHHOe ABUXKeHME. B TakoM
CITy4ae TOBOPSAT, 9YTO cucTeMa A IBUKeTCd B 38JaHHOM BHEIITHEM I10-
se (cozmaBaemom cucremoii B). TIockoibKy ypaBHEHWs JBUKEHUS
MIOJIYIAI0OTCA U3 MPUHIINAIIA HAUMEHBIIEro MeHCTBUSA IIyTEM HE3aBU-
CHMOr0 BapbHPOBAHUS KayKIOW M3 KOOpAMHAT (T.e. KaK ObI cumTasi
OCTAJIbHBIE M3BECTHBIMU), MBI MOXKEM s HAXOXKIEHWs (DyHKIUU
Jlarpamxa L4 cucreMbl A BOCHOJIB30BATLCS JIATPAHXKEBON (DyHK-
nwmeit L Bceit cucrembl A + B, 3aMeHUB B Hell KOODAUHATHI ¢B 3a-
JAHHBIMU (QYHKIMSIMU BPEMEHHU.

[Ipennomnaras cucremy A + B 3aMKHYTO#, OyJeM nMeTb

L =Ta(ga,94) +TB(gB,48) — U(qa,qB),
Ie IepBble JBA UIEHA IIPEICTABISIOT CODOM KUHETHUYeCKUe SHEp-
run cucteM A m B, a TpeTuil 4jieH — UX COBMECTHYIO MOTEHINAIb-
HyI0 3Hepruio. [logcTaBuB BMecTO ¢p 3amaHHble GYHKIUKM BPEMEHHT
u omycrus <ieH T(gp(t),p(t)), 3aBucAumit TOIBKO OT BpeMeHH (1
IO03TOMY ABJIAIOIIUNACA MOJIHON IIPOU3BOLHON OT HEKOTOPOU Apyroit
dyHKIMU BpeMeHn), mOIyIuM

L =Ta(qa,44) — U(qa,q8(t)).

Takum 006pa30oM, ABUKEHUE CUCTEMBI BO BHEIITHEM IIOJIE OIMCHI-
BaeTcd dyukimeit Jlarpamka 0oOBIYHOTO TUIIA C TEM JIMIIb OTINYIU-
€M, YTO Telepb MOTEHINAJIbHAS JHEPTUsi MOXKET 3aBUCETH OT Bpe-
MEHHU SIBHO.

Tak, o JIBUKEHUS OMHON YaCTHUILI BO BHEIIHEM IIOJIE OOIIWiA
Buj GyHKIuu JlarpaHxa

2
L= % - (I‘, t)v (56)
U YpaBHEHUE OBUKCHUA
. 0U
myv = ——". (5.7)

O0nopodHbim HABBIBAIOT TOJIE, BO BCEX TOYKAX KOTOPOTO HA Ya-
cTuity meficrByeT onHa u Ta ke cuja F. [loreHnuanbuas SHeprusa B
TAKOM TIOJIE€, OYEBUIHO, PABHA

U = —Fr. (5.8)
B zakmodenne aToro maparpada CaeaaeM ele CIIeIyIoIlee 3a-
MedYaHWe IO TIOBOAY IPUMeHeHus ypaBHeHuil JlarpaHxa K pa3ind-
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HBIM KOHKPETHBIM 33/1a49aM. JacTO IPUXOAUTCHA UMETD JI€JIO0 C TAKHU-
MW MEXaHWYIECKUMU CUCTEMAMH, B KOTOPBIX B3aMMOJEHCTBUE MEXK-
Iy Tejlamu (MaTepUaIbHBIMU TOUKAMH) UMEET, KAK TOBOPST, XapakK-
Tep cesasel, T.e. OrPAHUYEHUN, HAJATAEMBIX HA B3aWMHOE PAaCIIO-
JIOXKEHUE TEJ.

QakTUYeCKn TaKHe CBA3U OCYIIECTBJISIOTCS IIyTEM CKDEIIEeHUS
TeJI PA3JIMYHBIMU CTEPKHAMY, HUTIMHE, MAPHAPAMHA U T.II. ITO 00-
CTOATETHFCTBO BHOCUT B JBUXKEHUE HOBBIN (PaKTOP — JIBUKEHUE TeJ
COTIPOBOXKIAETCS TPEHWEM B MECTaX WX COPUKOCHOBEHUSI, B PE3YJTh-
TATe Yero 3aJ1a49a BBIXOJUT, BOOOIIE TOBOPsI, 38 PAMKHU YHCTON Me-
xaHuku (cM. § 25).

OpHako BO MHOTHX CITyYasix TPEHUE B CHCTEME OKA3hIBAETCS Ha-
CTOJIBKO CJIAOBIM, YTO €r0 BJIMSIHUEM HA JBUXKEHWE MOXKHO IIOJTHO-
cThio mpeHebpedsb. Ecam Kk ToMy 2Ke MOXKHO NIpeHeOpedb MaccaMmu
«CKPEIUIFIONUX JJIEMEHTOBY» CHCTEMBI, TO POJIb TOCTETHIX CBEIET-
sl IPOCTO K YMEHBIIEHUIO YUCJIa CTeleHel cBOOOIbI CUCTEMBI § (110
cpasrenuio ¢ gucyioMm 3N ). [lyia onpezenenus ee IBUKEHUS MOXKHO
IpY 9TOM CHOBA MOJIb30BaThCs dyHkuumeit Jlarpamka suma (5.5) ¢
YUCJIOM HE3AaBUCUMBIX ODOOIIEHHBIX KOODAWHAT, OTBEYAIOMNX (haK-
THYECKOMY UUCJIYy CTeleHeil CBOOOMIBI.

Bamauymu

Haiitn dyuknuio Jlarpan:ka Caeayonyux CUCTEM, HAXOAALIUXCA B Of-
HOPOJHOM IIOJIE TSI?KECTH (g — YCKOpPEHHE CBOGOLHOIO MAJEHMUs).
1. JIpoiinoii miockuii MasiTHEK (puc. 1).
Pemenue. B xkauecrBe koopmuHar Oepem
YIVIBL @1 M @2, KOTOpble HUTH 1 u l; 06pa3yoT ¢ Bep-
TUKaJIbIO. Torma [jist TOYKH M1 UMeeM

1 .
T = Emll%(p?, U = —magli cos 1.

Yro6bl HAWTH KMHETHYECKYIO SHEPTUI0 BTOPON TOYKH,

BbIpa’KaeM ee JeKapTOBbl KOOPDAWMHATBI T2, Y2

(ra4aso KOOpAMHAT B TOYKE IOJBECA, OCh Y — IO BEp-
M2  THKaJW BHU3) Yepe3 yIJIbl @1, P2:

Puc. 1 xo = Iy sin @1 + lasin @2, y2 = I1 cos @1 + Iz cos @a.
ITocne aToro nomydaem
T, = %(m% +43) = %[ﬁ@% + 13¢5 + 20112 cos(p1 — P2)P1Pal.
OKoHYATEIBHO:
L= w BT+ % 13§35 4+ malila@1(2 cos(@1 — @2)+
+ (m1 + m2)gly cos @1 + magls cos Q2.



§5 OYHKINA JIATPAHXKA CUCTEMEBEI MATEPUAJIBHBIX TOYEK 23

2. Ilnockuit MasiTHUK C MacCO¥ M2, TOYKA MMOABECA KOTOPOTO (c Maccou mi
B Heﬁ) MO2KET COBEPUIATH IBUXKEHHNE II0 I'OPU3OHTAJIb- !
HOIi mpsMoii (puc. 2). B _:_ z
P ewmenune Bsoga koopaunary x TOYKH Mmi u I
YTOJI (9 MeXAy HATBHIO MaATHUKA U BEPTUKAJIBIO, IOJIy- '
JaeMm
L= w:bz—i- %(lz(p2 +2lE @ cos @) +magl cos @.
3. Ilnockwmit MasTHUK, TOYKA [IOJBECA KOTOPOIO:
a) PABHOMEDHO JBUKETCsI 110 BEPTUKAJILHON OKPY K-
HOCTH C IOCTOSIHHOMN wyacToroi Y (puc. 3);
6) coBepIIaeT rOpPU30HTAJIbHBIE KOJIEOAHNS 10 3aKOHY a COSYl;
B)COBEpIIAET BEPTUKAJIbHBIE KOJIEOAHUS 110 3aKOHY
acosyt.

Pemenmue. A T
a) Koopmunarer Touku m: 'l
z=acosyt+Ising, y= —asinyt+lcosao. ®
Oyuknus Jlarpanxa

mi? | .
L= qu + mlay® sin(¢@ — yt) + mgl cos @; y m
371€Ch OIYIIEHBI YJIEHBI, 3ABUCAIINUE TOJHKO OT BpeMe- Puc. 3
HU, ¥ UCKJIIOYEHA IIOJIHAs IPOU3BOAHAS [I0 BPEMEHU OT
maly cos(¢ — yt).
6) Koopaunars: Touku m: A
z=acosyt+Isinp, y=Icose®.
@yukuusa Jlarpamxka (mOCjae HCKJIIOYEHUS IOJHBIX a &) a
IPOU3BO/HBIX )
ml2 .2 2 .
L= T(p + mlay” cosytsin @ + mgl cos . mi mi
B) Anajorn4nsiM 06pazomM
2 a a
ml .2 2
L= T(p + mlay” cosyt cos @ + mgl cos @.
4. Cucrema, n3obpakeHHas Ha pUC. 4; TOYKA M2 ma
JABUKETCs IO BEPTHUKAJIBHOM OCH, a BCSI CUCTEMA Bpa-
LIAeTCs C MOCTOSIHHOM YTIJIOBOM CKOPOCTHIO {2 BOKPYT Puc. 4

9TOM ocu.
Pemenue Bsogum yron 0 mexny orpes-
KOM @ ¥ BEPTHUKAJIBIO M YTOJI IIOBOPOTA (P BCEi CHCTEMBI BOKPYT OCH BPAllleHUS;
¢ = Q. Ina kaxXa0il U3 TOYEK M1 JIEMEHT IepEeMEIeHUu
2 2 102 2 . 2 2
dly = a”d0” 4+ a” sin” 0 do”.
Jis Toukm M2 paccrosiHue OoT Touku noxseca A pasHO 2a cos 6, u noTomy
dlo = —2asin 0 do.
Oynknusa Jlarpanxa

L= mlaz(é2 + Q% sin® 0) + 2mga’sin® 0 0% + 2ga(my + mg) cos 0.



FIABA II

3AKOHBI COXPAHEHU A

§ 6. duneprug

[Ipu nBuKeHUM MEXAHWUIECKOU CHUCTEMBI 28 BEJUYUH ¢; U ¢;
(1 = 1,2, ..., s), OUPEAENIAIONUX €€ COCTOSHUE, MU3MEHSIIOTCSA CO
BpemeneM. CyIecTBYIOT, OJHAKO, TakKne (PYHKIMHA ITUX BEJIUUWNH,
KOTOpBIE COXPAHAIOT NPU JABUXKEHUH IIOCTOSHHbIE 3HAYEHUS, 3aBU-
CSIMEe TOJIBKO OT HAYAJBHBIX YCJIOBUN. IDTH (DYHKIIUU HA3BIBAIOT
UHMEZPANAMY JBUHCEHUSA.

Yucsto He3aBUCUMBIX HHTETDAJIOB JIBMKEHUS 1S 3aMKHYTOI Me-
XaHUYECKOM CHCTEMBI C § CTEIEeHAMHU CBOOOIBI paBHO 25 — 1. D10
OYEBUIHO M3 CJIEAYIONIUX MPOCTHIX coobpaxkenwmii. ObIee perrenme
YPaBHEHUIl NBUXKEHUS COIEPKUT 2S5 MPOU3BOJILHBIX ITOCTOSHHBIX
(cm. c. 12). ITockosnbKy ypaBHEHUSI [BVXKEHHs 3aMKHYTON CHCTe-
MBI HE COJIEPKAT BPEMEHHU SIBHO, TO BHIOOD HAYAJIa OTCYETA BPEMEHU
COBEPIIIEHHO IPOU3BOJIEH, W ONHA U3 IPOU3BOJILHBIX IOCTOSHHBIX B
pellleHny YypaBHEHUHN BCErIa MOXKET ObITh BHIOpaHa B BUE 3 IUTHUB-
HO¥ moCTOSHHOM ty BO Bpemenu. Vckitouns t + tg u3 2s pyHKImit

¢ = gi(t +to, C1,Co, . .., Cas-1),

¢ = Gi(t +to, C1,Ca, ..., C2s-1),
MBI BbIpas3uM 28 — 1 mpousBoibHbIX MOCTOAHHBIX C1, Co, ..., Cos_1
B BuJie (PYHKIHUI OT ¢ U ¢, KOTOpPbIE U OyAyT MHTErPAIaMy JBVKEHUS.

OHAKO JAJIEKO He BCE MHTETPAJIBI JBUXKEHUSI UTPAIOT OJIUHA-
KOBO BAayKHYIO pPOJib B MexaHuke. Cpeln HUX €CTh HECKOJIBKO, II0-
CTOSIHCTBO KOTOPBIX MMEET BEChbMa I'JIyOOKOEe IPOUCXOXKIEHUE, CBS-
3aHHOE C OCHOBHBIMH CBOMCTBAaMU IIPOCTPAHCTBA U BPEMEHH — HX
OTHOPOIHOCTBHIO M m30Tpomnueil. Bce 3T, KaK rOBOPAT, COXPAaHLIIO-
IIIAECS BEJIMYINHBI UMEIOT BaXKHOE 00IIiee CBOWCTBO aIIUTUBHOCTH —
UX 3HQUEHUE JJid CUCTEMBbI, COCTOLAINEN U3 YacTell, B3auMOIEeCTBIEM
KOTOPBIX MOYXKHO ITpEHEOPEYDb, PABHO CyMMe 3HAUEHUH I KaXK oM
U3 YacTell B OTAEJbHOCTU.

VmenHo CBOMCTBO aIAWTHBHOCTH IPHUIAET COOTBETCTBYIOIIUM
BeJIMYMHAM OCODEHHO BaXKHYIO0 MEXaHWIECKYIO Pojib. [Ipemomoxum,
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HAIIPUMED, YTO JBA TejIa B3aMMOJENCTBYIOT B T€UYEHWE HEKOTOPOTO
Bpemenn. [lockoibKy Kak 70, TaK ¥ IOCIE B3aUMOAEHCTBUS KaK-
bl U3 aJAUTUBHBIX WHTETDAJIOB BCEHM CHCTEMBI DAaBEH CyMMe HX
3HAYEHUN JJisi 0ODOMX TeJl B OTIAEIBHOCTH, TO 3aKOHBI COXPAHEHUS
3THUX BEJIMYUUH CPa3y JAIOT BO3MOXKHOCTD CHEJIATH P 3aKTFOUEHMT
O COCTOSTHUH TeJI TIOCJIe B3aUMOIEHCTBUS, €CIU UX COCTOSAHUSA 10 B3a-
AMOJIENICTBUS M3BECTHBL.

Haunem ¢ 3akoHa coxpaHeHWs, BOSHUKAIOIIETO B CBA3U C 00HO-
POOHOCTDIO 8PEMEHU.

B cuny sroit ogHOpOaHOCTH JIarpaHkeBa (QYHKIHS 3aMKHYTON
CUCTEMBI HE 3aBUCHUT SIBHO OT BpeMmeHu. [loaToMy mostHas mpou3Bo-
Hasg ¢yHKImu Jlarpam)ka 1o BpeMeHH MOXKET ObITh 3alMCaHa Cile-

JYIOIIIM 00pa3oM:
dL _ 0L . oL..
= 2 g
(3 (3

(ecim 6b1 L 3aBucesia sIBHO OT BPEMEHM, K IIPABON YaCTH DAaBEH-
crBa gobasuiica 661 wien OL/Ot). 3amenss npoussoxusie 0L/0g;,

d o
COTJIACHO ypaBHeHHsAM Jlarpanxka, Ha i 5o, oy UM
i

dL _ N~ dOL | N~OL. N~ d (0L
@ = 2% T2 aaiq"zczt <aq,~q’>
1 1 1

d (N~ 0L 1\ _
a(zq’a_m L) =o.

njimn

OTcrona BUIHO, YTO BEJIUYNHA,
. L
E—Zqza—qi—L (6.1)
(2

OCTAETCS HEM3MEHHOM! IIPYU JBUKEHUN 3aMKHYTOM CHCTEMBI, T.e. SB-
JIIeTCS OHUM U3 €e NHTETDAJIOB [BUKEHUSA. DTa BEJININHA HA3bIBA-
eTca oHepaueti CUCTEMBI. A ITUTUBHOCTD SHEPTUN HEIOCPEICTBEHHO
caeayeT u3 agauTuBHOCTH MyHKIWY Jlarpanxa, depe3 KOTOPYIO OHA,
BbIpazkaercs, coryiacHo (6.1), suneiHbIM 06pa3oM.

3aKOH COXpaHEeHNd SHEPIUH CIPABEAJINB HE TOIBKO [JId 3aMKHY-
TBHIX CHCTEM, HO ¥ JIJIsl CUCTEM, HAXOIAIINXCS B IIOCTOSHHOM (T.e. He
3aBUCHIEM OT BPEMEHM) BHEIIHEM IIOJI€; €JINHCTBEHHOE HCIIOIB30-
BaHHOE B IIPUBEIEHHOM BbIBOAE CBOWCTBO (ynkuumum Jlarpamxa —
OTCYTCTBHE SBHOW 3aBUCHMOCTH OT BPEMEHU — WMEETCS M B ITOM
cay4dae. MexaHU4YecKne CHUCTEMBI, YHEPIUA KOTOPHIX COXPAHAETCH,
HHOT/A HA3BIBAIOT KOHCEPEAMUSHIMU.
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Kak bl Buzenu B § 5, narpanxkesa byHKIusa 3aMKHYTON (wmiiu
HAXOIAMIEHCs B IOCTOSHHOM II0JIE) CHCTEMBI UMEET BUJL

rae T — xkBajgpaTudHas (QyHKIHMA CKOpocTeil. [Ipumensas K Heit us-
BECTHYIO TeopeMy Jiiyiepa 06 0JHOPOJHBIX (DYHKIUAX, HOIYIUM

>aige = > gy =2T.
% 7

[Moxcrasisas aro 3Hadenue B (6.1), Haiizem

E=T(q,9) + U(q); (6.2)
B JE€KapPTOBBIX KOODAWHATaAX
2
_ MaVq
E=Y "% 4+ U(ry,ra,...). (6.3)
a

Taxum 06pa3oM, IHEPTUS CUCTEMBI MOXKET OBITH IIPEICTABIEHA B
BHUJIe CYMMBI IBYX CYIIIECTBEHHO PA3JIMYHBIX YJIEHOB: KHWHETHYECKOMN
9HEpI'uu, 3aBUCAILIEN OT CKOPOCTEH, U IIOTEHIUAJILHON dHEPIruu, 3a-
BHUCAIIEN TOJIBKO OT KOOPAWHAT YACTHII.

§ 7. Umoynnc

Jlpyroit 3aKOH COXpaHEHN BOSHUKAET B CBSI3U C 0OHOPOIHOCTIBIO
nPOCMPAHCMSBA.

B cuny 370l O4HOPOIHOCTY MeXaHUYECKHE CBOMCTBA 3aMKHYTOM
CHCTEMBI HE MEHAIOTCS IIPH JIIOOOM MapaJiyIeIbHOM IIEPEHOCE CUCTeE-
MBI KaK II€JIOT0 B MMPOCTPAHCTBE. B cooTBeTCTBUU C 3TMM paccMOT-
puM GECKOHEYHO MAJIbIN IEPEHOC HA OTPE30K € M HOTPedyeM, ITOOBI
dyuknus JlarpaHka ocTajgach HEU3MEHHOI.

[TapanenbHbIit TEpEHOC 03HAYAET NPeobOPA30BAaHUE, MIPU KOTO-
POM BCE€ TOYKH CHUCTEMBI CMEIAIOTCS Ha OJUH U TOT K€ IMOCTOSHHBIHA
BEKTOp €, T.€. UX PAJUYC-BEKTOPHI I'y — Ty + €. VI3Mmenenune pyHk-
nun L B pe3ynbraTe GECKOHEYHO MAJIOr0 U3MEHEHNS KOOPANHAT TIPH
HEM3MEHHBIX CKOPOCTSX YaCTHIL €CTh

oL oL
sL=Y Lor, =y 2L,
81'0, Or a
a a
rae CyMMHUPOBaAaHUE IIPOU3BOAUTCA IIO BCEM MaTEPHUAJIbHBIM TOYKaM

cucteMbl. BBuny mpomsBosbHOCTH € TpeboBanme dL = ( sKBUBa-
JIEHTHO TPEOOBaHUIO

oL _ . (7.1)

or,
a
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B cuny ypasuennii Jlarpamxka (5.2) mosydaem oTcona
d0L _ dy~oL _

dt Ov,  dt e
a

a
Taxum 06pa3oM, MbI IPUXOAUM K BBIBOAY, YTO B 3aMKHYTO# Me-

XaHUYECKOH CHCTEME BEKTODHAsS BEJTMYUHA
oL
P= E (7.2)
Ovg
a
OCTaeTCsl HEM3MEHHON mpu jaBukeHnu. Bexkrop P HasbBaerca um-
nyavcom ) cucremsbl. Tuddepeniupysa dyakmuo Jlarparxa (5.1),

HaMIeM, 9TO UMITYJIhC CJIEIYIOIIINM 00Pa30M BBIPAXKAETCS Yepe3 CKO-
POCTHU TOYEK:

P = Y mave. (7.3)

A IMTUBHOCTDE MMITYJIbCA OYEBMIHA. Bojiee TOTO, B OTIWYHME OT
9HEePI'uU UMIYJIbC CUCTEMBI DaBEH CyMMe HMILYJIbCOB

Pa = MgVa
OTHEJIbHBIX YaCTHUI[ BHE 3aBUCUMOCTH OT BO3MOXKHOCTH TIpeHEOpEeKe-
HUsI B3AUMOIENCTBUEM MEXKy HUMHU.

3aKOH COXpaHEHUsI BCEX TPEX KOMIIOHEHT BEKTOPA HMILYJIbCA
MMeeT MECTO JIUIb B OTCYTCTBUE BHeImHero mouist. OJHAKO OTHe/h-
HBIE KOMIIOHEHTBI HMIIYJIbCA MOTYT COXPAHATHCS W IIPU HAJIUUUN
IOJIsl, €CJIM TIOTEHINAJBHAS SHEPTUs B HEM HE 3aBHUCUT OT KaKOM-
Jub0o ¥3 JEKAPTOBBIX KOOpAWHAT. lIpm mepeHoce BIOIb COOTBET-
CTBYIOILIE KOODAWHATHOM OCH MEXaHU4YeCKHe CBONCTBA CUCTEMBI,
OYEBHUIHO, HE MEHSIIOTCsI, M T€M K€ CIIOCOOOM MBI Hai[IeM, 4TO IIpo-
€KIUs UMITYJIHCA HA ITY OCh COXpaHseTcd. TakK, B OMHOPOIHOM IIOJIE,
HAIPABJIEHHOM BJIOJb OCH 2, COXPAHSIOTCH KOMIOHEHTHI UMITYJIBCA
BJIOJIb OCEN T ! .

Ucxonuoe paserctso (7.1) umeer npocroii dhusmdeckuii CMbICI.
[poussoguasa OL/0r, = —0U /Or, ectb cuia F,, neiicrByromasn
Ha a-10 Jacrumy. Takum obpasom, paseHcTBo (7.1) o3Hauaer, 4TO
CyMMa CWJI, OEHCTBYIOIIAX Ha BCE YaCTUIbl 3aMKHYTOHU CHUCTEMBI,

paBHa HYJIIO:
Z Fa =0. (74)

B wacTtHOCTH, B Cily4ae cuCTeMBI, COCTOAIIEH BCErO M3 ABYX MaTe-
puanpubIX TOueK, F1 + Fo = 0: cua, meiicTByiomiaa Ha IEPBYIO

1) y(:TapeBmee Ha3BaHUE — KOJIMYECTBO OABHU2KCHU.



28 3AKOHBI COXPAHEHI A IJI. 11

YaCTHUIy CO CTOPOHBI BTODOH, paBHa II0 BeJIWYHHE, HO IIPOTHUBOIO-
JIO2KHA II0 HAIIPaBJIEHUIO CHUJIE, AEHCTBYIOIIEH HA BTOPYIO YaCTHUILY
CO CTOPOHBI MEPBOI. ITO YTBEPXKIEHWE WM3BECTHO IOJT HA3BAHWEM
3aKOHa& PAaBEHCTBA JEUCTBUA U NPOTUBOIAECHCTBUS.

Ecnu geukenme omumchiBaeTcs 0OOOIIEHHBIMI KOOPAWHATAMH ¢,
TO IPOU3BOHbBIE JIATPAHXKEBOM (DYHKIMHU 10 ODOOIIEHHBIM CKOPO-
CTAM

oL
Pi = 5. (7.5)
Ha3bIBAIOTCA 0606U46HHM'M/U, UMNYADBCAMU, & TIPOU3BOJHDBIE
_ oL
F; = e (7.6)

HA3BIBAIOTCS 0000UEeHHbBIMU CUuAaMU. B 9TUX 0003HaUEHUIX YpaBHE-
Hug Jlarpam>xa UMeOT BHI
pi = Fi. (7.7)
B mekapToBbIX KOOpAMHATAX 0OOOIIIEHHBIE UMITYJIBCHI COBIIAIAI0T
C KOMIIOHEHTAaMHU BEKTOPOB Pg. B 00111eM Ke Ciiyuae BeJIMUUHBI p; AB-
JISTIOTCS JIMHEWHBIMU OJHOPOMHBIMY (DYHKIUSAMU OOOOIIEHHBIX CKO-
pocTeil g;, OTHIOAb HE CBOASAINMMUCS K IPOU3BEIECHUSIM MACChl Ha
CKOPOCTb.

Bamauga

Yacruma ¢ Maccoit m, OBUXKYINAsICA CO CKOPOCTBIO Vi, IEPEXOINUT U3 MOJIY-
NIPOCTPAHCTBA, B KOTOPOM €€ IOTEHIMajIbHAas SHEPrus IOCTOsiHHA U pasHa Ut,
B IOJIyIIPOCTPAHCTBO, TJ€ 9Ta JHEPIrHUsl TOXKE MOCTOssHHA, HO paBHa Uz. Oupene-
JIUTH U3MEHEHUE HAIMPABJICHUS JIBUKEHUS YACTUI[BI.

Peuenwue. IloreHumanbHaas sHEPrusi HE 3aBUCUT OT KOOPAWHAT BAOJIb
oceii, TapaJiyIeJIbHBIX IIJIOCKOCTH pa3fesia MeXAy HojaynpocTpancTBamu. 11osTo-
MYy COXPAHSIETCSI MPOEKUMsI MMILYJIbCA YACTUIBI HA 3Ty IJIOCKOCTh. Obo3Hauast
ugepe3 01 u O yryibl MeX Ay HOPMAJIBIO K IJIOCKOCTH Pa3/ejia U CKOPOCTSMHU V1
U V2 Y4aCTUUBI A0 U MOCJE MEePexoia, MojIyduM: v1 sin 01 = vg sin 02. CBasp ke
MEXJAy U1 U U2 JAETCs 3aKOHOM COXPAHEHWSI SHEPIHH, M B PE3yJIbTaTe HAXOIUM

in® 2
SnY _\/1+ (U1—U2).

sin 02 mu?

§ 8. IlenTp mHepIUU

Nmnynbc 3aMKHYTOM MEXaHUYECKON CHCTEMBI UMeeT PA3JINIHbIE
3HAYEHMUS [0 OTHOIIEHUIO K PA3JINIHBIM (MHEPIUAIBHBIM) CHCTEMAM
orcuera. Ecim cucrema orcuera K' aBukercss OTHOCUTEIBHO CUCTE-
MBI oTcueTa K co ckopocTbio V, TO CKOPOCTH V), U V, YacTHUIl 10
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OTHOIIEHMUIO K 9TUM CHCTEMaM CB3aHBI COOTHOIIEHNEM Vg = V,+ V.
ITosTomy cBA3L Mexy sHadenusamMu P u P’ uvmmynbca B 3THX cu-
creMax faerca popMyJioit

P =Y muve =Y mev, + VY m,,

P=P + VY m,. (8.1)
a

B wactHOoCTH, BCerga cymecTByeT Takad cucreMa oTcuera K', B
KOTOpO#l HOJIHBIA MMIyJIbe obpamaercss B Hysb. Ilomoxkus B (8.1)
P’ = 0, maiizem, 9T0 CKOPOCTH 3TOI CHCTEMBI OTCYETA PaBHA
P _ S mava (8 2)
YXma  Yma ’

Eciu nogHbI# MITyJIbC MEXAHIMIECKON CUCTEMBI PABEH HYJIIO, TO
TOBOPSAT, YTO OHA TMOKOUTCS OTHOCHUTEJHFHO COOTBETCTBYIOIIEH CH-
CTEMBI OTCUYETA. IJTO SIBJIAETCS BIIOJHE €CTECTBEHHBIM O0OOIIEHNEM
MOHSITHSI TIOKOSI OT/IEJBHOM MaTepuaabHON Toukn. COOTBETCTBEHHO
ckopocTh V), naBaemas (opmynoii (8.2), nprnobperaeT CMBICI CKO-
POCTH «JIBUKEHUS KaK IEJOT0» MEXAHWYIECKOW CHCTEMBI C OTIINY-
HBIM OT HyJId MMILyJIbCOM. MBI BUAMM, TAKUM 00OpPa30M, YTO 3aKOH
COXPaAHEHUs MMITYJIbCA TIO3BOJISIET €CTECTBEHHBIM 00pa3oM chopMmy-
JINPOBATDH TIOHSATHUS TOKOST M CKOPOCTU MEXAHUYIECKON CHUCTEMBI KaK
EJIOTO.

®opmyiia (8.2) mOKA3BIBAET, YTO CBA3b MEXKy UMIyJibcoM P u
CKOpPOCTBHIO V CHCTEMBI KaK I[eJIOr0 TaKas ke, KaKasd Obliaa ObI MexK-
Ay UMILYJIbCOM U CKOPOCTBIO OJHOI MaTepHaJbHOM TOYKU C MaCCOR
[ = Y. mg,, PABHOH CyMMe MAacC BCEX YaCTHUIl B cHCTEME. DTO 00-
CTOSATEIHFCTBO MOXKHO C(hOPMYJIMPOBATh KaK yTBEPXKaeHUE 00 addu-
MUBHOCTU MACCDHL.

[TpaBas wacts (opmymst (8.2) MoXKeT OBITH IpEICTABIEHA KaK
MIOJTHAST TIPOM3BOIHAS IO BPEMEHM OT BBIPAXKEHUS

R = XMala, (8.3)
> ma
MokHO cKa3aTh, YTO CKOPOCTh CHCTEMBI KaK IEJIOT0 €CTh CKOPOCTh
[IEPEMEIIEHNST B IIPOCTPAHCTBE TOYKH, PAIUYC-BEKTOP KOTOPOI JIa-
ercsa dhopmysioit (8.3). Takyio TOUKY HA3BIBAIOT UEHMPOM UHEPUUY
CUCTEMBL.

3aKOH COXPAHEHNUS UMITYJIbCA 3aMKHYTON CUCTEMBI MOXKHO C(HOp-
MYJIMPOBATh KAK YTBEPXKJEHUE O TOM, UTO €€ IEHTP MHEPIUH IBU-
JKETCS MPSAMOJINHENHO M paBHOMEPHO. B TakoM BuIE 310 ecTh 0600-
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IeHre 3aKOHA WHEPIINHU, KOTOPBIA OBbLI BHIBEJEH B § 3 I OMHOIM
cBODOIHOM MaTEPUAILHON TOYKHU, IEHTP MHEPIUH» KOTOPO# COB-
maJaeT C HeEH caMOid.

IIpu wusydeHnum MeXaHWYECKMX CBONCTB 3aMKHYTOH CUCTEMBI
€CTECTBEHHO IIOJIb30BATbCA TOU CHCTEMOI OTCUYeTa, B KOTOPOH ee
[EHTD MHEPIUH TOKOUTCs. TeM caMbIM UCKIIOYAETCA U3 PACCMOTPE-
HHUS DaBHOMEDHOE U IPAMOJIMHeHHOe [IBUXKEHUe CHUCTEMBI Kak
IIEJIOTO.

DHEPTUIO MOKOSAIIEHCT KaK IIeJI0€ MEXAHUIECKON CUCTEMBI O0BIU-
HO HA3BIBAIOT €e sHympenneti snepaueti Eyy. OHa BKIOYaeT B cebs
KMHETUYECKYI0 9HEPIUI0 OTHOCHUTEJIbHOI'O IBUXKEHWUdA YaCTUll B CH-
CcTeMe U MOTEHIMAJIbHYIO SHePruio ux B3aummoeiicteud. [lorrasa xe
SHEPI'HUs CUCTEMbI, ABUXKYIIEHCS KaK I[eJI0€ CO CKOPOCTBhIO V', MOXKeT
OBITH IPEICTABIIEHA B BUIE

_opv?

E=5—+ B, (8.4)

Xotsa 3Ta popMysia JOBOILHO OYEBMIHA, JAIUM €€ IIPAMOil BLIBOI.
Oueprun F u E' MexaHu4ecKkoil CHCTEMBI B ABYX CHCTEMaX OTCHETa
K u K' cBA3aHBI COOTHOIIIEHIEM

1 1
E=3Y mau+U=3) ma(vi+ V) +U=

2 2
NS R
a a

2

nJjam
2
E=FE +VP 410 (8.5)

DToi1 hopMyII0it OIpeaesaeTcs: 3aKOH IIPe0dPa30BAHIS SHEPTUH IIPH
mepexoie OT OJHON CHCTEMBI OTCYETa K JIPYTOii, MOJ00HO TOMY KaK
JJIsl IMITYJIbCa TOT 3aKOH Jaercs dopmydoii (8.1). Eciu B cucreme
K' nentp mnepruu nokourcs, 0 P = 0, E' = Epy, u MbI BO3Bpa-
maemMcs K popmyie (8.4).

Samauga

HaiiTu 3akoH npeobpa3oBaHusi AEWCTBUSL NPHU MEPEXOAE OT OJHON MHEPIU-
aJIbHOIl CHUCTEeMBI OTCYeTa K APYTOil.

Pemenue PDynkuua Jlarpamzxka, paBHasg pa3sHOCTH KMHETUYECKOH U IIO-
TEHIMAJIbHON SHEpruii, O4eBHAHO, Hpeobpasyercsa coryiacHO ¢opmysie, aHAJIO-
ru4HOii (8.5):

L=L+VP + %uvz.
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MuTerpupys 3T0 paBeHCTBO IO BPEMEHH, Hali1eM MCKOMBIA 3aKOH npeobpa3oBa-
HUA JIeificTBU:

1
S=8+uVvR' + 5szlt,
rae R’ — pamuyc-sekrop menrpa mnepmuu B cucreme K'.

§ 9. MomMeHT MMIyIBCA

[Tepeiinem K BBIBOY 3aKOHA COXPAHEHUsI, BOSHUKHOBEHUE KOTO-
POTO CBSI3aHO C U30MPONUet NPocmpaHcmea.

OTa M30TPONUS O3HAYAET, YTO MEXAHUIECKUE CBONCTBA 3aMKHY-
TON CHCTEMBI HE MEHAIOTCA IIPU JI0O0M IIOBOPOTE CUCTEMBI KaK ITe-
JIOTO B IPOCTPAHCTBE. B COOTBETCTBHUU C STUM PACCMOTPHUM OECKO-
HEYHO MAaJIbIYi IOBOPOT CUCTEMBI M HOTPeOyeM, ITOOBI ee DYHKIMS
Jlarpam»xa mpu 3TOM He M3MEHUJIACH.

Bsenem BekTOp 8@ GECKOHEYHO MAJIOTO IIOBOPOTA, AOCOMIOTHAS
BEJIMYMHA, KOTOPOI'O PaBHA YLy O MOBOPOTA, a HAIPABJIEHWE COB-
[aJaeT C OChI0 MOBOPOTA (IPUYEM TaK, YTO HANPABJIEHHUE OBOPOTA
OTBEYaAEeT NPABUJIy BUHTA IO OTHOLIEHWIO K HAIPABJIEHUIO 0@ ).

Haitnem, npexxe Bcero, ueMy paBHO IPU TAKOM ITOBOPOTE IPH-
pallieHre paJuyc-BeKTOpa, MPOBEIEHHOIO M3 ODOIIEro Hadaja Koop-
JUHAT (PACIIOIOKEHHOTO Ha OCH BPAIIEHNsI) K Ka-
KOM-1ub0 M3 MaTEePUAJIbHBIX TOYEK IIOBOPAYUBA-
eMoil cucTeMbl. JIuHelHOe mepeMeleHne KOHIA
PaJmyc-BEKTOPA CBA3AHO C YIJIOM COOTHOIIIEHUEM

|dr| = rsin® - 6¢
(puc. 5). Hanpasiienue e BEKTOpa [EPIEH UKY-

JIAPHO K IIJIOCKOCTH, IIPOXOJIIeil depe3 r u 0.
IloaTtomy sicHO, uTO

dor = [b@ - r]. (9.1)
IIpu moBopoTe cuCTEMBI MEHSETCS HalpaBJIeHUe
He TOJIbKO PaINyC-BEKTOPOB, HO U CKOPOCTel BCeX
YACTUII, IPUYEM BCE BEKTODBI IPEOOPa3yIOTCs 110 OJUHAKOBOMY 3a-
KoHy. ITosToMy npupainesne CKOPOCTH OTHOCUTEIBHO HEOABUKHOM
CHCTEMBI KOODINHAT

Puc. 5

v =1[b¢ - v]. (9.2)
[lomcTaBuB 3TH BBIparkeHUS B YCJIOBHE HEM3MEHSIEMOCTH (DYHK-
nuu JlarpaH»ka mIpu MOBOPOTE

5L=Z(giéra+g—i6va) —0
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U 3aMeHuB npousBoguble OL/Ov, = pg, OL/0r, = Pg, monyanm

Z(pa[é(p : ra] + pa[é(p : Va]) = 07

a
WJin, IPOU3BOALA IMUKJINIECKYIO IIEPECTAHOBKY MHOXKHUTeJIe#t 1 BBIHO-
cs 0@ 3a 3HAK CYMMBI, IM€eM

59 ([raba] + [VaPd]) = 50 5 [rap] = 0.

a
Beuny npousBosibHOCTH §@ OTCIOAA CJIEIyeT, UTO

d
%Z [rapa] =0,
a

T.€. MBI IIPUXOJUM K BBIBOAY, 9TO IIPDU ABU2KEHUU BaMKHYTOfI CHUCTe-
MBI COXPaHAETCA BEKTOPDHaA BEJIMYIUHA

M= Ea: [rapa]a (9'3)

HA3bIBAEMAS MOMEHMOM UMNYALCG (AU TPOCTO MOMEHMOM) CH-
cTeMbl !). AIIUTUBHOCTD 3TOM BEJIMYUHBI OYE€BUIHA, IPAYEM, KAK 1
Y UMILYJIbCa, OHA HE 3aBUCUT OT HAJUYNA WX OTCYTCTBUA B3aUMO-
JeiCTBUA MeXy YaCTULIAMU.

OTHM HCYEPILIBAIOTCA aIIUTUBHBIE MHTEIPAJIbI BUXKEHNA. 1a-
KM 00pa3oM, BCAKAsl 3aMKHYTasi CUCTEMa UMEET BCETO CEMb TAKUX
MHTErpaJioB: HEPIrud U II0 TPU KOMIIOHEHTHI BEKTOPOB MMILYJIbCA U
MOMEHTA.

IlockosnbKy B ompenesieHre MOMEHTa BXONAT PaJUyC-BEKTOPBI
YaCTHUIl, TO €ro 3HAYEeHMe, BOOOIIE NOBOPS, 3aBUCUT OT BLIOOpA Ha-
Jajia KOOPAWHAT. Panuyc-BEKTOPHL 'y U rfl OJHOU M TOU K€ TOYKH
II0 OTHOIIEHWIO K HadajlaM KOODIAMHAT, CMEIIEHHLIM Ha BEKTOD a,
CBA3aHbI COOTHOIIIEHUEM (g = rfl + a. [TosTomy mmeem

M =3 [rapal = 3 [thpal + [23_pa]

M =M+ [aP]. (9.4)
W3 3roit hopMyItbl BUAHO, 9TO TOJIHKO B TOM CJIy4ae, KOIJa CUCTEMA,
Kak 1ejoe nokourcs (T.e. P = (), ee MoMeHT He 3aBucur oT BIOOpA
Hauaja kKoopawHaT. Ha 3akoHe coxpaHeHWss MOMEHTa 3Ta HEOIpe-
JAEJIEHHOCTD €I'0 3HaY€HUuA, pa3yMeeTCsd, HEe CKa3bIBa€TCd, TaK KaK y
3aMKHYTOH CHCTEMBI UMILYJIbC TOXKE COXPAHAECTC.

njin

1) YnorpeGnsieTcs: Tak e HA3BAHUS 6PAUAMENLHOU MOMENT MIH Y2a060%
MOMEHTN.
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BoiBenem Takxke (hopMyiLy, CBA3BIBAIOLIYIO 3HAYEHHMS MOMEHTA
UMILyJIbCa B ABYX Pa3/IMYHBIX MHEPLUAIbHBIX CHCTeMax orcdera K
u K', 13 KOTODPBIX BTOpast ABHKETCHA OTHOCHTEJILHO LEPBOM CO CKO-
pocreo V. Byzem cuntaTsh, 9T0 Hauasia KOOpAUHAT B cucreMax K u
K' B naHHBI MOMEHT BpEMEHH COBIAAAIOT. Torna paamyc-BeKTOpbI
9aCTHI B 00ENX CHCTEMAX OJMHAKOBBI, CKOPOCTH K€ CBSI3AHBI BHIPA-
KeHueM Vg = v/, + V. [Toatomy nmeem

M= ; Me[TaVa] = ; mg[ravh] + ; mg[re V).

IlepBas cymMMa B IpaBoii YacTH paBeHCTBa ecTh MoMmeHT M’ B cucTe-
me K'; BBessi BO BTOPYIO CyMMY DaJMyC-BEKTOD IE€HTPA WHEPIUH,
corytacto (8.3), momydaem

M =M+ u[RV]. (9.5)
OTa dopMyIIa OmpeIesiTeT 3aKOH MPeoOPA30BAHNS MOMEHTA UMITYJIbCA,
IIpU IIEPeXofe OT OTHON CUCTEMBI OTCUETA K APYToil, TOJ0OHO TOMY,
KaK JJIf WUMILyJIbCa W SHEPTUH AHAJIOTWYHBbIE 3aKOHBI AAIOTCA (Op-
mysnamu (8.1) u (8.5).

Ecmu cucrema orcuera K’ ecTh Ta, B KOTOPO#i JaHHAS MEXaHIIEC-
Kasl CUCTeMa IIOKOUTCH KaK I[eJIoe, TO V €CTh CKOPOCTH IIEHTPA UHED-
iy nocyenseit, a pV — ee nonusiii umnysnsc P (oraocurensro K).

Torma

M =M’ + [RP]. (9.6)

Jpyrumu cnoBamu, MOMEHT mMIyJibca M MexaHWYecKO# CHUCTEMBI
CKJIAJBIBAETCS M3 €€ «CODCTBEHHOTO MOMEHTA» OTHOCHTEJIHLHO CH-
CTeMBI OTCYeTa, B KOTOPOi oHa mokoutcs, u MomenTa [RP], cBsa3an-
HOTO C €€ JIBM2KEHUEM KaK IIeJIOTO.

XoTsl 32KOH COXPAaHEHHUs] BCEX TPEX KOMIIOHEHT MOMeHTa (OTHO-
CHUTEJILHO IIPOU3BOIBHOIO HAYAJIA KOODJMHAT) UMEET MECTO TOJIBKO
JJIs 3aMKHYTOM CHCTEMbI, B 00Jlee OTPAHWMYIEHHOM BHJE ITOT 3aKOH
MOXKET UMETb MECTO U JJIsi CUCTEM, HAXOJAIINXCsI BO BHEIITHEM TIOJIE.
W3 npuBeieHHOTO BHIIIE BBIBOA OYEBUIHO, YTO BCETA COXPAHIETCS
MPOEKIMS MOMEHTa HA TaKyI OCh, OTHOCUTEJHLHO KOTOPON IaHHOEe
[OJIE CHMMETPHUYHO, U TIOTOMY MEXaHWYECKIe CBOWCTBA CUCTEMBI HE
MEHSIOTCS TIPH JII0OOM TIOBOPOTE BOKPYT TOM OCH; P ITOM, KOHEY-
HO, MOMEHT JOJIKE€H OBITH OIpelesieH OTHOCUTEIHLHO KAKOM-HUOYIb
TOYKM (HaYaja KOOPAMHAT), JeKalleil Ha 9TOi JKe OCH.

Haubonee BaxXHBIM CIy4aeM TaKOT'O POJA SABJISETCS IIOJIE C I[EH-
TPaJIbHOY CHUMMETpHEH, T.€. IIojIe, B KOTOPOM IIOTE€HINAJIbHAS SHED-
I'ud 3aBUCUT TOJBKO OT PACCTOAHUSA IO HEKOTOPOU OIpelesIeHHON
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To4yku (meHTpa) B mpocrpaHcTse. OYeBUIHO, YTO IPU JABUKEHUN B
TAKOM TIOJIE COXPAHSETCH MPOEKINS MOMEHTa Ha JIOOYI0 OCb, IPO-
XOIAIIYI0 Yepe3 nenTp. JApyrumu ciroBamu, coxpausercsa BekTop M
MOMEHTA, HO OIIPEJIEJIEHHOTO He OTHOCUTEIFHO TPOU3BOJBHON TOUKHU
MPOCTPAHCTBA, & OTHOCHUTEJHHO IEHTPA TOJIS.

Jlpyroit mpuMep: OJHOPOJIHOE TIOJI€ BMIOJIb OCH Z, B KOTOPOM CO-
XpaHsieTcst mpoeknus M, MOMeHTa, IPUYIEeM HAYAJIO0 KOOPIMHAT MO-
2KeT OBITh BHIOPAHO IIPOU3BOJILHBIM 00Pa30M.

OTmeTHM, 9TO MpOEKIMs MOMEHTa Ha KaKyro-ubo och (Ha30-
BeM ee z) MOXKeT ObITh HaiizeHa auddepeHuupoBanneM (QyHKIWMN
Jlarpanxa no dpopmyiie

M, = , (9.7)
a

r7e KOODJAWHATA (Y €CTh Yrojl MOBOPOTa BOKPYT OCH Z. DTO $ICHO
y2Ke U3 XapaKTepa U3JI02KEHHOTO BBIIIE BBIBOMIA 3aKOHA COXPAHEHUS
MOMEHTA, HO B TOM K€ MOXKHO yOeIuThCA ¥ IPAMBIM BHIYUCICHIEM.
B nummeApryueckux KOOpAMHATAX T, @,z uMeeM (HMOJACTABIAS Tgq =

=7 COSPq, Yo = TaSINQg):
M, = Z Mg xaya - yafba Z mara(pa (98)

C apyroit CTOPOHBI, (byHKuI/Iﬂ Jlarpam:ka B 9TUX IEPEMEHHBIX UMEET
B

1 . . .
IS g2+ 1292 + 53 U

a
U ee TOZACTAHOBKA B dopmyity (9.7) NPUBOIUT K TOMY Ke BBbIparke-

Huto (9.8).

Bamauymu

1. HaiiTu BbIpazkeHusI IJ1s1 JEKAPTOBBIX KOMIIOHEHT M abCOJIIOTHOM BEJIMYH-
HBbI MOMEHTa UMITYyJIbCa YaCTUUbI B HUJINHAPUYICCKUX KOOpAWHATaX T (P, z

OrBerT:

M, = msin @(rz — z") — mrz¢ cos @,

My, = mcos @(z2r — rz) — mrz@ sin @,

M, =mr’ ¢,

M? =m?r? @3 (r® + 2%) + m?(rz — 2i7)°.
2. To xe B cdpepuyeckux KoopAauHaTax 1,0, @.
OrBemT: )

M, = —mr*(8sin @ + ¢ sin 0 cos 6 cos @),

M, = mr2(écoscp — (¢ sin B cos Osin @),
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M, = mr®sin® 8- ¢,
M? = m2r4(é2 +5sin® 0 - ?).

3. Kakue xomnonenTsr umnysiabca P u momenta M coxpaHsioTcs npu aBu-
2KEHUU B CJIEAYIOIMUX ITOJIAX:

a) moste GECKOHEYHON OJHOPOAHOMN MJIOCKOCTH.

Orser P, P, M, (GecKkoHEUHAs IIIOCKOCTh — IJIOCKOCTB ZY).

6) ITose 6eCKOHEYHOrO OJHOPOIHOIO LMIHHIADPA.

OrBer M,,P, (ochb mmmHApPa — OCb Z).

B) Ilone 6ecKOHEUHO OXHOPOAHON NPU3MEL.

O rBerT: P, (pebpa npusmsl napaJiieibHbl OCH Z).

r) Ilone aByx TOYeEK.

O rBer M, (TOYKM HAXOQATCA HA OCH Z).

,u) Tlone 6eckoHEYHON OAHOPOSHOMN MOJIYILJIOCKOCTH.

O rBe T P, (6ecKoHEUHAs NOJIYIJIOCKOCTh — YaCTh IUIOCKOCTH TY, OrPa-
HHUYEHHAs! OCBIO ).

e) ITose omHOPOAHOTO KOHYyCA.

OrBer M, (och KOHyCa — OCb 2).

k) Ilosie OZHOPOAHOrO KPYroBOIO TOPA.

OrBer M, (och TOpa — OCb Z).

3) TTose 6eckOHEYHON OOHOPOAHON NMJIMHAPUIECKONR BUHTOBOM JIMHWM.

Pemenue PDynkuua Jlarpanka He MEHAETCA IPU TOBOPOTE BOKPYT OCH
BuHTa (OCb 2) Ha yroJ O M OJHOBPEMEHHOM IIEPEHOCE BAOJIb 9TOH OCH Ha pac-

crosime o 5@ ( h — war Bunra). [TosTomy

oL oL - h .
OL = 5524‘ %5(9 = <Pz£ +Mz) 5(9 = 0,
OTKYyZa

h
M, + — P, = const.
271

§ 10. Mexanm4deckoe momo6me

YwMuoxkenne dyHkimu Jlarpanxa Ha Jir000# TOCTOSHHBIA MHO-
JKATEJIh OYEBUIHBIM 00PAa30M He MEHSIET YPAaBHEHUI IBUKEHUS. DTO
ob6cToATENBCTBO (OTMEUYEHHOE Y2Ke B § 2) JaeT BO3MOXKHOCTD B psfie
Ba’KHBIX CJIy4aeB CHEJIAaTh HEKOTOPHIE CYIIeCTBEHHbIE 3aKII0OYECHHU O
CBOICTBaxX ABU2KEHUS, HE IPOU3BOAA KOHKPETHOI'O HHTEIPUPOBAHUA
YpaBHEHUI NBUKEHUL.

Crozia OTHOCATCS CITydYad, KOTJa MOTEHIINAJIbHAS YHEPTUs SABJIs-
eTCcs OAHOPOIHOM (DYHKIMEH KOOPAUHAT, T.€. (DyHKIMEH, yI0BIETBO-
PAIOIIEeil yCIIOBUIO

k
U(ary, ary, ..., ar,) = " U(rq,r2,...,Tp), (10.1)
rme & — Jiiobas MOCTOAHHAS, & YUCI0 k — CTemeHb OJHOPOIHOCTHU
dyHKIMA.
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[IpousBenem npeobpasoBaHue, IpU KOTOPOM HAPSIy C U3MEHEe-
HUEM BCEX KOODIWHAT B (X Pa3 OJHOBPEMEHHO m3MeHsiercs (B 3 pa3)
BpeMsi:

r, = Qrg, t— ft.
Bce ckopoctu v, = dr,/dt wamensiorcs npu 3ToM B &/f3 pas, a
KuHeTHYecKas sneprus — B &2 /B2 pas. [ToTeHnuambaas e SHeprus

ymHOxKaerca Ha . Ecim cBszats « u B ycioBmem
2

% =of, Te. B= ocl_’“/2,
TO B Pe3yJIbTaTe TAKOro mpeobpaszoBanus GyHKIMA Jlarpamxka ie-
JINKOM YMHOXKUTCS Ha TOCTOSHHBIN MHOXWUTENb &, T.€. YPDABHEHUS
JIBU2KEHVST OCTAHYTCH HEU3MEHHBIMU.

Uzmenenve BceX KOODAWHAT YACTHUI[ B OJWHAKOBOE YHCJIO Pa3
O3HAYAET IEPEXOJT OT OJHUX TPAECKTOPHUHN K IPYTUM, T€OMETPUIECKH
MOMOOHBIM TIEPBBIM M OTIMYAONIAMCS OT HUX JIUIIh CBOUMMY JIMHEH-
HbIME pa3Mepamu. Takum 06pa3oM, MBI IPUXOAUM K 3aKJIIOUEHUIO,
YTO €CIW MOTEHINAIbLHAS JHEPTUsI CUCTEMBI SIBJISIETCS OTHOPO/THOM
dbyukimeit k-it cremenu oT KOOpAUHAT (JIE€KAPTOBBIX), TO YPABHEHUS
JIBUKEHUS JIOMYCKAIOT T€OMETPUIECKY TIOA0OHBIE TPAEKTOPUH, TIPH-
YeM BCe BPeMeHa JBHKEHUs (MEeXKy COOTBETCTBEHHBIMU TOYKAMHU
TPaeKTOPUii) OTHOCATCH, KaK

¢ I 1-k/2

O o
rae I'/l — orHOWeHWEe JMHEHHBIX DPAa3MEPOB JBYX TPAEKTODHIA.
Bmecre ¢ BpemeHaMu ONpeEIeHHBIMA CTENEHAMHU OTHOImeHus [’ /1
ABJIAIOTCS TAKXKe 3HAYEHUS JIIOOBIX MEXaHMYECKUX BEJIMYUH B CO-
OTBETCTBEHHBIX TOYKAX TPAEKTOPHUIl B COOTBETCTBEHHBIE MOMEHTHI
Bpemenn. Tax, /Uisi CKOPOCTE, SHEPIUYA U MOMEHTa MUMEEM

Lo B0 (0 o

ITpuBenem misi MUIFOCTPALME HECKOIBKO IIPEMEDPOB.

Kax MbI yBuauM gajiee, B CiIydae TaK Ha3bIBAEMBIX MAaJIbIX KOJIe-
OaHuit IOTEeHIMAIbHAS YHEPTUS ABJIAETCS KBAAPATUIHON DyHKIHEH
koopauuar (k = 2). 3 (10.2) Haxoaum, 9TO IEPUOJ, TAKHX KOyeba-
HUl He 3aBUCUT OT UX aMILIATYIBL.

B oHOpOAHOM CHIIOBOM IIOJIE MOTEHINAIbHAS SHEPTUA — JINHEH-
Has yskuus xkoopausar (cM. (5.8)), re. k = 1. 13 (10.2) nmeem

t U

t 1’
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Orcrona criemyeT, HAPUMED, YTO TIPH TIAJIEHAN B TIOJIE TSIYKECTH KBAJI-
paThl BpEMEH MaJ€HUS T€J OTHOCATCS, KAK WX HAYAJbHBIE BHICOTHI.
IIpu HBIOTOHOBCKOM MPUTSKEHUU BYX MACC UIU KYJIOHOBCKOM
B3aUMOJIEICTBUM JBYX 3apA0B NOTEHIMAJIbHAS dHEPTUs OOpPATHO
MPOTIOPITMOHAIBHA PACCTOSHUIO MEXKJYy YaCTUIIAMU, T.€. SBIISIETCS
onHopomHOU dyuKmeit creneru k = —1. B aTtux caygaax

¢ '\3/2

=)
U MBI MOXKEM YTBEDPXKJATh, HAIIPUMED, YTO KBaJpPaThl BPEMeH 00-
paleHus 10 opbuTaM IPONOPIUOHAIBHBI KyOaM uX pa3MepoB (Tak
Ha3bIBaeMbIil mpemuti sakxon Kenaepa).

Ecnu gBukeHne cucTeMbl, IOTEHITNAIbHAS SHEPTUA KOTOPOIi SIB-
JISIeTCS OSHOPOIHOM (BbYHKIIMEN KOODAMHAT, MPOUCXOAUT B OIDAHU-
9eHHOU 00JIaCTH IPOCTPAHCTBA, TO CYIIECTBYET BEChMa IIPOCTOE
COOTHOIIIEHNE MeXKJy CPeJHUMU II0 BpeMeHU 3HaUeHUAMU KUHeTHU-
YeCKOU U NMOTEHIUAJBLHON SHEPIU; 3TO COOTHOIIECHNE U3BECTHO IIOL,
Ha3BaHUEM BUPUALLHOT TEOopeMbL.

[Tockompky KuHETHHYecKas SHEPIus I dABJIAETCS KBaIPATUIHOMN
dyHKImE! CKOPOCTEit, TO TI0 TeopeMe Jitsrepa 06 OTHOPOIHBIX (DYHK-
nuax

oT
Ovg

v, = 2T,

a

wu, BBOAsA uMItysibesl 0T /0v, = pg, noydaeMm

2T = Y pava = %(Z para> =3 rab- (10.4)

YcpegauM 3TO paBeHCTBO 10 BpeMenu. CpeqHuM 3HaYEHHEM Ka-
KOii-mb0 (yskumm Bpemenu f(t) Ha3bIBAETCSH BEJHIMHA

T
- . 1
f —Tli)rglo ;/f(t) dt.
0
Jlerko BuaeTh, 4ro ecnu f(t) sABIsIETCS MPOU3BOAHON IO BPEMEHI
f(t) = dF(t)/dt or orpanmuenHoii (T.e. He IpUHUMAIOIIEH GeCKOHEY-
HbIX 3Ha4eHuit) byukimu F(t), To ee cpeHee 3HadMeHne 0OpAIIAETCS
B HyJb. eficTBUTENBHO,
T

f = lim L[4 g — i P =FO)
T—00 T dt T—00 T
0

=0.
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[IpeanonoxumM, 9TO CHCTEMA COBEPINAET JBUKEHNE B KOHEUHOM
00J1acTH MPOCTPAHCTBA M CO CKOPOCTSAMHU, HE OOPAIAIONIMUCH B
GeckonedHOCTh. Torma BesMYMHA Y IyP, OTDAHWYEHA, W CPEIHEEe
3HAYEHUe IIEPBOrO YjeHa B mpaBoil dacru paseHcrsa (10.4) obpa-
IIAeTCs B HyJIb. BO BTOPOM K€ 3aMEHSEM Pg, COTJIACHO YPABHEHUSIM
Heiorona, na —9U/0r, n noxygaem ')

o oU
2T=Zraa_ra. (10.5)

Ecnu norennuaibHas SHEPTHUS ABJIAETCS OOHOPOAHOM DyHKIMe k-t
CTENIEHN OT BCEX PAJINyC-BEKTOPOB I'g, TO, COMJIACHO TeopeMe Jiyre-
pa, paBercTso (10.5) mepexoquT B MCKOMOE COOTHOIIEHUE
2T = kU. (10.6)
[Mockosmeky T+ U = E = E, coornommenue (10.6) MoxkHO mpes-
CTAaBUTh B 9KBUBAJEHTHBIX (popMax
7= 2 el k
U=—"FE T=—
E+277 k42
BeIpaxkaromux U u T yepe3 MOJTHYIO SHEPTHUIO CUCTEMBI.
B uacrrocTH, 115 Masbix Kostebanmii (k = 2) umeem
T=U,
T.€. CpelHUE 3HQUYEHUS KUHETWYECKONW U IIOTEHIINAJIbHOU JHEepruiut
coBnagaror. Jlyis HpIOTOHOBCKOrO B3ammogeiicTsus (k = —1)
2T = —-U.
IIpu stom E = —T B COOTBETCTBUH C TEM, UTO IIPU TAKOM B3aU-
MOIENCTBUN JABUYKEHNE IIPOUCXOIUT B KOHEYHOM 00JIACTU IIPOCTPAH-
CTBa JIMIIb [IPM OTPULATENIbHOM noHOM sHeprun (cM. § 15).

E, (10.7)

Bamauymu

1. Kak OTHOCSTCS BpEMEHA, ABUKEHUS 110 OAUHAKOBBIM TPAEKTOPHUAM TOYEK
C pPa3IMYHBIMA MAaCCaMM IIPU OZMHAKOBOI HOTEHINAJIbHON SHeprun?
OrBem v -
t Vm’
2. Kak U3MeHSIIOTCsI BpDEMEHA ABHKEHUS 110 OAUHAKOBBIM TPAEKTOPUAM IPU
M3MEHEHNH! MOTEHIMAIbHON SHEPruy Ha IOCTOSHHBIA MHOXKUTENb?

OTrBerT: ﬂ \/z
t U

!) Bolpakenue B IPaBO# YaCTH PABEHCTBA (10.5) mHOrDA HA3BIBAIOT 6UPUG-
AOM CUCTEMBI.




FrIABA 1III

MHTETPUPOBAHUE YPABHEHUI JIBUXKEHM S

§ 11. OgHOMepHOe IBHMXKEHUE

O0HomepHbIM HABBIBAIOT JIBUXKEHUE CUCTEMBI C OIHOMN CTEIeHbIO
cBoboabl. Hambosiee obruit Bu jrarpaHkeBoit PyHKIMU TaKOH CH-
CTEeMBbI, HAXOIAIIENCS B OCTOSIHHBIX BHEIIHUX YCJIOBUAX, €CTh

1 .9
L=:a(q)q - Ulg), (11.1)
rae a(q) — HekoTopas (yHKIWS 000OIIEHHOM KOOpAMHATHI ¢. B
9aCTHOCTH, €CJIM ¢ €CTh JEKAPTOBA KOOPJWHATA (HA30BEM €€ ), TO

L=" _Ua). (11.2)

CoOTBETCTBYIOIIME STUM JIATPAHKEBBIM (DYHKIUSAM yPABHEHUS
IBUKEHUS WHTErpupyroTca B obmem Bume. [Ipm sToMm Her maxke
HeO6XO,I[I/IMOCTI/I BBINIUCBIBATH CaMO YpaBHEHNE NBUXKEHNA, a CJIeOYET
HCXOJUTH CPa3y U3 €r0 MePBOro MHTErpaJia — yPaBHEHN, BbIDaXKa-
IOIIETO 3aKOH COXpaHeHusi dHepruw. Tak, s dyskimu Jlarpamxka
(11.2) umeem

.2
%+U(w):E.

D10 ecThb auddepeHnaIbHOe YPABHEHNE IEPBOTO TIOPSIKA, WHTE-
TpUpPYIOIeecs MyTeM pa3/esieHus IepeMeHHbIX. VMeem

&2 E-UE),

OTKYJa

_ /m dx
t= \/;/ NCEE) + const. (11.3)

Posb 1Byx mpOM3BOJIBHBIX HOCTOSHHBIX B PEUIEHUN YDPABHEHUS
JBYDKEHUS WTPAIOT 3/1€Ch IOJIHAS SHEPIus F U MOCTOSHHAA WHTe-
rpupoBaHusa const.
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[TockOIbKY KMHETHYECKas IHEPTUs — BEJUUMHA CYIIECTBEHHO
MOJIOXKUTEJIbHAS, TO TIPU JABUXKEHUU TIOJIHAS SHEPTHUS BCErIa OOIIbIIe
MOTEHIMAJIBHOMN, T.e. [BUKEHNE MOXKET IIPOUCXOJUTH TOJIHKO B TEX
obnacrax npocrpascrsa, rae U(x) < E.

[Tycrs, nanpumep, 3aBucuMocTb U(x) umeer BuJI, U306pakeH-
wbiit Ha puc. 6. [IpoBenss Ha 3TOM Xe TrpaduKe TOPU30HTAIBHYIO
MPAMYIO, COOTBETCTBYIOIIYIO 33JaHHOMY 3HAYEHWIO MOJHON 3HEp-
I'MM, MBI CPa3y K€ BBIICHUM BO3MOXKHBbIe 00J1acTH JBrxKeHus. Tak
B n300parkeHHOM Ha puC. 6 CiIydae JBUIKEHUE MOXKET ITPOUCXOIUTH
stk B obsactu AB mim B obsactu cripasa ot C.

Touku, B KOTOPBIX MOTEHIIUAIbHAS YHEPIHUsl PABHA MOTHOMN

U(z) =E, (11.4)
OIpeJeNIsoT IpaHunbl JpuzkeHus. OHU ABJISIIOTCS MOYKAMU OCTA-
U HOBKU, MOCKOIbKY B HUX CKOPOCTbH

obpamaerca B HyJb. Fcaum obsacTsb
JIBUKEHWUSI OTPDAHUYEHA JBYyMS Ta-
KUMH TOYKAMU, TO JBUKEHHUE ITPOUC-
XOAUT B OTPAHUYEHHON o0bJacTH
MPOCTPAHCTBA; OHO SABJISIETCH, KaK
roBopaT, purumrosim. Ecau xe 006-
JIACTH JBUKEHUS HE OTDAHUYIEHA, WJIH
OrpaHWYEHa JIAIIb C OLHON CTOpO-
HBI, — JIBUXKEHUE UHPUHUMHO, TACTHUIA YXOIUT Ha GECKOHETHOCTD.

OHOMEpHOE (DUHUTHOE JBMKEHUE SBJISIETCS KOIEOATETHHBIM —
YACTUIA COBEPINAET MEPUOAUYECKN IOBTOPAIONIEECS JBUKEHUE
MeX1y AByMs rpasunamu (Ha puc. 6 B nomenyuasvnol ame AB
MeXKJly TOYKaMU Z1 U 2). IIpu 9TOM corsiacHoO obIueMy CBOHCTBY
obpatumoctu (c. 19) BpeMs ABUMKEHUS OT X1 JO T3 PABHO BPEMEHU
00paTHOTO ABMXKEHUd OT Tz A0 1. [losromy nepuon kosebanus T,
T.€. BpeMs, 32 KOTOPOEe TOYKA IPOMIET OT X1 J0 T2 U 0OpaTHO, pa-
BEH YIBOEHHOMY BPEMEHU IIPOXOXKIEHUsI OTPE3KA X{Lo WU COTJIAC-
Ho (11.3)

Puc. 6

T(E) = Vam / \/%U(m) (11.5)
)

NpUYeM [IPEeJEIbl £1 U Lo ABIAIOTCS KOpHAME ypaBHenus (11.4) mpu
nmauaoM 3Hadennu E. Dta dopmyna onpeensier nepuon ABUKEHUS
B 3aBHCHMOCTH OT IIOJIHOM SHEPIUU YACTHUIIBI.



§11 OJJHOMEPHOE JIBUKEHUE 41

Bamauymu

1. Onpeaenuth mepuon, KojebaHus IUIOCKOT0 MaTEMaTHYECKOTO MasTHUKA
(Touka M Ha KOHIE HHUTH JJIMHOW [ B IOJie TSXKECTH) B 3aBHCHMOCTH OT HUX
AMILIUTYObI.

Pemenue ODHeprus MasATHUKA

5o ml2¢)2

— mgl cos @ = —mgl cos @o,

rae (¢ — yroJ OTKJIOHEHUd HUTU OT BEPTUKAJIU; Qo — MaKCUMAJIbHBIH yroJa orT-
KJIOHEeHUs. Bouramnciss IIepuoa KaK y4YEeTBEPEHHOE BPEMdA NIPOXOXKACHUA UHTEP-
BaJia YIVIOB OT HYJId OO0 o, HAXOOAUM

1 ®o d ! ®o d
T=4,/—/—"’ =2 -/ ® .
2g0 V/cos @ — cos Qg g/ /sin? (@0 /2) — sin?(¢@/2)

IMoncranoskoii sin(@/2)/sin(@o/2) = sin & sT0oT NHTErpa] NPUBOAUTCS K BHIY

T=4\/gK (sin%),

raoe /2
K(k) = / ___ 4
s 1—k2sin? §

— TaK Ha3bIBAEMbIHl MOJHBIA JUIMNTHUYECKON HHTErpaJ mnepBoro poga. IIpu
sin(@o/2) = @o/2 < 1 (masnble Konebanus) pasnoxenne pyuknun K (k) naer

B l 1,
T_27t\/;(1+16<l)0+...>.

IlepBeiit wieH 3TOro pa3/IoKeHNs OTBEYaET U3BECTHON dj1eMeHTapHO dhopmyJte.
2. Onpegenurh nepuos, KojaebaHuii B 3aBUCHMOCTH OT SHEPTUU IIPYU JBUXKE-
HHUH YaCTHUIBI MACChl M B MOJIAX C NOTEHIMAJIbLHON dHeprueii:

a) U= Alz|".
OTrBeT:
(B/A)Y/™ 1/no1/2
T= 2\/% d.’I} _ 2\/2mE

1
[ 7

VE — Az™ Al/n VI—y™
0

IMoncranoskoii y" = u MHTErpaJj NPUBOAUTCS K TaK HA3bIBAEMOMY B-umHTerpasy

Oiinepa, KOTOPHLI BeIpakaercs depes [-dyHKuun

2\/ 2mtm F(l/n) El/n_l/Q
nAY»T(1/n+1/2) ’
3asucumocts T ot E COOTBETCTBYET 3aKOHy MexaHudeckoro nogobus (10.2),(10.3).
6) U =—Uy/ch® azx, —Uy < E < 0.

OrBerT:
T = nv2m/on/|E|.

T =

B) U = Uy tg® az.
OTrsBeT:

T = v/2m/oVE + Up.
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§ 12. Onpeenienne NOTEHIUAIHHON YHEPIUN 110 MEPHOILY KOJIeOaHwmit

Paccmorpum Bommpoc 0 TOM, B KaKO! CTEIIEHN MOYKHO BOCCTAHO-
BUTH BUJ, MOTE€HIUAJIBHOM sHeprun U (x) mosisi, B KOTOPOM YaCTHIR
COBepIIIaeT KoyebaTebHOe NBUKEHUEe, [0 M3BECTHON 3aBUCHMOCTH
mepuojia 3Toro apmkenns 1" ot sueprun F. C MaremaTndeckoit TO4-
KU 3PEHUs Pedb UJIET O PElIeHN: MHTErPAJIbHOro ypasHerus (11.5),
B koTtopoM U (z) paccmarpusaercs Kak HemsectHas, a T'(E) — Kak
n3BecTHAA (DYHKIIAMN.

[Tpu sTOM MBI 6yZeM 3apaHee IPEANIOIATaTh, YTO UCKOMaA Py HK-
nus U(x) umeer B paccMaTpuBaeMoii 061aCTH IPOCTPAHCTBA JIAIIE
OJIH MUHUMYM, OCTABJIsII B CTOPOHE
BOIIPOC O BO3MOXKHOCTH CYIIIECTBOBA-
HUS PEIIEHUNl MHTErPaJIbHOTO yPaB-
HEHWS, HE YAOBJIETBOPSIOIINX STOMY
ycnoButo. [lns ymobecrBa BhIOEpEM
HAYaJI0 KOOPJIVHAT B ITOJIOXKEHUU MU-
HUMYMa TOTEHIMAJHHON SHEPIuH, a
3HQUEHNE IIOCJAEAHEN B 3TON TOUYKE
HOJIOXKUM PABHBIM HyJIO (puC. 7).

[Tpeobpasyem unrerpas (11.5), paccmarpuBas B HeM KOODZAWHA-
Ty = KaK dyakuuio U. Pyukuus z(U) aBy3HadHa — KaxK10€ 3HAUE-
HUE TOTEHIINAJIBHOM SHEPTUU OCYIIECTBIISETCS IIPU JABYX PA3INIHBIX
snayenusax r. CoorBercrBeHHO 3TOMYy MHTerpad (11.5), B KoTopom

Puc. 7

dz "
MbI 3aMeHgeM dX Ha de, mepeiiieT B CyMMy JABYX WHTEI'DAJIOB:

orz=x1 00 x =0wuorx=0 102 = x9; OyaeM mucarb 3aBUCHU-
MocTb z 0T U B 9THX ABYX 061acTsaX cOOTBeTCTBEHHO Kak & = x1(U)
uzx=xz(U).

IIpenesamu muTerpupoBanua mo dU Oynyt, oueBunno, E u 0,
TaK 9TO nonyqaeM

d:z:z da:l dUu
T(EB) :\/_/ U \/ETJ”/_/ U \/T

_\/—/ dm_dwl)\/;lU_—U'

Paznesvm 0be wacTu 3TOro paBeHCcTBa Ha v/ & — F, rome o — ma-
paMmeTp, u mpouHTerpupyeM mo E oT HyJlsd 10 o:
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T(E) dE _ /5 de(U _ dza(U) dU dE
Va—E // dU ) («—E)E-U)’

I/IJ'II/I, MEHAA TOPAI0K I/IHTerHpOBaHI/IHI

[0 4

T(E)dE _  f5 / dmz(U dwl(U) /
Va—E V- E)(E Uy’

I/IHTerpa,n 10 dE BbIYuCIIS€TCS JIEMEHTAPHO U OKA3bIBAETCH PAB-
ubIM 7. [Toce aToro nnterpupoBanue no dU CTAaHOBUTCH TPUBUAJIH-

HBIM 1 JaeT
04

F—”*/_ mlza(@) - 1(o)

(mpm 3TOM queHo, uaro z2(0) = 21(0) = 0). 3amenus Teneps Oyk-
By & Ha U, HAXOAUM OKOHYATEJIHHO:

U
29(U) — 21(U) = m/lﬁ % (12.1)
0

Takum ob6pasom, mo u3BectHoit dyukmuu T(E) ounpenensercs
passoctb z2(U) — z1(U). Camu xe dyuxmun zo(U) u 1(U) ocra-
IOTCs HEONPEAEJIEHHBIMU. DTO 3HAYUT, YTO CYIIECTBYET HE OIHA, a
Gecunciennoe MHOXKecTBO KpuBbix U = U(z), mpuBoagnmx K 3a-
JAHHON 3aBUCUMOCTH TIEPUO/IA OT SHEPTUU U OTIIMYAOIIUXCA APYT OT
Jpyra TakuMu gedopManusaMu, KOTOPbIe He MEHSIOT PA3HOCTH JIBYX
3HAYEHWIA L, COOTBETCTBYIOIINX OJHOMY M TOMY ke 3HadeHuto U.

MHOr03HaYHOCTD PELIeHNs UCUYE3a€eT, €CIU IOTPeboBaTh, YTOOBI
kpuBas U = U(z) Gbu1a cUMMeTPUYHA OTHOCUTEJIBHO OCH OP/IMHAT,
T.e. 9TOOBI OBLIO:

z2(U) = —z1(U) = z(U).
B takom ciyuae dopmyna (12.1) maer mns z(U) ogHo3HAYHOE BbI-
paskeHue
U

1 T(E)dE
2(U) = —— | T2 (12.2)
0
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§ 13. IlpuBegennas macca

[Tonroe perenve B 00IIEM BHIE JOMYCKAET YPE3BBIYANHO BaK-
Had 33294 O ABHKEHUU CHUCTEMBI, COCTOLAINEH BCEro U3 ABYX B3au-
MOZEHCTBYIOMUX YacTul (3adaua 08Yr men).

B kauecTBe IpeaBapUTENLHOTO IAra K PEUIEHHUIO ITOH 330a9u
MTOKaKeM, KAKAM 00pa30M OHA MOXKET OBITh CYIIECTBEHHO YIIPOIIE-
HA TyTEM DPA3JIOXKEHWS JBUKEHUS CHCTEMBI HA JIBUIKEHUE IIEHTPA
AHEPUUY U [BUXKEHUH TOUEK OTHOCUTEIHHO IIOCJIEIHETO.

[ToTennmanpHasa HEPTUS B3aUMOAEHCTBHSA ABYX JACTHUI] 3ABUCUT
JIAIIb OT PACCTOAHUS MEXKIy HUMH, T.€. OT a0COMIOTHOM BEIMINHBI
Pa3HOCTH UX Paaumyc-BeKTOPOB. [losToMy sarpanzxkeBa QyHKIUS Ta-
KOI CHCTEMBI

L= Mgy ). (13.1)
BsegeM BEKTOp B3aMMHOTO PACCTOSHUSA 00EMX TOUEK
r=r;—ro
U IIOMECTHUM HavaJIO KOODAWHAT B LIEHTPE MHEPIUU, YTO JAET
miry + morg = 0.
I/I3 ABYX IIOCJIEAHUX PAaBEHCTB HaXOAUM

ma mi
r—-——m——r r9p — ———r. 132
1 my +mz 2 mi1 + ma ( )

[ToxncraBnsis atu Boipaykenus B (13.1), momydum

.2
L= % —U(r), (13.3)
rlie BBEIEHO 0DO3HaUYeHHe
m = —2m2 . (13.4)
m1 + mae

BeJMYMHA 1M Ha3blBaeTcd npusedennoll maccol. Pyukuus (13.3)
dopmasbHO coBmagaer ¢ (yukimeil JlarpaHxka OSHON MaTepUaJIb-
HOIt TOYKH C Maccoil m, ABUKymieiicss Bo BHemHeM moste U (r), cum-
METPUYHOM OTHOCUTEJIHHO HEIOJBUKHOTO HAYAJIA KOODAUHAT.

Taxum o6pa3om, 3a4a9a O ABUKEHUH IBYX B3aNMOIEACTBY IOIIIX
MaTepUaIbHBIX TOYEK CBOAUTCS K PELICHUIO 33Ja41 O JBUKEHUH OJ1-
HOIt Toukm B 3amanHoM BHeurreM noje U(r). Ilo pemenuio r = r(t)
9TOl 3amaum TpaekTopuu ri = ri(t) u ro = ro(t) Kaxgoi U3 9a-
CTHII M| ¥ M2 B OTJEJIBHOCTH (10 OTHOIIEHMIO K UX OBIIEMy LEHTPY
MHepIuu) moyydaiorcs mo dpopmytam (13.2).
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SBamauga

CucremMa COCTOMT M3 OFHOM YaCTHIBI C Maccoii M u n 9acTHI] C OMMHAKO-
BBIMH MaccaMu m. VICK/IIOUNTh ABUXKEHUE IEHTPa MHEPIIUUA U CBECTH 33434y K
334a4€e O JABUXKEHUHU 7 YACTHUIL.

Pemenune Ilycrb R — pamuyc-Bekrop wactuupt M, a R, (a=1,2,...

., M) — PaaMyc-BeKTOPbI YaCTHI] C MaccaMu m. BeemeM paccrosiHus or 9acTu-
ubl M 1o yactum m
r«. =R.— R

U IIOMECTUM HAYaJI0O KOOPpAWHAT B NEHTPE WHEPIUN:

MR:mZRa:O.

W3 sTtux PaBEHCTB HAXOOUM:

m
R= —IZra, R,=R+r,,

rae L = M + nm. IloncraBus oTH Bblpa}KeHI/ISI B dyukiuio Jlarpanxa

L_—+ ZR2

MOy YUM

e Vg = I'g.
ITorenunaspHass 9HEPrus 3aBUCHUT JIMIIb OT PACCTOSHUN MEXKIY JaCTUIAMU
¥ IIOTOMY MOXKET OBITH IIPEeJCTAaB/IEHa KaK (DYHKIUs OT BEKTOPOB Ig.

§ 14. /IpmkeHne B MEHTPAIHLHOM II0JIe

Ceend 3a7a4y O IBUXKEHUHU IBYX TeJ K 33Ja49€ O ABUXKEHUHU OJ-
HOT'O T€JIa, MbI IIPUILIN K BOIIPOCY 00 ONpE/Ie/IeHUH JIBUKEHUS Ia-
CTHUIBI BO BHEIIHEM II0jIe, B KOTOPOM €€ IIOTE€HIAaJIbHAas dHEprus
3aBUCUT TOJIBKO OT PACCTOSAHUSA T OO OIPEeNeICHHOU HEIIOIBUKHON
TOYKH; TAKOE TI0JIe HA3BIBAIOT UyeHmpasvhom. Cuma

oU(r) _ _dUr

F=- o  drr’

JeUCTBYIOIIAaa Ha YaCTHUILY, IO aOCOJIIOTHON BeJWYWHE 3aBUCHUT DU
9TOM TOXK€ TOJILKO OT T U HAIIPABJIEHA B KaXKJI0# TOYKE BIOJb Pa-
JINYC-BEKTOPA.

Kaxk 6b110 y2xe mokazauo B §9, mpu JBUKEHUU B IEHTPAIBLHOM
[IOJIE COXPAHSETCST MOMEHT CHCTEMBI OTHOCUTEJBHO IIEHTPA IIOJIs.
s ogHON YacCTHITBI 9TO €CTh

M = [rp].
ITockompky BekTOpPH M 1 r B3aVMHO IEPIEHAUKYIIPHBI, ITOCTO-
sticTBO M 03HAYAET, YTO PHU ABUKEHUY YACTHUIIBI €€ PAJIIYC-BEKTOD
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BCE BpeMsl OCTAETCS B OJHOMN MJIOCKOCTH — TIJIOCKOCTH, TIEPIIEHINKY-
nspuoit Kk M.

Takum 06pa3oM, TPAEKTOPHUS ABUKEHUS YACTHUILI B IEHTPAIb-
HOM TIOJI€ JIEXKUT IIEJIMKOM B OJHOM ILTIOCKOCTH. BBeass B Helt mo-
JIIpHBIE KOOPAWHATHI T, (Q, HammieMm QyHKuio Jlarpanxa B BU-

e (cp. (4.5
me (ep- (45)) L= 2% +r¢*) —U(r). (14.1)

Ota QYHKIMSA HE COMEPIKUT B IBHOM BUJIE KOOpAUHATY . Bes-
Kyt 0OODIIIEHHYI0 KOOPAWHATY ¢;, HE BXOALAIIYIO ABHBIM O0Opa30M B
JlarpaHkeBy (DyHKIHIO, HA3bIBAIOT yukauveckold. B cumy ypaBue-
Hud Jlarpamka uMeeM Iy TAKON KOODINHATHI:

doL _ oL _
dt0q;  Og: ’
T.€. COOTBETCTBYIOUMil efi 00600IeH bl uMITysIbe p; = OL/0g; sB-
JIIETCS WHTErPajioM NBUXKEHHS. ITO OOCTOATEIHLCTBO IPUBOIUT K
CYIIECTBEHHOMY YIIPOIIEHUIO 339Ul WHTETPUPOBAHUSA yPaBHEHMIA
JIBVKEHVS] TIPY HAJIMYUU IUKJIAIECKAX KOOD/INHAT.
B nannOM ciiyuae 0OOOIIEHHBIH HMITYJIHC
po = mr’p
coBnagaer ¢ momerToM M, = M (cm. (9.6)), Tak 9TO MBI BO3Bpa-
IAEMCS K U3BECTHOMY YK€ HAaM 3aKOHY COXPAHEHMS MOMEHTA
M = mr?@ = const . (14.2)
3aMeTnM, 9TO AJIs ILJIOCKOTO IBUXKe-
r rdo HUS OFHON YaCTHUIBI B IEHTPAIHHOM
0 do | [IojIe 9TOT 3aKOH [JOIYyCKAaeT IPOCTYIO
\ reOMETPUIECKYI0 WHTEPIPETANIO. BhI-
paxkenue (1/2)r-r d¢ upezacrasiser co-
6oli IIOMA b CeKTOpa, 00pPa30BaAHHOIO
ByMs OECKOHEYTHO OJIM3KUME PAJUyC-BEKTOPAME U JIEMEHTOM MIy-
ru tpaekropuu (puc. 8). O6o3HauuB ee Kak df, HAIMIIEM MOMEHT
YaCTUIIBI B BHJIE

Puc. 8

. M =2mf, (14.3)
r7e MPOM3BOIAHYIO f HA3bIBAIOT CEKMOPUGAbHOT ckopocmubio. 1lo-
3TOMY COXPaHEHHE MOMEHTa O3HAYAEeT ITOCTOSHCTBO CEKTOPUAIBLHOMN
CKOPOCTH — 33 paBHbIE MPOMEXKYTKU BPEMEHU PagUyC-BEKTOD IBU-
JKYIIeNcs TOYKM ONKCBHIBAET DPABHBIE IJIOMAAX (TAK HA3BIBAEMBIi
emopot saxon Kenaepa)?).

1) Bakon COXpaHEHUs MOMEHTa JJI JaCTHIbI, IBUXKYIIEHCa B IIeHTPAaJIbHOM
[0JI€, MHOTIA HA3BIBAIOT UHIMEZPAAOM NAOULA0ET.
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[TonmoE pemienne 3a1a9u O ABUKEHUU YACTUIIBI B IEHTPAJIHHOM
II0JIe IIPOITE BCETO MOJIYINTh, MCXOIA M3 3aKOHOB COXPAHEHUS dHED-
TUU ¥ MOMEHTA, He BBIIMUCHIBALA IIPU ITOM CAMUX YDAaBHEHU JBUXKE-
Hus. Beipaxas ¢ gepes M u3 (14.2) u moacraBiisisi B BbIparkeHHe
I SHEPTUH, TOJIYIUM

-2 2
E="2 470 +U(r) ="+ " 1 U(r).  (144)
OTrcroga
. _ d 2 M?

Wiy, pasfielidd epeMeHHble U HHTeTPUpys

t:/\/ dr — + const . (14.6)

2B -U() -

Hanee, nanucas (14.2) B Buze

m2r?

do = % dt,
nojcrasuB cona dt u3 (14.5) u uaTErpUpys, HAXOAUM
N (M/r?) dr
¢ = V2m[E — U(r)] — M?/r?
®opmyuer (14.6) u (14.7) pemaror B 0OImieM Buae IIOCTABJIEH-
HyIO 3aJa4y. Bropas W3 HMX ompenesser CBA3b MEXIy I' U @, T.e.
ypaBHeHue TpaekTopuu. Popmyia xe (14.6) onpenessier B HeSIBHOM
BUJIE PACCTOSHME T JIBUXKYIIEHCS TOYKHU OT LEHTPA KaK (DYHKIUIO
Bpemern. OTMETHM, 9TO YTOJI () BCETJa MEHSEeTCa CO BPEMEHEM MO-
HOTOHHBIM 00pa3oM — u3 (14.2) BUAHO, 9TO () HUKOTJA HE MEHSET
3HaKAa.
Beipakenue (14.4) nokasbIBaeT, 9TO PAIUAIBHYIO YaCTh JBHUXKE-
HUS MOXKHO PACCMATpPUBATH KAaK OJHOMEDHOE IBUXKEHHE B TIOJE C
<3 PEKTUBHOMS TMOTEHINAJILHON dHEprueit

M2
Usgp = U(r) + 5. (14.8)

Bemmamny M?2/(2mr?) naseisator uenmpobesichoti snepzueti. 3Ha-
YeHUs T, TIPU KOTOPBIX
MZ

OIIPEJIEIAIOT IPAHUIIBI OOJIACTH JBUKEHUS M0 PACCTOSHUIO OT IEH-
tpa. [Ipu BeimosmHeHun pasencrsa (14.9) paguanbHas CKOPOCTH 7
obpalaercs B HyJlb. DTO He 03HAYAET OCTAHOBKY YAaCTHUIEI (KaK [IPpU

+ const . (14.7)
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HCTUHHOM OJHOMEDHOM [IBUZKEHWH ), TAK KaK yIJI0Bask CKOPOCTDb () He
obpaiaerca B Hysb. PaBercTBo 7 = () 03HAYAET «TOYKY IIOBOPOTA»
TpPaeKTOpuu, B KOTOPO# dbyHKuus r(t) IEPEXOAUT OT yBeJUUeHUs K
YMEHBIIIEHNIO WJIN HA00OPOT.

Ecnu obsacts momycTHMOro M3MEHEHNs T OTPAHUYEHA, JINIITH O/I-
HUM YCJIOBHEM T 2> Tpin, TO JBUXKEHWE YACTHUIBI UH(PUHUTHO —
€e TPAEKTOpHUs MPUXOAUT W3 OECKOHEYHOCTM M YXOIUT Ha Oec-
KOHEYHOCTb.

Ecnu obnacts m3MeHEHUS T UMEET JABE TPAHUIBI Tmin U Tmax,
TO JBUIKEHUE SIBJISIETCS (PUHUTHBIM M TPAEKTOPHUS IETUKOM JIEXKUT
BHYTPH KOJIbI[A, OTPDAHUYEHHOTO OKDYKHOCTSIMHU T = Tmax U ' =
= Tmin. DTO, OJHAKO, HE O3HAYAET, YTO TPAEKTOPHUS HEIPEMEHHO
SBJISETCH 3aMKHYTON KPUBOi. 38 BpeMs, B T€UYE€HUE KOTOPOTO T U3-
MEHSIETCS OT Tmax MO Tmin ¥ 32TE€M IO Tmax, PAAUYC-BEKTOD TOBEP-
HeTcs Ha yros A@, pasHbiii, corsacuo (14.7),

Tmax

B (M/r?) dr
Ap =2 / o (B = 0) =M (14.10)

Tmin

VcmoBue 3aMKHYTOCTH TPAEKTOPUU 3AKJIIOYAETCH B TOM, YTOOBI
3TOT yroj ObLI PaBeH PAIMOHAJBHON WacTH OT 27T, T.e. UMEJ BUJ
A@ = 2mm/n, toe m,n —
Iesible 9ucia. lTorma depes n
TIOBTOPEHUI 3ITOTO IIEPUOIA
BPEMEHU PAINYC-BEKTOP TOY-
KH, CIOEeJaB M TOJHBIX 000-
POTOB, COBII3QA€T CO CBOUM
MIEPBOHAYAJILHBIM ~ 3HAYEHUEM,
T.6. TPAEKTOPUS 3aMKHETCS.

OHako TakuMe CIydan uc-
KJTIOYUTEIGHBL, U TIPHU IPOU3-
BosibHOM Buze U(r) yron A
HE SBJIAETCS PaIlMOHAIBHOM
gacThio oT 27t. [losTomy B 06-
IIIEM CIydae TPAEKTOpHus Du-
HUTHOTO JIBUXKEHUS HE 3aMK-
myTa. OHa GecuncieHHOe duc-
JIO Pa3 MPOXOIUT Yepe3 MUHUMAJIHHOE U MAKCHMAJIBLHOE PACCTOSTHUE
(xkak, HAIpuMep, HA puC. 9) U 32 GECKOHEUHOE BPEMsl 3AIIOJHSET BCE
KOJIBIIO MEXKJIY JBYMS I'PAHUYHBIMU OKPYZKHOCTSIMU.
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CyIecTByOT JIUIND JABa THUIIA IEHTPAJILHBIX TOJEH, B KOTOPBIX
BCE TPAEKTOPUHU (DUHUTHBIX JBUKEHUIA 3aMKHYTHI. JTO MOJISA, B KO-

TOPBIX IIOTEHIMAJIbHAA OSHEPIrUd 4YaCTUIBI NIPOIOPIIMOHAJIbHA —
r

wn r2. IlepBbiit U3 3TUX CIy9aeB PACCMOTDEH B CJIELYIONMIEM Tapa-
rpadye, a BTOPOil COOTBETCTBYET TAK HA3BIBAEMOMY MIPOCTPAHCTBEH-
HOMY ocumyiATopy (cM. 3amady 3 § 23).

B rouke mosopora kBasparHbi Kopenb (14.5) (a BMecTe ¢ HUM
U moAbIHTerpasbHble Bbipaxkenus B (14.6) u (14.7)) menser 3Hax.
Ecnu oTcunThIBaTE YO © OT HAIPABJIEHUS PAIYC-BEKTOPA, MPO-
BEJIEHHOTO B TOYKY IIOBOPOTA, TO MPUMBIKAIOMIWE C JABYX CTOPOH K
9TO TOYKE OTPE3KYU TPAEKTOPHUH Oy Iy T OTIMYIATHCS JIUITH 3HAKOM
NPY KaXKJIbIX OJWHAKOBBIX 3HAYEHUSAX T'; 9TO 3HAUUT, YTO TPAEKTO-
pHsi CHMMETPUYHA, OTHOCUTEHHO YKA3aHHOTO Hampas/enusa. Hagas,
CKaXKeM, OT KaKO#-ub0 M3 TOUEK T = Tyax, MBI IIPOHIEM OTPE30K
TPAEKTOPUM JI0 TOYKU C T = Tpin, 3aTeM OyJeM HMETh CAMMET-
PUYHO DPACIOJIOXKEHHBIA TAaKOHU K€ OTPE30K IO CIIeAyIoIleil TOYKHU
CT = Tmax ¥ T.J., T.€. BCS TPAEKTOPUS IMOJy9IaETCs MOBTOPEHUEM
B IIPAMOM M OOPATHOM HAIPABJIEHUAX OJMHAKOBBIX OTPE3KOB. DTO
OTHOCHUTCS ¥ K WH(PUHATHBIM TPAEKTOPUAM, COCTOAIIAM U3 JIBYX
CUMMETPUYHBIX BETBell, MPOCTUPAIOMIUXCA OT TOYKH TIOBOPOTA Tiin
10 GECKOHEYHOCTH.

Hanuuwe nenrpobexHoii snepruu (npu gsuxkenuu ¢ M # 0),
obpamaomeiica npu r — 0 B GeckoneunocTh, Kak small fraclr?,
OPUBOJUT OOBIYHO K HEBO3MOXKHOCTH MPOHUKHOBEHUS JIBUKY IIIXCS
YaCTUI[ K [EHTPY IOJIsl, aXKe eCM TOCJIeIHee caMo 1Mo cebe mMeer
XapakTep npuTsKenus. «llageHne» 4YaCTHUIBI B LEHTP BO3MOXKHO
JIAIIb, €CJTM TIOTEHINAIbHAS SHEPIHs JJOCTATOYHO OBICTPO CTPEMUTCS
K —oo upu r — 0. I3 HepaBencTBa

.2 M2
U0 g

2 >0

Wi \
r2U(r) + M gy?
2m

CJIenyeT, 9TO 7 MO2KET IIPUHUMATL CTPEMAINUECA K HYJI 3HAYCHUA
JIMIIb IIpU YCJIOBUU

M2
r—0 <- 2m’

r?U(r)| (14.11)

x M?
T.e. U(r) IO/KHO CTPEeMHUTBCA K —00 b0 KaK —— € & > o 60
T m

1
NPOTIOPLHOHAIBHO — - € N > 2.
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Bamauymu

1. IIpouHTerpupoBaTh ypaBHEHUs ABUKEHUs C(HEPUYECKOTO MASITHUKA —
MaTEepHaJbHON TOYKM M, ABUXKYyIIelca mo moBepxHOcTu cdepbl paauyca | B
TOJIe TAXKECTH.

Pewenue B cdepuueckux koopauHaTax ¢ Ha4ajIoM B ueHTpe chepsl u
IIOJISIPHOM OCBIO, HAIIPABJIEHHON BEPTUKAJILHO BHU3, pyHkuus Jlarpanxka MasiT-
HHKa
mi?

2
Koopaunara ¢ — nukianmdeckas, 03TOMy COXPaHseTCs OOOOIIEHHBIN UMITYJIHC
P, COBNAJAIOMMI C 2-KOMIIOHEHTOI MOMEHTa,:

L= (92 +sin” 0 - ¢*) 4 mgl cos 6.

ml®sin®0 - ¢ = M, = const. (1)
Oueprus
2 242 2
E= %(62 +sin? 9 $?) —mgl cos® = ml29 2ml]2\izin2 i mgl cosB. (2)

Omnpenensis orciona 6 u pasfesss epPeMeHHbIE, Oy YaeM

doe
t= ) (3)
/ = HIENG)

rae BBeleHa «3(@eKTUBHAS MOTEHIUAIbHAS YHEPTUI»
M2
Use(0) = ———=—~— — mgl cos6.
56 (0) 2mi2 sin? @ 8

Hus yraa @, ucnonssysa (1), Haitnem

M, do (@)
¢ = - .
IV2m J sin?0,/E — U,y (9)
Nurerpass: (3) u (4) IpUBOAATCS K IIMOTHIECKAM HHTErPAIaM COOTBETCTBEH-
HO IIEPBOT'O U TPETHErO POJA.

Ob6uacTh gBr2KeHUs 10 yIiy O onpenensierca yciaosueM E > Usg,, a ee rpa-
Hunpl — ypaBHeHueM FE = U,q. Ilocnentee mpencrasisier coboit Kybudeckoe
ypaBHeHue mjisi cos 0, mmeromee B npoMexyTke or —1 mo +1 nBa KopHs, ompe-
[ESIONMX IOJIOXKEHNE ABYX NapaJUIeIbHBIX OKPYXKHOCTel Ha cdepe, MeXIy
KOTOPBIME 3aKJII0UEHA BCSI TPAEKTOPUS.

2. IIpounTerpupoBaTh ypaBHEHHs ABUKEHUS MAaTEPUAJbHON TOYKH, ABU-
JXKYIeics 0 MOBEPXHOCTH KOHycCa (C YyIVIOM 2X IIPU BEPIIMHE), PACIOIOKEHHOM
BEPTHUKAJbHO, BEPIINHOII BHU3, B IIOJIE TAXKECTH.

Pemenue B chepuuecknx koopauHaTax ¢ Ha4aJIOM B BEPIINHE KOHYCA
U MOJISIPHOI OCBIO, HAIIPABJIEHHOI BEPTUKAJIBHO BBepX, pyHKIius Jlarpanxka

m .9 2 . 2 .2
L= > (7° +r°sin® o - ¢°) — mgr cos a.
Koopnunara ¢ — HuKJInYecKasi, TaK YTO CHOBA COXPAHSAETCH
2 .. 2 .
M, = mr®sin® « - @.
Oueprus
mi® M?

— % | mgrcosx.
2 +2mrzsinzoc+ &r
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Tewm ke cmocobom, 4To u B 3amade 1, HAXOAUM

t— / dr ’
2B~ Uy (1)
m
_ M, / dr
Csin2a2m ) 12\ /E - Usg(r)

2
_ M
2mr? sin? o

Usg (1) = + mgr cos o.

Ycnosue E = U4 (r) npencrasiasier coboit (mpu M, # 0) xybudeckoe ypas-
HEHWE JJIs T, IMEIOIIee JBa MIOJOXKUTEJbHBIX KOPHS; UMH OIPEIEAeTCs I0JI0-
KEHHE ABYX NOPU3OHTAJIBHBIX OKDYKHOCTEl Ha IOBEPXHOCTH KOHYCa, MEXIY
KOTOPBIMH 3aKJIIOU€Ha TPAEKTOPHUSI.

3. IlpounrerpupoBaTh ypaBHEHHS ABMKEHUs IIJIOCKOIO MAasITHHKA, TOYKA
moaBeca KOTOporo (C Maccoit mi B Heil) COCOOHA COBEPIIATH IBUKEHHE B TO-
PHU30HTAJILHOM HanpasjieHuu (CM. puc. 2).

Pemenue B naiinennoit B 3anaue 2 § 5 dbynkuun Jlarpanxka koopmu-
HaTa T — IuKandeckas. [loaromy coxpaHsiercss 06001eHHbI uMIyase Py, coB-
najaomuil ¢ TOPU30HTAJbHOM KOMIIOHEHTO! ITOJTHOIO MMITYJIBCA CUCTEMBI:

P, = (m1 4+ m2)& + mal cos @ = const . (1)
Beerma MOXHO cuuTaTh CHCTEMY, Kak Iesoe, mokosmeiicsa; Toraa const = 0, u
uHTerpupoBanue ypasHenus (1) maer cooTHOIIEHHE
(m1 + m2)z 4+ malsin @ = const, (2)
BBIpaXkaromee co6oi HENOABUKHOCTD NEHTPA HHEPIUM CHCTEMBI B TOPU30HTAJIb-
HOM Hanpasyenuu. Vcnonb3ysa (1), mosy4um sHEpruio B Buie
ma l2 ('pZ

E =
2

ma 2
1- - 1 .
( e cos (p) magl cos @ 3)

t:l\/ 2(m1m-imz)./

BripasuB koopauHaThl T2 = = + [sin @, y2 = lcos @ ugacTumsr my ¢ mno-
Mowipio (2) 4epes @, HaiiieM, YTO TPAEKTOPHUS ITON YACTHUIBI IPENCTABIISAET
co60ii OTPE30K WLIUICA C FOPU3OHTAIBHON 1mOIyocsio Imy /(m1 + msa) u Bepru-
kagabHOit [. IIpu m1 — oo MBI BO3BpalnaeMcss K OOBIYHOMY MaTeMaTHIECKOMY
MasATHHUKY, KadaloeMycs II0 Ayre OKPYy>KHOCTH.

Orcrona

m1 + mgsin? @
E + maglcos @

§ 15. Kemteposa 3amaua

BaxkneitmuMm ciaydaeM IEHTPAJIbHBIX MOJIEN SBJIAIOTCA IOJA, B
KOTOPBIX ITOTEHIMAJIbHAS dHEPrus 0OpATHO IPONMOPIMOHAJILHA T U
COOTBETCTBEHHO CHJIBI OGPATHO MpOmoOpIHoHaIbHEL 72, C10aa OTHO-
CATCA HBIOTOHOBCKUE IIOJISI TATOTEHUS W KYJIOHOBCKHE JIEKTPOCTA-
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THYeCKUe TI0JIs; IEPBhIe, KAK N3BECTHO, UMEIOT XaPAKTEDP IIPUTANKE-

HUsI, a BTOPbIE MOTYT OBITH KaK ITOJIIMU IIPUTSKEHNUS, TAK U OTTAJI-

KUBaHUS.

PaccmoTrpuM cHagaia moje NPpUTAXKEHUS, B KOTOPOM

U=—-«a/r (15.1)

C TIOJIOXKUTETHLHOM TOCTOAHHON K. ['pacduk «3ddekTrBHONY MOTEH-

IUAJbHON dHEPIruun

MZ

2mir?

Usp = —= + (15.2)

nMeeT By, n3obpaxkeuusiii Ha puc. 10. [Ipu r — 0 ona obparraercsa

B 400, & IPU I — 0O CTPEMUTCS K HYJIIO CO CTOPOHBI OTPUIATETHFHBIX

Use sHauenuit; mpu r = M?/om oHa MMeeT MEHEMYM,
paBHBII

2
(Usp)min =~z (15.3)

W3 sroro rpaduka oueBuaHO, uTo nipu F > ( gpmke-
0 HUEe JacTuibl 6yaeT nHpuHUTHBIM, a ipu F < 0 —
(PUHUTHBIM.

Puc. 10 ®opMa TPAEKTOPUHM MOTYyYaeTCs C TIOMOIIHI0 00-
meit bopmyier (14.7). [oacrasnsaa B Hee U = —a/r u npousBois
3JIEMEHTAPHOE WHTErPUPOBAHUE, TIOJLYIUM

M/r — mo/M
V2mE + m2a2/M?
Bribupas Hagaao oTcyera yria @ Tak, 4ToObl const = 0, u BBOAA

0003HaUeHNA
M? / 2EM?
P = %, e = 1 + o (15.4)

nepenuieM (hopMyITy JJisi TPAEKTOPUHU B BUJIE

p/r =1+ ecos . (15.5)
9TO eCTh ypaBHEHNE KOHUIECKOTO cedeHusi ¢ (POKyCOM B HaYaje Ko-
OpJIMHAT; P U € — TaK HA3bIBAEMbIE NAPAMEMP U IKCUEHMPUCUMEM,
opbutsl. CreaHHbIi HaMU BHIOOD HAYAJIA OTCYETA () 3aKJII0YAeTCs,
kak BuaHO u3 (15.5), B ToM, uTO TOouKa ¢ @ = 0 sBiseTcH GiHKaii-
medi K HeHTPY (Tak HA3BIBAEMBIH nepuzeauti OpOUTHI).

B sxBuBajenTHOI 3a1a49€ IBYX T, B3aUMOIEHCTBYIOIIUX 0 3a-
koHy (15.1), opbura KaxKm0# M3 YACTHI] TOXKE MPEICTABJIIET CODOM
KOHMYECKOE ceueHne ¢ (POKYyCOM B WX ODIIEM IEHTPE WHEPIIUH.

U3 (15.4) Bugno, uro mpu E < 0 skcuenrpucurer e < 1, Te.
opbuta aBiserca umncoM (puc. 11) u gpuxkenne GUHUTHO B COOT-

(p = arccos + const .
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BETCTBUY CO CKA3AaHHBIM B HauaJie naparpada. CoriacHo n3BeCTHBIM
dopMysIaM aHAJIUTUYECKOHN reOMeTPHH OOJIbINas U MaJias IOJIYyOCH

SJIATICA P « P M
a=——=-—"—, b= = . (15.6)
1—e 2|E| V1—e? \/2m|E|

HaumensbInee nomycrumoe 3HadeHre SHepruu copnagaer ¢ (15.3),
npu 3toM e = 0, T.e. 3IUIC 00paIaeTcsd B OKPYKHOCTb. OTMeETHM,
9TO OOJBINAS TOIYOCh HLIUTCA 3a-
BUCUT TOJIbKO OT JHepruu (HO He
OT MOMeHTa) JacTuubl. Hanmvens-
1ee u HauOOJIbINEe PACCTOAHUS JI0  op
nenrpa nons (dokyca asuimica) ae
PaBHBI

Trin = 1_]:_6 =a(l—e),
D (15.7) 2a
Tmax = T =a(l+e).
Oty Beipaxkenud (¢ a u e u3 (15.6) Puc. 11
u (15.4)) MOKHO 6BLIIO ObI, KOHEYHO, MOJIyYUTh U HELOCPEICTBEHHO
KaK KopHU ypasrenus Us,g(r) = E.

Bpemsa obparenusa no 31IuNTAYECKON opouTe, T.€. MEPUO ABU-
xkenud 1', ynoO6HO ONIpENeUTh C TIOMOIIBIO 3aKOHA COXPAHEHUS MO-
MeHTa B (popme «uHTerpasia mwiomaeity (14.3). Uarerpupys 1o pa-
BEHCTBO TI0 BPEMEHU OT HyJjsa A0 T', moaydnm

omf = TM,

3 Y

roe f — mwiomank opbursl. g smmunca f = p

Y
= 7ab, u ¢ momompio Gopmya (15.6) Haxomum 0\ T
= 3/2 /™M _ px [ ; -1
T =2ma " 2|E|3 (15.8) A a(e — 1)

Tot dakT, 4TO KBaIpAT MEPHOA JOJIKEH OBITH Puc. 12
MPOMOPIIMOHAJIEH KyOy JIMHEWHBIX pa3MEPOB

opbuTsl, 66LT yKa3aH yxke B § 10. OTMeTnM TakKe, 4TO MEPUOT 3a-
BHUCHUT TOJIbKO OT SHEPTUU YACTHUIIHL.

IIpu E > 0 geuxkenne nacpuautHo. Ecau E > 0, To 3KCIIeHTpH-
curer € > 1, T.e. TpaeKTOpUs HABJISIETCH TUMEPOOIION, ormbaromeit
nentp noss (Qokyc), Kak mokazaHo Ha puc. 12. PaccrosiHue mepu-
reJius OT TEHTPa

R —
Tmin = 7 = ale — 1), (15.9)
rae
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— «IIOJIyOCh» TUMEPOOJIBI.

B cayuae xxe E = 0 akcueHTpucuteT € = 1, T.e. YacTUIa ABU-
JKeTcs 1o napabosie, ¢ PACCTOSHUEM NEPUTEIUS Tmin = p/2. DTOT
CIIy4ail OCYIIECTBIIAETCS, €CJIU YACTHUI HAUMHAET CBOE JIBUXKEHWE
M3 COCTOSTHUS TIOKOsT Ha, GECKOHETHOCTH.

3aBUCUMOCTb KOODAWHAT YACTHUIHI OT BPEMEHU TPU JIBUKEHUHN
10 op6uTre MOXKeT ObITH HafifeHa ¢ moMOIIbIo 0bmiel hopmysst (14.6).
Ona MOXKeT OBITH TIPEJICTABIIEHA B YAOOHOM MapaMETPUIECKOM BUJIE
craeayomuM 00pa3oM.

PaccmoTrpum cragama smummnrudeckne opbursl. BBomst a u e co-
riacuo (15.4), (15.6), sanumem wmaTerpan (14.6), onpenensrommit
BpeMsi, B BHUJE

t= m / rdr _ /@/ rdr
2|E| \/ 2l o M2 Id aZe? — (T—a)Z'
—r2 4 = i
|E|

" omE]

C moMOIIbI0 €CTECTBEHHON MOICTAHOBKHI
r—a= —aecosé
ATOT I/IHTeI‘paJ'.[ HpI/IBO,Z[I/ITCH K BUOYy

t= \/m—(ﬁ/(l—ecosa)daz m—a3(£—esin£)+c0nst.
o4 (o4

Bribupas Hauai0 oTcueTa BpeMeHu TakK, 4To0bI 06paTuTh const B
HYJIb, TIOJYYNM OKOHYATEJIHHO CJIEeAYIONIee MapaMeTPHUIeCcKoe Ipe/I-
CTaBJIEHWE 3aBUCUMOCTHU T OT t:

r=a(l —ecosf), t= \/mTaa(E—esin&) (15.10)

(B MomenT t = 0 wacTuIa HAXOAUTCH B Hepuresun). depe3 Tor xKe
napaMerp & MOXKHO BBIPA3WTh U JEKAPTOBbI KOODAMHATHI YACTHIL
T =7Ccos@, y=rsin@ (ocu T 1 Y HAIPABJIEHbI COOTBETCTBEHHO 110
Gosboit u MaJsoit moiyocsaM rumuica). U3 (15.5) u (15.10) mmeem

ex=p—7r=a(l—e?)—a(l —ecosé) = ae(cos& — e),
a y HaiimeM, Kak V72 — z2. OKOHYATETBHO:

z =a(cos& —e€), y=ay1—e2siné. (15.11)
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IToaHOMY 0GOPOTY IO SJIUIICY COOTBETCTBYET M3MEHEHUE IIapaMeT-
pa & ot Hyna mo 27

CoBepIneHHO aHAJOrMYHbBIE BBIYUCICHUST JJISI THMEPOOTMIeCKIX
TPAEKTOPUH NMPUBOIAAT K PE3YIbTATY

r=alech&—1), t=4/ma3/x(esh§—E),
z =a(e —ch§), y=ave2—1shi,

rie mapamerp & mpoberaer 3HAYEHUST OT —O0O0 M0 +00.
Ob6paTuMcs K IBUXKEHUIO B TIOJIE OTTAJIKUBAHUS, B KOTOPOM

(15.12)

U==2 (15.13)
(¢ > 0). B aTom ciryuae adbderTuBHAS MOTEHIMATIbHAS SHEPIHS
_x, M?
Us(b 7 + 2mr?

MOHOTOHHO YOBIBAET OT —+00 [0 HYyJIs NPHU W3MEHEHUU T OT HYJIs
JI0 00. DHEPrus YACTHUIBI MOXKET OBITh TOJBKO MOJIOXKHUTEIBLHON U
JIBIDKeHNEe Bcerga nHGUHUTHO. Bce BBIYMCIIEHUS U1 9TOTO CIydas
B TOYHOCTH AHAJIOTUYHBI IIPOU3BEIEHHBIM y
Boimre. T'paekTopus sBaseTca TrunepbosIoit

g =—1+ecos@ (15.14)

(p u e onpenensrorcs npexxHUME HOpMyIIa-
mu (15.4)). OHa IPOXOAUT MEMO IIEHTDPA II0-
Jis1, KaK MoKa3aHo Ha puc. 13. Paccrosnue me-
puresus

Fin = e% =a(e+1). (15.15) Puc. 13

a(l+e)

3aBUCUMOCTE OT BpEMEHU NJa€TCd IMapaMETPUYECKUMU YPaBHECHUAMN

r=a(ech§+1), t=\/m703(esh£+£), (15.16)
z =a(ch§+e), y=ave? —1shé,.

B zakmiouenmne maparpada ykKaxkeMm, 4TO IpPU ABUXKEHUH B IIO-
ae U = «/r (c mobbIM 3HAKOM () MMEETCH MHTErpaJj JABUKEHU,
cnenudUIecKnii UMEHHO JJIg 9TOrO TMOJist. JIerKO MpOBEPUTH HEIOo-
CPEJICTBEHHBIM BBIUHMCIEHUEM, YTO BEJIMUNHA

or
[vM] + — = const. (15.17)
T
JleiicTBUTENBHO, €€ TIOJIHASI TPOU3BOJHAS 110 BPEMEHU PABHA

[{,M]_|_°;_V_M,

r3
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wiy, noacrasus M = m[rv]:

av  ar(vr)
T T 3

mr(vv) —mv(rv) + 3

TIOJIOYKUB 3/1€Ch COTJIACHO YPABHEHHUSAM IBIKEHHT MV = &r /13, MbrI
HaliieM, 9TO 9TO BhIparXkeHre 0OPAIaeTcs B HYyJIb.

Coxpansromuiics Bekrop (15.17) HanpasieH Brosb 60sbInoit ocu
oT QOKyca K MEPUTENIHNIO, & II0 BeJINYNHE PaBeH ae. B aTom mporre
BCETO MOXKHO y0eInThbCs, PACCMOTPEB €ro 3HAYUEHWE B IIEPUTEJIHH.

[TomgepkHeM, uTo mHTErpas apuxkenus (15.17), kak u uHTErpa-
asl M n E, aBnsierca onHO3HAa4YHON (byHKIWMeH cocTosiHus (IOJIo-
JKeHus U ckopoctu) dacTuipl. Mer yBunum B § 50, uro nosiBiieHue
TAKOTO JOTOJIHUTEIBHOTO OJHO3HAYHOTO WHTEIPAJIA CBA3AHO C TaK
HAa3bIBAEMBIM BBIPOXK/IEHUEM JBUKEHUS.

Sagaum

1. Haiitu 3aBHCHMOCTb KOODAMHAT YaCTHUIBI OT BPEMEHU IIPH ABUKEHUU B
nose U = —a/r ¢ sueprueit £ = 0 (mo mapaGoue).

Peuenwue B unrerpane

t—/
20 M2
=

AeJIa€M NIOACTAaHOBKY
2

2y _ P 2

U B PE3YJbTaTe IIOJy4dYaeM C/IEeAYIOoIee IMMapaMeTPUYeCKOe NIPEeACTaB/JICHUE HCKO-

MO 3aBUCUMOCTH:
2
_ b mp
==(1 t= 1
=5+, Vo 2( + 3)

-73:159(1—112), Yy =pn.

ITapamerp 1 npoberaer 3HauYeHUsT OT —O0O0 O +00.

r=

2. IlponHTEerpupoBaTh ypaBHEHNA IBIKEHUS MATEPHAJbHOM TOYKH B LEH-

TpasbHOM nojie U = — o> 0.

’I"_2’
Pemenune. Ilodopmynam (14.6), (14.7) c coorBeTCTByIOMIM BEIGOPOM
HaJaJja OTc4yeTa @ u ¢ HaXOAUM

) E>0 E>o¢ Lo 2mE Vl—zm“
a) npn T 2m r Ve —oma 8\ @ M2 )’

M? 1 2mE 2
6) npu E > 0, %<(x = Lh((p m—l),

Imo — M2 ° M?
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M? 1 [ 2m|E| 2moc
E — —=4/———=ch ——1].
B) mpu E < 0, o <& . 5mo— 32 2\ @V 3
Bo Bcex Tpex ciayuasx
1 /m [, M?
t= E 7 Er2 — % + «.

B ciyuasix 6) u B) 9acTHL@ «IafaeT» B HEHTP [0 TPEKTOPHUHM, IPUOINKAIOIEH-
¢ K HA4YaJly KOODAMHAT Ipu (¢ — oo. [lageHune ¢ 3amaHHOrO pacCTOAHUSA T
IIPOUCXOOUT 338 KOHEYHOE BPEMd, paBHoe

_[W A gf_m}

3. IIpu moGaByieHny K MOTEHIMAJIBHON 3Heprun U = —o/r MaJioit nobasku
dU(r) TpaekTopuu (pUHUTHOTO [BUKEHHS IEPECTAIOT OBITH 3AMKHYTHIMY W DU
KazkZ0M 000pOTe mepuresuii OpOUTHI CMEINAETCH Ha MAJIYIO YIJIOBYIO BEIUIUHY

_ 2 _ 3
5. Oupegnenurs d¢ mus ciyuaes: a) dU = B/r%, 6) dU =vy/r°.

Pemenwue. IlpuusmeHeHUn r OT 'min HO Tmax U CHOBA IO Tmin YIOJ d@
MeHsIeTCsl Ha BeJIMYuHy, naBaeMyio ¢popmyioii (14.10), KOTOpyIO mpencTaBuM B
BUAE

B a Tmax \/ Mz

Tmin
(¢ menbio uzbexkaTh HUKE (DUKTUBHO PACXOIAIIUXCS MHTErpaJsios). Ilosoxkum
U = —a/r + dU u pasnoxuMm NOABIHTErpajbHOe 3HadeHue 1o creneHsm dU;
HYJIEBOH YJIEH PA3JIOXKEHUs JAeT 277, a YJIEH IEPBOrO MOPSAKA — MCKOMOE CMe-
menue d@:

0 ax 2mdU dr 0 om [ 2
S = oM / = ~— oM \ M /r sUde |, (1)
roin 4/2m (B+ %) = 2 0

IJie OT MHTErPUPOBaHUs 1O dr MBI HEPellIM K MHTErPUPOBAHUIO 1O d¢ BAOJIb
TPAEKTOPUHU «HEBO3MYILIEHHOIO» [BUKEHUS.
B ciyuae a) nunrerpuposatue B (1) TPUBHAJIBHO U JAET
2ntm 27
M? op
(p — mapamerp meBo3mymenHoro smmnca u3 (15.4)). B ciyqae 6) 725U = v/,
n, B3sB 1/r u3 (15.5), monyunm

67tocym _ by

5 = =Y
4 Mt ap?
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CTOJIKHOBEHUE YACTHI]

§ 16. Pacmag gacTui

Vxke camu 1o cebe 3aKOHBI COXPAHEHUS WMITYJIbCA U SHEPIUHU
ITO3BOJIAIOT CHEJIATh BO MHOTHUX CJIy9YasX P BayKHBIX 3aK/IIOUEHUH
0 CBOMCTBAX Pa3JIMYHBIX MEXAHWYIECKUX IPOIECcoB. [Ipm 3TOM 0co-
OEHHO CYIIIECTBEHHO TO ODCTOATENHCTBO, UTO ITU CBOICTBA COBEP-
IIEHHO He 3aBUCAT OT KOHKPETHOTO POJA B3aMMOAEHCTBUS MEXKIY
YYaCTBYIOIIUMH B IPOIECCE YACTUIAMU.

Haurewm ¢ mporiecca, mpeacTaBIIsioniero coboil «CcaMompon3BOoIIb-
HBI» (T.e. 63 BO3MEHCTBUS BHEIIHMX CHUJI) PACIA]] YACTUIBI HA JIBE
«COCTaBHBIE YaCTU», T.€. HA JIBE APyTHe YACTUIIBI, JBUXKYIIUECS TI0-
CJle pacmaja He3aBUCHUMO JPYT OT JAPYTa.

Haubosiee mpocTo STOT mpOIECC BBIVIAAWT IIPU PACCMOTPEHUM
€ro B CUCTEME OTCYETa, B KOTOPOii 9acTulfa (0 pacraia) IOKOUIACh.
B cuiy 3akoHa coxpaHeHUS MMILyJIbCA CyMMa UMITYJIHCOB 0beux 00-
PAa30BaBIIUXCS B Pe3yJIbTaTe PACIIA A JACTHI] TOXKE PABHA HYJIIO, T.€.
YaCTHUIBI PA3JIETAIOTCS C PABHBIMU U IIPOTHUBOIIOJOXKHO HAIIPABJIEH-
HbIME uMITysabcamu. Vx obmee abcomorHoe 3HadeHue (0GO3HATUM
€ro po) OLPEIeNdeTCs 3aKOHOM COXPAHEHUS SHEPIUH

2 2
EBH = E].BH + Po_ + EQBH + p_o’
2m, 2ma
TIe M1 M My — MAacChl YacTull, K1z n Fopy — UX BHYTpPEHHUE dHED-
run, a Ey; — BHyTpeHHsIA 9Heprus NEePBOHAYAJILHON (pacmanaro-
mefics) gactunpl. O603HAYMM GYKBOW € «IHEDPIUIO pPACIaga», T.e.

Pa3HOCTh

€ = Fpy — gy — Fogn (16.1)
(o4eBHUAHO, YTO ITA BEJMYUHA JOJKHA OBITH IOJOXKHUTEIBHON i
Toro, 4robbl pacmas 6611 Boobme Bo3MoxkeH). Torna nmeem

_m (1 1\ _ pd

e = (o ) = 2 (16:2)

9eM U ompejessercs py (M — NpuBeJeHHAs Macca 00enX YaCTHIl);
CKOPOCTH K€ JaCTHI] v19 = Po/m1, V20 = Po/ma.
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[lepeitmem Teneps K CUCTEME OTCUETA, B KOTOPO MEPBUIHAS Ta-
CTHUIA JBUKETCH JI0 PACIaJIa CO CKOPOCThIO V. DTy cucreMy OTCIETA
0OBIYHO HA3BIBAIOT Ja60PATOPHON (WiiH JI-cucmemoti) B IPOTUBOIIO-
JIOXKHOCTb «CHCTEME IIEHTDa MHepImu» (WIN I-cucmeme), B KOTO-
POl HOJHBIN UMILYJIbC PaBeH HYJI0. PAacCMOTPHM OJHY M3 pacHai-
HBIX YaCTHUIl ¥ IIyCTh V U Vo — €€ CKOPOCTU COOTBETCTBEHHO B JI- U
r-cuctemax. VI3 oueBnaaOro paBercTtsa v = V+vy, mm v—V = vy,
nmeeM

v? + V2 — 20V cos® = vZ, (16.3)

rae © — yrous BbLJIETa YACTHUIIHI TI0 OTHOIIEHUIO K HAIPABJIEHUIO CKO-
poctu V. DTUM ypaBHEHWEM OINPEIENSAETCS 3aBUCAMOCTh CKOPOCTH
pacuagHoOi JacTUIbl OT
HAIIPABJIEHUS €€ BbLJIe-
Ta B JI-CHCTEME.

Ona Moxer OBITH
[IpeJICTaBJIeHa, rpadu-
YECKU C MOMOIIBIO TN~
rpaMMbl, u300parKeH-
vO#t Ha pumc. 14. Cxko-
POCTB V JIaeTCsi BEKTO-
pOM, IPOBEIEHHBIM B
KaKyI0-Tu6b0 TOYKY OKPYXKHOCTH Pajmyca vg ') m3 Touku A, oTcro-
Ameit Ha paccrosaue V ot neHTpa okpyx)uocTu. Ciygasm V < vg
u V > vy oTBedaroT cooTBeTCTBEHHO puc. 14 a u 6. B mepBom city-
Jae JaCTHIA MOXKET BhLIETETh IoJ JitoObiM yryiom 0. Bo BropoMm ke
CIy4dae JYaCTHUIA MOXKET BBIJIETETH TOJBKO BIEPEJ, IO yryioM 0, He
MPEBBIMAIOMINM 3HAYEHUSA Oppay, JABAEMOTO PABEHCTBOM

$in Opmax = % (16.4)

(HampaBiIeHEe KacaTeJIbHON K OKPYKHOCTH, IPOBEIEHHOH M3 TOY-
ku A).

CBa3p Mex 1y yriaamu BoieTa O u O B JI- U [-CHUCTEMAX OY€BU/I-
Ha U3 TO Ke JuarpaMMbl U JaeTcsa popMyaoit

Vo sin 90
tg6 = L (16.5)

Ecnau pemwnts 310 ypaBHeHme oTHOCHTENILHO oS g, TO mOcse 3e-
MEHTApHBIX IPeo0Pa30BaHU IOIYIUM

a) V<w 6) V>u
Puc. 14

1) Tounee — m06y0 TOUKy cepbl PaSIyCca Vo, JAAMETPAIHHBIM CEIEHHEM
KOTOpOIi fBjIsieTcsl n300parkeHHas Ha puc. 14 OKpy?KHOCTb.
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2
cos By = —vK sin? @ & cos 04 /1 — ‘:—2 sin? 0. (16.6)
0 0

IIpu vg > V cBs3b Mexay 0 u 09 omHO3HAYHA, KAK 3TO BUIHO U3
puc. 14 a. B dopmysne (16.6) Hamo npu 9T0M BbIOpATh 3HAK + mEpes
kKopHeM (Tak 4T0bBI O6bLTO0 B9 = 0 mpu 6 = 0). Ecim xe v < V,
TO CBsA3b MeXIy 0 m 0 HeomHO3HAUHA: KAXKIAOMY 3HaUYeHUI0 O OT-
BEUaloT JBa 3HaueHus 0g, coorBercrBylomume (Ha puc. 14 6) BeKTO-
paM Vg, IPOBEIEHHBIM M3 IIEHTPa OKPY>KHOCTH B Touku B wmm C;
UM OTBeJaloT JBa 3HaKa Iepe] KopHeM B (16.6).

B dbusnyuecknx IpuMEHEHUSIX MIPUXOJUTCS OOBIYHO UMETh JIEJIO0 C
pacmajoM He OTHOMN, & MHOIMX OJMHAKOBBLIX YaCTHUIl, B CBA3U C 9eM
BO3HMKAIOT BOIPOCHI O PACIPEAEJICHUM PACIAIHBIX YACTHUIL IO Ha-
MPABJICHUSM, SHEPTUAM 7 T.J1. IIpm 9ToM MBI Oy1eM IIpeamoaaraTh,
9TO MEPBUYHBIE YACTUIBI OPUEHTHPOBAHBI B IPOCTPAHCTBE XaOTH-
YECKUM, T.€. B CPEIHEM U30TPOIHBIM 00Pa30M.

B m-cucreme oTBET Ha 3T BOIMPOCH TPUBUAJIEH: BCE PACIIATHBIE
gacTunbl (OAMHAKOBOIO POJA) MMEIOT OAWHAKOBYIO SHEDPIUIO, a UX
pacupesesieHre IO HAIPABJICHUSAM BBLIETA, U30TPOIHO. llociemnee
YTBEPXKAEHUE CBA3AHO CO CACJIAHHBIM IIPEIIIOIOKEHEM O XA0TUIHO-
cTU opueHTaIuil mepBudHbIX dacTull. OHO O3HAYAET, YTO JOJIS YUCIIA
YACTHII, JIETAIIUX B 3JIEMEHTE TEJIECHOTO yIiIa dog, MPOMOPINOHAb-
Ha BEeJIMYMHE YTOTO JIEMEHTa, T.e. paBHa dog/47. Pacupenenenne o
yriaMm 0g mosryuuM oTcIona, moactaBue dog = 27sin 0g dfg, T.e.

3 sin 0 0. (16.7)

Pacnipenesierus B JI-cUCTEME MOJIy9alOTCA IyTEM COOTBETCTBYIO-
mero mpeobpa3oBaHUd 3TOro BhIpaskenusa. OupenennM, HaIpuUMeED,
pacrpefiesieHne 110 KHHeTUYIECKO 9Heprum B JI-cucTeMe. Bo3Boasd B
KBaJpaT PaBeHCTBO V = Vg + V, Haxoaum

v? = vg + V2 4+ 209V cos 0o,
OTKyJa 4
20V
BBopas cioma kumermdeckyio sneprmio T = mwv?/2 (rae m ects my
WM M2, CMOTPS MO TOMY, KaKOrO POJa PaCHaIHble YACTHUIIBI MbI

paccMarpuBaeM) 1 mozacTasiss B (16.7), mosyanM uckomoe pacmpe-
JleJIeHIe

d cos By =

T
2muoV’

(16.8)
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Kunernueckas sueprusi MoKeT MpoberaTb 3HAYEHNST OT HAMMEHBIITE-
10 Tinin = (m/2)(vo — V)? no maubombmero Tyax = (m/2)(vo+ V)2
B sTOM mHTEpBaJsie "acTuIBl pacupesesenbl corsacHo (16.8) omHo-
POHO.

[Tpu pacmasme gacTuipr Ha 6Ojlee YeM JIBe 9aCTU 3aKOHBI COXPa-
HEHWSI WMITYJIbCA W JHEPIUU OCTABJISIOT, €CTECTBEHHO, 3HAYNTEIh-
HO OOJIBINMIT TPOW3BOJI B CKOPOCTSIX M HAIPABJIEHUSX PACIATHBIX
YaCTHII, YeM TIPH PACIAJIE HA JBE YaCTU. B yacTHOCTH, SHEPTrUU pa3-
JIETAIOIIUXCS YACTHIL B I[-CUCTEME OTHIOIb HE UMEIOT OJHOTO OIIPeIe-
sienHOTO 3HadeHusi. CyIIecTByeT, OMHAKO, BEPXHUI IpeIes KHHETH-
9ECKOI SHEPTUH, KOTOPYIO MOYXKET IIPU STOM YHECTH C cODOi KaxKaast
73 PACMIaIHBIX YACTHIL.

s onpenesienust 3TOro mpeaesa OyneM paccMaTpUBATH COBO-
KYIHOCTh BCEX PACMAIHBIX YACTHUI[ 38 MCKJIIOUEHWEM OIHON 3a/IaH-
HOIT (C Maccoit m1) Kak OIHY CUCTEMY; €€ «BHYTDEHHIOK» YHEPTHUIO
obosuaunm uepe3 E. . Torma KuHeTH9ecKash SHEPIUs YACTULBI 1M
6yzert, cornacuo (16.1), (16.2), pasua

2
TlO = ;:;;1 = %(EBH - E].BH - E;H)
(M — macca nepsuunoit yactuiel). OgeBuano, aro 1o 6yzer nmeTs
HanboJbIllee BO3MOXKHOE 3Ha4eHue, korna E! . vunuvasnbra. s
9TOr0 HAJO, YTOOBI BCE PACIAJIHBIE YACTUIIBI 38 MCKJOYEHWEM [a-
CTHUIIBI ] OBUTAJINCH C OJHONW M TOH K€ CKOPOCTHIO; TOTIA E,’3H
CBOJMTCS MPOCTO K CyMMe WX BHYTPEHHUX HEpPruif, a pPa3HOCTb
Esy — Eipy — El, ectb sneprus pacnaga ¢. Takum o6pasom,

M —
(TIO)max = Tmle

(16.9)

SBamauymn

1. Haiitu cBsi3b Mexay yryiamu BbLteTa 01, 02 (B JI-cuCTeMe) pacmaiHbIX
YaCTHUI| IPU PACHaje Ha JABe YaCTHIHI.

Pemenue B ng-cucreme yribl Boizeta 00eux YaCcTHUI] CBA3AHBI IOCPEI-
ctBoM 019 = 7 — O99. Obo3Hauasa 619 nmpocro Kak ¢ u mpumeHss GopmyiLy
(16.5) x KaxkmO¥ M3 ABYX YACTHUL, MOXKHO 3alUCATh:

V + v10 cos 0 = w10 sin Op ctg 01,

V — V20 COS 90 = V20 sin 90 Ctg 92.
W3 srux gByx paBeHCTB HamO MCK/OYUTH Op. [ aTOrO onpenessieM cCHavaJsa
u3 Hux cos Op u sin Oy, mocie ero cocrasiseM cymmy cos? 8o +sin? 8p = 1. Yun-

ThIBasi TaKXKe, YTO U19/V20 = Ma/m1, u ucnonssys (16.2), Haiinem B pesyabrare
clegyonee ypaBHEHHE:
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mz . 2 mi . 2 . .
—= sin” 02 + — sin” 0; — 2sin 6 sin B2 cos(61 + B2) =
ma ma2 2
_ €
(m1 + m2)V2
2. Haiitu pacnpenesieHne pacmagHbIX YaCTHI 10 HAPABIEHUSIM BBLIETA B
JI-CUCTEME.

Pemenune Ilpu vo > V noxacrasusiem (16.6) co 3HakoM mioc mepen
kopHeM B (16.7) u mosmydaeM MCKOMO€e PacCIpeAesieHHe B BULE

SiIl2 (91 =+ 92)

. 2,2
sin 6 dO 2K s 4+ 1+ (V2/vg) co?29
2 Vo V1= (V2/v2)sin%0
IIpu vo < V manmo yunrsiBaTh 06e Bo3MoxKHbIe cBs3u Op ¢ 0. [Tockonbky mpu
yBenmueHnu 6 OZHO M3 COOTBETCTBYIOIIMX eMy 3HadeHuit 0yp pacrer, a apyroe
y6BIBaET, TO HaJO B3SATH PA3HOCTH (a He CymMy) BbIpaxkeHumil dcos Oy ¢ AByMst
3HakaMu nepex kKopHeM B (16.6). B pesysbrare nosmyunm

1+ (V?/vd) cos 20
V1—(V2/v2)sin?@

3. OnpeneuTh HHTEPBAJ 3HAYEHUIT, KOTOPHIE MOXKET UMEThb yTOa 6 MexIy
HAIPaBJICHUAMHE BbLIETa 06EMX PACHaJHbIX YaCTHUIl B JI-CHCTEME.

Pemenune VYrox6 ecrs cymma 01 + 02 yrios, onpenensomuxcs (op-
Mmyuoit (16.5) (cM. 3agady 1); mpolme BCero BBHIYHCISETCS TAHTEHC 3TOrO YIIA.
HVccnenoBanue 9KCTPEMYMOB MOJTY YaIOMErocs BHIPAXKEHNWA TPUBOAUT K CIIEAYIO-
M HUHTEPBaJ/JIaM BO3MOXKHBIX 3HAYEHUN 9 B 3aBUCHMOCTH OT OTHOCHUTEJJbHOI
BesMuuHbL V ¥ V10, V20 (IJ1s ONPEEIEHHOCTH [OJIATaeM BCETAA V20 > V10):

0<e<7'(, ecma v < V < v20;
MT—0m <0 <m ecmm V <wvig;
0<0<0m, ecmm V > v,
npudeM 3HaveHue 0,, gaercs popmyioin
_ V(vio + v20)
V2 4+ vigu20

(0<o6 <M.

sin 0 d6

(0 < 6 < Omax)-

sin Oy,

§ 17. Yopyrue CTOJIKHOBEHMS YaCTHUIL

CTOJKHOBEHVE JBYX YACTUIl HA3BIBAIOT YNpPYeuM, €CJIU OHO He
COIIPOBOXKIAETCS U3MEHEHNEM UX BHYTPEHHEro cocTosiHus. CooTBeT-
CTBEHHO 3TOMY IIpU NIPUMEHEHWH K TAKOMY CTOJIKHOBEHUIO 33aKOHA
COXpaHEHUd JHEPI'MU MOXKHO He YUHTHIBATH BHYTPeHHEll dHepruu
HaCTUIL.

IIpotie Bcero CTOJIKHOBEHNE BBITVIAAUT B CUCTEME OTCUYETA, B KO-
TOPO#i LIEHTP UHEPIWMH 00ENX YACTHUIl IOKOUTCH (I-crucTeMa); OyaeM
OTJINYaTh, KaK U B IpeablayineM maparpade, umagekcom 0 3Haqe-
HUsI BeJINYMH B 3TOM cucreme. CKOPOCTH YaCTHI JO CTOJIKHOBEHUS B
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II-CUCTEeM€ CBSI3aHBI C UX CKODOCTSAMHU Vi U Vo B JIADOPATOPHOI Cu-
CTeMe COOTHOIIEHUSIMU
my

ma
Vig= ———V, Vyg=————V
10 m1+ma 20 m1+me

rae v = vy — va (em. (13.2)).

B cusy 3akoHa coxpaHeHUS UMITYJIbCA MMIIYJIbCHI 00€UX YaCTHII
OCTAIOTCH IIOCJIe CTOJIKHOBEHWS DAaBHBIMU II0 BEJIMYIMHE W IIPOTHUBO-
TIOJIOYKHBIMY II0 HAIIPABJIEHUIO, & B CUJIy 3aKOHA COXPAHEHUS dHED-
TUU OCTAIOTCS HEM3MEHHBIMHU W WX aOCOJIOTHBIE BEIUYUHBI. Takmm
06pa3oM, pe3yaIbTaT CTOJIKHOBEHUST CBOJAUTCS B I-CUCTEME K IOBOPO-
Ty CKOpOCTeil 00€nX JaCTHII, OCTAIOIINXCS B3AUMHO IPOTHBOIIOIONK-
HBIMUA ¥ HEU3MEHHbIMU 10 BejimumHe. Hciam 0003HAYUTH 4Yepe3 Ny
€IMHWIHBIN BEKTOD B HAIIPABJIEHWH CKOPOCTH YACTHIBI M) IIOCTe
CTOJIKHOBEHHUSI, TO CKOPOCTHU 00E€UX YaCTHUI] IOCJIE CTOJIKHOBEeHUs (OT-
JINYAeM UX IITPUXOM) Gy IyT
my

2 ' my
— VI A" = ——v1y. 171
mi + ma 0 20 mi + ma 0 ( )

ro_

Vio =

YT06BI BO3BpATUTHCA K JIADOPATOPHOI CHCTEME OTCYETa, HAJIO0
100aBUTH K 3THUM BBIPAXKEHUSIM CKOPOCTb V IleHTpa mHepimu. Ta-
KuM 00pa3oM, IjIs CKOPOCTEN YaCTHUI[ B JI-CUCTEME IIOCJE CTOIKHO-

BEHUA II0JIydIaeM

! ma mi1vi + mava
vi=———vng+ ————,
m1 + ma m1 + ma (17 2)
m mivi + mav :
V/2 — _ L yng + ™ 1+ mava
mi1 + maz mi1 + ma

OTHUM WCYEPIBIBAIOTCH CBEJIEHUsI, KOTOPhIe MOXKHO HOJYYHUTb O
CTOJIKHOBEHMH, UCXOJd U3 OJHUX TOJIbKO 3aKOHOB COXPaHEHUA UM-
IyJIbCa ¥ dHEPruu. UTO KacaeTcd HAIpaBJIEHWS BEKTOPa N, TO OH
3aBHUCHUT OT 3aKOHa B3aUMOAEHCTBUA YaCTHUIl U WX B3aUMHOI'O pac-
TIOJIO2KEHMS BO BPEMS CTOJIKHOBEHUS.

ITosyyenHble pe3yJIbTaThl MOKHO HHTEPIPETHPOBATH F€OMETPH-
gecku. [Ipm atom ynmoOHee mepeiiTu OT CKOPOCTEN K HMITYJIbCAM.
YMHOXUB paBeHCTBA (17.2) COOTBETCTBEHHO HA M1 M Mg, MOy INM

I mi
Py = mung + —————(p1 + P2),
n o1+ o (17.3)
1+ m, P T P2
(m = mima/(mi+m2) — npusenennas macca). [locrpoum oKpyx-

HOCTB C PaJINyCOM MY U IIPOU3BEIEM YKa3aHHOE Ha PHC. 15 mocTpoe-

py = —mwng +
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ume. Ecm equHrHbIl BEKTOP N HATIPABJIEH BJIOJTb O—C: TO BEKTOPBI
AC u CB paoT cooTBETCTBEHHO MMITYJIbCEL Pi 1 ph. [Ipu 3anannbx
P! u Ph PaJyc OKPY?KHOCTH 1 HOJIOXKeHne To9eK A n B Hem3MeHHHBI,
a Touka C MOXKEeT MMETH JII000€ TOJIOZKEHNE Ha, OKPY?KHOCTH.
Paccmorpum mogpobuee ciaydail, Korja onHa u3 4acTul (IycTb
9TO0 OyZeT JYacTuIa mso) JO CTOJKHOBEHNS IOKOUIACh. B aToM ciaydae
ma
my + ma .
JIEXKUT Ha OKPY2KHOCTHU. BekTop ke AB coBmagaer ¢ UMILYJIbLCOM Pi
TEPBO YACTHUIILI 10 paccessHud. [Ipu 3ToM Touka A JIEXKUT BHYTPH
(ecm My < mg) miam BHe (ecim my > mg) okpyxHocTH. CoorBeT-
CTBYIOIIME IUarpaMMbl n300pakeHbl Ha puc. 16 ¢ u 6. YKa3aHHBIE
Ha HUX Yol 01 1 O IpeICTaBASIOT COOOM YTIIbI OTKJIOHEHUST YaCTHI]

mimaa OB = D1 = MU COBIAJAET C PAAUYCOM, T.e. TOUKa B

C
P: P2
A O B
OC = mw; a) my < mg 6) m1 > mgy
75 — mM(P1+p2) -
AQ = —————==5; — b
© m1+mg AB = p1;
— M2(p1+p2) AO/OB=m1/m2
OB = ——==-
mi1 + ma
Puc. 15 Puc. 16

[OCJIe CTOJIKHOBEHWsI IIO OTHOIIEHWIO K HAIPABIEHHWIO yiapa (Ha-

npasieHuio pi). LlenTpanbHeit ke yros, 0603HaYEHHBI Ha PUCYH-

Kax depes3 X (Zaromimit HampasiieHue Ny ), IpeCcTaBiseT coboi yro

TOBOPOTA TIEPBOIi YaCTHIIBI B CUCTEME IIeHTpa mHepIuu. 13 pucyHka

O4Y€BUIHO, UTO YIUIbl 01 u 02 MOTYT OBITH BHIPAYKEHBI YepPE3 YOI X
dopMmynamu

tg 91 = w, 92 = u (174)

mi1 + mz COSX

Brinumem Takxe opMybl, Onpeaesioniie abCoIIOTHbIE BEINYIU-

HBI CKOPOCTEM 00enX YaCTHIl TOCJIE CTOJKHOBEHUS 4YEpPEe3 TOT Ke

yTom: X:

/m2 +m2 + 2mims cosx
my + ma2

v] = v, vh= 2y g X (17.5)
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Cymma 01 + 02 ecTh yron passiera JacTHUI] TOCTE CTOTKHOBEHMS.
OueBngno, uro 01 + 02 > 71/2 npu m; < mg u 01 + 02 < 71/2 npn
m1 > ma.

Cayuqaro, Korga obe YaCTHIBI TOCE CTOJKHOBEHUS JBUXKYTCSH
1o ofHON mpsiMOit («J1060BO# ymap»), COOTBETCTBYET X = T, T.e.
nosioxkenne touku C Ha nuamerpe ciaeBa ot touku A (puc. 77 a;
IpH 9TOM P} ¥ Ph B3aHMMHO IPOTHBONONOXKHBI) mau Mexay A u O
(#a puc. ?? 6; npu 9TOM P} U Ph) HAIPABJIEHBI B OAHY CTOPOHY ).

CKOpOCTH YaCTHIL TIOCJIE CTOJKHOBEHUS B 9TOM CIIy9ae PABHBI
v, Vvh= _2m (17.6)

m1 + ma
3Hadenue v Ipu 3TOM — HAMOOJIbIIEe BO3MOKHOE; MAKCUMAIIbHAS
9HEprus, KOTOPYI MOXKET MOJYyYUTh B PE3yJIbTATE CTOJKHOBEHWS
[EPBOHAYAJILHO MOKOMBINASICS YACTUIA, PABHA, CIIEIOBATEIHHO,

12
! _ M2Vamax __ dmimaz
E2max - 2 - (ml +m2)2 1, (177)
’Inl’l)2
rme By = Tl — IEPBOHAYAJIbHAS YHEPTHUS HAJIETAIOIIEN JACTUIIBI.

IIpu my < Mgy CKOPOCTH HEPBOII YACTHUIHI IOCIE CTOJKHOBEHUS
MOXKeT MMETH Jii0boe Hanpasienue. Kcin
Ke M1 > Mo, YyroJl OTKJIOHEHUA JIeTdIeit
YaCTHUILI HE MOXKET IIPEBBIIIATH HEKOTO-
POT0 MAaKCHUMAaJIbHOT'O 3HAYEHWS, COOTBET-
CTBYIOIIETO TAKOMY MOJIOXKeHU0 TOUKH C
(puc. ??6), npu koropom npsmas AC
Kacaercs OKpyxkHocTu. (QueBHIHO, 4YTO
8in 01 max = OC/OA, nwin

Sin 01 max = % (17.8)
1

Puc. 17

OcoGeHHO TPOCTO BBIMVISAUT CTOJIK-
HOBeHME YacTul, (A3 KOTOPHIX OJHA [EPBOHAYAJIBHO MOKOUTCS) C
OJIMHAKOBBIMU MaccaMH. B 9TOM cilydae HE TOJLKO TOYKa B, HO u
Touka A nexar Ha okpyxHocTH (puc. 17). Ilpu sTom

0, = >§< 0y = % (17.9)
v] = vcos %(, vh = vsin%(. (17.10)

OTMeTnM, 9TO YaCTHUIBI PA3JIETAIOTCH IIOCTIEe CTOJIKHOBEHUS IO/ IPs-
MBIM YTJIOM ADYT K ADPYTY.
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SBamauga

Beipasurs ckopocTn 06enx YacTHUL, MOCIe CTOJNKHOBEHWsl JBUXKYINEHCHA da-
crunpl (M1) ¢ HEMOABUAKHOMK (M2) YePe3 UX YIVIBI OTKJIOHEHUS B JI-CHCTEME.

m
Pemenune Uspuc. ?? umeem ph = 2-OB-cos 0; mmm vy = 2v — cos 2.

ma2

Jns ummynsca xe p; = AC umeeM ypaBHeHUe

0C? = AO? 4+ pi2 —2A0 - p} cosO:

nJjan
2
vy 2m vy
v me v

!
V1 ma1
— = ———— cosB0; =
v mi + ma

Orcrona

mi + ma

1 .
m3 — m2 sin? 0,

(npm m1 > Mgy mepes KOpHEM AOMYCTUMEI 002 3HAKA, IPH Mg > M1 — 3HAK +).

§ 18. Paccegnmne gacTm

Kak 6bu10 y2Ke ykazaHo B HpeAblayiieM maparpade, MIOJHOE
OIpeJiesIeHne Pe3yJIbTaTa CTOJIKHOBEHNS JIBYX 4acTHI] (OIpe/jeieHre
yria X) TpebyeT pelleHus ypaBHEHWH ABUKEHNs C YIeTOM KOHKDEeT-
HOI'O 3aKOHA B3aUMOJENCTBUA YaCTHUIL.

B coorBercTBuE ¢ 06IIIMM IpaBUIOM OyIEM PacCMaTPUBATH CHA-
49aJia 9KBUBAJEHTHYIO 33/1a4y 00 OTKJIOHEHUH OJHON YaCTUIIBI C MAC-

Puc. 18

coit m B nosie U(r) HEMOIBHK-
HOT'O CHJIOBOTO IieHTpa (pacmo-
JIOXKEHHOTO B IIEHTPE WHEPIUN
JACTHII).

Kak 6puto yxazamo B § 14,
TPAEKTOPHUS YACTHUIBI B IEHT-
PAJILHOM II0JIe CAMMETPUYHA, IO
OTHOIIEHWIO K IIPSAMOIi, IIpoBe-
JIEHHOH! B O/IM2KaIIyIo K IeHTPY
Touky opburst (OA na puc. 18).
[TosTomy 0bGe acuMITOTHI OPOU-
ThI TIEPECEKAIOT YKA3AHHYIO IIPsi-
MYIO TIOJI OJTAUHAKOBBIMU YTJIAMHU.

Ecnu 0603Ha4UTE 9TH YTJIBI Y€pe3 g, TO YIOJI X OTKJIOHEHUS YaCTH-
1Bl IIPU ee IIPOJIETAHNU MUMO IIEHTPa €CTh, KAK BUIHO U3 PUCYHKA,

X = |7 — 2o

(18.1)



§ 18 PACCEAHUE YACTUI] 67

Yromn xe @q oupezensiercs, corsiacHo (14.7), maTErpasoMm
o0
(M/r?) dr

) 18.2
V2m[E —U(r)] — M2/r2 ( )

Yo =

Tmin

B3ATBIM MEXKJIy OJMKAUIIMM K MEHTPY U OECKOHEYHO YIAJIEHHBIM
MTOJIOYKEHUAMU YACTHUIBI. HATTOMHIM, 9TO 7'pin ABISETCSI KOPHEM BbI-
PaXKeHWsl, CTOSIIETO MO, 3HAKOM PaIUKAJIA.

[Tpu nHGUHUTHOM ABUXKEHUU, C KOTOPBIM MbI ©MEEM 37€eCh JEJI0,
yI06HO BBECTH BMECTO MOCTOAHHBIX F u M mpyrue — CKOPOCTD Voo
JaCTHUILI Ha OECKOHEYHOCTH M TaK HA3bIBAEMOE NPUUEALHOE PACCTMO-
anue p. Ilocmeanee npeacraBisier coboil [IMHY NEPIEHAUKYIISAPA,
OIIYIIEHHOTO M3 IEHTPA HA HAIMPABIIEHUE Voo, T.€. PACCTOSHUE, HA
KOTOPOM YaCTHUIIA MPOIILIa ObI MUMO IIEHTPA, €U OBl CHJIOBOE IIOJIe
orcyrcTBoBasO (puc. 18). DHEPrusi M MOMEHT BBIPAXKAIOTCS U€Pe3

9TU BEJIUYUHBI COTJIaCHO
2

E = m;‘”, M = mpve, (18.3)

a dbopmysna (18.2) npunuMaeT B

_ (o)1) dr
Po = / V1 —p2/r2 — 2U/muZ, ' (18.4)

Tmin
Bumecre ¢ (18.1) dbopmyna (18.4) ompenesnsier 3aBUCAMOCTD X OT p.

B dusnyueckux nmpuMeHEHUSX MPUXOAUTCH OOBIYHO WMETH JIEJIO
HE C WHIWBUIYAJbHBIM OTKJIOHEHMEM YaCTHUIIbI, &, KAK I'OBOPAT, C
paccearuem IeJIoro IMyYKa OJNHAKOBBIX YACTHIIL, TAJAIOIMNX HA PaC-
CEUBAOMIMI IEHTP C OMMHAKOBOM CKOPOCTHIO V. Pa3/IMIHbIE YaCTH-
bl B Iy4Ke 00JIaJal0T Pa3NIHbIMU NPUNETbHBIMU PACCTOSHUAMUI
¥ COOTBETCTBEHHO PACCEMBAIOTCH MO pa3iaudHbiMu yriaamu X. O60-
3HauuM depe3 dN 4ucio YacTHll, PACCENBAEMBIX B €UHUILY BPEMEHHU
Ha YIJIBI, JIeXKallre B MHTEpBaJje Mexay X u X + dx. Camo mo ce-
6e 3TO YHUCI0 HEYHOOHO IS XaPaKTEPUCTUKYU IIPOLECCA PACCETHUS,
TaK KaK OHO 3aBUCUT OT ILUIOTHOCTH HAJAOIIETO IIydKa (IPOIOPIH-
oHaJIbHO eif). [TosTomy BBemem oTHOIIEHHE

do = dN/n, (18.5)

TJe 1 — 4YHUCJIO YaCTHll, IPOXONAIINX B € JUHUILy BDEMEHU depe3 equ-
HUI[y IUIOIIAIY I[IONEPEYHOr0 CEeYEHMs IIydYKa (MBI HPEAOoaraeM,
€CTECTBEHHO, YTO IIy9OK OHOPOJIEH [0 BCEMY CBOEMY CEUIEHHUIO). DTO
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OTHOIIIEHUE MMEET PA3MEPHOCTD TLIOMIAIN U HA3bIBaeTCd addhexmus-
HoLM ceveruem paccesnus. OHO BCEIESIO ONPEeeISIeTCS BUIOM Pac-
CEMBAIOIIETO IIOJIA U ABJIACTCA BaKHEUIel XapaKTePUCTAKON IpOo-
I[ecca paccesHus.

Bynem cuntaTh, 9TO CBA3L MEXAY X U P — B3AUMHO OJZHO3HAY-
Ha; 9TO TaK, €CJIN YIOJI PACCETHUS ABJISETCA MOHOTOHHO yObIBatoOIeit
dyHKIMEN TPUIETHHOTO PACCTOsAHN. B TaKoM ciiydae paccenBaioT-
cs B 33JJaHHBIM WHTEPBAJI YIJIOB MEXKy X U X + dX JIUIIb T€ YaCTHU-
IbI, KOTOPBIE JIETAT C MIPHUIEJbHBIM PACCTOSHUEM B OLIpEIeSIEHHOM
unTepBasie Mexay p(X) u p(x) + dp(x). Hucmo Taknx wacrum pas-
HO IPOU3BEIEHUIO N HA ILIOMAAHL KOJbLA MEXIY OKPYKHOCTIMHE C
paguycamu p u p + dp, T.e. AN = 27mpdp - n. Orcioga scpdexTunHOE
cedeHne

do = 2mp dp. (18.6)

YTobbl HaliTu 3aBUCHMOCTH 3GMMEKTUBHOIO CEYEHUS OT YIVIA

paccesiHus, TOCTATOYHO TEPENUCATH STO BHIPAYKEHUE B BUJIE

do = 2mp(x) ‘%‘ dx. (18.7)

MbI nuiem 371€ch abCOIIOTHOE 3HAYEHNE TPOU3BOAHOMN dp/dyX, nMmest
B BUJLY, YTO OHA MOXKET OBITH OTPHUIATENHHON (KAK 3TO OOBIYHO ObI-
Baer) ). Yacro orHOCAT d0 HE K 3JIEMEHTY IUIOCKOrO yria dX, a
K 3JIEMEHTY TeJIeCHOTO yruia do. TesecHBI yros Mexky KOHYCaMU
c yriaMmu pacTBopa X u X + dx ectb do = 27 sinX dx. [losTomy
u3 (18.7) umeem
o= || g, (18.8)
siny |dx
Bosppamascs kK dakTudeckoil 3amadue 0 pPacCEeSHUU IIyYKa Ta-
CTHUI[ HE HA HEMOJBUKHOM CHUJIOBOM IIEHTDE, & HA JIPYTUX IIEPBOHA-
YaJIbHO TIOKOMBIIIMXCS YACTHUIAX, MBI MOXKEM CKa3aTh, YTO (DOPMYJIa
(18.7) ompegensier 3¢ peKTUBHOE CedeHnE B 3aBUCUMOCTU OT yIJIa
paccessHus B cuCTeMe IeHTpa mHepimu. [l HaxoxaeHus ke 3¢-
bEKTUBHOTO CeYeHUsT B 3aBIUCUMOCTH OT yIJia paccesinud O B jabopa-
TOPHOM CHCTEeMe HAJIO BHIPA3UTh B 3TON dopmyJie X depe3 O corsac-
HO dopmysiam (17.4). Ilpu 5TOM HOIY9arOTCs BHIPAYKEHUS KAK IS
CedeHMsl PACCESHUs MAIAIOMIEro My dKa JacTul (X BBIPDAXKEHO depe3
01), TaK u IS YACTUIL, TEPBOHAYAJILHO MOKOUBIIUXCSA (X BBIPAXKEHO
gepes 02).

1) Ecin dyukuus p(X) MHOrO3HAUHA, TO HaI0, OYEBUAHO, B3ATh CYMMY TaKUX
BBIPAXKEHUI 110 BCEM BETBSAM 9TOH (DyHKLIUU.
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Bamauymu

1. Oupegenutsb 3¢pdeKTUBHOE CeYeHNE PACCESTHUS YACTHUL, OT abCOIIOTHOTO
TBEpAOro mapuka pagmyca a (T.e. mpu 3akoHe B3ammogeiicreua U = oo mpwm
r<auU=0mnpur>a).

P em e nue Tak Kak BHE MIapUKa YACTULA ABUKETCA CBOOOIHO, a BHYTPb
HETrO0 NPOHUKHYTH B006H.(e HE€ MOXKET, TO TPACKTOPUA CKJIAObIBAETCA U3 ABYX
NPAMBIX, PACIIOJIO2KEHHBIX CUMMETPUYHO OTHOCUTEJIbBHO paauycCa, IIPOBEACHHOTO
B TOUKY ux nepecedenus: ¢ mapukoM (puc. 19). Kak BunHO u3 pucyHka,

. . TC—
p = asin @o = asin X:acos)%.
IMoncrasusis B (18.7) mn (18.8), moyuaem
2 2
ma’ a
do = T smy dX = Z dO, (1)
T.e. B IJ-CHCTeMe paccesiHue n30TponHo. HTerpupys do mo BceM yriam, Haliaem,
4TO TONHOE cedenme O = 7a® B COOT-

BETCTBUU C TEM, YTO NPUUEALHAA NAO-
wadb, B KOTOPYIO JOJI2KHA MOMACTh 4ac-
THUIA OJIsl TOr0, YTOOBI BOOOIE pacCesaTh-
Csl, €CTh IJIOMAIb CEYEHUs IIAPUKA.
Jnsa mepexoma K JI-CUCTEMe HAIO
BbIpa3uTh X 4epe3s 0; cormacHo (17.4).
BbluuciieHusl TOJHOCTBHIO AHAJIOTWYHBI
NpOU3BEAEHHBIM B 3azade 2 §16 (BBumy
dopmansroro cxoacrsa dhopmys (17.4) u
(16.5)). IIpu my < mg (m; — Macca 4a-

CTHI, M2 — MacCa IAPUKOB) IOJIy9IUM Puc. 19
2 2/ 2
doy = % 2™ cose, + 1+ (mf/ms3) cos 261
4 | m2 V1= (m2/m3)sin? 8,

(do1 = 27 sin0:1d61). Ecim xe ma < m1, TO
ﬁ 1+ (m?/m3) cos 26,
2 /1 - (m3m2)sin® 0,

do‘l = d01

IIpu m1 = ma umeem
2
doy = a”| cos 01| doy,
YTO MOXKHO IOJIyYUTb ¥ IPAMOii moacTaHoBkoi X = 26; (coruacuo (17.9)) B (1).
JlJ1s1 mepBOHAYAJIBHO ITOKOMBIIHNXCS IIAPHUKOB MMeeM Bcerma X = 7 — 202, u
nogcraHoBka B (1) maer
2
dos = a”| cos 02| doa.
2. Ina Toro ke ciydas BbIPa3uThb 3(P(MEKTHUBHOE CedeHne KakK (PyHKIHIO
SHEPIUHU €, TEPSIEMON PACCEMBAEMBIMU YaCTHIAMHU.
P em e H ue. Dueprus, repsemMas 4acTHUedl m1, COBIAJAET C dHEPruei,
npuobperaemoii dactuueit me. Cormacuo (17.5) u (17.7) nmeem

2m¥m2 2 2X 2 X
£ = E, = ——— i — = E€max i —_
5 (mr + m2)? Vg SIN 9 ax Sin 9
OTKyza
1
de = 3 Emax Sin X dx,
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u, noxcrasnss B dopmyay (1) 3amaqm 1, monyaaem
de

do = ma®
Emax
Pacnpenenenne paccesHHBIX JaCTHIL [0 3HAYEHUSAM € OKA3BIBAETCSA OJHOPOIHBIM
BO BCEM WHTEPBAJIE € OT HYJIA MO Emax-
3. Kak 3aBucHT 93 PEKTHBHOE CEYEHNE OT CKOPOCTH Voo YACTHIL IIPH PACCE-
siuuu B ote U «o ™ "7
Pemenune Cornacro (10.3), ecnu moreHuua bHAS SHEPTHUS €CTH OJHO-

ponHas dyHKIus mopsanka k = —n, TO Ayl NOAOOHBIX TPAEKTOPHL p 1 v 2/

nJaIn 2
p=v"" f(X)

(yrobl oTKIIOHEHUsT X AJsA NONOOHBIX TpaekTopuil oguHakosbl). IloncraBnssa B
(18.6), naitmem, 4ro

do » vM™ do.

4. Onpenenurs 3 PeKTUBHOE CeYeHnE IJIsi «HANEHUs» YACTHLL B IEHTP II0-
as U = —o/72.

Pemenne. «[lagaioT» B HEHTP T€ YACTHUIBI, AJi KOTOPHIX BHIMOTHAETCS
ycmosue 2 > mp?vZ, (cm. (14.11)), T.e. y KOTOPBIX NMpHIEIBLHOE DACCTOSHHE
HE [PEBBIIIAET 3HAYEHUS Pmax = 4/ 20¢/mvZ,. Iloaromy uckomoe adbdexruroE
cedeHue
2mo

2
0 = TPmax = a2
muZ,
5. To xe B moye U = —a/r™ (n > 2, o > 0).
Pemwenue 3aBucumocts 3¢hdHeKTUBHON NOTEHIMAIBHON SHEPTUU
U — mpZ v o
b = =2 — =
¢ 2r2? rn
OT T UMeeT BU[, n300pakeHHbIH Ha puc. 20 ¢ MAKCUMAaJbHBIM 3HAYEHUEM
n
(Uns) _U (n—2)a [(mp*v3,\ P2
a¢p Jmax = U0 = .
¢ 2 on
«ITapgaror» B neHTp nosst Te yacTunpl, y Koropeix Uy < E. Onpeznensis pmax 43
yesoBus Up = E, nony4daem
Uso

2m 2/n
G=7’tn(n—2)T( x ) .

muZ,

6. Onpenenurs 3ddeKTUBHOE cevyeHne IJis maje-
T Huda gacTuy (C MaccaMu My ) Ha MOBEPXHOCTH cepude-
ckoro Tena (¢ Maccoil mp u pagumycom R), K KOTOpOii

OHU NIPUTATUBAIOTCA II0 3aKOHY HbIOTOHa.
Pemenune VYcnoBue nmameHus 3ak/0O4YaeTCd B
Puc. 20 HEPABEHCTBE Tmin < R, rOe rmin — O/rkaiiimas K ueH-
Tpy cdepnl Touku TpaekTopuu dactuusl. Hambosbuiee
JIOIyCTUMO€E 3HAYEHHE p OMNPEJENeTCs YCJIOBHEM Tmin = R, 4TO cBOmMTCA K

pewennto ypasrenus: Usg, (R) = E nnn

Uo

2 2 2
M1 Voo Prmax M1V

X _ MV
2R? R 2
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npu4eM o = ymimg (Y — IDABHTALMOHHAS NOCTOSIHHAsH), W MBI IOJIOXKWJIH
m & M1, CYMTAs, YTO Mg 3> my. Haxoms oTcioma p2 .y, NOdydaeMm

2 2yma
— 1 .
o=mR < + Ro

IIpu voo — 00 3¢pdekTuBHOE CEUeHME CTPEMUTCS, ECTECTBEHHO, K [€OMETpUYE-
CKO# IIomany cedeHus: cepsl.

7. BoccranosuTs Bz paccensaromero nojis U(r) mo 3amaHHoi 3aBECHEMOCTH
3¢ HeKTUBHOrO CeueHMsl OT yIyia pacCesiHus IPU 3aJaHHOM sHeprun E; npexamo-
saraercs, 910 U(r) — MOHOTOHHO yGbiBatomas ¢yHKuus r (Ioe OTTaJIKUBa-
uus), npudem U(0) > E, U(oo) = 0 (O.B. @upcos, 1953).

P em e uue. VnrerpupoBanue do no yriry pacCcesiHUs OIPEAEJISIET COTJIAC-

HO dopmye o
do _ 2
/ o dx = mp 1)
X

KBaJpaT [PULEJbHOrO PaccTosiHus, Tak uro ¢ynkumo p(x) (a ¢ meit u X(p))
TOXKE MOXKHO CYATATh 3a/aHHOM.
Beogum obo3naueHus:

1 1 U
s=, w=p—2, w= 1—E. (2)
Torma dpopmysnsr (18.1), (18.2) sanuuryrcs B Bune

m—x(z) 7 ds
2 B ,0/ Vaw? — 2’ )

rae So(Z) — KOpeHb ypaBHEHHs
2 2 _
zw”(so) —so = 0.

VYpasrenue (3) — unTerpanbHoe ypaBHeHue 1jisi GyHKumA w(s); ero MOXKHO
PEelIUTh METOIOM, aHAJOTMYHBIM KCHOJIb30BaHHOMY B § 12. Pasnmenus obe ga-
ctu (3) Ha /0t — T ¥ IPOMHTErPUPOBAB M0 dT B IpeLeJax OT HyJIs 40 &, HalifeM

« a so(z)
/ n—x(z) dz _/ / dsdz _
2 va—z ) ) V(zw? — %) (o — z)
so(ax) « so(ex)

/ dz ds / ds
= =TT —_,
\/(mw2—s2)(oc—m) w

0 z(so0)

WJIM, UHTETPUPYS [0 YaCTAM B JIEBOH YaCTH PABEHCTBA,

so(x)

(24
n\/&—/\/oc—mj—);dw:ﬁ/ E
) )

w

IMosy4ennoe coorHomenne nuddepeHnupyeM o «, MOCIE Yero BMECTO So(X)
ITHIITEM TPOCTO §, COOTBETCTBEHHO YeMy 3aMeHsieM  Ha s> /w?; Hamucas paBeH-
crBO B auddepennnanax, mosyIum
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27 \w? §2 w
w?
WIn
52 Jw?
—mdln w d(s) / X (z) o
- 2
o s _
w? v

OT0 ypaBHEHHE UHTEIPUPYETCs HEMOCPEACTBEHHO, IPUYEM B IIPABOi 9acTH CJie-
JlyeT U3MEHUTD NOPANOK HHTerpupoBanus no dzr u d(s/w). YuuTsiBas, 4TO nIpH
s =0 (re. r = 00) momxuo 661TH w = 1 (T.e. U = 0), u BO3Bpamaach K
HCXOOHBIM IIEPEMEHHBIM 7' W p, HOAyYUM OKOHYATEJbHBIH pe3ynbrar (B OBYX
SKBUBAJIEHTHBIX (popmax):

oo oo
1 d 1 d
w = exp —/Archi‘—xdp = exp _Xx(p)dp (4)
U rw dp /p? — r2w?
rw
Sroit popmyoii onpenensieTcss B HesIBHOM Buje 3aBucuMoctb w(r) (a TeM ca-
meiM u U(r)) mpu BCeX r > Tmin, T.€. B TOH 06GJaCTH 3HAYEHWH T, KOTOpas

(daKTUUIECKU MPOXOIUTCH PACCEMBAEMON YaCTULEH C 3aJaHHON dHepruei F.

§ 19. ®opmyaa Peszepdopaa

OnHO W3 Ba)KHEHIIMX [PUMEHEHWH IIOJyYeHHBIX BbImie (op-
MyJI — PacCesiHUE 3apsi’KEHHBIX YACTUI] B KyJIOHOBCKOM IIOJIE.
ITonoxxus B (18.4) U = «/r n nmpou3BoAs I€MEHTAPHOE MHTE-

rpUpoOBaHUe, IOJIy4YuM o

mvi,p
2

o 2’
+ (s
mvd,p
2 o

p = g(pO,

m2v4

(o = arccos

OTKYJa

wiy, BBoAs coryacHo (18.1) ¢@g = (7 — x) /2, monydaem

2
p? = ctg? 2 (19.1)

m2vd,
Huddepennupyst 370 BbipakeHue mo X u moacrasisas B (18.7)
win B (18.8), mosy4aem

dcr=7t( x )Qﬂd (19.2)

& ()™

mud,

njin
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2
do = ( S ) Sinj’é). (19.3)

DTo TaK Ha3biBaeMasd gopmyasa Peseppopda. Ormernm, uro addek-
THUBHOE CeYeHWEe He 3aBHCUT OT 3HaKa (X, TAK YTO HOJIy9YEeHHBINH pe-
3yJIbTAT OTHOCUTCH B PABHOM CTENEHHU K KYJIOHOBCKOMY IIOJIIO OTTAJI-
KUBAHUS W TIPUTSIKEHUA.

®opmysa (19.3) maer 3dpdekTUBHOE cedeHNe B CUCTEME OTCUe-
Ta, B KOTOPO# MOKOWUTCS IEHTD WHEPIIUU CTAJKUBAIOIINXCS YACTHII.
IIpeobpa3oBanme K J1a6OPATOPHOM CHUCTEMe IIPOU3BOAUTCA C IIO-
mosio opmya (17.4). st gacTu, mepBOHAYAIBHO TOKOUBIIIXCH,
noacrasisg X = 70 — 202 B (19.2), momyunm

doy =21 (Lf sinfa g0, =( x )2 do> (19.4)

2mu2, cos3 0 mu2, cos3 0z
Jna maparonux Ke dacTul] npeoOpa3oBaHWE IPUBOAUT B 00IIEM
CIIy4ae K BeCbMa rpoMo31Koit (hopmysie. OTMeTHM JIUIIBL 1Ba 9aCT-
HBIX CJIydas.
Ecnu macca me paccemBaroiieil YaCTHUIBI BEJIMKA 0 CPABHEHUIO
C Maccoil m] paccemBaeMoil JacTHIlpl, TO X ~ 01, a m &~ mqp, Tak
9TO

_ X 2 d01
doy = (E) sin®(6,/2)’ (19.5)

rie B = miv2, /2 — 3Heprus majaiomei 9acTUIbI.
Ecau macebr 06enx 9acTuil OMUHAKOBEL (M1 = mg, m = m1/2),
To, corsacHo(17.9), X = 201 u moxcranoska B (19.2) naer

doy = 2nc <i>2 cos0 g — (i)2 LI (19.6)

Ei/ sin®6, E1/ sin*0,
Eciu He TOABKO MacChl 00€MX YACTHI] PABHBI, HO 9TH YACTHUIIBI BO-
00111e TOXKAECTBEHHBLI, TO HE MMEET CMBIC/IA PA3J/IM4aTh IIOCJIE Pac-
CesiHUs MIEPBOHAYAJILHO JIBUTABIINMECS YACTHUIBI OT MIEPBOHAYAIBLHO
nokouBIuxca dacrtut, Obinee 3¢ PeKTUBHOE cedeHne Jjisd BCeX Ya-
CTHII MBI TIOJIyYNM, CKJIaAbIBasA do] u dOg 1 3ameHsas 01 u O obmmm
3HageHueM 0:

dc—(“)Q( L4 1 )cosedo (19.7)
E; sin*® = cos* 0 ’ ’
Bepnewmcsa cuoBa k obmeit hopmyste (19.2) u onpenesnm ¢ ee mo-
MOIIIBIO PaCIpeie/ieHne PACCEAHHBIX YACTHIL TI0 OTHOIIEHUIO K Tepsi-
€MOii IMHU B pe3yJIbTaTe CTOJKHOBEHUS SHEPTUH. 11py MpOon3BOIHLHOM
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COOTHOIIIEHUN MEXKJy MacCaMH PaCcCemBaeMoOl (mj) W PaccemBaro-
weit (mg) gacrurn, npuobperaemMas MOCIAE HEH CKOPOCTh BBIPAZKAET-
Csl 9epe3 YTroJl PACCEAHUS B I[-CHCTEME CJIEAYIONAM COOTHOIIEHUEM:
/ 2m .
vh = —1 gy sinX
m1 + me 2
(cm. (17.5)). CooTBeTCTBEHHO, TPHOOPETAEMAast ITO YaCTULEl, a TeM
CaMbIM U TepsieMasi YaCTHILEH M JHEPrusi paBHA
mev's 2m? o

e=—2="—0
2 ma 0

- 2

sin %(

Beipasus orcioza sin (X/2) depes € u nogcrasus B (19.2), noydaem
do = 2m % % (19.8)

mavs, €

OTa opMysa OTBeUaeT Ha MOCTABJIEHHBIN BOMPOC, OMpeaesss -

deKTUBHOE cedueHne KaK (PYHKIMIO OT MIOTEPY SHEPTUH €; TOCIIETHSSA

IpoGeraeT Mpy ITOM 3HAUEHHUS OT HYJIS 10 Emax = 2M2v2, /ma.

Bagmgaumn

1. Haiite acbdbextusroe ceuenue paccesaus B mote U = /1% (o0 > 0).
Pemenue Yrom OTKIOHEHUS:

1
x=mt- \/—1+2oc/(mp2vgo)]'

DddekruHoE ceyenue

do = 2o m—X fio .
mu2, x2(2m—x)? sinx

2. Haiitu adpdexTusHOe ceuenne paccessHus chepruIecKoil «IIOTEHIAIbHO
siMoit» pajuyca a u «riaybuns» U (T.e. momem U = 0 mpu r > a, U = —Uj upn
r<a).

P em e v ue Ilpamonuueiinasi TpaeKTOpUS YaCTUIBI (IIPEJIOMJISETCI»
[IpH BXOZE B sIMy U IpH Bbixoze u3 Hee. CorsiacHO
3ajad4e K § 7 yIuibl mafieHus & U IpeaoMyeHus 3
(puc. 21) cBA3aHBI COOTHOIIEHNEM

STn“:n, =14 2Uyp
sin

mu2,’

VYron orknonenns X = 2(x— ). Ilosromy umeem

Puc. 21 sin(ox — x/2 .
(%= X/2) _ osX _ otgasin X = L.
sin o 2 2 n
I/ICKJ'IIO“II/IB & U3 ITOrO paBeHCTBa " O4YEBUIHOI'O U3 pncyHKa COOTHOIIIEHU A
a sinx = p,

MOJIyYUM CBSI3b MEXJY p U X B BHIE
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2«2)_()
nsm(2

nz+1-— 2ncos()§<)

2 2
P =a

Haxkonen, nuddepennupys 3To paBeHCTBO, noixy4duM 3¢ HeKTUBHOE CedeHne

oot (neos(3) —1) (n-cos(3))
4COS()5<) (1+n2—2ncos<)§<))2

VYron X Mmensiercss B npegenax or Hyns (npu p = 0) mo 3HaYeHUS X, (IpH
p = a), OIPEEIIAeMOro U3
1
cos(xm—ax) ==

2 n

Ilonnoe acdpdexkTuBHOE cedeHune, MOMydYalONIeecs NHTErPUPOBAHUEM dO IO
BCEM YTIJIaM BHYTPH KOHYCA X < Xpax; PABHO, Pa3yMeeTcCs, IIOMIAAN T€OMETPH-
9ecKoro ceueHns Ta>.

§ 20. Paccegnne moa MaJIbIMM yriiamMu

Beruncienne 3¢ dekTuBHOrNO ceueHus 3HAUUTEIHHO YIIPOIIAET-
Csl, €CJI PACCMATPUBATD JIUIIb T€ CTOJIKHOBEHWsI, KOTOPhIE ITPOUC-
XOASAT Ha OOJIBININX TPHUIENBHBIX PACCTOSHUAX, Tae noje U aBiaser-
cs caabbIM, TaK 9TO YIVIbI OTKJIOHEHUsI COOTBETCTBEHHO MaJjbl. [Ipu
9TOM BBIYUCJIEHNE MOYXKHO IIPOM3BOJAUTH CPa3y B JIAOOPATOPHOI Cu-
CTEME OTCUETa, HE BBOJS CUCTEMY IEHTPA WHEPIIWN.

BribepeM och x 10 HANpaBJIEHUIO IEPBOHAYAILHOTO UMITYJIHCA
paccenBaeMbIX JacTull (YacTHUIBL M ), & IVIOCKOCTh LY — B IIJIOCKOC-
T paccessHus. OGO3HAYMB Yepe3 P| MMIYJIbC YaCTHUIBI HOCIE PAC-
CesIHUsI, IMEEeM OYEBHIHOE PABEHCTBO

/
sin@; = 2v,
P
Jlag MajbIX OTKJIOHEHWH MOXKHO NPUOJIMIKEHHO 3aMEHUTH Sin 01

Ha 01, a B 3HAMEHATENIE — 3aMEHUTH p'1 II€PBOHAYAJIBHBIM MMILYJIb-
COM P1 = M Vxo-

01 ~ ply/ (M1vso). (20.1)
Hainee, mockoneKy py = Fy, To monHOe mpupalmieHne HMIIYJIbCA,
BJOJIb OCH Y
o0
p’ly = / F,dt. (20.2)
—00

IIpu sTom cuma
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U _ dU or _ dUy

Fyz_%_ dr 8y =~ dr 7’

[Tockosbky unaTerpad (20.2) yxe comepKuT Mairyo Bejmauty U,

TO TIPH €T0 BBIYUCJIEHUW MOXKHO B TOM K€ TPUOJIMIKEHWH CUUTATH,

9YTO YaCTHUIA BOBCE HE OTKJIOHSETCS OT CBOErO MEPBOHAYAIBHOTO ITy-

TH, T.€. JBUXKETCS NPAMOJIMHEHHO (BIOJIb MPAMOl Y = p) U PaBHO-

MEPHO (€O CKOPOCTBIO Vs ). COOTBETCTBEHHO TOMY mHOIaraeM B (20.2)
F=-%pr g9

dr r Voo

o0
o _p [ dUde
Py = vw/dr T
—00

Hakomer, ot naTerprpoBanus mo dx mepeiieM K WHTErPUPOBa-
umo 1o dr. IlockonbKy s mpaMonmreiisoro mytn r2 = x2 + p2,
TO TIPU M3MEHEHWH I OT —O0O0 JO0 +00 T M3MEHSIETCSI OT 0O J0 p U
3aTeM CHOBa 210 00. [losTomy mHTErpasn mo dr mepeiiaeT B ABORHOM
HHTErpaJj no dr oT p A0 00, IpudeM dT 3aMeHAeTCS Ha

dr
//’-2 — pZ
OxoHuaTesbHO mosTydnM i yria paccesaus (20.1) cremyromee
BBIpazKeHue 1):

U TIOJTy9aeM

oo

0, = 2 / dUu  dr
mivs dr \/m ’
0
9eM ¥ OINPEJIESISeTCs NCKOMas 3aBUCUMOCTD 01 oT p mpu cyiabom oT-
kyoHeHNH. DbdEKTUBHOE ceueHne paccesHus (B JI-CACTEME) MOJIY-
Jaercsd 1o Takoii xe dbopmyse, kak (18.8) (¢ 01 BMecTo X), mpuueMm
sin 01 MOXKHO 1 3/1€Ch 3aMEHHUTH Ha 01:

201 doy. (20.4)

(20.3)

1) Ecnu npousBecTH BeCh W3JI0KEHHBIA BHIBOJ, B Ij-CHCTEME, TO MBI IOy 9HM
OJI X TaKOe BBIPAXKEHUE C 1M BMECTO 1M1 B COOTBETCTBHH C TEM, UTO MAJble
yriibl 01 U X JOJIKHBI OBITH CBsI3aHBI, corsiacHo (17.4), cooTHOmEHMEM
_MmaX
my+mg’

0 =
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Bamauymu

1. Ioayuurs dpopmymny (20.3) u3 dopmyner (18.4).
Pemenue. C nempio nsbexarb HUKE (PUKTUBHO PACXOAAIIAXCS UHTE-
rpaJioB, npeacTtaBuM GopMyIy (18 4) B BUgE

/ mv2

"'mln
an/Iqu B KQUeCTBE BerHel"O npe,z(e.na IIAIIEeM 6OJ'[I:>H.IyIO KOHe‘lHyIO BeJ'II/I'{I/IHy R,
uMesi B BUAy nepeiitu 3aTeM K npegeny R — co. Beumy masmoctu U paznaraem
KOpeHb 10 creneHsM U, a Tmin 3aMEHsieM HPUOJIIMKEHHO HA p:

d 1o}
pdr__

R o
0 / U(r)dr
0= 72 a_p 72.
P rzwll—p—2 P mvgowll—p—Q
r r

Ilepsoiit maTErpan nocie nepexona k npepery R — oo maer 7/2. Bropoii xe
HHTErpaJl npe,qBa,pnTeJIbHo npeobpa3yeM IO 4acCTAM U IOIy4aeM BbIpAaKeHHe
(oo}
\/ — p? dU _ 2p du dr
mvZ, dr muZ, dr \/r2 = p?’

p p
sxBuBajieHTHOE (popmyste (20.3).

2. Onpegenutsb 3ddEKTUBHOE CeYeHNEe PACCEesiHUs HA MaJible YIVIBL B IOJIE

U =ptdrin 0% Cormacao (20.3) umeem:

(oo}

2pan dr

2 _2—
X=T— 4290 ap

01 = .
M1V ’I”"+1 7”2 _ p2
P
o 272 o
Tlomcranoskoit p°/r* = u unTerpasn npusogurcsa Kk B-unrerpasiy Diiepa u

BbIpaXkaercs uepe3 I'-byHkiun

r n+1
20/ 2
0, = .

ki
2
Bripaxas orciona p uepes 01 u noacrasnss B (20.4), monydum

2/n
2/ r( )
do= — e 91_2(1+1/n)d01.

T

n+1
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MAJIBIE KOJIEBAHU A

§ 21. CpoOomHble omHOMEpPHBIE KOJIebaHUd

OueHb PaCIpPOCTPAHEHHBIN THUI JBUKEHUS MEXAHUIECKUX CH-
CTEM TIPEJCTABJIAIOT CODON TaK HA3BIBAEMBIE MAAbBIE KOAEOGHUSA, KO-
TODPBIE CHCTEMA COBEPIIAET BOJU3M CBOETO MTOJOKEHUS YCTONIMBOTO
paBHOBecusi. PaccMOTpeHye 9TUX [IBUKEHN Mbl HAYHEM C Hanbosee
MPOCTOTO CJIyYasi, KOTJIa CUCTEMA MMEET BCETO OJTHY CTEIEeHb CBOOOIBI.

YcTOMYNBOMY PABHOBECHIO COOTBETCTBYET TAKOE IMOJIOYKEHUE
CHCTEMBI, B KOTODOM ee TOTeHnuajbHas dHeprusa U(qg) mmeer Mu-
HAMYM; OTKJIOHEHWE OT TAKOrO MOJIOXKEHWS MPUBOIUT K BO3HUK-
HOBeHuIo cuyibl —dU /dq, crpemsineiics BepHYTh CHCTEMY OOPaTHO.
O603HaYMM COOTBETCTBYIOIIEE 3HAUYEHWE OOOOIIEHHON KOOPIMHATHI
gepe3 qo. 1Ipu MaJbIX OTKJIOHEHHSIX OT IOJIOXKEHWsI PABHOBECHUS B
pasnoxkennu pasaocru U(q) —U(qo) mo crenensmM g — g JOCTATOUHO
COXPaHWUTH MEPBBI HENCUE3AONIWI wieH. B 0b1em cirydae TaKOBbIM
SIBJISIETCA IJIeH BTOPOT'O IOPLAIKA

U(g) - Ulgo) ~ 5(a - 20)%,
rae k — monoXKuTeNbHBIA KoaddunueHT (3HaYeHNe BTOPOI mpon3-
sozuoit U”(q) npu ¢ = qp). Bynem B ganbreiimeM OTCYATHIBATD
HOTEHNIUAJIbHYIO SHEPIUIO OT €e MUHUMAJIBHOIO 3HadYeHus (T.e. IO-
noxuMm U(qo) = 0) u BBemeM obo3HAUEHNE

T=q-q (21.1)
AJId OTKJIOHEHN YA KOOPDAUHATHI OT €€ PaBHOBECHOT'O 3HAYECHUA. TaKI/IM
obpaszom,
_ ka?

U(z) 5 (21.2)
Kunernyeckasi sHeprusi CUCTEMBI C OJHON CTEINEHBIO CBOOOIBI
“MeeT B ODIIEM CIydae BUIL

1 .2_1 .9
50(0) 4 =5a(g)d”

B ToM ke npubmKeHnn JOCTATOYHO 3aMEeHUTD (DYHKIWMIO a(g) mpo-
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CTO ee 3HAYEHUEM Iph ¢ = gg. BBoag 1qy1st KpaTkocTn obo3HaYeHNE 1)

a(qO) =m,
IIOJIyYUM OKOHYATEJIbHO CJIEAYIOIIEE BBIDAXKECHUE IJId HanaH}KeBOﬁ
GYHKIMM CHCTEMBI, COBEPIIAOIIEH OTHOMEPHBIE MaJIble KOIeOaHus 2):

mi? ka?
L="0 -2 (21.3)
CoorBeTcTByOIIEE 3TOM (DYHKINY YPABHEHUE JIBUKEHUS TIIACHT:
mZ + kx =0, (21.4)
nJIn
i+ w2z =0, (21.5)

rlie BBEIEHO 0DO3HAYEHHUE

w = /k/m. (21.6)

JlBa He3aBUCUMBIX pelIeHus JIMHEHHOTO quddepeHnnaIprHOro ypas-
Henud (21.5): cos wt u sin wt, Tak 4TO €ro obuiee perreHne

T = c¢1 cos Wt + co sin wt. (21.7)
STO Bpra?KeHI/Ie MO2KET 6bITb HaIIMCaHO TaKXXe€ M B BUIE
x = a cos (wt + ). (21.8)

ITockonbky cos (Wt + o) = cos wt-cos x —sin wt-sin «, cpaBHeHHE C
(21.7) nmoka3bIBaeT, YTO NPOU3BOJILHBIE IIOCTOSHHbIE @ ¥ (X CBS3AHBI
C IIOCTOAHHBIMU C1 U C9 COOTHOIIECHUAMMN

a=4/ci+ci, tga=—c/c. (21.9)

Taxum 06pazoM, BOIM3U MTOIOXKEHUS YCTONYIMBOTO PABHOBECHUS
CHCTEMa COBEPINaeT rapMOHUYECKOe KojiebarespbHoe aBmxkenue. Ko-
s dunuenT a npu neproardeckoM MHoXkuTeE B (21.8) HasbiBaeTcs
amnaumydoti Kosebaumit, a apryMeHT KOCUHYCa — UX pa3oli; X eCTh
Ha4daJbHOe 3Ha4YeHue (has3bl, 3aBUCAIIEE, OYEBUIHO, OT BHIOOpPA HaYa-
Jia oTCueTa BpeMeHu. BeqmunHa (W Ha3bIBaeTCH YUKAUNECKOU wacmo-
motl KojnebaHmit; B TEOPETUYECKON (PU3MKE, BIIPOUEM, €€ HA3BIBAIOT
OOBIYHO MPOCTO %aAcmMomoti, 9TO MbI U OyJeM JejiaTh B JaJIbHEAIIEM.

YacToTa ABIAETCA OCHOBHOI XapaKTEPUCTUKOU KojiebaHuUil, He
3aBUCSIIEN OT HAYAJIBHBIX ycyoBuil npuxkenus. CormacHo dopmysie
(21.6) oHa BceweJIO OpeneIIeTCsl CBOMCTBAMYI MEXaHUIECKOI CUCTe-
MbI KaK TakoBoii. [lomuepkHeMm, OMHAKO, YTO 3TO CBOMCTBO YaCTO-

1) IloguepkHeM, OZHAKO, YTO BEJMYMHA T COBIAJAET C MACCOH TONBKO B
ciiy4ae, €CJIM T eCTb JeKapTOBa KOOPAWHATA YacTHLbI!

?) Taxyio CHCTEMY YacTO HA3BIBAIOT OIHOMEDHBIM OCUULALATOPOM.
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ThI CBS33HO C IIPEAIOJIAraeMOil MaJIOCThIO KOJIeDaHuil u mcue3aer
npu mepexone K 6osee BbicOKUM mpubamkenuam. C Maremarude-
CKOIl TOYKM 3peHHsd OHO CBA3aHO C KBaJPATUYHOU 3aBUCHMOCTBIO
MOTEHIMAJIBHON SHEPTUU OT KOODIAMHATHI ).

OHeprusi CUCTEMBI, COBEPIIIAOIIEN MaJible KOJIEDaHNUs, eCTh

-2 2
k .
p=m ket om0
2 2 2
WIIH, OACTaBUB cropa (21.8):
1
E = ;mw’d®. (21.10)
Ona nponopnuoHajbHa KBaJAPATy aMIUIATYAbI KOJIEOAHMIA.
3aBUCHMOCTH KOOPAMHATHI KOJIEOIIIONIEHCS CHCTEMBI OT BpEMEHH

YaCTO OKA3BIBAETCS YJAOOHBIM IIPEJICTABJISTH B BUIE BEIIECTBEHHOM
YaCTH KOMILJIEKCHOTO BBIPAXKEHUS

x = Re {Ae'®?}, (21.11)
rae A — KOMILJIEKCHad IIOCTOAHHAadA; HAallICaB €€ B BUJIE
A = ae™, (21.12)

MBI BepHeMCH K BbipaxkeHuio (21.8). Iocrosinayo A Ha3BIBAIOT KOM-
naexcHol amnaumydoti; ee MOJIYJIb COBIIAJAET C OOBIYHON AMILIATY-
JIOH, a apryMeHT — C HaJaJIbHON (a3oii.

OnepupoBanne ¢ SKCIOHEHIIMAJIbHBIMA MHOXKHUTEJISIMA B MaTe-
MaTUYe€CKOM OTHOIIIEHUH IIPOIIE, Y€M C TPUTOHOMETPUIECKIMU, TaAK
Kak auddepeHImpoBanne He MEHIEeT UX Buaa. 1Ipu 3TOM, MOKa MBI
[POU3BOJMM JIUIIb JINHEHHBIE ONEpAIUH (CJIOXKEHNEe, YMHOXKEHUE Ha
nocTogHHbIe Ko3dduimeHTs!, quddepeHnnpoBaHre, NTHTETPUPOBa-
HEE), MOXKHO BOOOIIE OIyCKATh 3HAK B3ATHUs BEIECTBEHHON YaCTH,
IEPEX0/is K IOCJIEIHEN JIUIIh B OKOHYATELHOM Pe3yJIhTaTe BBIUUC-
JIEHUIA.

Bamauymu

1. BeipasuTh aMIUIUTYLy ¥ Ha4aJIbHYIO a3y KojebaHuil Yepe3 HadaJIbHbIE
3HAYEHHUSA To U Vo KOOPAUHATHI M CKOPOCTH.

OrBerT: .
Vo Vo
a=\/w§ —, tgoa=-———.
w wxo

2. Haiitu oTHOmeHne 9acTOT W U W' Komebauuit JByX JBYXaTOMHBIX MOJIE-
KYJI, COCTOSIIIUX U3 ATOMOB PA3JIMIHBIX M30TOIOB; MACChl ATOMOB PABHBI COOT-
BETCTBEHHO M1, M2 U M), M.

1) Ono He mMeer mosToMy MecTa, ecu y byrkmun U(z) npu & = 0 MUHIMYM
GoJsiee BBICOKOrO mopsiaxa, T.e. U wz™, n > 2 (cM. 3amauy 2a § 11).
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P emenue IlockonbKy aTOMBI M30TONOB B3aHMOIEHCTBYIOT OZMHAKO-
BBIM 06pa3om, To k = k'. Pomb ke k0ahdbunmenTos m B KHHETHYECKIX SHEPTHAX
MOJIEKYJI UI'DAIOT MX HpuBeneHHbE Macchl. Coryac-

A HO (21.6) HaxoguMm mo3sTOMYy:
3’ _ [mima(mi + m3)
w | mimby(mi +mse)’

m, CIIOCOOHOI IBUTaThCs IO IPSMOI ¥ IPUKPEILJIEH-
HOM K IpYyXKUHe, JPYroii KOHel KOTOPO# 3aKpeIieH
B Touke A (puc. 22) Ha paccrosiHum | OT IPSMOM.
IIpy:xuna, nmesa mauny l, HaTAHyTa C CHIOi F.
P em e nue. IlorennuanpHas sHeprus mnpy-
Puc. 22 KMHBI (C TOYHOCTHIO [0 MAJIBIX BEJMYWH BBICLIETO
HOps/IKA) PaBHA NPOU3BeNeHnIo cunibl F' Ha yauaenue ! npyxunbl. [Ipu z < 1

NMeEEM
8l = V12 4+ 22 — I = 2% /(21),

tak uro U = Fz?/(2l). TlockombKy KuneTuueckas sHeprus ectb mi>/2 , o

I
I
" ) ) )
| 3. Haiitu gacTory KosebGaHuil TOUKH C MacCCOi
I
I
1

m T

w =

4. To xe, ecim TOYKa M IBUKETCS 1O OKPyKHOCTH pamuyca r (puc. 23).
Pemenue Barom ciyuae yaunenne npyxussl (npu ¢ < 1)

Sl=+/r2+({+7r)2—2r(l+r)cosp — I~ 7“(127-;-7“)(;)2.
Kuneruueckas sueprua T = (1/2)mr? >, Orciona sacrora
w— F(r+ l).
rlm

5. Haiitu gacrory KosjebaHumii M300parke€HHOrO0 HAa pUC. 2 MAaATHUKA, TOY-
Ka IojaBeca KOToporo (¢ Maccoif mi B Heii) CHOoCOGHA COBepIIATh IABUXKEHUE
B FOPU30HTAJBLHOM HAIPaBJICHUN.

Pemenwune. Ilpu ¢ <« 1 u3 nmomyueHHOit B 3ama-
qge 3 § 14 dbopmyssr HaxOIUM

_ m1m2l2 (bz, U= ngl 2'
2(m1 + mg) 2

w = )8t me)
mal

6. Onpenenuts GopMy KPUBOHA, DY KAYAHUH BAOJIb KO-
TOpOIi (B IOJIE TSAXKECTH) YacTOTa KOJebaHui He 3aBUCHT OT
aMILIATY IBL.

P em e nwue. IlocraBmennomy ycnosuio OymeTr yaoB-

Orcrona

Puc. 23

JIETBOPATH TaKad KpHUBad, IIPU ABUXKECHUU BIOOJIb KOTOpOf;I NOTECHIMAJIbHASA dHEP-

rus gactuusl oymer U = ks? /2, rae § — AyiuHA OyTH, OTCYUTHIBAEMAs OT MOJIO-
JKEHUsl PABHOBECH; TIPH 9TOM KuHeTudeckas sueprus T = msé®/2 (m — macca
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9JacTHIBI) ¥ 9acToTa Kosebanuit Oymer w = /k/m BHe 3aBmCHMOCTH OT Ha-
YaJIbHOI'O 3HAYEHUHAd S.

Ho B nose tsizxkectu U = mgy, rae y — BeprukanabHas koopauHata. [Tosromy
umeem: ks®/2 = mgy wm
(.U2 2
E S .
C apyroit croponsr, ds? = dz? 4+ dy?, orkyna

[ [ (e

MurerpupoBanue ygo6HO NPOU3BECTH, CAEJIAB IOACTAHOBKY

Y=

g
=—(1- .
Y= 402 (1= cost)
Torpa nomyunm
__& ;
Tr = W(E,-F Slna).

OTu 1Ba PABEHCTBA ONPEIEJISIOT B IaPAMETPUYECKOM BUJIE YDABHEHUE NCKOMOIA
KPUBOIi; OHA IPECTABJISET COOON LUKIIOUIY.

§ 22. Briyxiennbpie Konebanmns

[Tepeitmem K paccMOTpeHUIO KOJIEOAHUI B CUCTEME, HA KOTOPYIO
JefCTBYyeT HEKOTOpPOe IePEMEHHOE BHEIHee II0JIe; TaKue Kojeba-
HUsI HA3BIBAIOT BLHYNCIEHHBIMU B OTIUYINE OT PACCMOTPEHHBIX B
npeaplIyIneM maparpade Tak Ha3bIBAEMBIX C80600HHLT KOIEOAHMIA.
ITockoapky KosleOaHUS MPEIIONATAIOTCS O-IIPEXKHEMY MAJIBIMU, TO
TeM CaMbIM ITO/IPA3yMEBAETCS, UTO BHEIIHEE IIOJIE JTOCTATOYHO CJIa-
60, B IPOTUBHOM CJIy9a€ OHO MOIJIO ObI BBI3BATDH CJIMIIKOM OOJIBIIIOE
CMEITEHHE T.

B aToMm ciry4ae Hapamy ¢ coOOCTBEHHOMN TOTEHINAIBHON SHEPTIHeH
(1/2) kz? cucrema obmasiaer eme moTeHImabHOM dueprueit Ue (, t),
CBSI3aHHOM C JIeMCTBMEM BHENIHETO Iojs. Pasjaras 3TOT JOMOJHU-
TEJIbHBIM YJIeH B DSl [0 CTENEHsIM MAaJIOW BEJIMYWHBI T, MOJIYIUM

Ud(z,t) ~ U.(0,t) + z 29

e

Oz lz=0
ITepBbrit wnen aBisercs MYHKIUEH TOJBKO OT BPEMEHU U MOTOMY
MOXKeT OBbITH ONYINEH B JIarpaH:KeBON (yHKImU (Kak MOJIHAS [IPO-
M3BOAHAS 110 ¢ OT HEKOTOPOii Apyroii dbyHukuuu Bpemenn). Bo BTopom
wiene —OU,/Ox eCcTh BHELIHSAS «CHJIay, NEHCTBYIOMIAd HA CUCTEMY
B TIOJIOXKEHUU PABHOBECHs U ABJIAIOIIASCS 33JaHHON (DyHKIUeH Bpe-
Meny; obo3HaunM ee Kak F'(t). Takum 06pa3oM, B MOTEHIMAIBHOMN
sHepruu nosBisgerca wien —rF(t), Tak 9ro dynkuus Jlarpamxka
cucTeMsl 6ymer
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L="8 R R, (22.1)
CooTBeTCTByIOIIIEE YPABHEHNE JIBUXKEHUST €CTh
mZ + kz = F(t),
njaimn
i+ wle=—F(), (22.2)

TJle MBI CHOBa BBEJIX JACTOTY (U CBOOOIHBIX KOJEOAHMIA.

Kak n3BecTHO, 00111€€ peIneHne HeOJHOPOIHOTO JUHEHHOTO -
depeHIMAIHLHOIO YPAaBHEHNUS C TIOCTOAHHBIME KO3 duiimenTamMmu mo-
JIydaeTcs B BUJE CyMMbBI JIBYX BBIDayKeHWil: T = Tg + X1, TJe Tg —
obIriee pelreHre OJMHOPOJHOTO YPAaBHEHUs, a L] — YaCTHBIA WHTe-
rpaJl HEOIHOPOJHOI'O ypaBHEHHS. B NaHHOM ciaydae X IPeICTaB-
JigieT coboit pacCMOTPEHHBIE B NIpebIAyIneM naparpade cBoboaHbIE
KoJiebaHus.

Paccmorpum nmeromtuit ocobbiit nHTEpEC CiIydail, KOT1a BBIHYXK-
JAIONasl CUjia TOXKE SBJIAETCH IIPOCTON MepUoAMdecKoit (pyHKIueH
BPEMEHHU C HEKOTOPOH 4acCTOTOH’ Y:

F(t) = fcos(yt+ B). (22.3)
YacrHblit nHTErpas ypasHenus (22.2) umeM B Buge £1 = b cos(yt +
+ B) c Tem ke mepuoxuuecKkuM MHOXKUTeEM. [loncTaHOBKA B ypaB-
nenme maer: b = f/[m(w? —v?)]; npuGasias permenue oOHOPOHOTO
yPpaBHEHUS, OJIyd9uM OOIIil MHTETPaJ B BUJIE
z = acos (wt + «) + m cos (vt + B). (22.4)
IIpon3BosibHBIE TIOCTOSIHHBIE @ W X OIPEIEISIOTCS U3 HAYAJHHBIX
YCJIOBUIH.

Takum o6pa3oM, o, JefCTBAEM ITEPUOLUIECKON BBIHY XK JAIOIIEH
CHJIBI CUCTEMA COBEPIIAET JABUXKEHUE, IPeACTABIILIONee coboil coBO-
KYIHOCTh JBYX KOjiebaHuit — ¢ COOCTBEHHOM YaCTOTOM CUCTEMBI (W
¥ C 9aCTOTOM BBIHYKJAIOIIEl CUJIBI Y.

Pemenne (22.4) HenpuMeHUMO B CiIydae TaK HA3BIBAEMOI'O Pe30-
HAHCA, KOTOA JaCTOTa BBIHYKJAIOMIEN CHUJIBI COBIAIAET C COOCTBEH-
HO# 9acToTo# cucrembl. [ljisi HaxOXKIeHUsT OOIIETO PEIeHNsT YPaB-
HeHWsl JBUKEHUS B 9TOM Cllydae IepenuineM Bbipaxkenue (22.4) ¢
COOTBETCTBYIOIINM II€PEOOO3HAYUEHNEM IOCTOAHHBIX B BUJIE
#‘M[COS (vt + B) — cos (wt + B)].

z = acos (wt + «) + i@

IIpu Yy — w BTOpPOIt wieH gaer HeonpeneneruocTs Buga 0/0. Pac-
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KPBIBasi €e 110 MPABIWILY JIomuTass, oIy Inm
z = acos (wt + ) + ﬁ tsin (wt + B). (22.5)
m
Takwum 06pa3oM, B Ciydae pe30HAHCA aMILIUTY A2 KojebaHmit pacTeT
JIMHEWHO CO BPEMEHEM (JI0 TeX MOp, OKa KOJeOAHMs He EPECTAHYT
OBITH MAJILIMA U BCS M3JIAaraeMasi TeOpHUs MepecTaHeT ObITh IpuMe-
HUMO}1).

BrisichuMm elrie, Kak BBITVIAIAT MaJible KojiebaHus BOIU3U pe30-
HAHCA, KOTJa Y = W + €, TIe € — MaJjasd BeaunuuHa. [IpemcraBum
obIriee pereHre B KOMILIEKCHOM BHJIE, KaK

T = Aezwt + Bez(w-l—e)t — (A + Bezst)ezwt. (22.6)
Tak Kak Besmumna A + Be'®! Mano MeHseTca B TedeHme MepHOIA
21/w MHOXKUTENS 't 1o nBuKeHMe BOJIM3KM PE30HAHCA MOXKHO
paccMaTpuBaTh KaK MaJjible KOJIEDaHWs, HO C MEPEMEHHON aMILIu-

Ty I0i 1).
O603naunB mocieauow Yepe3 C, nmeeMm
C = |A+ Be.
Ipencrasus A u B coorBeTcTBeHHO B Buje ae'™ u betP | momyunm
C? = a® + b? + 2abcos (et + p — ). (22.7)

Takum 06pa3oM, aMILIATYJa KOJIEOJETCS MEPUOAUIECKU C IaCTO-
TOH €, MEHAACH MEXK/y ABYyMS IIPeesiaMu
la—b < C<a+b.
OTO siBJIeHWE HOCUT Ha3BaHUE OueHudl.
Ypasuenue npukenus (22.2) MOXKeT OBITH IPOUHTEIPHUPOBAHO U
B 00IIEM Buje IpYU IPOM3BOJIbHOM BBIHYXKIaomeil cuie F(t). 9o
JIETKO CJIEJIaTh, IEPENNCAB €r0 IIPEABAPUTEILHO B BUIE

i(;c +iwz) —iw(z + iwzx) = % F(t)

dt
nJn dE 1
I'1€ BBEIACHA KOMIIJICKCHaA BEJIMYMHA
£ =i+ iwz. (22.9)

Ypasuenue (22.8) y»Ke He BTOporo, a IepBoro nopsaxa. bes mpasoii
JacTH ero permenneM 6u110 651 & = Ae'®t ¢ mocroammoit A. Ciemys
001IeMy IPaBUJTY, UIIEM DEIleHre HEOAHOPOIHOTO YPABHEHNUS B BUIE
£ = A(t)e'! u nna bynknuu A(t) momyuaem ypasHeHHE

1) MensieTcs TakKe «IOCTOSIHHBII» 4yieH B (ha3e KojaeOaHmii.
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A(t) = = F(t)e ",
Nurerpupys ero, nosyunM pemenue ypasHerus (22.8) B Buie

t
a:éw{/}%Fme“”ﬁ+a&, (22.10)
0

TJle TOCTOSTHHAST MHTETPUPOBaHus &y BEIOPaHA TaK, YTOOBI IIPEICTAB-
JgaTh coboii 3Hadyenue & B MoMeHT BpeMmeHu t = (. 9To U eCTh UCKO-
Moe obiee pemenne; dbyHKus Z(t) Sa€TCS MHAMON YaCThiO BBIPA-
xenns (22.10) (nenennoit vHa w) ).

OHeprusi CUCTEMBI, COBEPUIAIONIEH BBHIHYKICHHbIE KOJeOaHUs,
pasyMeeTcs, He COXDAHSETCSl; CUCTEMa TPUOOPETAET IHEPTHUI0 33
CYeT MCTOYHUKA BHEMIHeH cuybl. OmpeesnM MOMHY0 SHEPTHUIO, Te-
peJaBaeMyIo CUCTEMeE 33 BCe BpeMsl AefCTBHs CHIIBI (0T —00 10 +00),
npeoaras Ha9aJIbHYI0 SHEPruio pasHoii Hysmo. Corsacao dopmy-
e (22.10) (¢ HUKHUM [IPEIEJIOM MHTEIPUPOBAHUS —0O0 BMECTO HYJIS
uc & (—oo) = 0) umeem pu t — 00:

o0

/F@fmﬁ
—00

C 1pyroit CTOpOHBI, JHEPIUS CUCTEMBI KAK TAKOBON JIaeTCs BBHIpa-

KEeHUEM

2
1

m?2

|&(c0)|* =

E = 2(i* + w’z®) = Z2|¢|%. (22.11)
[oncrasus cioma |&(00)|?,
BH/IE

IIOJIyYUM HUCKOMYIO Ilepe/lady SHEPIuU B

2

E=_ ; (22.12)

e o]
—twt

- L / F(t)e~it dt
—00
OHA, ONPEEACTC KBAJAPATOM MOIYJsi KOMIOHEHTH Dypbe CHUIIbI
F(t) ¢ wacroroii, paBHOI COOCTBEHHOI YaCTOTE CHCTEMBI.

B wacrHOCTH, eciiu BHeIIHSAS Cuja JEHCTBYeT JIUIIb B TE€UYCHUE
KOPOTKOT'O IPOMEXKYTKA BpeMeH! (MaJjioro mo CpaBHEHHIO ¢ 1/w),

TO MOKHO TOJIOKHUTH e ‘! x 1. Torma

E=#<7F@ﬁy.

—00

1) Ilpu sTom, pasymeercs, cuia F(t) momxkHa GbITH HalMCaHa B BELIECTBEH-
HOM BH/JE.
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DTOT pe3yabTAT 3apaHee OUYEBUIEH: OH BhIpazkaeT coboit ToT (haxT,
9TO KPATKOBDEMEHHAs CHJIA coobmaeT cucreme mMuynsce [ F dt, ne
YCIIEB 33 3TO BPEMsI TPOU3BECTH 3aMETHOTO CMEIIEHUS.

Bamauymn

1. Onpenenurb BBIHY2K[EHHBIE KOJI€OAHUS CHCTEMBI IOJ, BJIUSIHUEM CHJIBI
F(t), ecnu B HavanbHbIH MOMEHT ¢ = ( cCHCTeMa MOKOUTCS B IIOJIOXKEHUN PABHO-
Becust (z =0, £ = 0), g ciaydaes:

a) F' = const = Fp.
Fy

w?2
CMEIIEHUIO TIOJIOXKEHNs PABHOBECHS, BOKPYT KOTOPOIrO IMPOUCXOAAT KoyieOaHus.
6) F = at.

OrBeT ==

OrBeT z= (1 — cos wt); meiicTBUE NOCTOSHHON CUJIBI IPUBOAUT K

(wt — sin wt).

w3
B) F = F;*.
FO — ot o .
OrBerT: a::i(e —coswt—i——smwt).
m(w? + o?) w
r) F = Foe™** cos ft.

OrBerT:
_ Fo {_(w
- m[(w? + o — B7)? + 402’

+ %(w2 + 0o 4 B?)sinwt + e~ [(w? + o® — B?) cos Bt — 2aP sin [Bt]}

4o — B?) coswt +

(upn pemennn yao6HO mHCATH CHy B KOMIUIeKCHOM Buge F = Fpe(~o+iP)t),
2. OmnpenenuTbh KOHEYHYIO aMILIHUTYLy KoJjieba-

HUN CHCTEMBI IIOCJe NefiCTBUA BHEIIHEl CHUJIbI, MEHAIO- F

meiics no 3akony F' = O mpu t < 0, F' = Fpt/T npu

0<t<T, F=Fyuput>T (puc. 24); no momenTa |

t = 0 cucreMa MOKOUTCs B MOJIOXKEHNH PABHOBECHSL. !
Pemenne. B unrepsane spemenu 0 < t < T 0 T t

KOJIebaHus, yAOBJIETBOPSIONNE HAYAJILHOMY YCIOBUIO,

MMEIOT BHU[I,

Puc. 24
z = i(wt — sin wt)
mTw3 '
IIpu ¢t > T umewm pemenue B Buie
Fq

z =cicos[w(t—T)]+ casinfw(t —T)] + = 02.
W3 ycnoswmit menpeprsiBHocTH = u & nipu t = T Haxomum

1= sinwT, c2= %(1 — cos wT).

IIpu srom amniuTyna konebanuit

a=+/2+c2= 2F, sinw—T
VTR pTws 2

OrmeTnM, 4TO OHa TeM MeHbINE, YeM MeJJIEHHee <«BKJodaeTcsa» cuna Fy (r.e.
4yem Gosbue T').
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3. To ke B cirydae nocTosHHOM cuiibl Fy, neficTByOIIell B TedeHne OrpaHu-
ugennoro Bpemenu T (puc. 25).

Pemenune MOXHO HaiiTM Kak U B 3aJade 2, HO €II€ IPOIIE BOCIOIb-
3oBaTbCsa popmysoit (22.10). Ilpu ¢ > T umeem cBOGORHBIE KOIeOGaHUS BOKPYT
nonoxenud ¢ = 0; npu sToM

m -

T
£ = Fo iwt / omiwt gy — 0 (1 — e~toT)eieot,
iwm
o

KBaJpaT xKe MoAyss & maer ammuTyxy cormacHo dopmyie |&)° = a’w?. B pe-
3yJIbTaTe HAXOIUM

F F F
Fy
Fy T,
0 T ¢ 0 T ¢ of \J
Puc. 25 Puc. 26 Puc. 27
a= 2K sin w_T
T mw? 2’

4. To ke B ciy4ae CUbL, NeHCTBYIOINEN B TedeHne BpeMeHH OT Hyis g0 T
no 3akony F' = Fot/T (puc. 26).
Pemenue Tem ke ciocoboMm momydum
T Tmw?
5. To e B Ciydae CHJIBI, MEHSIOIIENCS B TE€YEHHE BPEMEHH OT HYJIS JO
T = 2nt/w mo 3akony F = Fysin wt (puc. 27).
Pemenue. Iloacrasus B (22.10)

Vw2T? — 2wT sin T + 2(1 — cos wT).

Fo, i »
F(t) = Fosinwt = 2_2(ezwt ity

¥ IPOMHTErPUPOBAB OT HyJist 40 1, mosrydum
F()T[
mw?’

§ 23. Komebanma cmcTreM cO0 MHOTMMH CTEIeHIMH CBOOOIbI

Teopus cBOGOJHBIX KOIEOAHNI CUCTEM C HECKOJIBKUMH () CTere-
HAMM CBODOOIBI CTPOUTCH AHAJIOIMYHO TOMY, KaK ObLIA PACCMOTPEHBI
B § 21 omHOMepHBIE KOJIeOaHM.

[TycTh morennuaibaas sueprus cucrembl U Kak GyHKIUA 0600-
meHHBIX KoopauHat ¢; (i = 1,2, ..., s) IMeeT MEUHUMYM IIPH ¢; = ¢50-
Beongga manbie cMmermenus

Ti = ¢ — Gio (23.1)
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u paznarag o HUM U ¢ TOYHOCTBIO JO YJIEHOB BTOPOIO IOPSIKA,
NIOJIy9UM NOTECHIUAJBHYIO SHEPIUIO B BUJE IIOJIOXKUATEIBHO OIIpeae-
JIEHHO} KBaApaTUYIHON (HOPMBI

U+ %Z kikxia)k, (23.2)

ik
TJle Mbl CHOBa OTCUHMTBHIBAEM MOTEHINAJIHHYIO JHEPTUIO OT €€ MUHU-
MaJIbHOTO 3HaueHud. [lockonbKy KoabdunmenTs! ki, u ki; BXOIAT B
(23.2) yMHOXKEHHBIMY HA OHY ¥ TY K€ BEJINUUHY T; T}, TO SCHO, ITO
WX MOXHO BCETJa CYUTATH CAMMETPUYHBIMHU IO CBOWM HHIEKCAM:

ki = k.

B xumernyeckoii 2ke SHEPrum, KOTOpasi UMeeT B ODIIIEM CIIy4ae BUJ,
1 ..
5 D aik (9)aidn
i,k

(cm. (5.5)), monmaraem B kodddurmenTax ¢; = g0 4, 0603HaYas 0
CTOSIHHBIE ik (gp) 9IEPE3 Mk, TMOIYyUaeM ee B BHJE IOJIOKUTEIHHO
OTIPEIEJIEHHOM KBaIPATUIHON (HPOPMBI

1 ..
3 Z ML T (23.3)
i,k

KoaddurmenTsr m;p, ToxKe MOXKHO BCErIa CUNTATh CAMMETPUYHBIMU
IO WHJIEKCaM

M = M.
Takum obpa3om, JarpamkeBa (PYHKIUS CHCTEMBI, COBEPIIAOIIE
CBOOOHBIE MaJIble KOjieOaHusd, UMEET BT

L= 33" (masidy — kipziz). (23.4)
i,k
CocraBuM Teneph ypaBHEHUS ABUXKeHus. /s onpenesieHus BXo-
JSIIMX B HUX [TPOM3BOIHBIX HAIUIIIEM TOJIHBIN quddepernman GyHK-
muu Jlarpanxka

dL = lz (m,kx, dﬂ":k + mik:bk di‘i — kikx,- dwk — kikxk dﬂ’:z)

2
ik
ITockonbKy BeIMYMHA CyMMBI HE 3aBUCHUT, Pa3yMeeTcd, OT 0D03HaUe-
HUS UHIEKCOB CyMMHUPOBaHNs, MEHIEM B IIEPBOM M TPETHEM UJIEHAX
B cKOOKax ¢ Ha k, a k Ha i; yIATHIBasg PU ITOM CUMMETPUIHOCTD
K03 PUIUEHTOB M U K;j, TOIYIUM

i,k
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Orcrona BUIHO, UTO

oL . oL

5 = > maki, 3 = =) kinzi.
Yk ' k

ITosTomy ypaBuenus Jlarpanxa

Z miply + Z kixzr = 0. (23.5)
k k

Onun upencrasnsior coboit cucremy s (i = 1,2,...,s) JuHeHHBIX
OTHOPOAHBIX MU(M(PEPEHIMATBLHBIX YPABHEHUH C MOCTOSHHBIME KO-
s dunuerTaMu.

[To obuM mpaBuIaM PeIleHns TaKUX yPaBHEHMIl UINEM S HEU3-
BecTHBIX dyHKUMit z(t) B Buge

T = Akeiwt, (236)

rae A — HEKOTOpBIe, IIOKA HEONPEEJIeHHbIe, IOCTOSHHbIE. 1loa-
craBnas (23.6) B cucremy (23.5), momyaem o coxpamtennn Ha 'V
CHCTEMY JIMHEHHBIX OJHOPOAHBIX AJreOpamdecKux ypaBHEHU, KO-
TOPBIM JIOJIXKHBI YJOBJIETBOPSATD IIOCTOSHHbIE Aj:

3 (—wPma + ki) A = 0. (23.7)
k
,ZL]'IH TOT'O ‘-ITO6bI 9Ta CUCTEeMa MMeEJIa OTJIMYIHBIE OT HYJIA PeEIle-
HUs, JOJDKEH 00palaThCsd B HYJIb €€ OIPEeIENTeNb

ki — w?mgg| = 0. (23.8)

VYpaHenue (23.8) — Tak Ha3LIBAEMOE TAPAKMEPUCTNUYECKOE YDAB-
HEHUE — IIPEJCTABJIAET COOON ypaBHEHHE CTEIEHH S OTHOCUTEJIb-
0 w2, OHO WMeeT B OOMIEM CIyUae S PA3JIMYHBEIX BEIIECTBEHHBIX
TIOJIOKUTEILHBIX KOpHEeH wgc, « =1,2,...,s (B 4acTHBIX CIydYa-
X HEKOTOPBIE W3 ITUX KOpHeil MoryT coBmaiarh). OupezeseHHbIe
TAKUM 00Pa30M BEJIMYUHBI Wy HA3BIBAIOTCH COOCMEEHHBIMU 4ACTNO-
MaAMU CACTEMBI.

BeecTBeHHOCTD ¥ HIOJIOXKUTEIHLHOCTH KOPHE(l ypaBHeHus (23.8)
3apaHee OYEBWJHBI yxkKe u3 (Hu3mdecKkux coobparkenwii. [leiicTBu-
TeJbHO, HAJWYME y (W MHUMOM 9YacTH O3HAYAJIO Obl HAJIM4YWE BO
BPEMEHHOI 3aBUCHMOCTH KoopauHar T (23.6) (a ¢ HuMEH u CKO-
pocreii Tj) IKCIOHEHIMATIHHO yOBIBAIOIIETO MM IKCIOHEHIMATIb-
HO BO3PACTAIOIIero MHOXKuTejad. Ho Hammdme Takoro MHOXKUTENS
B JAHHOM CJIydae HeJOIyCTHUMO, TaK KaK OHO IPUBEJIO ObI K HU3Me-
HEHUIO cO BpeMeHeM nosHoM suepruun F = U 4+ T cucteMbl B IpOTHU-
BOpeYnHu C 32KOHOM €€ COXPAHEHUS.
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B ToMm ke caMOM MOXKHO yOequThCA W 9UCTO MATEMATHYECKAM
myTeM. YMHOXKUB ypasHeHue (23.7) Ha A} 1 IPOCYyMMHPOBaB 3aT€M
IO %, ITOJTY9IUM

Z (—wzmik + ki)A7 A, = 0,
ik
OTKYZa
2 _ YkiAi Ak
ZmikA;‘ A’
Ksagparuunsie opmbl B UmcamTesie ¥ 3HAMEHATEE 3TOrO BbIPA-
KEHUs BEIECTBEHHBI B CUJIY BENMIECTBEHHOCTH W CUMMETPUIHOCTHU
K03 puruenToB ki 1 m;; JeACTBUTENHHO,

(Sokiediar)” =D kadidi = Y hididp = > ki ArA}.
i,k i,k i,k i,k

OHu TakKe CYIIECTBEHHO MOJIOXKUTEJBHBI, 8 MOTOMY IOJOXKUTEb-
#01) m w?. Tlocie TOro Kax YacTOTHI Wy HANIEHBI, IIOJCTABIISA
KaKJ[0e U3 HUX B ypaBHeHUs (23.7), MOXKHO HallTH COOTBETCTBYIO-
e 3HaveHus Kodpdunmentos Ag. Ecau Bce KOpHE Wy XapakTe-
PUCTUYECKOT'O YPaBHEHUS PA3JIMYHbI, TO, KAK NU3BECTHO, KOIPDUIH-
eHTBbl A} IPONOPIMOHAILHBI MUHOpaM onpenesauress (23.8), B Ko-
TOPOM (U 3aMeHEHa COOTBETCTBYIOIUM 3HAUYEHUEM W y; 0003HAUUM
9TH MUHOPHI Yepe3 Apy. HacTHoe pemrenne cucreMmbl quddepeHim-
aJbHBIX ypaBHeHuit (23.5) umeer, cieno0BaTeIbHO, BUL,

o = Ao O™,
rae Cy — npousBosibHas (KOMIUIEKCHASI) IIOCTOSTHHAS.

OOb11iee ke peleHre JaeTCa CyMMON BCEX § YACTHBIX PEIIEHIIA.
Ilepexons K BeIIeCTBEHHON YaCTU, HAIUIIEM €TI0 B BHIE

w

S
2 = Re {Z AkaCaeiw“t} =Y A4aOa, (23.9)
=1 o
IIe MBI BBEJIM ODO3HAUEHUE
Ox = Re {Cre'®=}. (23.10)

1) IlomokurenbHAs ONPEIEIEHHOCTH KBaJPATHYHON (POPMBI, TIOCTPOEHHOI
Ha ko3 duuuentax k;i, oueBuaHa U3 ux onpeneseHus B (23.2) mJia BeweCTBEH-
HBIX 3HaYeHuil nepeMeHHbIXx. HO eciiu HamucaTh KOMILJIEKCHBIE BEJIMYMHBI Af B
SIBHOM BUJIE KaK G + by, TO MBI osiyunM (CHOBA B CHJIy CUMMETPUYHOCTH K;f ):

ZkikA:Ak = Zkik(ai —4b;)(ak + tbi) = Zkikaiak + Zkikbibk,
T.€. CyMMy ,E[Byx IIOJIO2KUTEJIBHO OHpe;[eJ'[eHHbIX Q)OpM.
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Takum 06pa3zoM, n3MeHEHNE KAXKIOM M3 KOOPAUHAT CUCTEMBI CO
BPEMEHEM TIPEJICTABIIAET COOOM HAJONKEHWE S MPOCTHIX MEPUOANYIE-
ckux Kojebanuii 1, O, ..., @5 ¢ IPOU3BOIBHBIMU AMILIATYIAMHI
7 ¢a3amMu, HO UMEIOIUX BIIOJHE OIPEIE/IEHHbIE YaCTOTHI.

EcrecTBeHHO BO3HUKAET BOIIPOC, HEJb3d JIU BHIOpaTh 0000IIEH-
HBIE KOOPJAWHATHI TAKAM 00Pa30M, ITOOBI KaXK/1asd U3 HIUX COBEPIIAJIA,
TOJILKO OIHO TIpocToe Koyebanme? Tamasa dpopma obIero naTerpasa
(23.9) yKasbIBaeT IMyTh K PELIEHWIO TOH 3a1a4u.

B camom mese, paccmarpuBasi § coorHomenuii (23.9) kak cu-
CTEMY YPABHEHHUHN C § HEM3BECTHBIMU BeIUUIMHAME Oy, MBI MOXKEM,
Pa3peNInB 3Ty CUCTEMY, BBHIPA3UTh BeJuduHbI @1, O, ..., Q4 uepe3
KOOPAWHATHI X1, X2,. .., Ls. ClIeI0BATEILHO, BEIUIUHBI Oy MOXKHO
paccMaTpUBATh KaK HOBbIE OOOOIIEHHBIE KOOPAUHATEI. DTHU KOOPIH-
HATHI HA3BIBAIOT HOPMAALHbMU (AIN TJIABHBIMH), & COBEPIIAEMbIe
MU TIPOCTHIE TIEPUOJNIECKUE KOJIeOaHNS — HOPMAJIbHBIME KOJIeba-
HUSAMHA CHUCTEMBL.

Hopmasbabie KoopauHaThl @y YIOBIETBOPSIOT, KAK 3TO IBCTBY-
€T M3 WX ONpEJEICHNs, YPABHEHUIM

O + W20y = 0. (23.11)
DTO 3HAYUT, YTO B HOPMAJIBHBIX KOOPIMHATAX YPABHEHUS [IBUKEHUS
pacmajaTcs Ha § HE3aBUCUMBIX JPYT OT APYyTa ypPaBHEHUH. YCKOpe-
HUE KaXKJI0i HOPMAaJIbHOM KOOPAMHATHI 3aBUCHUT TOJBKO OT 3HAYEHUS
9TON KOOPAWHATHI, W IJid IOJHOTO ONpeJeseHs ee BpeMeHHOH 3a-
BHCHMOCTH HAJO 3HATH HAYAJHHBIE 3HAYEHUS TOJHKO €€ XK€ CAMOIA
¥ COOTBETCTBYIOIIEH eii ckopocTu. /IpyruMu cioBamMu, HOPMaJIbHBIE
KOJIEOAHWS CACTEMBI IIOJTHOCTHIO HE3ABUCHUMBI.

U3 ckazamHOro oueBMaHO, uTO (hyHKIUS JlarpaHxka, BbIpakeH-
Has Yepe3 HOPMAaJIbHbIE KOOPJAWHATHI, PACIaJaeTCsd Ha CYMMY BBIpa-
JKEHU, KaXKJ0€e U3 KOTOPBIX COOTBETCTBYET OJHOMEPHOMY KoJieba-
HUIO C OTHOM M3 9aCTOT Wy, T.€. UMEET BUJ

L=7 7= (0% - w303), (23.12)
X

TZe My — TMOJIOKUTEIbHBIE TOCTOsTHHBIE. C MaTeMaTHIeCKON TOY-
KW 3pEHHs 9TO O3HA4YaeT, 9To npeobpasosanueM (23.9) obe xBagpa-
TruaHBble (DOPMBI — KHHETHYECKas dHeprud (23.3) u moreHnuaabHast
(23.2) — OIHOBPEMEHHO NMPUBOAATCS K JUATOHAIHHOMY BHLY.
OO6BIYHO HOpMAJIHFHBIE KOODIUHATHI BHIOMPAIOT TAKMM 0OpPa3oM,
9T00BI KO3 PUIMEHTHI IPU KBaIpaTax CKopocteil B pyukiunu Jlar-
pamxka ObLu paBHBL 1/2. [Ij1s 9TOro MOCTATOYHO ONPEAETUTHh HOP-
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MaJIbHBIE KOODMHATHI (0003HAUNM KX Teneph depe3 () ) PABEHCTBAMU

Qu = /My Ox. (23.13)
L=23"(Q%- wiQd)

BCe H3JI0KEHHOE MAJIO MEHSAETCH B ClIydae, KOria Cpeny KOpHeit
XapaKTEPUCTHIECKOTO YPaBHEHUsI MMeEIOTCs KpaTHble KopHH. OO6-
it Bz (23.9), (23.10) unrerpana ypaBHeHuUii ABUKEHUI 0CTAETCHA
TaKUM 2Ke (C TeM K€ YHUCIOM § WIEHOB) C TOM JIMIIb PA3HUIEH, 94TO
COOTBETCTBYIOIIME KPATHBIM 9acTOTaM KO3 durmeHTh Ay yKE HE
ABJIAIOTCS MHHODAMU ONIPENENNTEIsI, KOTOPhIe, KAK U3BECTHO, 00pa-
[IAIOTCS B 9TOM CJIydae B HyJIb ).

Kaxmoi#t kpaTHOit (I/I.T[I/I, KaK TOBOPAT, 6mp09fcaeHH01‘i) 9acTo-
T€ OTBEYAET CTOJHKO PA3JIUIHBIX HOPMAJLHBIX KOODAWHAT, KAKO-
Ba CTEMEHb KPATHOCTH, HO BHIOOD ITHX HOPMAJBHBIX KOODIMHAT HE
onHo3HaYeH. [[0CKOMBbKY B KMHETUYECKYIO U IOTEHIMATIBHYIO SHED-
MU HOPMAJIbHBIE KOOPIWHATHI (C OJUHAKOBBIM wa) BXOJAT B BUIE
OJIMHAKOBO TIPe06Pa3yIoMuXcsa CyMM Y Q2 u Y Q%, TO UX MOXHO
MIOJIBEPTHYTH JIFOOOMY JIMHEHHOMY MPEOOPA30BAHUIO, OCTABJIAIOIIE-
MYy WHBApPUAHTHONW CyMMY KBAJIPATOB.

BecpMma npocTo Hax0XK/IeHIe HOPMAJIbHBIX KOODAUMHAT JJIS TPeX-
MEpHBIX KOjieOaHMit OMHON MaTEePUAJILHOW TOYKM, HAXONAIIEHCT B
IIOCTOAHHOM BHeITHeM 1oie. [ToMerasa Hagamo 1eKapToBOil CUCTEMEL
KOODJMHAT B TOYKY MUHMMyMa [MOTeHImasbHOl sueprun U(z,y, z),
MBI TIOJIyYUM TIOCJIEAHIOI0 B BHJE KBAaJAPATUIHON (DOPMBI TEpEMEH-
HBIX Z,Y, 2, & KHHETHIECKAS aHeprma

T = (x +9+2%)

(m — Macca YacTHI]) HE 3aBUCHT OT BBIOODA HAIPABJIEHUS KOOD-
JIUHATHBIX oceil. [[09TOMy COOTBETCTBYIOIIUM TIOBOPOTOM OCEi HA0
TOJTLKO TIPUBECTH K TUATOHAJIBLHOMY BHLY TOTEHITMAJbHYIO SHEPTHIO.
Torma

L= (:c + 2 + %) — (klw + koy® + k32?), (23.14)

n KO.T[e6aHI/IH BIOOJIb oceit x,Y, Z ABJIAIOTCA I'JIaBHBIMU C 9aCTOTaMU
=V kl/m, W2 =/ k?/m, w3 = k3/m

1) HeBO3MOXKHOCTH BO3HMKHOBEHUS B 0o01IeM HMHTErpaJjie 4jaeHOB, COmepKa-
mux Ha,psmy C 3KCIIOHEHIMAJIbHBIMM TaKXK€ M CTEIECHHBbIC BpeMeHHbIe MHOXKH-
TeJIN, OYEeBUIHA U3 TeX Ke (PU3MYEeCKUX COOOparKeHui, KOTOPBIE HCKJIIOYAIOT
CyH.leCTBOBaHI/Ie KOMIIJIEKCHBIX «YaCTOT»; HaJIM4YHUE TaKUX YJI€EHOB HpOTI/IBOpe‘II/I-
J10 GBI 3aKOHY COXPAHEHHSI SHEPIUU.

Torma
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B wacrHOM Ciy4ae HeHTpabHO-cuMMeTpudHOro nois (ky = kg =
=k3 =k, U = kr?/2) s1u Tpu 4acToTHI coBmagaioT (CM. 3a1ady 3).

Ucnonp3oBanne HOPMATIBHBIX KOODAWHAT MOaeT BO3MOXKHOCTD
IPUBECTH 33739y O BBIHYKIEHHBIX KOJIEOAHUIX CUCTEMBI C HECKOIb-
KHMU CTEIeHIMH CBOOOIBI K 33aJad9aM 00 OZHOMEDHBIX BBIHYKIE€H-
HbIX Koslebanusax. Pyukima Jlarpamxka cucreMsbl ¢ yaeToM JeiicT-
BYIOIIINX HA HEE MEPEMEHHBIX BHEITHUX CHUJI MMEET BT

L=1Lo+ Y Fi(t)z, (23.15)
k
rae Lo — narpanxkesa (yHKIMS cBOOOIHBIX Koiebarmit. BBons Bme-
CTO KOOPAWHAT T} HOPMAJIbHBbIE KOOPAMHATHI, HOJIYIINM

L=13(02 - w2@?) + ¥ fu (O, (23.16)

X
rlie BBEJIEHO 0DO3HaUYeHHE

fult) = 3 () S

CoOTBETCTBEHHO YpaBHEHUA OBUXKECHUA

ro + wiro = foc(t) (23.17)
OyayT comep:KaTh JIMMIb IO OJHON Hem3BeCTHON (QyHKIWU Qu(t).

Bamauymu

1. Oupegenutsb KojebaHUs CUCTEMBI C IBYMs CTEIEHIMU CBOOOIBI, €CIIU €€
dbyukuusa Jlarpanxa 9
1.5 .2 Wy, 2 2
L=3@" +9) - 5 (" +y) +azy
(mBE OOMHAKOBBIE OJHOMEDPHBIE CHCTEMBI C COOCTBEHHON YaCTOTOH (g, CBA3aH-
Hble B3aMMOJEHCTBUEM —XTY).
Pemenue YpaBHeHud ABUKEHUS
.. 2 .. 2
T+ WoT =y, Y+ Woy = xT.
IToncranoska (23.6) naer
2 2 2 2
Az(wg —w’) = ady, Ay(ws— w’)=ad,. (1)

? = «?, oTkyma

Xapakrepucrudeckoe ypasuenue (wa — w?)
2 2 2 2
w] =Wy — &, W3 = Wq+ K.
IIpu w = w; ypasuenus (1) mator A, = Ay, ampu w = w2 A, = —Ay.
IIosTomy
1

1
T=—= —
\/5( \/§(Q1 QZ)
(x03chbbunmentrr 1/4/2 COOTBETCTBYIOT YKA3AHHON B TEKCTE HOPMHUDPOBKE HOD-
MaJIbHBIX KOODAUHAT).

Q1+Q2), Yy
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Tpu o < wj (cnabas ceasb) umeem
wi & wo — &/ (2wg), w2 =X wo + /(2wo).

VsmeHeHue T U Y NPEACTABAAET cOOOl B 3TOM Cllydae HAJOXKEHUE ABYX Kojeba-
Huil ¢ 6JIM3KMMH 9aCTOTAMH, T.€. UIMEET XapaKTep OMEHMit C JaCTOTOH Wa — W1 =
= a/wo (cm. §22). Ilpu 9TOM B MOMEHT, KOTja aMILIATY/{a KOODAUHATEI T IIPO-
XOIUT 4epe3 MaKCUMyM, aMILIATY/a Yy MPOXOJUT Yepe3 MUHUMYM M HAaoOOpOT.
2. Onpezenuts MaJible KOie0aHus ABORHOTO IJIOCKOTO MasTHUKA (CcM. puc. 1).
Pemenune J[aa mameix xomebauumit (@1 < 1, @2 < 1) Haiinennas B

3amade 1 § 5 dyukuua Jlarpanka npuHUMaeT BUZ,
mi + ma

L2 M2 . L.
L= — Bol+ 72 ¢35 +malila @1z —

ypaBHeHI/IH JABHU2KEHUA:

mi1 + ma

2 ma2 2
B glio1 D) gl2pa.

(ma 4+ m2)l1®1 + mala®2 + (M1 + m2)ge1 =0,
l1P1 + 1202 + gp2 = 0.
ITocne nmoacranosku (23.6):

A1(m1 —+ mz)(g— l1w2) — A2w2m2l2 = 0,

—A1l1w2 =+ Az(g— l2w2) =0.
KopHu XapaKTepuCTHIECKOrO yPABHEHUS:

2 g
wig = mulily {(ml +ma)(l1 +12) £
+ \/(ml + m2)[(m1 + ’ﬂm)(ll + l2)2 — 4m1l1l2]}.

IIpu m1 — 00 4acTOTHl cTpeMaTcs K npepenam +/g/li u +/g/la, coorsercTBy-
IOLUIM HE3aBUCUMBIM KOJIE0AHUAM ABYX MAITHUKOB.

3. Haiitu TpaekTOpuIO ABUKEHUS JACTUIBI B LEHTPaIbHOM nojie U = kr? /2
(Tak Ha3BIBaEMBIH NPOCMPAHCMBERHBIT OCYUALATIOP).

P €I eHue. KaK 1 BO BCAKOM ILEHTPAJIBHOM IIOJI€, NBU2KEHUE IIPOUCXO-
OUT B OOHOM ILUIOCKOCTH, KOTOPYIO BHIOMpAeM B KadeCTBe ILIOCKOCTH TyY. V3me-
HEHME KaXKJ0U U3 KOOPAWHAT X,y — IPOCTOE KOojiebaHue ¢ OAUHAKOBBIMH YaCTO-

Tamu W = (/k/m:

z =acos(wt+ «), y=bcos(wt+ )

unm
z=acos@, y=bcos(p-+d)=bcosdcos¢p —bsindsin,

rae BBeaeHbl obo3navenusa @ = wt + o, & = 3 — «. Oupenenus orcoga cos @ u
Sin ¢ u cocTaBUB CyMMYy HX KBaJAPaTOB, MOJIyINM ypPaBHEHHE TPAEKTOPUU
2 2
:1:_2 y_2 - 2'73—?’/0055 = sin® 6.
a b ab
DT0 — IUIC ¢ LEHTPOM B Hauaje koopausat ). [Ipu & = 0 wim 7 TpaekTOpHUS
BBIPOXK/IA€TCS B OTPE3KH MPAMOIA.

) Tor ¢axT, 4To B mONTE ¢ MOTEHNUANbHOK dHeprueii U = kr2/ 2 nBuXKeHUe
IIPOUCXOAUT IO 3aMKHYTOM MpsMOiA, ObLI y2Ke ymoMaHyT B § 14.
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§ 24. Kosnebanng MoKyt

Ecnu Mbr nMeeM feJ10 ¢ cucTeMoi 9acTHIil, B3aNMOIAEHCTBYIOIIX
OpyT C APYTrOM, HO He HAXOASIIWXCS BO BHEIIHEM TOJIE, TO HE BCE
ee CTENeHU CBODOABI MMEIOT KOJeDATEIbHBIN XapakTep. THUIHIHBIM
[IPUMEPOM TAKUX CUCTEM ABJIAIOTCS MOJIEKYJIBL. [[oMUMO ABUKEHMIA,
MPECTABJIAIOMNX CODOM KOIeOaHUsT aTOMOB OKOJIO MX IOJIOXKEHUS
PaBHOBECHSI BHYTPU MOJIEKYJIbI, MOJIEKYJIa KaK IIE€JI0€ MOXKET COBEP-
[IATh TOCTYMATEILHOE W BPAIATE]bHOE IBUKEHUS.

[TocTynarenpbHOMY MEPEMEIIEHUIO COOTBETCTBYIOT TPU CTEIEHU
cBobompl. CTOIBKO 2Ke MMeeTcs B OOINEM CJIydae BPaI[aTebHBIX
cTemeHeil cBOOOIBI, TaK 4TO U3 3N cTemeHel cBOOOMBI M-aTOMHOI
MOJIEKYJIBI BCEro 31 — 6 0TBedaroT KojiebaTebHOMY JBUXKeHnio. Vc-
KJTIOUEHUE TIPEJICTABJISIOT MOJIEKYJIBI, B KOTOPBIX BCE ATOMBI PACIIO-
JIOXKEHBI BJIOJIb OMHOHN mpsiMoii. [10CKOIbKY TOBOPUTH O BPAIIEHUU
BOKDYT 3TO#l MpAMOIl HE MMEET CMBIC/IA, TO BPAIIATEHHBIX CTEIe-
Heil CBOOOABI B 3TOM CIIy4Yae BCErO JIBE, TaK YTO KOJIeDATEJbHBIX
nmeerca 3n — 5.

[Ipu perenny MeXaHUYECKON 33Ja4YM O KOJIEOAHUSIX MOJIEKYJIbI
[IeJIECO00PA3HO C CAMOro HaYaJja MCKJYATH U3 PACCMOTPEHUS II0-
CTymaTebHBIE W BPAIATEbHbIE CTEIIEHN CBODOIHI.

YT006BbI UCKIIIOYUTH MOCTYIATEIHHOE JIBUXKEHWE, HAJTO0 CUUTATH
PaBHBIM HYJIIO IOJHBIN UMITYJIBC MOJIEKYJIbI. [l0CKOIBKY 3TO yCaoBue
O3HAYAET HEMOJBUKHOCTH IEHTPA UHEPIUU MOJIEKYJIbI, €r0 MOXKHO
BBIPA3UTh B BHJIE IIOCTOAHCTBA TPEX KOOPAUHAT mocienuero. [Toso-
KUB I'q = Ig0 + U, (TJ€ g0 — PAAUYC-BEKTODP HEMOABUZKHOTO IO~
JIOXKEHUSI PABHOBECHS G-TO aTOMa, a U, — €r0 OTKJIOHEHUE OT ITOTO
TIOJIOKEHWS] ), IIPEJICTABUM YCJIOBHE

Zmara = const = Z MaT a0
D maug =0. (24.1)

YT00BbI MCKJIIOYUTH BPAIIEHUE MOJIEKYJIBI, CIEIYET IOJIOXKUTH
PaBHBIM HYJIIO €€ TIOJIHBII MOMEHT UMITYJIhCa. TaKk KaK MOMEHT He SIB-
JISIETCS TIOJTHOM TIPOM3BOMHOM IO BPEMEHM OT KaKOH-1mbo (yHKImMM
KOOPJMHAT, TO YCJIOBUE €r0 MCYE3HOBEHUsI HE MOXKET OBbITh, BOOOIIE
TOBOpsi, BBIPAXKEHO B BUJE PABEHCTBA HYJIIO Takoi yrkimu. OmgHa-
KO CIyd4ail MaJibIx KojeOaHmit KaK pa3 MpPeJCTABJIAET HUCKJIIOYEHHE.
B camom gene, cHOBa MOOXKUB Iy = rgg + U, U IpeHeOperas MaJIibi-
MM BEJIUYMHAMU BTOPOTO MOPSIAKA IO CMEIEHUSM Ug, MPEACTABAM

B BUIE
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MOMEHT MMITYyJIbCa MOJIEKYJIbBI B BUIE

M = Z Me[TeVe] = Z Mg [Teoly] = %Z Mg [TaoUg)-

YcnoBue ero nCYe3HOBEHUS B 9TOM HpI/I6.T[I/I}KeHI/II/I MO2KHO, CJI€Od0Ba-
TE€JIbHO, IIPEACTaBUTH B BHIE

) Malraoua] =0 (24.2)

(Ha9aIO KOOPAMHAT MOXKET OBITH IIPY ITOM BLIOPAHO IIPOU3BOILHBIM
obpazom).

Hopwmasbabie KojebaHusa MOJEKYIbI MOTYT OBITH KJacCu(UITH-
POBaHBI 10 XaPAKTEPY JBUKEHNSA ATOMOB B HUX HA OCHOBAHUU COO0-
DaXKeH’il, CBA3aHHBIX C CHMMETPHE! pacCIOJIO’KeHUus aTOMOB
(B mOJTOXKEHUSAX PABHOBECHUSI) B MOJIEKyJie. Jjist 3Toii mesm cymecTBy-
eT obIuit MeTOl, OCHOBAHHBIN HA, MCIIOJIb30BAHUN TEOPUU TPYIIT; OH
U3JI0XKEH B APYTOM TOME 3TOro Kypca '). 37ech Ke Mbl pACCMOTPUM
JINIIT HEKOTOPBIE HJIEMEHTAPHBIE TIPUMEPHI.

Ecam Bce n aTOMOB MOJIEKYJIBI JIEXKAT B OIHOM ILIOCKOCTH, TO
MOXKHO Pa3jIMdaTh HOPMAaJbHbIE KOJIEOAHNS, COCTABISIONINE ATOMBI
B 9TO¥ IJIOCKOCTH, ¥ HOPMAJIbHbIE KOJIEOAHWS, TP KOTOPBIX aTOMBI
BBIBOJATCS W3 IJIOCKOCTH. JIErKO OIpeneinTh 4ucjao TeX U JAPYrux.
Tax Kak BCEro Jjis IJIOCKOTO JBUXKEHUSI UMEETCS 27 CTEIEeHel CBO-
60/1bI, M3 KOTOPBIX JIBE TOCTYIATEIbHbIE W OHA BPAIIATEILHA, TO
YUCJIO HOPMAJIBHBIX KOJIEOAHUMN, HE BBIBOISIINX ATOMBI U3 IJIOCKO-
cru, paBuO 2n — 3. Ocranbuble ke (3n —6) — (2n —3) = n — 3 Kouste-
OaTeIbHBIX CTEeHel CBOOOIBI OTBEYAIOT KOJEOAHUIM, BHIBOISIIIM
aTOMBI U3 TIJIOCKOCTH.

B ciyuae simHeHOM MOIEKYJIBI MOYXKHO PA3JIMYATh IIPOIOIbHBIE
KOJIeOaHNs, COXPAHSIONINE €€ MPsAMOJnHENHYI (dopMmy, U Koyieba-
HUs, BBIBOJSINNME ATOMBI C TpsiMO. Tak Kak BCEro JBMKEHUIO 7
9aCTHI[ 10 JIMHUX OTBEYAET N CTEIEHel CBOOOIBI, M3 KOTOPBIX OJI-
Ha MOCTYTATENbHAs, TO YUCI0 KOjeOaHmil, He BBIBOASIINX ATOMBI C
npsamoii, paBao 1 — 1. IlockoabKy ke mosiHOe Yuciio Kojaebanuii cre-
meHeil cBOOO/IbI JIMHENHOM MOJIEKYJIBI €CTh 3n — 5, TO uMeeTcsd 2n — 4
KOJIeOaHu, BHIBOASIIMX ATOMBI C MPAMOM. DTUM KOJeOaHUAM, Of-
HAKO, OTBEYAIOT BCETO N — 2 Pa3JIMYHbIe JYACTOTHI, TAK KAK KaXKJI0€
M3 TAKUX KOJIEOAHWN MOXKET OCYIECTBJIATHCS JBYMSI HE3ABUCHUMBI-
MU crocobaMy — B JIBYX B3AUMHO MEPIEHINKYJISPHBIX ILIOCKOCTSIX
(IpOXOAAIMX Yepe3 OCh MOJIEKYJIBI); U3 COOOParKeHUil CHUMMETPUH

) Cm. T III, «KBanTOBas MexaHuKay», § 100.
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OYEBHUIHO, UTO KAXK/as TaKad Iapa HOPMAJIbHBIX KojebaHuii nMeeT
OOWHAKOBbBIE YaCTOTHI.

Bagaan?l)

1. OnpenenuTh 9acTOTH KOIEOAHM JIMHENHON TPEXaTOMHONW CHMMETPUY-
Hoit Monekysnbsl ABA (puc. 28). Ilpennonaraercs, 9T0 HOTEHIUAJIbHAS SHEPTHUS
MOJIEKYJIBL 3aBUCUT TOJIBKO OT paccrosuuii A — Bu B — A u yrna ABA.

P ew e nue IlpogosnbHble CMelIeHNsT ATOMOB 1, %2, %3 CBSI3aHBI B CHILY
(24.1) coorHomEHNEM

ma(z1 + z3) + mpza = 0.
C ero noMoupIo UCKIII0YaeM T2 u3 pyHKImn Jlarpanka IpogoabHOrO ABUKEHNS
MOJIEKYJIBI
’mB 22 k1

(&1 + 83) + &5 — 5 (@ - 33)° + (x3 — 22)°],

ma
L =2
2

II0CJI€ 4ero BBOAUM HOBBIE KOOp,E[I/IHaTbI

Qu =21+ 23, Qs=2x1— 3.
B pesyabrare momyuum

L="T4kg2  Man Qa - —Qs
4mp 4

(L= 2m4 + mp — Macca MOJIEKYJIbI). OTcro,ua BUHO, 9TO Q4 U Qs ABIAIOTCS
(c TOYHOCTBIO IO HOPMHPOBKM) HOPMaJIbHBIMHU KoopiuHaraMmu. Koopaunara Qq
OTBE€Ya€T AHTUCUMMETPUYHOMY OTHOCUTE/Ib-
HO CepeMHBI MOJIEKYJIbI Koyiebanuio (z1 = Zs; 3 1 2 1 1
puc. 28 a) ¢ gacToTOM

A B A

k‘l},L
Wq = —_— . ~—>» —o—> (
mamp

-~ ——— 00—
KOOp,I[HHaTa Qs COOTBETCTBYET CUMMETPUYHO- 6

3

My (1 = —23; puc. 28 6) KoIe6aHUIO C IACTO- 2 ] ©
TOM

k‘1|.l.

L2y Puc. 28

Ws1 = .
ma

ITonepeunsle CMelIEHNUsT aTOMOB Y1, Y2,Yy3 B cuiy (24.1) u (24.2) cBasansl
COOTHOIIEHUAMHU
ma(y1 +ys) + mpy2 =0, o1 =ys,
(cummerpuuHOe Kosebanue usruba; puc. 28 6). IloTeHIUANBHYIO SHEPTUIO U3TH-
6a mosexyse1 3amumtem B Bume k2l25%/2, rme & — orksonenne yria ABA or
3HAYEHUS TT; OHO BBHIPAKAETCS IEPE3 CMELICHUs COIVIACHO

5= %[(yl —y2) + (ys — y2)].

1) Pacuerst KomeGanmii Gojiee CIOMKHBIX MOJNEKY/ MOXKHO HAiTH B KHHIax:
M.B.Boasrkenmrelia, M. A A Eapbsamesuyu, B. 1. Ctrenanos.
Konebauusa monexkyn.—M.: T'ocrexuzgar, 1949; I. T e p 1 6 e p r, Konebaresn-
HBI€ U BpalllaTe/IbHbIe CIEKTPBHI MHOTOATOMHBIX Mosiekya.—M.: WJI, 1949.
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Bripaxkasi Bce cMmemenus y1, Y2, ys depes O, nonyuum dynkumo Jlarpamxa
IIONEPEYHOro KOJie0aHusl B BUIE

mB 2 ko l? 2 _ MAMB iy kal? o
L=== — s — ——5 MAME 25 ——3
(y1 +y ) + Ya 2 m B )
OTKy/la 4acTOTa,
2k
Ws2 = 20
mamp

2. To xe nyia mosekysst ABA tpeyronbuoit dopmer (puc. 29)

Pemenne B cuay (24.1), (24.2) cocraBnsiompe CMeImeHnii U aToMOB
no HanpasitenusM X u Y (puc. 29) cBs3aHBI COOTHOLIEHUSIMU

ma(z1 + z3) + mpzs =0,
ma(yr + ys) + mpy2 =0,
(y1 —ys)sinax — (1 + x3) cos x = 0.

Wamenenus 6l u dlz paccrosiumit A — B u B — A nosiy4aloTCcsi IyTEM IPOEK-
THPOBAHMs BEKTOPOB Ui — Uz U U3 — Uz Ha HamnpasjeHus JjuHuii AB u BA

dly = (z1 — z2) sin o + (y1 — y2) cos «,
dly = —(z3 — z2) sinx + (ys — y2) cos .
W3menenue ke yria ABA momydaercs NPOEKTUPOBAHMEM TEX K€ BEKTOPOB Ha,

HAIIPaBJIEHUd, NEPIEHAUKYJIIPHOE K OTpPe3KaM

A | A AB u BA:

juy

——————— X 6= 7[(.7:1 — ) cosx — (y1 — y2)sina] +

. 7[—(:33 — z2) cos & — (ys — y2) sin o.
Qyuknus Jlarpanxka MOIEKYJIbI
6
~~ 7 L= (a4 i) + T

k1

_ —(5ll+5l2) kzl

2
—0b".
Puc. 29 BBomyum HOBBIE KOOPAMHATHI
Qo = 1 + T3, gs1 = T1 — T3, gs2 = Y1 + Ys3-
KomnonenTor BEKTOPOB U BBIPAXKalOTCA 4Y€PEe3 HUX COIJIaCHO

1= %(Qa +q:31), T3 = %(Qa

m
_q81)7 T2 = __AQaa
mp
1 1 ma
Y1 = -(gs2 + Qa ctg &), y3 = -(gs2 — Qu CtX), Y2 = ———gs2,
2 2 mp

a ayia dyskiuy JlarpaH:ka DOJyYUM MOC/IE BHIYUCIEHUS:
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ma (2ma ma . map,

L—_(_ )Qa+_ St quz—
4 \mp sin? o 4dmp
2 1 2

-Qi= i <—mA +— ) <1 4 A in? oc)—
mp  sin® o mg
g u?
L (k1 sin® & 4 2k2 cos” &) — qop - 2 (k1 cos® o+ 2k2 sin® o)+
B
+ gs1Gs2 o (2k2 — k1) sin & cos .
2mpB

Orcioma BUAHO, 9YTO KOOPAMHATA (), OTBEYAET HOPMAJBHOMY KOJIEDAHUIO C 4Ya-
CTOTOM

w? = LN <1 + 2ma sin? oc),

ma mp
aHTHCHMMETPUYHOMY OTHOCHTENBHO ocu Y (z1 = x3, Y1 = —ys; puc. 29 a).
Koopausarel ke ¢s1, gs2 COBMECTHO COOTBETCTBYIOT ABYM KOjebaHUSIM
(cMMMETPUYHBIM OTHOCHTEIBHO OCH Y: T1 = —Z3, Y1 = Ys; puc. 29 6 u 8),

4aCTOTHI KOTOPHIX (Ws1, Ws2 OMPEAETAIOTCA KAK KODHM KBaApaTHOTO (mo w?)
XapaKTEPUCTUIECKOTO YPABHEHUS

<1+2 :cos a)+f:j(1+2 : inza)}+—;”:::§:0.

4 k1
w®—w [
ma
IIpu 20¢ = 7t Bce 3TH 9aCTOTHI COBHAAAIOT C HaliIeHHBIMU B 3aga4e 1.
3. To xe ajia nuHeiiHOM HecumMeTpuyuHON Monekysst ABC (puc. 30).
P emenue. Ilpogonbusle (z) n monepeunsie (y) CMELIEHUS] ATOMOB CBI-

3aHbl COOTHONIEHUAMU 3 I 2 I 1
[, 0
mazxi1+mpzra + mexs =0, C B A

may1 + mey2 + mcys = 0, Puc. 30

maliyr = melays.

HOTeHI.[I/IaJ'IbHyIO QHEPIUI0 PACTAXKEHUA U u3ruba 3amnuileM B BHUIE

k ki kl
5 (0l1)* + - (812)" + =8

(2l =11 + ). Bouncienus, aHaJIOTMYHbIE IPOU3BENEHHBIM B 3ajade 1, npu-
BOOAT K 3HAYEHUIO
s kol? (3 12 472
Wy =~ At
;313 ma maB
IS IaCTOTHI TIOTIEPEIHOrO Koyebanus u K KBajgpaTtHoMy (mo w?) ypasHeHmio

ot =0 (Gt )+ # 7))+ s =

AJIS 9aCTOT W1, W2 ABYX IPOJOJBHBIX KOJIeOaHMIA.
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§ 25. 3aryxaromue Kojiebanus

Jlo cux mop MBI BCeria moApa3yMeBaJIn, YTO ABUKEHME TEJI IIPO-
HCXOIWT B IIyCTOTE WJIN YTO BJIMSHUEM CDPEIbl HA JIBUKEHUE MOXK-
HO mpeHeOpeydb. B [efiCTBUTEILHOCTH TIPU JABUXKEHUH TEJIA B Cpe-
Jie TIOCJIeIHSASI OKA3BIBAET COIIPOTUBJIEHNE, CTPEMSIINEECS 3aME JINTH
JBUKEHNE. DHEPTUS JBUXKYIIETOCH TEJIa P STOM B KOHIIE KOHIIOB
MIEPEXOIUT B TEIJIO WUJIU, KAK TOBOPST, JUCCUITHPYETCS.

[Iportecc qBUKEHUS B 9TUX YCIOBUSX Y2KE HE ABJISETCS YUCTO Me-
XaHIMYECKUM TIPOIECCOM, & €r0 PACCMOTPEHME TPebyeT yUueTa JBUKE-
HUs CaMOii CPeibl M BHYTPEHHETO TEIJIOBOTO COCTOSHUSA KAaK CPeIbI,
TaK W Tejia. B 9acTHOCTH, y»Ke HeJb3sl YTBEPXKAATH B OOIIEM CIIy-
4Jae, 9YTO YCKOPEHWE IBIKYIIETOCS TeJa ABJISeTCs (PYHKIUEN JIUIb
OT €ro KOOPAWHAT U CKOPOCTH B JAHHBII MOMEHT BPEMEHH, T.€. HE
CYIIEeCTBYeT YPaBHEHUI ABUXKEHUS B TOM CMBbICJIe, KAKOI OHU UMEIOT
B MexaHuKe. TakuM 00pa3oM, 33/1a49a O JBUKEHUH TEJIA B CPEIE YKe
HE ABJISETCH 33Ja4eli MeXaHUKU.

CyurecTByeT, 0THAKO, ONpENeIeHHAs KATErOPHUs CJIy4aeB, KOTIa
JBUXKEHNE B CPee MOXKET OBITH IIPUOJINKEHHO OIMUCAHO C TIOMOIIBIO
MEXaHUIECKUX YPABHEHUN JBUKEHNUS IIyTEM BHEJAPEHUS B HIX OIPe-
JIEJIEHHBIX JTOTIOJHATEIHHBIX 4eHOB. CIoma OTHOCATCA KOJIeOaHus C
9acTOTaMM, MAJIBIMU TI0 CPABHEHUMIO C YACTOTAMU, XaPAKTEPHBIMU
JJIsi BHYTPEHHUX IUCCUMATHUBHBIX MPOIECCOB B cpene. [Ipu BbImOI-
HEHUU ITOTO YCJIOBUS MOXKHO CUUTATH, YTO HA, TEJIO JEHACTBYET CU.AG
mpenus, 3aBuUcAas 1y 33JaHHON OJHOPOIHON CPEbI) TOILKO OT
€ro CKOPOCTH.

Ecnu x Tomy 2Ke 3Ta CKOPOCTDH TOCTATOYHO MaJja, TO MOXKHO Pa3-
JIOXKUTDb CHJIy TPEHUs IO ee cTeneHsaM. HyseBoi diieH pa3yioxKeHus
PaBEeH HYJIIO, IOCKOJIBKY Ha HEMOJABUXKHOE TEJIO He JIeHCTBYeT HUKA-
KO CHJIBI TPEHUA, U IIEPBLIM HEUCYE3AI0IUI YIeH NPOIOPIUOHAJICH
ckopoctu. Taxum o6pa3om, 0O0OIIEHHYIO CUTy TPeHUS frp, AeHCT-
BYIOILYIO Ha CHCTEMY, COBEPIIAIONIYI0 OJHOMEPHBIE MaJible KoJeha-
HHSA C ODOOINEHHON KOOPAMHATON T, MOXKHO HAINCATH B BHUJIE

pr = —O(C'E,

e o — MOJIOKATENBHBIN K03b(UImeHT, a 3HAK MUHYC IOKA3bIBAET,
9TO CujIa JEfCTBYeT B CTOPOHY, IPOTHBOIOIOXKHYIO cKopocTH. Jlo-
GaBiisist 9Ty CHJIy B IPABYIO YaCTh yPABHEHUS JBUKEHUS, IIOJLY UM
(cp. (21.4))

mE = —kr — &&. (25.1)
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Paznennm ero Ha m u BBegeM 0003HAUEHUS

k 2 104

—=w — =2\ 25.2

m 0 ( )

(W €CTh YaCTOTA CBOOOMHBIX KOMEOAHUN CUCTEMBI B OTCYTCTBHUE TPe-

Hus. Besauuuna A Ha3bIBAETCH K0IPPUUUEHMOM 3AMYTLAHUA L).
Takum obpa3zom, umeeM ypaBHEHUE

i+ 2\ 4+ wiz = 0. (25.3)

Crenmyst oOIIM TPABUJIAM PEIIEHNS JIMHERHBIX YPABHEHUHN € TOCTO-
AHHBIME KO3(MD(PUIMEHTaMH, HojaraeM T = €'’ W HaXOmuM JJis T
XapaKTEPUCTUIECKOE YPABHEHUE

7’2+27\r+w(2)=0.
Ob6ee perrenne ypasraernus (25.3) ectsb

z = cre™t + cpe™?, rie=-—-Ax \/?\2 - wg.

3/1eCh CITEYET Pa3IndaTh ABa CJIydas.

Ecmu A < wp, TO MBI uMeeM [1Ba KOMIIJIEKCHO COIPSKEHHBIX
suadenus r. OOIee pelnreHne ypaBHEHUsI IBVKEHUsS MOXET OBbITh
IIPEICTABJIEHO B 9TOM CJIydae, KaK

z = Re {Aexp(—?\t + ity /w3 — 7\2)},

rae A — IPOU3BOJIbHAA KOMIIJIEKCHaA IIOCTOAHHAA. Huage moxuO

HaIlnuCaTb:
z=ae Mcos(wt + ), w=1/wi -2, (25.4)

I7e G ¥ (X — BEIlIeCTBEHHbIE MIOCTOsHHBIE. Bhipazkaemoe stumu Gop-
MyJIaM{ [BUXKEHUE IIPEICTABIAET CODOM TaK HA3bIBAEMBIE 3aMYy-
rarowue xKosebarus. Ero MOXKHO paccMaTpUBaTh KaK TapMOHHIYE-
ckue KoyeDaHWs C IKCIOHEHIMAJILHO YOBIBAIOIIEH AaMILINTYIOM.
CkopocTh yOBIBAHWUST aMILIUTYIbI OIPEIEISIETCS MOKA3aTeaeM A, a
«9aCTOTa» (W KOJeOAHWI MEHBIIE YaCTOTHI CBOOOMHBIX KOJIeOaHMit
B OTCYTCTBHE TPEHHS; Ipu A < W Pa3HUIA MEXIY W U Wy —
BTOPOTO MOPSAKA MAJIOCTUA. Y MEHBITIEHNE YACTOTHI TP TPEHUM CJIe-
JI0BAJIO OXKWIATh 3apaHee, IOCKOJIbKY TPEHHe BOOOIIE 331€PKUBAET
IBUXKEHUE.

Ecmu A <« wq, TO 3a BpeMs OIZHOIO IIEPHUOIA 27[/ W aMILIUTYOa
3aTyXAIOIIEro KojiebaHus MOYTH He MeHsAeTCsI. B 9ToM ciryuae umeer

1) BespasmepHroe npomnssegenne AT (rme T = 2m/w — nepuox) Ha3BIBAIOT
A020PUPMUYECKUM OEKDEMEHTIOM 3AMYTAHUSL.
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CMBICJI PACCMATPUBATH CPeJHME (32 Iepuoj) 3HaYeHWs! KBAJPaTOB
KOODAMHATHI U CKOPOCTH, TpeHedperas Ipu yCPEeIHEHUN N3MEHEHU-
eM MHOKHTeIs € M. DTr cpesHme KBaIPaThl, OYeBHIHO, IPOIOPII-
onanbEbl e M, [109TOMY ¥ SHEPIHs CHCTEMBI B CDEIHEM yOLIBAET
IO 3aKOHY

E = Ege M, (25.5)
riae Fy — HavaIbHOE 3HAYEHWE SHEPIHUH.
IIycts Tenmepp A > wyg. Torma oba 3HaYeHWSA T BEIIECTBEHHBI,
npudeM 0b6a orpuniaresbubl. O0Iuil Bug, perrenuns

z = ¢ exp[—(A—1/A? — w3)t]+c2 exp[— (A+4/A% — wd)t]. (25.6)

Msbl BUAMM, YTO B 3TOM Cllydae, BO3HUKAIONIEM IIPU JIOCTATOYHO
GOJIbIIOM TPEHNY, JBUKEHUE COCTOMT B yOBIBaHWM |Z|, T.e. B acum-
OTOTHYECKOM (Ipy ¢ — 00) HPUOIMIKEHNH K [IOJIOKEHUI0 DaBHOBE-
cust. TOT TUII IBUKEHUSA HA3BIBAIOT aNEPUOOUHECKUM 3AMYTAHUCM.
Haxkomer, B ocobom ciaydae, Korma A = g, XapaKTEPUCTHIECKOE
ypaBHeHWe MMeeT BCero oquH (aBoiiHOI) KopeHb 7 = —A. Kak us-
BECTHO, 0ob1ree pemienne AuddepeHInaIbHOTO yPAaBHEHNS UMEET B

9TOM CJIy4ae BUL
z = (c1 + cat)e ™. (25.7)

DT0 — 0cobBI ciayuail anepmogudeckoro 3aryxanusd. OHO TOXe He
rMeeT KojebaTeIbHOTO XapaKTepa.

st cucTeMbl CO MHOTUMU CTEIEHIMU CBOOOIBI 0000IIIEHHBIE CH-
JIBI TPEHHSA, COOTBETCTBYIOIINE KOOPAUHATAM I;, SIBJIAIOTCS JIMHEMH-
HBIMHU (PYHKIUAME CKOPOCTEH BHIa

Jizp = _Z ik L (25.8)
k

W3 uncTo MexaHWIeCKuX COODparkeHnii HeJIb3sl CAeJIaTh HUKAKUX 3a-
KJIFOUEHUH O CBOMCTBAX CUMMETPHUU KOIDDUIIMEHTOB O4) IO WHIIEK-
cam ¢ u k. MeTomamu ke CTATUCTHYIECKON (DU3MKM MOXKHO IOKa-
3aTh 1), 9TO BCErya

Kk = K- (25.9)
[Tosromy BeIparkenus (25.8) MOryT OBITH HANWCAHBI B BUJE [IPOU3-

BOIHBIX 5
F
fiTp = " on; (25.10)

) Cm. 1. V, «Crarucruueckas dusukas, § 121.
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OT KBaJIPaTUIHON (hOpMBI

F= %Z kit (25.11)
i,k
Ha3bIBaeMOM duccunamusrnoti gyrryuer.
Cuuet (25.10) momxHBI ObITH JOOABIIEHBL K IPABO 9aCTH ypaB-
Henuit Jlarpamxa
ddL _ 8L _ OF
JuccunaruBHas QYHKINS UMEET caMa TI0 cebe BayKHBIHM dusmye-
CKHIl CMBICJI — €0 OIPEeeJIsieTCs MHTEHCUBHOCTD JIUCCHUIIAIINN SHED-
rum B cucreMe. B 9TOM Jierko ybeauThCsi, BBIYUACIUB IPOM3BOIHYIO
[I0 BPEMEHM OT MEXaHWYIEeCKOil SHepruu cucremsbl. Vmeem

4B _ d (N~ 0L\ _ N (400 OLY _ N~y 0F
E_ E(Zx’&m L) _sz<dt8dn 3.1‘1) o szadn.

(25.12)

ITockompky F' — kBampaTuvHas PYHKINUS CKOPOCTEl, TO B CUJIY TEO-
peMbl Ditjepa 06 OTHOPOAHBIX (PYHKIMHAX CYMMa B MPABOM YaCTH
paBencrBa pasHa 2F. Takum obpazom,

dE/dt = —2F, (25.13)

T.€. CKOPOCTb W3MEHEHUsI SHEPIUM CUCTEMbI JIAETCs yIBOCHHOMN JrC-
cunatuBHOM (yHKIHUeit. Tak Kak AMCCUTIATUBHBIE IPOIECCHI IPUBO-
AT K yMEHBIIEHUIO YHEPTUH, TO JOMKHO ObITh Beerma F > 0, Te.
kBajgpaTudHas ¢popma (25.11) cymecTBEHHO HOIOXKUTEIbHA.

YpaBHeHUs: MaJIbIX KojlebaHuil Mpy HAJIUYIUN TPEHUS TIOJTY 9ar0T-
cs nobasrenneM cui (25.8) B mpaByio 4acTb ypaBHeHuit (23.5):

Zmikﬁ?k + Z kizr = —Z kT (25.14)
k % k

ITonoxkuB B 3THX YpPaBHEHUAX

_ rt
T = Ake y

HOJTyYMM IO COKPAIIEHHH Ha €'’ cucTeMy JIMHeHHBIX aireGpamde-

CKUX ypaBHEHWI JJIs MOCTOAHHBIX Ap,

3 (mar? + o + ki) Ay = 0. (25.15)
k

IIpupaBHAB HYJIIO OIpeAEUTEb ITOM CHUCTEMBI, HAIEM XapaKTe-
pUCTUYIECKOe yPaBHEHUE, OIpeesIdarolniee 3HaYeHUd 7'

|mikr2 + T + kig| = 0. (25.16)
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9T0 — ypaBHEHHWE CTENEHU 2§ OTHOCUTENHHO 7. [ToCKOIBKY BCe
ero K03 UIMEHTHI BENIECTBEHHBI, TO €r0 KOPHU JHOO0 BEIECTBEH-
HBI, JI00 MOMAaPHO KOMILJIEKCHO CONpsKeHbI. [Ipu 3TOM BerecTBeH-
HbIE€ KOPDHU HEIIPEMEHHO OTPHUIATEIbHBI, 8 KOMIIJIEKCHBIE UMEIOT OT-
PHUIIATEILHYO BEIECTBEHHYIO YacThb. B MpOTUBHOM Cirydae KOODIH-
HATBhI U CKOPOCTHY, & C HUMU M JHEPIUs CUCTEMbBI KCIOHEHIINAIHHO
BO3pacTaJn ObI CO BpEMEHEM, MEXK Y TEM KAK HAJUYINE JUCCUIIATUB-
HBIX CHJI JOJI?)KHO IPUBOLUTH K YMEHBIIEHUIO SHEPTUH.

§ 26. Briyx1ennbie KoieOaHWs PN HAJWYIUU TPEHUS

UccnenoBanue BBIHYKIEHHBIX KOJIEOAHUN DU HAJIUYIUU TPEHUS
BIIOJIHE AHAJIOTUYHO IIPOM3BEIEHHOMY B § 22 DACCMOTPEHUIO KOJIE-
Ganwmit 6e3 TpeHus. Mbl OCTAHOBUMCS 31€Ch MTOJAPOOHO HA IMIPEICTaB-
JIAIOIIEM CaMOCTOATEIbHBI MHTEPEC CIyvae MePUOANYIECKONA BBIHY-
KITAIOIIEN CUJIBI.

[TpubaBus B mpaBoit yacTu ypasHeHus (25.1) BHEIIHIOW CHILY
f cosyt u pazgenuB Ha M, MOJYyIUM YPABHEHUE NBUXKEHUS B BHUIE

%+ A& + wiz = L cosyt. (26.1)
m

Pemenne sToro ypaBHeHUs ya0OHO HAXOOUTh B KOMILJIEKCHOM
dopme, 11 wero mmmreM B mpaBoit gacTu €'Y! BmecTo cosyt:

%+ 2A% + wiz = e,
m
YacTHbIH HHTErpaa uineM B Bujge © = Be™Y! u maxomum nns B:

— f
B= m(wg — 2 + 2iXy)’ (26.2)

IIpencraBuB B B Buae be®®, umeem mist b u b:

2\
b == f > y tg 6 == 27"/2. (26.3)
my/(@f — V) + ay? ¥ -

Hakomer|, OTIe/IMB BEIeCTBEHHYIO YacTh OT BhIpaxkenus Be'Y! =

= bet(Yt+0)  nojryunm wacTHBI MHTErpaJ ypaBHEHU (26.1), a npu-

GaBuB K HeMy oOllee pelleHMe ypaBHeHWs 0e3 mpaBoil dacTu (KO-

TOpPOe MBI HAIUIIEM IS OLUPEAEJIEHHOCTH Ui CIydas Wo > A),
[TOJIyIUM OKOHYATEJIBHO:

z = ae ™ cos (wt + &) + beos (vt + ). (26.4)

ITepBoe craraemoe 9KCIIOHEHIIMAJIBLHO YOBIBAET CO BpEMEHEM, TaK

9TO Yepe3 JOCTATOYHO OOJIBINON IPOMEXKYTOK BPEMEHH OCTAETCS
TOJIBKO BTOPOU YJIEH:
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x = bcos (vt + 9). (26.5)

Bripazkenne (26.3) s aMmummTyasl b BBIHYKIEHHOTO Kojeba-
HUS XOTs ¥ BO3PACTAET NP IPUOIMAKEHIN YaCTOTHI Y K Wq, HO He
obpaiaerca B 6CKOHETHOCTD, KAK 9TO OBIJIO IIPY PE30HAHCE B OTCYT-
crBue Tpenus. IIpu 3a1aHHON aMIIUTYAe CUiIbl f aMIUIMTY A KOJle-

OaHua MAKCUMAJIHHA MDY YaCTOTE Y = \/w% — 2A%; mpm A < wg 310
3HAYEHNE OTJIMYAETCA OT (Wq JIUIIb HA BEJUIUMHY BTOPOTO MOPSIIKA
MaJIOCTH.

Paccmorpum obsacts B6/1m3u pesonanca. [lomoxxum vy = wq + ¢,
rme € — MaJiad BeJuYnHa; OyJaeM TakKe CYMTaTb, 9To A K Wg.
Torma B (26.2) MOXKHO IPUOINKEHHO 3aMEHUTh:

Y2 — wh = (v + wo) (v — wo) ~ 2woe, 2Ny ~ 2iAwy,

TaK 49TO

B=-—J (26.6)

2m(e — iA)wo
i
b=— I tgs=2 (26.7)
2mwov €2 + A? €

OTMmeTrM XapaKTepHYI0 OCOOEHHOCTDb X018 M3MEHEHUST Pa3HOCTH
da3z b Mex Iy KojebaHMeM U BBIHYKIAIOIIEH CUION IPpU N3MEHEHIH
YaCTOTHI MOCTEHEN. DTa PA3HOCTHb BCETNIA OTPUIATENIbHA, T.€. KO-
JebaHme «3amMa3IbIBAeTy OTHOCUTEILHO BHEIIHEN cuibl. Boamu or
pe30HAaHCa, CO CTOPOHBI Y < Wq, O CTPEMUTCH K HYJIO, a CO CTO-
POHBI Y > Wwg — K 3HadeHuio —7i. V3menenme & or Hysnsg go —7
IPOUCXOAUT B y3KOi (UIMPHHBI ~ A) 00JIACTH 9acTOT, GIM3KUX K
Wo; 4epe3 3HadYeHHe —71/2 PasHOCTH (a3 MPOXOJUT IPH Y = Wy.
OTrMmernM B 3TOi CBA3M, 9TO B OTCYTCTBHE TpEHWS n3MeHeHue ¢a-
3Bl BBIHYKJIEHHOTO KOJIEDAHNS HA BEJIMYNHY 7T IIPOUCXOIUT CKAYKOM
npu Y = wp (Bropoii wien B (22.4) MeHsieT 3HAK); y4eT TPEHUS
«pa3Ma3bIBAET» ITOT CKAUOK.

[Ipu ycranoBuBINIEMCS TBUXKEHWUN, KOTJIA CHCTEMA COBEPIIAET BbI-
HyKJeHHble Kojebanus (26.5), ee sHeprus ocTaeTcs HEM3MEHHOI. B
TO K€ BpeMsl CHCTeMA HENPEPHIBHO NMOMVIOMAET (OT HCTOYHUKA BHEII-
Hell CHJIBI) 9HEPTHUIO, KOTOPAas JAUCCUIMPYETCS OJ1aronapsi HAJMIHIO
rpenns. Obo3naunm depe3 I (y) KOIHMIECTBO IHEPIUH, IIOIVIOMIAEMO
B CPEJHEM B €IMHUILy BPEMeHM, KaK (DYHKIIMIO YaCTOTHI BHEITHEH
cunbl. Cormacuo (25.13) umeem

I(y) = 2F,
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rie F — cpesmee (1o mepuoty KomeGanns) 3HaUEHIE UCCHTIATHBHOM
dbysxipu. s oqHOMepHOTO NBUXKeHUSA Bhipaxkenue (25.11) auccu-
naTuBHON (yHKIMEM cBOmmMTCA K F' = o2 /2 = Ami2. Toncrasus
cioza (26.5), momyunm
F = Amb>y? sin?(yt + §).

CpezHee 10 BpeMeHM 3HaUEHVE KBaIPaTa CUHYCa PaBHO 1/2, mosroMy

I(y) = Amb*y?. (26.8)
B6am3u pe3onanca, MOACTABISAS aMILUIUTYLy Kojebamus u3 (26.7),
nMeeM

I(e)= L 2 (26.9)

T 4m e + A%

Takoii B 3aBUCUMOCTY TOTJIOMIEHUS] OT 9aCTOThI HA3BIBAETCS
ducnepcuonnoim. [lomymmupunoit pesonancuoit Kpusoii (puc. 31) Ha-
3BIBAIOT 3HAYEHUe |€|, mpu KoTopoM BesmumHa [(€) ymeHbImaercs
BJIBOE 110 CPABHEHUIO C €€ MaKCH-
MaJIbHbIM 3Ha4YeHueM npu € = 0.
U3 dopmyser (26.9) Bugso, 9TO B
JIAHHOM CJIy9Yae 9T IIUPUHA COBIIA-
1/2 N\ JAeT C TOKA3aTeJIeM 3aTyXaHUs A.

Bricota ke MmakcumyMa

|
€ 2
—A 0 A I(0) = Jn—)\
Puc. 31
obpaTtHO mpomopuuoHasbHa A. Ta-
KuM 00pa30M, IPpU YMEHBIIEHUH TOKA3ATE s 3aTyXaHUs PE30HAHC-
Hasg KpUBas CTAHOBUTCS YK€ U BBIIIE, T.€. €€ MAKCUMYM CTAaHOBUTCS
6ostee ocTpeiM. [1tommane e 1mo1, pe30HaHCHON KPUBOI OCTAETCs IIPU
3TOM HEU3MEHHOI.
[locnenuss maeTca MHTErPaIOM

1/1(0)

0/ 1= Z I(e) de

[Mockosbky I(€) GBICTPO YOBIBA€T NIpH YyBEJUYEHUH |€|, TaK dUTO
obsacTh GOJIBLINX |€| BCe paBHO HE CyIECTBEHHA, MOYKHO LIPU MHTE-
rpupoBanuu nucarh I(e) B Buze (26.9), a HUKHEI Ipeies 3aMEeHUTH
Ha —oo. Torma

) de _ nf?
/ I(e) de = £ / Sk = (26.10)
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SBamauga

OnpesenuTh BHIHY XK JEHHEIE KOJIe6AHNs DU HATMYIAN TPEHUs TOJ, NeHCTBY-
em BHemHe# cumbl f = foe™t cosyt.

.. . 0 ;
%4 2\ 4+ wiz = fo e trivt
m

IIOCJIe 4ero OTHeNIsieM BelIeCTBEHHYIO JacTh pelleHud. B pesysprare momydaem
BBIHY2KJEHHOe KojebaHue B BUIE

x = be™ cos (yt + 6),

rue
b= fo
ma/(WZ + o —y2 + 20A)2 + 4y2 (o + A)2
tg 6= — 2y(a+A)

wZ — v+ a2+ 20"

§ 27. IlapameTpuyeckuii pe3oHAHC

CyIecTByoT Takme HE3aMKHYTBIE KOJEOATENIbHBIE CHUCTEMBI,
B KOTODBIX BHEIIIHEE BO3/EHUCTBUE CBOAUTCA K M3MEHEHUIO CO Bpe-
MeHEM ee ITapaMeTpoB ).
[TapamerpaMu 0THOMEDHON CHUCTEMBI ABJISIOTCA KO3(DDUITUEHTHI
m u k B Gyukun Jlarpamxka (21.3); eciiu OHE 3aBUCAT OT BPEMEHH,
TO ypaBHEHUE IBVKEHUS TJIACUT:
d .
E(mw) + kz = 0. (27.1)
IlyTrem BBemeHms BMeCTO t HOBOI HE3aBUCHMOU IIEPEMEHHON T CO-

riacHo dt = dt/m(t) 910 ypaBHEHUE IPUBOJUTCS K BUIY
d*z .
= + mkz = 0.

Tlosromy dpakTmdecku, 6€3 BCAKOr0 OpraHudIeHus OOITHOCTH, JOCTa~

TOYHO PACCMOTPETh yPABHEHUE JBUKEHUS BHIA
2
T2+ w(t)z =0, (27.2)
KOTOpOE TOJIyImiIochk 661 u3 (27.1) mpu m = const.
Bun dbyskumun w(t) 3amaercs yCIOBHAME 337a4M; IIPEJIIONO-
JKPM, 9TO 3Ta (DYHKIMS IIepuoauydeckas C HEKOTOPOH HacTOTON Y
(u mepuonom T' = 27/y). D10 3HAUUT, ITO

1) IIpoCTBIM IIPEMEPOM TAKOTO POJA SBJISIETCS MAsTHHUK, TOYKA IOLBECA KO-
TOpPOTO COBEPIIAET 33 aHHOE MEPUOAUYECKOe ITBUXKEHUE B BEPTUKAJILHOM MOJIO-
xeHnu (cM. 3agady 3).
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w(t+T) = w(t),

a MOTOMYy U BCce ypasHeHwe (27.2) MHBAPUAHTHO 11O OTHOIIEHUIO K
npeobpazoBanuto t — t + 1. Orciona ciexyer, uro ecmm z(t) ecTsb
perrenne ypasHeHus, To u GyHKus z(t + 1) ToXke ecTb perieHue.
Hpyrumu caoBamu, eciu z1(t) u 2(t) — ABa HE3ABHCUMBIX HHTETDA-
Jsa ypaBHeHus (27.2), To npu 3amere t — t + T oHu npeobpas3yroTcs
JIMHEHHBIM 006pa30M JIPYT 4epes3 Apyra. [1pu 3ToM MOXKHO ') BEIOpATH
T1 u £ TaKuM 00pa3oM, YTOOB! MX m3MeHeHue npu 3amene t Ha t+ T
CBOJMJIOCH TIPOCTO K YMHOXKEHWIO Ha TIOCTOSHHBINA MHOXKHUTEJb

o1t +T) = wmai(t), z2(t+T) = uama(t).
Hawbosee obrmuit Bun, pyHKIwMiA, 0OIaJAFOMIMX TAKUM CBONCTBOM, €CTh

o(t) = w (), () =w (), (273)
rae 111 (¢t) u TTa(t) — uncro nepropuveckue HyHKIMU BpeMeHH (C 11e-
puogom T').

[TocTostHHBIE [ U Wy B 3TUX (DYHKIUAX JOJIKHBI OBITH CBA3a-
HBL IPYT C APYTOM ONPEJEJIEHHBIM COOTHOIIEHNEM. JIefCTBUTENBHO,
YMHOXKWB yDaBHEHHUS

T+ w2(t)a:1 =0, X2+ w2(t).’132 =0
COOTBETCTBEHHO HA T2 U £] U BBIUTS UX IOWIEHHO OJIHO U3 JPYIOro,
OJTy IiM

Z1x9 — Zox1 = —(T122 — 21%2) =0

it
annt
L1T9 — T1L9 = const. (27.4)

Ho npu mobeix dbyrknusx z1(t) u z2(t) Buga (27.3) BeipakeHne B
JIEBOI 9aCTH 9TOTO PABEHCTBA YMHOXKAETCS Ha | [ly TIPU U3MEHEHUN
aprymenTa t Ha t + 1. [loaTomy sicHO, 4TO CODJIIO/IEHNE PABEHCTBA
(27.4) Bo BCAKOM ciydae TpebyeT, 4TOOBI GBLIO

Hikp = L. (27.5)

JanpHelimpe 3aK/II0YEHAS O HOCTOSHHBIX g, g MOXHO Cle-
JIaTh, UCXOAd 13 (HaKTa BEIIeCTBEHHOCTH KOIMDPUIMEHTOB ypaBHe-
Hus (27.2). Ecnn x(t) ects Kakoil-mb0 HHTErpaJI TAKOTO yPaBHEHUS,

1) DroT BHGOp IKBUBAJIEHTEH NPUBEIEHMIO K JUATOHAILHOMY BH/Y MATPULpI
JIMHeHHbIX npeobpas3oBanuii £1(t) u z2(t), 4T0 TpebyeT pelmeHusl COOTBETCTBY-
IOIETO CEKYJIAPHOrO KB3PATHOrO ypaBHEHMs. MBI IpeamosaraeM, 9T0 KOPHU
9TOr0 ypaBHEHHUs HE COBIAAIOT.
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TO ¥ KOMILIEKCHO COTpsizKeHHast byHKuus £*(t) TOIKHA YI0BIETBO-
pATH TOMy Ke ypaBuenuto. OTCI0Ja CIeyeT, YTO mapa MOCTOSHHBIX
Wi, Mo JOJKHA COBIAJATH C MAPOM W], W3, T.e. JOJKHO OBITH 16O
W = M5, OO Wy U [y BEIIECTBEHHHBI. B mepBoM cirydae, yuuThIBadA
(27.5), mmeem Wy = 1/uf, Te. |Wy|? = |wo|?> = 1; mocrogmmbe 1y
U [y IO MOJYJIIO DABHbI €JUHUIIE.

Bo BTOpOM )€ cimydae JBa HE3aBUCHMBIX WHTETPAJIA, YPABHEHUS
(27.2) umeroT BHL,

o1 () = W/TTL(E), @a(t) = w ¥/ TI(2) (27.6)
C OTJINIHBIM OT €IMHUIIBI TOJIOKUTETHLHBIM UJIH OTPUIATETHLHBIM B~
mecTBeHHbIM yncioM W. Opua u3 9tux GyHKUmi (mepsasi wiu BTO-
pas upu || > 1 u |u| < 1) 9KCHOHEHIMATIBHO BO3PACTAET CO BpE-
MeHeM. DTO 3HAYHUT, YTO COCTOSIHUE IIOKOS CUCTEMBI (B HOJIOXKEHUN
pasuoBecusi £ = () Gy eT HEYCTONYIMBBIM: JTOCTATOYHO CKOJIb YTOZ-
HO CJIa0Or0 OTKJIOHEHWsI OT TOTO COCTOSHUsI, UTOOBI MOSBUBIIIEECS
CMEINEHnE T CTAJIO0 OBICTPO BO3PACTATH CO BPEMEHEM. DTO sIBJIEHUE
HA3BIBAETCS NAPAMEMPUHECKUM DEZOHAHCOM.

Ob6paTnM BHMMaHWE Ha TO, UTO MPU CTPOTO PABHBIX HYJIIO HAa-
YAJIbHBIX 3HAYEHUSX T U & OHU OCTABAJIUCH Obl DABHBIMU HYJIIO W
B JaJIbHEMIIeM B OTJIAYME OT OOBIYHOIO pe3oHaHca (§ 22), B KOTO-
POM BO3DACTAHWE CMEIIEHUs CO BpeMeHeM (IPOHOPIMOHAJIBHOE t)
MPOUCXOAUT ¥ OT PABHOTO HYJIIO HAYAJIBHOIO 3HAUEHU.

BrisicHuM yCi10BUSI BOSHUKHOBEHUS TAPAMETPUYECKOTO PE30HAH-
ca B BaXKHOM Cily4ae, Korja dbyHKmusa w(t) Majo OTIAYAETCS OT
HEKOTOPOU IIOCTOAHHOU BEJIMYWHBI (W) U ABJISETCS IPOCTOU IEepUo-
audeckoit pyHKImei

w?(t) = wi(1 4 h cosyt), (27.7)
rae nocrosiHHasg h < 1 (Mbl 6ygeM cauTarh h [IOIOKUTENBHOM, de-
T'0 BCEr/Ia MOXKHO JOOUTHCS HAJIEXKAIAM BHIOOPOM HAYAJIa OTCUETa
Bpemenn). Kak Mbl yBuauMm Huke, Hanboyiee MHTEHCHUBHBIM 06pa-
30M MAPAMETPUYIECKU PE3OHAHC BO3ZHUKAET, €CJIU YaCTOTa (DyHKIMH
w(t) 6um3ka K yABOEHHOMN dacToTe Wo. [Toaromy momoxum

Y = 2w + ¢,
rme £ < wo.
Pemenne ypasuenus gsuxenus *)
%+ wa[1 4 hcos (2wq + €)t]z = 0 (27.8)

1 YpaBHeHue Takoro BuAa (C MPOU3BOJBHBIMY Y U h ) Ha3bIBAeTC B MaTe-
MaTu4eckoil ¢pusuke ypasnenuem Mamvé.
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OyieM MCKaTb B BUIE
z = a(t) cos(wo + %)t +b(t) sin(wo + g)t, (27.9)

rae a(t) u b(t) — MeqyeHHO (IO CPaBHEHHIO CO MHOXKHTEJISIMHE COS
u sin) meHsonmecst GyHKuuy BpeMenu. Takoil BUL pelneHust, pasy-
MeeTCsl, He fABJIAeTCS TOYHBIM. B neiicrBurensrocT GyHKIus (t)
COJIEPXKUT TAK?KE UJIEHBI C YACTOTAMHU, OTJIMUAIOIMMUCS OT Wo+ €/2
HA I1eJI0€ KPATHOE OT 20+ €; ITU WICHBI, OJHAKO, BBICIIIETO IIOPSIIKA
MaJiocTs o h, ¥ B EPBOM IPUOIMKEHNN UMU MOYXKHO IIpeHebpedh
(cMm. 3amaay 1).

ITogcraBum (27.9) B (27.8) u mpousBeneM BBIYHCIEHUS, COXPa-
HSS JIUIIb YIEHBI IIEPBOIO IOPAAKA IO €; IPH 9TOM IIPEIIIOIOKIM,
910 @ ~ €a, b ~ ¢b (IPaBUIBHOCTH ITOrO MPEAIIOIOKEHNUS B YCIO-
BUSIX PE30HAHCA MOATBEPAUTCs pe3ysbraToM). [IpousBenenns Tpu-
TOHOMETPHUYECKUX MHOXKUTEJIEH CIIeIyeT Pa3JIOKUTh B CyMMBbI

cos(wo + %)t -cos (2wp + &)t =
%cos<3wo + )t + —cos(wo + )

U T.II. 1 B COOTBETCTBUU CO CKa3aHHBIM BbBIIIE€ OIIYyCTHUM YJIEHBI C
gacroramu 3(wo + €/2). B pesysbrare mosyanm

- <2d+be+ h“"’b)wosm(wo+ )t +

<2b —ae+ hwo )wo cos(wo + %)t =0.

Brinonnenue 3Toro paBeHcTBa Tpe6yeT OIHOBPEMEHHOT'O OOpAIEeHN s
B HyJb KO3(MD(UIMEHTOB NpM KaXKIOM W3 MHOXKUTEJEH sin u cos.
Otcroma moaydaeM CUCTEMY ABYX JIMHEHHBIX nuddepeHImaaIbHbIX
ypaBHenuit miusa dyuxmmit a(t) u b(t). Cremys obmum mpaBuiaMm,
UIIeM pelnenue, mponoprmonabaoe e, Torma

sa+%<£+m)b=0,

1 h(.l)o _
5(8— T)a—sb—o,

¥ YCJIOBHE COBMECTHOCTHY ITH JIBYX aJIreOpandecKux ypaBHEHUN JaeT

2 = i[("‘;o)Q - 52]. (27.10)
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YeioBre BO3HUKHOBEHHS IAPAMETPUYECKOTO DE3OHAHCA 3aKJIIO-
waerca B BemecTsennHocTd s (T.e. s2 > 0) !). Takum 06pasom, pe3o-
HAHC MMEET MECTO B MHTEPBAJIE

_hczvo <e< ’“;0 (27.11)

BOKDYT 9acToThl 2wy 2). [[lupuna 3T0r0 mHTEpBaa IPONOPIUOHATIH-
Ha h, ¥ TAKOro ke IOPAJKA OCYIIECTBJISIONINECT B HEM 3HAUYEHUS
HIOKA3aTesId yCUIeHus KoyebaHuil s.

[TapameTpudecknii pe30HAHC HMEET MECTO TaKKe IIPU HYaCTO-
TaxX Y U3MeHEHUs [IapaMeTPa CHCTEMBI, OJIM3KUX K 3HAYEHUAM BHIA
2wp/n, toe n — moboe nesoe uncao. OIHAKO MIMPHUHA PE30HAHC-
HbIX Obsacreil (obsacTeil HEyCTOHYMBOCTH) C yBesUYeHHEM N Obl-
cTpo yMmeHbInaeTcs — Kak h" (cM. 3amady 2). Tak ke ymMeHbIIaroTCs
U 3HAYEHUS IOKA3aTessd YCUJIEHUA KOJeOaHUil B HUX.

fIByleHMe mAapaMETPUYECKOrO PE30HAHCA CYIIECTBYeT U IPH Ha-
Jmgun ¢1aboro TpeHud B CHCTEME, HO 00JIaCTh HEYCTONYNBOCTH IIPU
9TOM HECKOJIbKO cyzkaercd. Kak Mbl Buzenu B § 25, TpeHue npu-
BOANT K 3aTyXaHMIO aMILIATYIbI KojeGammit mo 3axomy e M. ITo-
3TOMY yCHJIEHHE KOjeOaHMil IPU IapaMeTPUYECKOM PE30HAHCE IPO-
ucxomut, Kak e(* M (¢ moNOKHTETBHBIM S, JaBAEMBIM DeIIeHIEM
3a1aun 6e3 TpeHwus ), a IPAHUIE ODJIACTH HEYCTONYUBOCTHU OIpEe-
asierca paBeHcTBOM S—A = 0. Tak, ucnonb3ys s u3 (27.10), nosyunm
JUIsl PE30HAHCHOM obiactu BMecTo (27.11) HepaBeHcTBA

—\/ (hwo/2)? — 4% < e < \/ (hwo/2)? — 4\2. (27.12)

O6paTuM BHUMaHHUE HA TO, YTO IIPU STOM PE3OHAHC OKA3BIBAETCS
BO3MOXKHBIM HE TPHU CKOJb YIOJHO MaJioil ammuTyme h, a JIMIIb
HAYMHAS C OIPEJEJIEHHOrO «Ioporay hy, paBHOroO B ciydae (27.12)

hy = 2.

Wo
MokHO HOKa3aTh, YTO /IS PE30HAHCOB BOJIM3U 9acTOT 2Wq/m Be-
JITYWHA TOPOTa hj MPOIOPHUOHAIBHA Al " T.e. BO3PAcTaeT C yBe-

JINYCHUEM 7.

!) Hocrosirmas p B (27.6) ces3ana ¢ § cooTHomeHmeM W = —e*’/ @0 (npu
3amene t Ha t + 271/2wo cos u sin B (27.9) MEHAIOT 3HAK).

%) Eciiu mHTEpecoBaThCS JIMIIb rPaHUIaME 061aCTH pe3oHaHca (He HHTepecy-
sICb BbIPAKEHNEM Il § BHYTPH Hee), TO MOXKHO YIPOCTHTDb BBIUNCJIECHUS, 3aMe-
THUB, 9TO Ha 3THUX rpaHunax s = 0, T.e. Koapdurnuents! a u b B (27.9) nocTosHHBI;
[IPY 9TOM MBI Cpa3y IOJIyYuM 3HAYEHHE € = +Wo /2, oTBevYamue rpanunam o06-
sacru (27.11).
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Bamauymu

1. Onpenenutb rpanunbl 00IACTH HEYCTOWYHMBOCTU MPH PE30HAHCE BOIM3M
Y = 2Wgp C TOYHOCTHIO 10 BEJIMYUH MOPSIKA h2.
P em e nue Wmem pemenne ypasuenus (27.8) B Buge

z = ap cos (wo + £/2)t + b sin (wo + €/2)t+
+ a1 cos 3(wo + €/2)t + by sin 3(wo + €/2)¢,

yuuTHIBas B HeM (1O cpaBHeHHMIO ¢ (27.9)) Tak»Ke M WIEHBI CJEAYIOLErO IOPSA-
Ka 110 h. VluTepecysice sumnb rpaHunaMu 06/1aCTH HEYCTORINBOCTH, IPEAIIOIAra-
eM K03 bunmenTs ag, bo, a1, b1 MOCTOSIHHBIMU (B COOTBETCTBUHM C 3aMEYAHUEM,
CIieJIaHHBIM B cHOCKe Ha c. 111). ITpu noacranoske B ypaBHeHue (27.8) nmpousse-
JIeHNUS] TPUTOHOMETPUYECKUX (DYHKIMI pa3/araeM B CyMMBI, OILyCKasl IIPH 9TOM
4ieHsl ¢ gacToTamu 5(wo + €/2), KOTOpbIe HyXKHBI ObUIM JUIIbL B emie Gosee
BBICOKOM IPUOJIVKEHNUH. Ho.nytlaeM

—a wz»:—l—é —|—® —|—h 0 cos(w —|—£)t+
0| Wo 1 ao a1 oty

g? hwo hw? . €
+ [—bo (wOE + Z) ——bo + 61] sin (wo + E)H_

2
+ [hwo ag — 8w3a1] cosS(wo + %)t+

2

hw? . €
—+ [ 20b0 — 8w3b1] sm3<wo =+ E)t =0.

B wienax ¢ wacroraMu Wg + €/2 COXpaHEHBI BEJIWYUHBI [EPBOrO U BTOPOLO
HOpsAKA MaJIOCTH, & B 4WiIeHax ¢ dacToraMu 3(Wo + €/2) — wiieHBI mepBOroO
nopsigka. Kaxgoe u3 BbIpakeHui B KBaIPATHBIX CKOOKaX JOJIKHO 00paIaThCs
B HYJIb B OTAEJIBbHOCTH. I/I3 ABYX IIOC/IEAHUX UMEEM

h h
= — by = —b,
ay 16a0 1 16 0,y
Iocjie 4ero u3 ABYX IepPBBIX HAXOAUM
hwo €2 hPwi —0
4 32

Pemas aTo YpaBHE€HUE C TOYHOCTBIO O YJ/IEHOB IIOPAOKA h2, MIOJIy9YUM HCKO-
Mbl€ 'PAHUYHbIE 3HAYEHUA E£:

e = ihwo hzwo

2 32
2. OnpenenuTb rpanunbl 00/IACTH HEYCTOWYMBOCTU IIPH PE30HaHCE BOIM3H
Y = Wo.
Pemenue Hamucasy = wo+ €, nojgydyaem ypaBHEHUE [ABUKEHUS

&+ w1 4 hcos (wo + €)t]z = 0.

Vmes B Buzmy, 94TO MCKOMBIE MDAHNYHBbIE 3HAYEHUS € ~ h2, HINEeM pelleHue B
BUE

z = ap cos (wo + €)t + bo sin (wo + €)t +
+ a1 cos2(wo + €)t + by sin2(wo + €)t + c1,
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YYUTHIBas B HEM Cpa3y WIEHBI ABYX NEPBBIX MOPAAKOB. /ljia onpeneseHus rpa-
HUII HEYCTOWYHMBOCTH CHOBA HPeAmnojiaraeM Ko3Gh@UIUEeH Tl TOCTOSTHHBIMA ¥ IIO-
JIydaeM

hw?} 2
—2woeao + a1 + hwges | cos(wo + €)t+
2 2
+ [—2woebo + h(;o bl] sin(wo + €)t + |:—3w8a1 + hews ao] cos2(wo + €)t+
2 hwy : 2 hwj
+ —3(.Uob1 + Tbo sin 2((.1)0 + E)t + |wger + B ao| = 0.
OTcioga HaxoaUM h h
ayp = an, b1 = Ebo, Cc1 = —50,0,
¥ 3aTEM JBe IPAHULBLI OOJIACTH HEYCTOWYMBOCTH:
_ 5.2 _ 1.9
€= 24hw0, 5—24hw0.

3. Haiitu ycsioBusi mapaMeTpuvecKOro pe30HAHCA I MaJibIX KosiebaHuit
IJIOCKOTO MAasiTHUKA C KOJIEOJIIOLIEiiCss B BEPTUKAJILHOM HAIPABJIEHUN TOYKOM
mojBeca.

P ewenwue. Ilo naiinennoit B 3amaue 3, B § 5 dyukuuu Jlarpanxa Haii-
nmeM s Madbix (@ < 1) xonebanuil ypaBHEHHE ABUXKEHUS

$+ wg (1 +4%cos (2wo + s)t) © =0,

rme wa = g/l. OTcioaa BUAHO, YTO POJb BBEJEHHOTO B TeKCTe mapamerpa h
urpaer otHomenue 4a/l. Yenosue (27.11), Hanpumep, IPUHAMAET BHUJ

2a./8
13/2 °

lel <

§ 28. ArrapMoHUYecKUe KojiebaHng

Bcea usnoxkenHast Bbllre TeOpUs MAJIbIX KOJIeOAHUI OCHOBaHA HA
Pa3JIO2KEHNN NMOTEHIUAJIBHON U KUHETUYIECKON dHEePIUil CUCTEMBIL 110
KOODAMHATAM M CKOPOCTAM C OCTABJIEHHEM JIWIIh IJIEHOB BTOPO-
IO TIOpSAAKAa; IPH 3TOM YPAaBHEHUS NBUXKEHUs JUHENUHBI, B CBA3U C
9eM B 9TOM IPUOJIMKEHUU TOBOPAT O AUHEUHLT KOoebaHuax. XoTsd
TAKOe PAa3JIOXKEHWE BIIOJIHE 3aKOHHO IIPU YCJIOBHUH JOCTATOYHOU Ma-
JIOCTH aMILIUTYJI, KOJIeOaHUil, OMHAKO yYeT CJIeAYIONUX IpuOJIMKe-
Huil (TaK HA3bIBAEMON AH2APMOHUYHOCTIU VTN HEAUHETHOCTU KO-
siebaHuil) IPUBOAUT K MOSIBJIEHUIO HEKOTOPBIX XOTS U CJIAOBIX, HO
Ka4eCTBEHHO HOBBIX OCOOEHHOCTEH [IBUKEHUS.

[Ipoussenem pasnoxkenune GpyHKIuK Jlarpanxka 10 4IE€HOB Tpe-
THETO MOPAAKA. B MOTEHITNAIBHON SHEPTUY IIPHU 3TOM [TOABATCH UJIe-
HBI TPEThEl CTENeHN 10 KOOPAWHATAM &;, B KUHETHIECKO! 2Ke JHEP-
TUU — YJIEHBI, COAEPKAIINE TPOU3BEIEHNI CKOPOCTEN! U KOODIUHAT
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BUJIA T;ZkTy; 9TO OTJIAYUE OT IIPEKHEr0o BhIpakeHus (23.3) cBsa3aHO
C OCTaBJIEHWEM YJIEHOB TIEPBOTO MOPSAIKA MO T B Pa3/oxkeHnn (HyHK-
it a;;(q). Takum obpazom, dyukuus Jlarpanxka 6yaeT uMeTh BUJ

1 .
L= 3 (madibr — kizize) +

o + %Zniklifii’kfvl - %Zlikll’il’kwla (28.1)
ik, ik,
TIE Nikl, lik] — HOBBIE MOCTOAHHBIE KOI(DMOUIINEHTHI.

Ecan oT mpon3BobHBIX KOOPIAWHAT I; MEPEHTH K HOPMAJIHHBIM
KOOpAMHATaM (JIMHEHHOro NpuOIKeHns) (Qy, TO B CUILy JIMHEHHO-
CTH 9TOr0 IPeobpPa30BaHUs TPEThs U YeTBepTast CyMMbl B (28.1) me-
pefiIyT B aHAJIOTUIHBIE CYMMBI, B KOTOPBIX BMECTO KOODIAWHAT I; U
ckopocTeit &; 6yayT cToarh Qn U Qy. O603HAUNB KOIDDUIMEHTHI
B 9THX CyMMaX 4epe3 Axpy U Hypy, Moayaum dyHknmo Jlarpamxka
B BUJIE

L= (Q%-wlQd)+
+ 5 3 AapyQaQsQy — 3 D HapyQu@eQy. (28.2)

O(,B,'Y 0‘3‘37’\/

MI:)I HE CTaHEM BBIIIUCHEIBATH IIOJIHOCTBHIO C.)'Ie,ZLyIOI.L[I/IX U3 9TOH Jia-
rpaHXeBoil pyHKIMU ypaBHeHnil qpmkenns. CyIecTBeHHO, 9TO OHI
UMEIOT BH/ § o

2
ro + waQa = fOL(Q7 Q7 Q)7 (283)
rae fo — OTHOPOAHBIE (DYHKIMH BTOPOTO MOPSIKA OT KOOPAMHAT ()
U UX IIPOU3BOAHBIX II0 BPEMEHMU.

[TpuMensis METOJ, TIOCTIEIOBATEIbHBIX TPUOJIVXKEHWI, UIIEM pe-

IIeHUe 3TUX YPABHEHUI B BHJIE

Qo =QY +Q2, (28.4)

rie Qg) < Qg), a yHKIUN Qg) VAOBJIETBOPSIIOT «HEBO3MYIIIEH-
HBIM» YPABHEHHUSAM

AW 2 Hd)
th + wthOL = 07
T.e. MPEJCTABNILAIOT OO0 OOBIYHBIE TAPMOHUYECKHE KOJIeOaHus
1
Qfx) = a Cos (Wut + Ay ). (28.5)
CoxpaHsigd B CIEAYIOIEM TPUOJIMKEHNY B MPABONA YaCTH ypPaB-
HeHwuit (28.3) JUIIb YIeHBI BTOPOrO MOPSAKA MAJIOCTH, IOJLY UM JIJIs

BeJINYUH Q(z)
& YPaBHEHUS

Qg) + wng) = foc(Q(l)’ Q(l)v Q(l))’ (28'6)
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IJIe B IIPABYIO 9aCTh OJIKHBL OBITH [IOJICTABJIEHBI BhIpaykeHus (28.5).
B pesymnbraTe Mbl oty uum JuHeitHble HeoHOPOAHBIE nuddepeH -
aJIbHbIE YPABHEHNsI, IPABbIE YaCTH KOTOPBIX MOXKHO IIPe0Opa30BaTh
K CyMMaM MPOCTBIX mepuogmdeckux ¢pyuknuit. Tak, Hanpumep,

Qg)Qg) = anap cos (Wut + Ky ) cos (wpt + xpg) =
= 5000p {008 [(WartwWp)t+ ote+ otp] +008 [(Wa — wp)t+ oo — xp] }-

Taxum 06pa3oM, B IPaBBIX YacTax ypasHeHuii (28.6) naxoxgrcs
9JIEHBI, COOTBETCTBYIOIIME KOJEOAHUAM C YaCTOTAMU, PABHBIMU CyM-
MaM ¥ Pa3HOCTAM CODCTBEHHBIX YaCTOT cuCTeMbl. Perienne ypashe-
HUM cllegyeT MCKATh B BUJE, COAEPIKAIIEM TaKMe Ke ITePUOAINTIECKTe
MHOXXWTEJIN, ¥ MbI IPUXOIUM K BBIBOY, ITO BO BTOPOM IPHUOJIKE-
HUAW Ha HOPMAJIbHBIE KOJIEOAHUS CHUCTEMBI C YACTOTAMU (W, HAKJIA-
JIBIBAIOTCS JOMOJHATEIbHBIE KOEOAHUS C YaCTOTAMMU

Wy £ wp (28.7)
(B TOM 4HCIIe YIBOEHHBIE YaCTOTHI 2 « 1 9acToTa 0, COOTBETCTBYIO-
IIasi MOCTOSIHHOMY CMEIIEHUIO). DTU YacTOTHI HA3BIBAIOTCH KOMOU-
HAYUOHHBLMY. AMIUIATYAB KOMOMHAIIMOHHBIX KOJeOaHUil mpormop-
IMOHAJBHBI NIPOM3BEJEHUAM AnQp (WIM KBaJpaTaMm a?x) COOTBET-
CTBYIOIINX HOPMAJIBHBIX KOJEOAHMUIA.

B caemgyromux npubimkeHusx mpu ydeTe WIeHOB Oojiee BBICO-
KOTO IIOpSAJKA B pas3iioxkeHnn yHKIuu Jlarpam:ka BO3HUKAIOT KOM-
OMHAIMOHHBIE KOJIEDAHUS C YAaCTOTAMU, ABJISIOMIUMIUCT CyMMaMHU U
Pa3HOCTSAMU HOJIBIIETO YUCIA YACTOT Wy. Kpome Toro, oqHako, BO3-
HUKAET eIlle U HOBOE ABJICHUE.

Jleso B TOM, 4TO y2Ke B TPETheM IPUOJIMKEHUHN CPeau KOMOUHA-
[IUOHHBIX YaCTOT TMOSIBJISIOTCS YaCTOTHI, COBIIQIAIONINE C MCXOIHBI-
MI Wy (W +wpg—wg). [Ipu npuMeHeHNH ONICAHHOTO BBIIIE METOIR
B MPaBOil YacTW ypaBHEHWI IBUXKEHUs OyIyT HAXOIUTHCS, CIIEJI0-
BaTEJILHO, PE30OHAHCHBIE YJIEHBI, KOTOPBIE MPUBEIYT K BO3HUKHOBE-
HUIO B PELIEHUN YJIEHOB C BO3PACTAIONIEN CO BPEMEHEM AMILIUTY-
moit. Mex iy TeM, PU3NIECKN OYEBUIHO, YTO B 3aMKHYTON CHCTEME
B OTCYTCTBHE BHEIITHETO NCTOUYHUKA SHEPTUH HE MOXKET MIPOUCXOAUTD
CaMOIIPOM3BOJILHOE HAPACTAHNE MHTEHCUBHOCTH KOJIEOAHMUIA.

B neiicTBUTENHPHOCTH B BBICIINX MPUOJIMKEHUAX TPOUCXOIUT U3~

MeHEHNe OCHOBHBIX YaCTOT (W II0 CPAaBHEHUIO C UX «HEBO3MYIIEH-
0

HBIMU» 3HAYEHUAMU wfx), duUrypupyomumMn B KBaIPATUIHOM BBI-

pakeHuu NOTEHIMAJIbHON dHepruu. llogBieHre ke BO3PACTAIONINX
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TJIEHOB B DEHICHUU CBA3aHO C PA3JIO2KEHUEM THIIA

cos (wg?) + Awgy)t = cos (wg?)t) — tAwgy sin (wg?)t),
BHO HE3AKOHHBIM IIPH JTOCTATOYHO OOJIBIIUX .

[ToaToMy mpm mepexojie K CIEAYIONUM TPUOIMKEHNAM METO]T
MOCTIEIOBATENLHBIX MTPUOJINKEHUN TOJPKEeH ObITh BUJON3MEHEH TaK,
9T00BI (DUTYPUPYIOUINE B DELIEHUN IEPUOAUIECKNE MHOXKUTEIH C
CaMOTO HAYAJIA COAEPIKAIN TOUHBIE, & He IPHUOIMKEHHbIE SHATCHUS
9acTOT. VI3MeHeHNS Ke JaCTOT CaMU ONPEEIIATCS B PE3YIbTATE pe-
IIEHNsT YPaBHEHWN KaK pa3 M3 YCJIOBUS OTCYTCTBUS PE30HAHCHBIX
YJICHOB.

IIpomemoHCTpHPYEM 9TOT METOJ HA AHTAPMOHUYECKUX KOjeba-
HUAX C OJHOHN CTeneHbIo cBOOObI, HamucaB dyHkuuio Jlarpanxka B
BUJIE

_mi® _ mwi 2 mx 3  mp 4
CoOTBETCTBYIOIIEE YPABHEHUE IBUKEHIS
i+ wir = —ox? — pad. (28.9)

Mgt 6y1eM UCKATh €r0 PelleHre B BUAE PAa MOCIEI0BATEIbHBIX

6 eHuil
npuOIMKeHn i =20 4 2@ 4 :c(3),

Ipr4eM

1) = g cos wt (28.10)
C TOYHBIM 3HAUEHHEM (U, KOTOPOe caMo Oy1eM 3aTeM MCKATb B BUIE
paga w = wg + w® + w® 4 . (magampHayo dasy B () moxHO

BCeryia 0OpaTUTh B HyJIb HAJJIEXKAINIAM BBIOODOM HAdaJa OTCYeTa
Bpemenw ). IIpu sToM, ofHAKO, ypaBHeHUe aBMXKeHus B Buje (28.9)
He BIIOJIHE yJO0HO, TAK KaK IIPH IOJCTAHOBKE B Hero (28.10) sieBas
9aCTh PABEHCTBA HE OOPATUTCA CTPOTO B HyJb. [[09TOMY Hepenuinem

€r'0 IIpeaBapuUTEJIbHO B 9KBUBAJICHTHOM BHIE
2

2
9 5 + whr = —az® — Ba® - (1 . ﬂ) . (28.11)

w?2

[TomoxwuB 31€Ch T = :c(l)+:c(2), w = w0+w(1) ¥ OIIyCTUB YJIE€HBI

BBIIIIe BTOPOI'O NOPAIKA MAaJIOCTH, IOJIYYUM g z(? ypaBHeHUe

i? 4+ w%x(2) = —aa? cos? wt + 2wowMa cos wt =
2 2
xa xa
== — 5 cos (2wt) + 2wowMa cos wt.
YcoBue OTCYTCTBUS PE30HAHCHOTO YJIEHA B NPABOM YaCTH pPaBEH-
CTBa Ja€T IIPOCTO w(l) = 0 B COOTBETCTBUH C U3JI0XKEHHBIM B HAYaJIE

maparpada MeTOIO0M HAXOXKJIEHWsS BTOpPOro mnpubmmkenus. [locse
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9TOTrO, pernasi OOBIYHBIM CIIOCOOOM HEOTHOPOIHOE JIMHEHHOE YpaBHE-

HUE, Oy INM 9 )
xa xa

2? = 24 4 X o5 (2wt). (28.12)

202 6w?
Nauree, momoxkus B (28.11) z = (V422 +20) ) w = wo+w®),
nosyauM ypasrenne s ()
i3 + wiz® = 20z — gz(13 4 20w @ ™M)
VLY, IOZICTABUB B IIPAaBYIO 4acTh Bbipaxkenus (28.10) u (28.12) mocse
IIPOCTOrO IPeobpa3oBaHusL:

2
4 + wg:c(?’) =-a|By X | cos (3wt)+
4 6wg
5a%o?
6w
IIpupaBuuBas Hym 0 K03ddUIMEHT NpU PE30HAHCHOM MHOXKUTEJE
cos wt, HaliieM MONPaBKy K OCHOBHOM 9acTOTe, IPOIIOPIINOHAIbHY 0
KBa/JIpaTy aMIUINTYAbl KOJleOaHus:
2
2) _ [ 3B 5o 2
w = —/— — . 28.1
8wo 12w} @ (28.13)
Kombunarmonnoe ke KoyebaHue TPETHETO MOPSIKA

2® = & (“2 + E) cos (3wt). (28.14)

~ 16w2 \ 303 | 2

+a [Qwow(z) + — Za%] cos wt.

§ 29. Pe3onanc B HeJIMHENWHBIX KOJIEOaHUAX

YdeT aHrapMOHUYECKUX HJIEHOB IIPU BBIHYKJIEHHBIX KOjeOaHU-
sIX CHCTE€MBI TIPUBOIUAT K IOSBJIEHUIO CYIIECTBEHHO HOBBIX OCOOEH-
HOCTe!l B PE30HAHCHBIX SIBJIEHUSX.

JobaBus B npaBoii yactu ypasuenus (28.9) BHEIIHIOO ePHOIY-
9eCcKyIo (C 9acTOTOH Y) CHILY, IOy IuM

i+ 2A% + wir = %cosyt — ax? — Ba?; (29.1)
37IECh HAINMCAHA TAKXKE CHUJIa, TPEHUs C IOKA3AaTEJIEM 3aTyXaHUsS A
(mpeamonaraeMbiM Hizke MaJsbiM). CTPOro roBopst, mIpu ydere HeJn-
HEHHBIX YJIEHOB B yPAaBHEHWM CBOOOJHBIX KOJEOAHMIA [TOJKHBI YIHU-
TBIBATHCA TAKIKE UJIEHBI BBICIINX MOPSIKOB B AMILIUTYIE BBIHYK-
Jaroleil CHiIbl, COOTBETCTBYIOIIE BO3MOXKHOI 3aBUCHUMOCTH €€ OT
cMerennd . Mbl He MHUIIEM 3TUX WIEHOB JIUIIb C IEJIbI0 YIIPOIIe-
Husi (POPMYJT; OHM HE MEHSIOT KAYE€CTBEHHOM KAPTHUHBI SIBJICHUIA.
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[Iycrs
Y =wWo+¢€
(c MaJIBIM €), T.€. MBI HAXOAUMCH BOIM3U 0OBIYHOTO pe3oHaHca. Jlis
BBISICHEHUS XapPaKTePa BO3HUKAIOIIETO JABUKEHUS MOXKHO ODONTHCH
6e3 HermocpeICTBEHHOIO HCCIeoBanus ypaBHenus (29.1), ecim Boc-
MOJIB30BATHCS CIEAYIONMME COOOPAIKEHUSIMU.

B nuneitHoM mpubNMiKeHUN 3aBUCUMOCTD aMILTUTYIbI b BHIHY K-
JIEHHOTO KOJIe0aHUs OT aMIUIUTYABI f M 9aCTOTHI Y BHEIIHEH CHJIBI
Jaercs BOamu3mM pesonanca dbopmysioit (26.7), KOTOpyo HanmieMm B
BHJIE

2
B2 +A%) = L (29.2)

T 4m?w?
HesmmnrelinocTs Kotebanuii NPUBOIUT K MOSIBJIEHUIO 3aBUCUMOCTH
uX COBCTBEHHOM 9aCTOTBHI OT AMILTATY/IbI; HAIUIIEM €€ B BHJE
wo + »b?, (29.3)
rJie TIOCTOSTHHASL 3¢ BBIPAYKAETCs ONPEJIEJIEHHBIM 00Pa3oM depe3 KO-
s dunment anrapmonmunoctu (cm. (28.13)). CoorBercTBeHHO 3TO-
My 3aMensieM B dhopmysie (29.2) (TouHee B MaJIoif pasHOCTH Y — W)
Wo Ha Wq + b

COXpaHI/IB 0603HaquI/Ie £ = Y — Wo, NIOJIy4YdM B DPE3yabTaTe
YpaBHEHUE fz
2 2\2 2
nJin

e=zb2:|:\/<%wob)2—?\2.

Ypasuenue (29.4), Kybudeckoe 1o oTHOIeHmO K b2, i ero Bere-
CTBEHHBIE KODHU OIPEAEIISIOT aMILIATYAY BBIHYXKJIEHHBIX KOyeba-
Huii. PaccMOTPUM 3aBUCHMOCTD 3TOM aMILIATYIBI OT YaCTOTHI BHEITI-
HEl CWJIBI TIPU 33JaHHOM aMILIATYIE CUJIBL f.

IIpm gocTaTodHO MaJBIX 3HAYEHWAX f aMILIUTyna b Toxe Ma-
Ja, TaK 9TO MOXKHO IpeHebpedsb B (29.4) cremensiMu b Bbile BTO-
poit, 1 MBI Bo3BpainaeMcs K 3asucumoct b(e) (cm. (29.2)), nzobpa-
Karomeifica CHMMETPUYHOM KPWBOM ¢ MaKCUMyMOM B TOouke € = ()
(puc. 32 a). ITo mepe yBenuuenus f kpuBas qedopMupyeTcs, coxpa-
Hslsl CHAYAJIa CBOW XapakKTep — C OJHAM MaKCHUMyMoM (puc. 32 6);
nocienuuii cMemaercs (mpu > > 0) B CTOPOHY IOJOXKHUTEJIBHBIX €.
U3 Tpex kopHeii ypasHenus (29.4) npu 9TOM BeIECTBEH JIUIIE OJIUH.

OpxHako, HAUMHAA C OIPEJEJIEHHOro 3HadeHus f = fi (koTopoe
MBI OLIPEIE/INM HUXKE), XapaKTep KPHUBOil MeHgercs. [Ipm Kaxkmom
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3HavyeHnn f > fj, CyIIeCTBYyeT onpejesieHHas 0bJIACTh 9aCcTOT, B KO-
Topoii ypaBHernue (29.4) MMeeT TPU BEIECTBEHHBIX KOPHSL; e OTBeda-

et yaactok BC DE kpwusoit Ha puc. 32 6. b
I'panunpr 3TOi 06MACTH OIpEIEs- F0
forcs yeiosueM db/de = oo B Toukax D \ .
u C. IlpoguddepennmpoBas ypaBHeHMEe
(29.4) o ¢, momyunm
db —eb + »b® €
de €2+ A2 — dsceb? + 352bt b f<
[Toatomy nonoxxenne Touexk D u C' ompe- 6
JIEJISIETCSI COBMECTHBIM DEIIIEHUEM yDPaB-
HEHUHI /
2 — 4acb®e + 3201 + N2 =0 (29.5) ¢
u (29.4); COOTBETCTBYIOIINE 3HAYECHUS € b >
oba monoxureabHbl. Hanbosbinee 3Ha- B p ¢ o
YeHVe AMIUIUTYIbI JOCTUTAETCA B TOUKE, D :

e db/de = 0. Ilpu sToM & = sb?, u u3
(29.4) umeem

i
o
™

b — I . 20.6 Puc. 32
max 2mwoA’ ( )
39TO 3HAYEHHUE COBIIAJAET C MaKCHMYyMOM, JaBa€MbIM 3aBUCUMOC-

ThI0 (29.2).

MoxxHO moka3aTh (Ha 4eM MbI He OyJeM 3/eCh OCTAHABIUBATH-
cs 1), 9TO U3 TPEX BEIIECTBEHHBIX KOPHel ypaBaenus (29.4) cpexHuit
(r.e. yaactok C' D kpuBoii, n300pakeHHBI! Ha puc. 32 68 IMITPUXOBOIA
JIMHUE!) COOTBETCTBYET HEYCTOWYIMBLIM KOJEOAHMAM CHCTEMBL: JIHO-
60e cKoIb yrogHo ciaboe BO3AeUCTBYUE HA CHCTEMY, HAXOLSIIYIOCT B
TAKOM COCTOSIHUH, MPUBEJIO OBl K IEPEXOY K KOJIeOATETHHOMY pe-
JKHMMY, OTBEYAIONeMy GOJIbIIEMY MJIM MEHBIIEMY KOPHIO (T.€. y4acT-
kam BC wmu DE).

Taxum 06pa3oM, peaIbHBIM KOJIEOAHUSAM CUCTEMBI COOTBETCTBY-
for jmms BerBu ABC um DEF. 3ameuaresbHON OCOGEHHOCTBHIO
SBJIIETCA [PU ITOM HaJW4dne OOJIACTH YaCTOT, MOIYCKAOIINX [BE
pa3yIMYHbIE AMIUTUTYAbI Kojiebanmit. Tak, mpu mocTerneHHoOM yBeJjIu-
YEHUU YaCTOTHI BHEITHEHN CHJIBI aMILINTY/Ia BBIHYXKIEHHBIX KOJyieba-
Huii 6ymeT Bo3pacTaThb, cienys kpusoit ABC. B Touke C mpousoii-

1) JlokasarenbCcTBO MOXKHO Haiith, Hanpumep, B xuure H. H. Boromo6osa
u FO.A. Murpononbckoro, «AcCUMOTOTHYECKHE METOABI B TEOPUU HEJIMHEHHBIX
kosnebanunii».—M.: @usmarrus, 1958.
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JIeT «CPBIB» AMIUIUTY/IbI, KOTOPas CKAYKOM YIAJAeT J0 3HAYUEHUS,
orBeuaroniero Touke F, u 3arem (upm masnbHeiimem yBeawdeHUn
9acToThl) OyJeT MeHATbCs BROAb Kpusoit EF. Eciu tenepb BHOBB
YMEHBINATh YaCTOTY, TO aMILIATYa BBIHYXKIEHHBIX KojiebaHuii 0y-
JeT MeHAThCsS BIoab KpuBoit F'D, B Touke D CKauKOM BO3PACTAET
10 B u 3aTem OyneT yMeHbIIAThCHA BIOJIb BA.

s BBIYUC/IEHYST 3HAYEHUS f, 3aMEYaeM, U4TO 3TO €CTh TO 3HA-
genne f, Ipu KOTOPOM 002 KOpHs KBaapaTHOro (1o b?) ypasHenus
(29.5) coBmagator; mpu f = fi Bech yaacrok C'D cBomuTcs K Of-
HO¥ TouKe mepernba. [IpupaBHSIB HyII0 TUCKPUMUHAHT KBaIPATHO-
ro ypaszenus (29.5), mosyaum e2 = 3\% COOTBETCTBYIOIINM KOPEHD
ypapuenns: xb? = 2¢/3. Ilopctapnsas >Tu 3Hadenus b u ¢ B (29.4),
HalaeM

f2 _ 32m2wiA3 (29 7)
k —_ 3\/§|%| . .

Hapsiny ¢ u3meHeHmeM xapakTepa Pe30HAHCHBIX SBJICHWN ITPU
YacToOTax Y =~ W HEJUHEHHOCTh KOJeDaHW MPUBOAUT TaKXKe K
[TOSIBJIEHUIO HOBBIX PE30HAHCOB, B KOTOPBIX KOJIEDaHUs C YaCTOTOI,
O/IM3KOM K g, BO3OYKIAIOTCA BHEIIHE!N CUJION C YacTOTOMH, CyIe-
CTBEHHO OTJMYAIOMIENCA OT .

[Tycrs wacToTa BHENIHEH CUIIBL Y & Wo/2, T.e.

Y =wo/2 + .
B mepsowm, simHeitHOM, mpuOIMKEHUN OHA BO30YXKIAeT B CHCTEME

KojiebaHus C TOH Ke YaCTOTON M aMILIUTY0H, IPOIOPIMOHAIBHOM
aMIUINTYAe CUJIBI

4 w
20 = 4 . cos(—0 + £>t
3mwg 2
(cormacuo dopmyne (22.4)). Ho npu ydere HeJMHEHHBIX 4IIEHOB,
BO BTOPOM NPHUOJIMKEHUM, ITU KOJEOAHUS TPUBELYT K MOABJICHUIO
B IIPaBO#l 4yacTu ypaBHeHus apukeHus (29.1) wieHa ¢ gacToToi

2y = wq. VImenno, moacraBus (M B ypaBHEHUe

@ + 2@ + w2z® + az@? 4 B3 = (12,
BBelld KOCUHYC YJBOCHHOI'O YIVIa U COXPaHAA B IPABO 9aCTHU JIUIIb
PE30HAHCHBIN 4JI€H, IOy 4YUM

2
8“—f4 cos (wo + 2¢)t.
0

Im2w

(29.8)
910 ypaBHeHHE OTIMYAeTCs OT ypaBHeHus (29.1) ymumib TeMm, 9TO
BMECTO aMILIATYAbI CUJIbI f B HEM CTOUT BBIPAXKEHWE, IIPOIIOPIO-

5,5(2) + 2)\3‘3(2) + w%x@) + OCSC(2)2 + ﬁx(2)3 = —
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HAJbHOE KBAJIPaTy f2. DTO 3HAYHUT, 9TO BOHUKAET PE3OHAHC TAKOTO
JKe XapakKTepa, KaK ¥ PACCMOTPEHHbIH BBIIIE DE30HAHC HA 9aCTOTaX
Y & Wp, HO C MEHbIIIEH NHTEHCUBHOCTHIO. 3aBUCHMOCTS b(€) momyda-
erca 3amenoft f ma —8of2/(9mw}y) (u € na 2¢) B ypasnenuu (29.4):
1602 f*
V(26 — 5b®)? + A% = 29.9
(26— )7 + V) = J0 S (20.9)
IIycTh Temeph 9acTOTa BHEIIHEH CHJIBI
Y = 2w + €.

B nepsom npubsimkennn nveem

D= T cos (2w + €)t.

( —
T 3mw?

Ipu moxcranoske z = z() + z(2) B ypasnenne (29.1) MbI He mO-
JIy9UM 9JIEHOB, MMEIOIINX XapaKTep DPE30HAHCHOW BHEIIHEH CHJIbI,
KaK 3TO OBIJIO B IPEIBIAYINEM Caydae. BoO3HIKAET, OOHAKO, PE30HAHC
[IaPaMETPUYECKOr0 THIA OT WIEHA TPEThEero MOpsIKa, IPOIOPIHO-
nanproro npomssenenmio z(Vx(2). Ecin us Beex memmueinbix wie-

HOB COXPaHUTH JIMIIBb 3TOT, TO OJIA CE(2) IOJIy9UM YPaBHEHUE

i® + 2?4+ w2z® = 202V z?

U
-(2) - (2) 21 2af
2\ 4 2Az' + wy [1 3mwi

T.e. ypaBHeHue tuna (27.8) (¢ y4eToM TpeHHs), IPHBOALIIEE, KaK
MBI y2Ke 3HAaeM, K HEyCTOINIMBOCTH KOJeOaHUil B OIPEIEIEHHOM HH-
TepBaJie JaCTOT.

OnHako i OnpejieleHns Pe3yIbTUPYIOIeH aMIIATYAbI KOJe-
OaHuit 370 ypaBHEHHE HEJIOCTATOYHO. YCTAHOBJIEHHE KOHEYHOH aM-
IUIUTY OBl CBA3AHO ¢ 3bdeKTaMy HeJIMHEHHOCTH, I ydeTa KOTOPhIX
B ypPaBHEHWU JBIZKEHUS JOJIKHbI ObITh COXPAHEHbI TaKKe HeJIMHeli-
Hble 110 ') ureHsr:

51}(2) + 2}@-(2) + w%a:@) + ch(2)2 + Bx(2)3 =
_ 2af 2)
= Sz 908 [(2wo + €)t]z**). (29.11)
Uccnenosanme 310 33134 MOXKHO OYeHb YIPOCTUTH, OTMETHUB
caexymoliee 00CTOATENbCTBO. lloI0KMB B mpaBoil 4acTu ypaBHe-

Hus (29.11)

cos (2wo + e)t]m@) =0, (29.10)

@ = b cos [(wo + %) t+ 6]

(rme b — McKOMas aMILIUTY/[a PE30HAHCHBIX KoslebaHuii, 6 — Hecy-
IIECTBEHHBINA JI JAJIbHENUIIEr0 IIOCTOAHHBIN CIBUT d)asbl) U IIpen-
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CTaBUB INIpOU3BeJeHUE OBYX [epPUOAWYECKHX MHOXHTeJeii B BuIe
CYMMEBI IBYX KOCHHYCOB, IIOJIyYUM 3J€eCh 4JIeH

o fb cos [<w0+ %)t— 6]

2
3mwg

OOBIYHOTO PE30HAHCHOrO (II0 OTHOIIEHWIO K COOCTBEHHOH dYacToTe
CHCTEMBI W() XapakTepa. [losToMy 3ajada CHOBa CBOOUTCH K Pac-
CMOTPEHHOI B HayaJie maparpada 3amade 06 0OBIYHOM PE30HAHCE B
HeJINHEWHON CHCTeMe C TeM JIUIIb OTIHYUEM, ITO POJIb AMILIUTY B
BHeITHeil CUJTBI MrpaeT Temepb semmamma ofb/(3w?d) (a BmecTo €
crout ¢/2). Ilpoussenga sty 3ameny B ypasHenuu (29.4), nosydum

b2 [(E _ %b2>2 +)\2] -

2 T 36m2ws’

Pemasa sto ypaBHenme oTrHOCHTENHHO b, HalieM CeAyiolmine BO3-
MOXKHbIE 3HAYEHUS aMILIATYIbL:

b=0, (29.12)
=) ¥ @)
v= V) ) e

Ha puc. 33 nzobpazkeHa HOIydaromaacs OTCIOAa 3aBUCUMOCTD b
or ¢ (ona s > 0; upu » < 0 KpuBble HaIpaBJIeHbI B 0OPaTHYIO
cropony). Toukn B u C or-

b BEYAIOT 3HAUYEHUIM
E 2
/_ gzi\/( af3) _4)\2
3mwg

Cnesa ot Touku B BO3MOXK-
Y HO Jiuiib 3Hadenue b = 0, T.e.
€ PE30HAHC OTCYTCTBYET U KO-

JIebaHus C 9aCTOTOMN IMOPSIKA

wo He BO30OyxKmaroTca. B uH-
repBanie Mexxay B u C umeem gsa xopus: b = 0 (orpesok BC
Ha puc. 33) u Beipaxkenue (29.13) (Bersr BE). Hakomen, cupasa
or touku C cymecTByioT Bce Tpu KopHs (29.12)—(29.14). Oxnaxo
He BCE 9TH 3HAYEHUS OTBEYAIOT YCTONYMBOMY KOJIEOATEIHHOMY pe-

A B C D
Puc. 33
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xuMy. 3Hagerme b = (0 Heycroitumso Ha yvactke BC' '), m MOXHO
MOKA3aTh TAKXKe, YTO BCErJIa HEYCTONYNB PEXKUM, COOTBETCTBYIOIIMIA
kopHO (29.14) (mpomexyTodHOMY MeXIy nByMsa npyrumu). Ha
puc. 33 HeycToiTunBBIE 3HAYEHUS b M300parKeHbI IMITPUXOBOM JIMHUEH.

[Ipocnemnm, HapuMep, 3a TOBEIEHUEM TEPBOHAYABHO «ITOKOWB-
mrefica» 2) CUCTEMbI TPH TIOCTETIEHHOM YMEHbBIIEHUH 9aCTOTHI BHEIII-
meit cuiel. JIo goctmxkenns Touku C ocraercs b = 0, a 3aTeM mpo-
HCXOIUT «CPBIB» ITOI'O COCTOSHUS C IepexonoM Ha BerBb EB. Ilpu
MabHeNIeM yMEHBIIEHUN € aMIUINTYIa KOoJeOaHwi yMeHbIIAeTC
1o Hynda B Touke B. Ilpu o6paTHOM Ke yBeJWYEHWM YaCTOTHI aM-
IIATYa KojiebaHuii pacrer BIOIb Kpusoil BE ®).

Paccmorpennbie ciyuan pe30HAHCOB SIBJISIOTCS OCHOBHBIMU W3
BO3HHUKAIOIINX B HEJIMHEHHON KojebareabHOM cucreme. B 6osee BbI-
COKUX MPHUOINKEHUIX TOABJIAIOTCS PE3OHAHCHI U HA JPYTUX YACTO-
tax. CTpOro roBoOpsi, pe30HAHC JOJKEH BO3HUKATH HA BCAKOM da-
cTOTE Y, IJIs KOTOPO#l my + mwg = wo (n,m — LeJble YUCIa), T.e.
npu BCIKOM Y = pWy/q, e p,q — cHOBa uesble uncia. OpHako
C yBEJIMYEHWEM CTEIeHN MPUOJINKEHNS WHTEHCUBHOCTH PE30HAHC-
HBIX $IBJIEHUH (& TakKe MIMPHUHBI OOJIACTEN YacTOT, B KOTOPHIX OHU
JIOJIZKHBI IMETHh MECTO) CTOJIb OBICTPO yOBIBAET, YTO PEAJIHLHO MOTYT
HabJII0JATHCs JIAIIb PE30HAHCHL HA 9acTOTaX Y & pWo/q ¢ HEOOIb-
IIMMY 3HAYEHUAMA P U .

Bamauga

Onpenenuts 3aBuCUMOCTD b(€) A pe30HAHCA HA 9aCTOTaX Y & 3Wo.
Pewenwue B nepsom npubnuxenun

1) DToT MHTErpas KaK pa3 COOTBETCTBYET 0GJIACTH MAPAMETPHIECKOrO PE30-
namca (27.12), npudem u3 cpasuenus (29.10) ¢ (27.8) umeem |h| = 20 f/(3mw§).
YcioBue xe 20f

4\
3mw} ’ > &M

IIPH KOTOPOM BO3MOXKHO CyILIECTBOBAHUE PACCMATPUBAEMOTO SABJIEHHsI, OTBEYAET
HEpaBeHCTBY h > hy.

?) HamoMHuM, 9TO Mbl PACCMATPHBAEM 3€Ch JAIIb PE3OHAHCHBIE KOICOaHU.
x orcyrcrBue He 03Ha4aeT MO3TOMY GYKBaJIbHOTO IOKOS CUCTEMBI, B KOTOPOIA
6yAyT IPOMCXOOUTH Cjabble BHIHYKIEHHbIE KOJIEOAaHUs C 4acTOTOM Y.

3) Cnepnyer, ogHaKO, IOMHUTh, YTO BCE BHIBEAEHHBIE (DOPMYJIBI CIPABEJIU-
BbI JIMIIb JO T€X IOP, NOKA aMILINTyAa b (a TakKe €) OCTaeTcst AOCTATOYHO
majioii. B peiicrBurennuoctu, kpussle BE u CF B cBOEM nmajbHeimeMm xozie
OKaH4YHNBAITCA, COEAUHAACH B HeKOTOpOf/i TOYKe; IIPU JOCTUXKCHUN 9TOM TOYKHU
KOJIe0ATEIbHBIN PEXUM «CPBIBAa€TCA» M cTaHoBUTCS b = 0.
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1 f
=20 = Sz cos[(3wo + €)t].

Jlns Broporo npuGmmxenus () nomyuaem w3 (29.1) ypasuenue
5D 1@ 4 w2 ® 1 ae®? 4 pa® = _3ppWy@2,
IZie B IPaBOii YaCTH PAaBEHCTBA HANUCAH JINIID 4YJIeH, IPUBOSALIMN K PACCMATPH-
€
Baemomy pesonancy. Ilomoxus B mem (2 = b cos [(wo + g)t + 5] U BBIOEJIAS

W3 MPOU3BEAEHUS TPEX KOCUHYCOB PDE30HAHCHBIH 4JjI€H, IOIyINM B IIPABOH YacTH
YDPaBHEHUS BBIpAKEHUE

—332632(2) cos [(wo + %) t— 26] .

Orcrona BUAHO, 9TO 3aBUCHMOCTS b OT € OJLyYUTCs 3aMeHOi B ypaBHeHuu (29.4)
b B f ma 3Bb2f/32w3) u ¢ Ha £/3:

2 |[¢€ 2\ ? BN R
A(/C b[(g— b)+7\]_mb = Ab*.

Kophu sroro ypaBueHus

€ 2 € A 1 cA A2 9
= =— 4+ —+ 4/ —+ — — A"
Puc. 34 b=0, b 32 2:2 7 NV 3x 432

Ha puc. 34 uzobpazken rpacdudecku xapak-

Tep 3aBucuMocTd b orT € (mpu 3 > 0). YCTORYMBBIM pexKUMaM OTBEYAIOT JIMIID
snavenue b = 0 (ocp abcuuce) u BerBb AB. Touke A COOTBETCTBYIOT 3HAYEHUS
3(4sA% — A?) 2 43°7N% 4+ A?

4xA R T T 4524
KonebaTenpHblii peXKuM CyIIECTBYET JIMIIb [IPA € > €, HPUYEM AMIUIATYAR
b > by. Ilockonbky cocrosinue b = 0 Bcerma ycTONYNBO, TO AJIs BO3DYKIEHUS
KoebaHui HEOOXOAUM HAYAJIbHBIA «TOTYOK».

ITonyuenusie popmysibl cipaBeINBLI JINIIb P MaJbIX €. MaJsocTs € obec-
[IEYMBAETCS MAJIOCTBIO A, €CJIU IIPU ITOM aMIUIATYAA CUJIbI YAOBJIETBOPSIET YCIIO-
Buio A% /wo < A/ < wo.

Ep =

§ 30. [IBmkeHmne B OBICTPO OCIUJIIUPYIOIIEM II0JI€

PaccmoTpumM nBU>XKeHUE YaCTUIBI, HAXOIAIIENHCS OMHOBPEMEHHO
IO, JeACTBUEM IOCTOSHHOrO mojisad U u Cujibl
f = f1 coswt + f2 sin wt, (30.1)
MeHSIOIelcst cO BpeMeHeM ¢ bosbiioii yacroroit w (f, fo — dyHK-
U TOIbKO KoopamHat). Ilox «6osbmioiiy MBI IOHMMaEM IIPH TOM
9aCTOTY, YZOBJIETBOPSIONLYIO yciuoBuoo w > 1/T, rme T — mops-
JOK BEJUWYHUHBI IIEPUOJA IBUXKEHUA, KOTOPOE YaCTHUIla COBEPIIAJIa
ob1 B ogaoMm mosie U. Ilo croeit Benmumue cuna f He mpemmosiara-
eTcsa cnaboit IO CpPaBHEHWIO C CHJIAMH, AeiicTByomuMu B noje U.
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Mer 6yzem, 0fHAKO, IPEAIIOIAraTh MaJbiM BEI3bIBAEMOE ITOH CUIION
KostebaTesIbHOE CMeleHne JacTunbl (0003HaueHHOe HIKe depe3 §).
Ji1s1 yriporenus BEIYUCIEHAIT PACCMOTPUM CHAYAIIA OJHOMEDHOE
JIBUKEHVE B II0JI€, 3aBUCAIIEM JIAIIb OT OJHON IPOCTPAHCTBEHHOMN
koopauHaThl z. Torna ypaBHeHue ABUKEHUS YaCTULBL *)

mit = ==+ f. (30.2)

3 xapakTepa AeACTBYIOMEro Ha YACTHILY IOJIA 3apaHee fCHO,
9TO ee JBUKEHHE OyJIeT MPEACTABIATH CODOI IepeMelenue BIoJb
HEKOTOPO! IIABHOW TPAEKTOPHU C OJHOBPEMEHHBIMU MAJIbIMU OC-
UM (¢ 9acToToit w) BOKpYyr Hee. COOTBETCTBEHHO ITOMY
npejacraBuM QYHKIMIO Z(t) B BUAE CyMMBbI

5(t) = X () + £(8), (30.3)
rae z(t) upeacraBiseT coboil yKa3aHHbIE MaJible OCIUJLIISIUN.

Cpenuee 3nauenne Gynkuun z(t) 3a Bpems ee nepuosa 27/ w 06-
pamaercs B HyJib, GyHKms ke X (t) 32 9TO BpeMsi MEHSIETCS OYEHb
majio. Obo3HaUass Takoe yCpeaHeHWe 4epToil Haj OyKBOM, mMeeM:
T = X (t), r.e. byuruua X (t) onuceiBaeT ycpe HEHHOE 110 OBICTPHIM
OCUMJUIAIMAM <«ILJIABHOE» JBUXKEHHE YaCTUIBI. BbIBeJeM ypaBHe-
HUE, ONIpeJIeAomnee 3Ty (DYHKIHIO 2).

IMoncrasass (30.3) B (30.2) u pasaras 1o creneHsaM & ¢ TOIHO-
CTBIO JI0 YJIEHOB MEPBOTO MOPSAIKA, TTOJIY IUM

.o .o _ dU d2U a .f
B 93TOM ypaBHeHI/II/I (bl/IPypI/IpyIOT YJICHBI PA3JINIHOI'O XapaKTepa —
OCHI/I.T[.TH/IpyIOH_II/Ie U «IIJIABHBIE»; OHU OOJI2KHBbI, O49Y€BUJHO, B3aMHO

COKDAIAThCd B KaXKJOW M3 ITUX ABYX IPYII B OTAEIbHOCTH. Jljis
OCI[WJIUPYIOIIXX YJIEHOB JOCTATOYHO HANUCATH

OCTAJIbHBIE COAEPKAT MAJIbIi MHOXKUTEJb & U MOTOMY MaJibl 110 CPaB-
HEHWIO C HAIIMCAHHBIMY (9ITO KACAeTCs MPOU3BOAHOM & , TO OHA mpo-
nopIEoHaTbHA GoMbIIol BemumEe W2 u moToMy He Mana). UuTe-
rpupys ypasaenue (30.5) ¢ dyukuueit f u3 (30.1) (upm sToM Besu-
ugnHa X PacCMaTPUBAETCH KAK IIOCTOSHHAS), IOJLY UM

1) Koopaunara z — He 06s13aTeIBHO JEKAPTOBA, a K03 QUIMEHT m cOoTBeT-
CTBEHHO He 0053aTeJILHO €CTh MaCCa YaCTULBI U HE 00513aTe/IbHO IIOCTOSTHEH, KaK
370 npegnosnoxeno B (30.2). Takoe npenmonoxKeHne, OGHAKO, HE OTPAXKAETCH HA
OKOHYATeJbHOM pe3yJsbraTe (CM. HUXKeE).

?) Unes uamaraemoro Huxke Metona npusamiexur 1. JI. Kanuye (1951).
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g=-_1 (30.6)

mw?’
Ycpenuum Teneps ypasrenue (30.4) mo BpemeHH (B yKa3aHHOM

BBIIIE CMBICIE). [IOCKOIBKY CpeHue 3HAYEHns NEPBBIX CTemneHed f
u & obpaIaioTcs B HY b, TIOJIYIUM YDABHEHUE

Y _dU _ 0f _dU 1 .0f
mX = -ty = Tix  marl ax

conepxkaee yxke Tonbko dyskmmio X (t). Ilepenuinem ero okonva-

TE€JIbHO B BHJIE

. - _dUSQ)
mX = -2, (30.7)

rae «3PdeKTUBHAS TOTEHIUAIbLHAS YHEPTUS» ONPEIESISIeTCa Clie-
IyIomuM obpazoM 1):

Up=U+——P=U+——(2+).  (308)

2mw?2 4mw?

CpasuuBas 310 Bbipaxenue ¢ (30.6), Jerko BumeTh, 4TO JONIOIHE-
TeJIbHBIH (10 OTHOIIEHWIO K TOJII0 U) WieH mpeacTaBisier coboit He
YTO MHOE, KAK CPEIHIO KMHETUIECKYIO SHEPIHUIO OCIILISIIMOHHOIO
JIBUXKEHWS:

Usp = U + T &% (30.9)

Takum 00pa3oM, YCPeIHEHHOE HO OCIMJLIAIUAM JIBUYKEHUE HYa-
CTHUIHI MPOUCXOUT TaK, KAK €CJu Obl, IOMIMO TIOCTOSHHOTO Touis U,
JIEACTBOBAJIO €IIE U JOMOJIHUTEIBHOE TIOCTOSHHOE TI0JIe, KBaPaTHd-
HO 3aBHCAIIEE OT AMILUIATYIbI IEPEMEHHOTO IIOJIS.

[Tosy4yeHHbIN pe3yNbTAT MOXKET OBITH JIErKO OOOOINEH Ha CITy-
Jail CHCTEMBI C JIFOOBIM YHCIOM CTEIeHel CBODOBI, OMUCHIBAEMO
00001IeHHBIMI KOOPAUHATAMA ¢;. [ 9D DEeKTUBHON MOTEHIMAH-
HO#t 9Heprum nosydaercs (Bmecro (30.8)) BeIpaKkeHue

1 Jpp— ain T
U =U+ 553 oz ik =U+ Y ek, (30.10)
2 ik
/1€ BEJIMIMHBI ai_k1 (BoODIIE TOBOPST, — (DYHKIMK KOOPIUHAT) — JI€e-

MEHTBI MATPHUILI, 00paTHO! MaTpuile KO3 @UIIMEHTOB a;; B KUHE-
THYeCcKoii sHepruu cucreMsl (cM. (5.5)).

P IIpousBens HECKONBKO GOJIee NIMHHBIE BBIYHCJIEHUS IIPU 3aBUCALIEN OT T
BEeJIMYMHE M, JIETKO yGeaurbcsa B ToM, uro dopmynsl (30.7),(30.8) ocraiorcs
CIIPAaBE€OJINBBIMU U B 9TOM CJIyvae.
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Bamgaumn

1. OnpenenuTh NOJI0XKEHNUS YCTONYMBOrO PABHOBECHUS MAsATHUKA, TOYKA MO~
BECa KOTOPOIrO COBEPIIAET BEPTHUKAJbHBIE KOjeDaHus ¢ OOJbIION YacTo-
Toit ¥ (Y > /g/1).

P em e nue Usmnony4ennoii B 3anade 3, ) § 5 dynkuuu Jlarpanxa sus-
HO, 9TO B JaHHOM CJIy4ae IIePEMEHHAsl CUJIa

2 .
f = —mlay” cosyt sin @
(B KavyecTBe BesmuuHBL ¢ BhIOpaH yron @). Ilosromy «3¢dpdekrTuBHas moTEHIU-
aJIbHAs SHEPIHU»
2.2

U, = mgl (— cos @ + a4;/l sin® (p) .

ITomozxenus ycToianBOro paBHOBECHS OTBEYAIOT MEHUMYMY 310l dyHkuuu. Ha-
npaBJieHHe BepTHKajbHO BHu3 (@ = 0) Bcerma ycroituuso. IIpu BhInONHEHUH
ycaoBusa

2 2
a“y” > 2gl
yCTOﬁ‘IHBbIM ABJIAETCSA TaK2KeE IIOJIO2KEHUEe BepTI/IKaJIbHO BBer ((p = 7'[)
2. To xke gy MasiTHUKA C TOPU3OHTAIBHO KOJIEOJIIOMIENCS TOYKOM OABECA.
P em e nue. Ilonomydennoit B 3anade 3, 6) § 5 dynkuuu Jlarpanxa Ha-
xomuM f = milay? cosytcos @ u 3aTem
2.2
4gl
Eciu a®y? < 2gl, 1o ycroitunso nonoxenue @ = 0. Ecmm xe a®y? > 2gl, 10
YCTOMYMBOMY PABHOBECUIO OTBEYAET 3HAYEHUE
2gl
a2y?’

Usep = mgl [—cos @ + cos® (p] .

cos @ =



''ITABA VI

ABN2KEHWUE TBEPJOTO TEJIA

§ 31. YmioBas ckopocTh

B mexanvke meepdoe me.no MOXKHO ONPEIEIUTH KAK CHCTEMY Ma-
TepUAJbHBIX TOYEK, PACCTOSTHUS MEXK/y KOTOPbIMU Hen3MeHHBI. Pe-
aJIbHO CYIIECTBYIONINE B MPHUPOJE CUCTEMBI MOTYT, KOHEYHO, VJIO-
BJIETBOPATH STOMY YCJIOBHIO JIUIIb MpuOsmkerHno. Ho 6oabImHCcTBO
TBEPABIX TEJI B OOBIYHBIX YCAOBHUAX TAK MAJIO U3MEHSET CBOIO popMy
¥ pa3Mepshl, YTO IPU U3YUEHUU 3aKOHOB JIBVKEHUS TBEPIOTO TEJIa,
pPaccMaTpUBaeMOro KaK HEYTO I1e0€, MOXKHO BIIOJIHE OTBJIEUBCS OT
9TUX U3MEHCHUN.

B panbreiitiieM n3s10K€HUM MBI OyIEeM YaCTO PACCMATPUBATH
TBEPJIOE TEJO KaK JUCKPETHYIO COBOKYITHOCTH MAaTEPHUAJHHBIX TO-
9eK, YeM JOCTUTAETCS HEKOTOPOe YIIPOIIeHWEe BBIBOIOB. JTO, OHA-
KO, H B KaKOW CTEIEeHW HE IIPOTUBOPEUUT TOMY OOCTOSATEILCTBY,
9TO B JEACTBUTEILHOCTH TBEP/IBIE TEJIA MOYXKHO OOBITHO PACCMATPH-
BaTh B MEXaHWKE KAaK CIJIOINIHBIE, COBEPIIIEHHO HE WHTEPECYSCh UX
BHyTpeHHel cTpykTypoit. [lepexon or dopmyi, comepKammx CyM-
MUPOBaHUE IO AUCKPETHBIM TOYKAM, K (POPMyJIaM [JIs CILIOLUIHOTO
TeJIa OCYIIECTBIIAETCS IIPOCTO 3aMeHOM Macc JYacTull Ha Maccy pdV,
3aKJIIOUEHHYIO B eMeHTe 0bbeMa dV (p — IIOTHOCTB Macchl), 1
MHTETPUPOBAHUEM TI0 BCEMY OObEMY TeJIa.

Jlng onmcaHus ABMKEHUS TBEPAOTO TEJA BBEJEM IBE CHCTEMBI
KOODIMHAT: «HEIOABUXKHYIO» , T.€. MHEpIUAJIbHYIO cuctemy XY Z,
U ABIDKYIIYIOCS CHCTEMY KOODAWHAT X1 = I, T3 = Y, £3 = Z, KOTO-
pagd MpeIoIaraeTcs KeCTKO CBA3AHHON C TBEPAbIM TEJOM U YUacCT-
BYIOITIEHl BO BCEX €ro JBMKEHWSAX. Hadayio NBUAKYIIEHCS CUCTEMBI
KOODAMHAT yI00HO COBMECTHUTH C IEHTPOM HMHEPLUHU TeJIa.

[Tomoxxenve TBEPAOroO TeIa OTHOCUTEIHHO HEITOABUKHON CHCTe-
MBI KOODZHMHAT BIIOJIHE OIIPEEJIAeTCS 33JaHUEM IIOJIOXKEHUS IBU-
xKymreiica cucrembl. [lycts pamumyc-BekTop R ykKasbiBaeT mosoxke-
ure Havana O apuxkymeiica cucremst (puc. 35). OpueHtanus ke
oceil 3TO CUCTEMBI OTHOCUTENIHHO HETIOIBUXKHON ONPEeeIaeTCsa Tpe-
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Msl HE3ABUCUMBIMU YIJIAMH, TAK YTO BMECTE C TPEMs KOMIIOHEHTAMM
BekTOpa R MBI MeeM Bcero 1mrecTs KoopanHaT. Takum 06pa3om, Bes-
KO€ TBEpIOe TEJIO IPEICTABIISET Z
€000 MEXaHUIECKYIO CHCTEMY T3
C IIECTBHIO CTEIEHSIMH CBOOOMIEL.
PaccmoTpum npousBosibHOE T2
OECKOHEYHO MAaJIoe IIepeMelre- T
HHe TBepJOro Teja. Ero mMox-
HO TIPEJICTABUTDH B BUIE CyMMBI
nByx dacreit. OiHa U3 HUX €CTH R
0EeCKOHEYHO MAJIBII TAPAJLIIEITh-
HBIA IIEPEHOC Teja, B Pe3yJib-
TaTe KOTOPOTO LEHTP MHEPIUU X
NEPEXOTUT M3 HAYAJBHOI'O IIO- Puc. 35
JIOXKEHUS B KOHEYHOE IIPU HEU3-
MEHHOM OPHMEHTAIINY OCEll MOABMKHOM CUCTEMBI KOOPAUHAT. Bropast
— 0ECKOHEYHO MaJIbIil IIOBOPOT BOKPYT IEHTPa WHEPIUHU, B PE3YJIb-
TaTe KOTOPOTO TBEPJOE TEJO MPUXOIUT B KOHEYHOE IOJIOKEHHE.
O6o03HaunM paguyc-BEeKTOP MPOU3BOJILHON TOUKM P TBEpmoro
TeJla B IIOJBYM2KHON CHCTEMe KOODAWHAT Yepe3 T, a PaJIyCc-BEKTOD
TOM K€ TOYKYU B HEITOJBUXKHOM cucTreMe — depes t. Torna beckoneu-
HO MaJioe cMelrenue dt Touku P ckiragbiBaercd u3 nepemerrienus dR
BMECTe C IEHTPOM WHEPLIUM W IepeMelieHus [d@-r] OTHOCHTEeIbHO
IIOCJIEIHETO TIPYU [OBOPOTE Ha OecKOoHeuHO Mauiblii yrou de (cm. (9.1)):

de=dR+ [de - T].

Paznenus 310 paBeHCTBO HA BpeM4 di, B TedeHUE KOTOPOTO IIPOU30-
IIIJIO PACCMAaTPUBAEMOE IIEPEMEIIEHNE, U BBE/IsI CKOPOCTH

Z1

k_, dR_y  de _
a=v a=-vV =% (31.1)

IIOJIyYUM COOTHOIIEHUE MEXKJYy HUMN
v =V + [Qr]. (31.2)

Bekrop V ecTb CKOPOCTb LIEHTPa NHEPIUA TBEPIOTO TEJIA; €€ Ha-
3bIBAIOT TAK?Ke CKOPOCTBIO €0 NOCMYNAMEALHO20 ABUYKEHHUST; BEK-
Top ) — Yye.n06as ckopocmy BpAIleHNUs TBEPOTO TeJa; er0 HAIPAB-
nenve (Kak U HampasieHWe dW) COBIAJAET C HANPABJIEHUEM OCH
Bpamenns. Takum 06pa3oM, CKOPOCTh V JIf000il TouKy Tesa (OTHO-
CHUTEJIHO HEMOJBIKHON CHCTEMBI KOODAWHAT) MOXKET ObITh BBIPa-
JKEHA 9ePe3 MOCTYIATEJbHYI0 CKOPOCTb TeJIa U YIVIOBYIO CKOPOCTH
€ro BpAIlleHUS.
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Canenyer moguepKHyTh, 9TO IpHU BhBOzE hopmyus (31.2) cremu-
duyeckne cBOMCTBA HAYaJa KOODAMHAT KAaK IEHTPA WHEPIUU TeJa
COBEpIIIEHHO He OBbLIM MCIOMB30BaHbl. [IpenmMyIinecTBa 3TOro BBHIOO-
Pa BBIACHATCS JIAIIb TO3KE TP BBIYUCIECHUYN YHEPTUU JIBUKYIINE-
rocs TeJa.

JlomycTrM Temeph, 9TO YKECTKO CBI3aHHAS C TBEP/IBIM TEJIOM CHU-
cTeMa KOOPIMHAT BHLIOPAHA TaK, UYTO €6 HAYAJIO HAXOIUTCS HE B IIEH-
Tpe unepnuu O, a B HEKOTOpoit Touke O’ Ha PACCTOAHUU & OT TOY-
ku O. CkopocThb nepeMemmennus Hadajua O’ 3Toit cucTeMbl 0003HAYMIM
gepe3 V', a yrJIoBy10 CKOpOCTh ee Bpamenus — udepes ).

PaccmoTrpum cHOBa Kakyro-imbo Touky P TBepmoro Teja u 060-
3HAYMM ee paJ;yc-BeKTOp oTHocuTenbHO Hagana O gepes r'. Torma
r =r' + a u noacranoeka B (31.2) maer

v = V+[Qa] + [Qr'].

C mpyroit ctoponsl, o onpezaenennio V' u Q) nomxuao OBITE V =
=V’ + [Q'r]. TlosTOMy MBI IPUXOAUM K BBIBOAY, UTO

V' =V+Qa), Q=0Q. (31.3)

Bropoe u3 3TuX paBeHCTB BeCbMa CyIIECTBEHHO. MbI BUANM, 9TO
YIJIOBag CKOPOCTh, C KOTOPO! B KaXKJIbIil JAHHBIII MOMEHT BPEMEHU
BpAII[AETC XKECTKO CBA3aHHAs C TEJOM CHCTEMa KOODAMHAT, OKa-
3BIBAETCS COBEPIIIEHHO HE 3aBUCAINEH OT 3Toil cucrembl. Bee Takme
CHCTEMBI BPAIAIOTCA B 3aJJaHHBI MOMEHT BPEMEHU BOKDYT HapaJi-
JIEJIBHBIX APYT APYTY OCeil ¢ OAMHAKOBOM 10 abCOMOTHON BEJININHE
ckopocThio 2. DTO 0OCTOATENHLCTBO U AT HAM MPABO Ha3bIBATH {2
YTJI0BO# CKOPOCTHIO BpAIlEHWsI TBEPJIOTO Tesia Kak TakoBoro. Cko-
POCTB K€ MOCTYIATEJbHOTO JIBUXKEHUS TAKOTO «abCOIIOTHOTO» Xa-
pakTepa OTHIOIb HE MMEET.

U3 nepsoit popmyast (31.3) Buno, uro eciu 'V u § (B maHHbIi
MOMEHT BPEMEHH) B3aUMHO II€PIEHIUKYIIAPHBL IPY KAKOM-JIN0O0 BbI-
6ope Hauasa koopaunat O, To ouu (T.e. V' u Q') B3aumuo nepnenu-
KYJISPHBI U TPHU ONPEIEJIEHUN 110 OTHOIIEHUIO K JIIOOOMY APYyrOMy
nHagany O'. U3 dbopmyast (31.2) BuaHo, 94TO B 3TOM Cjiydae CKO-
POCTH V BCEX TOYEK TeJja JIeKaT B OJHON M TOH K€ IJIOCKOCTH —
IJIOCKOCTH, mepreHaukyasapuoii K €. IIpu sTom Bcerga MOXKHO BbI-
Opatb Takoe Hauaso O’ 1), ckopocTs V' KoTOpOro pasHa HYJIIO, 9TO
JIBUKEHME TBEPJIOrO TeJia (B JAaHHBIA MOMEHT) OyJeT mpeicTaBieHO

) Ono MOXKET, KOHEYHO, HaXOAUThCsI BHE 00bEMA TeJia.
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KaK 4UCTOe BpaIleHue BOKPYT OcH, mpoxonsmeit gepes O'. ATy ock
HA3BIBAIOT M2HOBEHHOT 0CbI0 6pauLeHUs Tema ).

B nambmefimem Mbr OyZeM BCETZa IPEMOIAraTh, 9TO HAYAJO
JBUXKYIIENCS CUCTEMBI KOODAWHAT BBIOPAHO B IEHTPE WHEPIIUU Te-
Jia, TaK YTO U OChb BPAIIEHUS TeJIa IIPOXOIUT Yepe3 TOT HeHTp. [Ipu
JIBU2KEHWH TE€JIa MEHSIOTCS, BOODITE TOBOPsI, KAK abCOIOTHAS BeJIn-
guna (), TAaK W HANPABJIEHWE OCH BPAIIEHUS.

§ 32. Tensop mHEpIMHN

Jlsi BBIUNCIIEHNs] KUHETUYECKOH SHEPIUM TBEPAOIO TeJla Pac-

CMOTPHUM €ro KaK JUCKPETHYIO CHCTEMY MAaT€PUAJBHBIX TOYEK:
2
T=3 ",

rje CyMMUPOBAHUE MPOU3BOJUTCS IO BCEM TOYKAM, COCTABJISIONIAM
TeJI0. 3/1eCh W HUXKE MBI OILyCKAEM WHJEKCHI, HyMepYIOIue 3T TOY-
KM, C LIeJIBIO YIPOLIeHns 3anucu GopmyiI.

[Toxcrasus coza (31.2), nomy4uum

T=Y Z(V+@])’ =3 2V +Y mV[Qr]+) T[0r?

Cxkopoctun V u ) OnMHAKOBBI I BCEX TOYEK TBEPIOro Teja. Ilo-
9TOMY B TIepBOM ujieHe V2 /2 BBIHOCHTCA 3a 3HAK CyMMBbI, a8 CyMMa
> m ectp macca Tesa, KOTOPYIO MBI OyzeM 0603HaIaTH GYKBOM L.
Bropoit unen 3anumem Tax:
S-mV[Qr] =Y mr[VQ] = [VQ]Y_ mr.

OTciona BUIHO, YTO €CIU HAYAJIO JBUXKYINENCS CUCTEMBI KOOPIUHAT
BBIOPAHO, KAaK YCJIOBJIEHO, B IIEHTPE MHEPIMH, TO 3TOT 4WIeH o0pa-
maercsd B HyJb, TaK Kak B 3ToM ciydae y,mr = 0. Hakonen, B
TPEThEM UJIEHE PACKPHIBAEM KBaJPAT BEKTOPHOI'O IMPOU3BEIEHUS U
B pe3yJIbTaTe HAXOMUM

7= 1 1S m{0X? - (@)%}, (32.1)

Takum obpa3oM, KMHETHYECKas SHEPIUsS TBEPJOIO TeIa MOXKET
ObITH IIpeACTaB/IeHa B BuJe CyMMBbI ABYX uacreil. IlepBuiit 4ieH B
(32.1) ecTp KuMHETHYECKAS] YHEPIUS MIOCTYIATEILHOIO [IBUKEHUS —

1) B oGmeM e ciIydae He B3SAMMHO IEPIEHAUKY/ISAPHbIX Hanpasaenui V u Q
Ha4aJI0 KOOPIUHAT MOXKHO BHIGpaTh TakuM 06pa3oM, uTobsl V u ) cTanu napaJ-
JIEJIbHBIMH, T.€. ABUXKEHUE (B JaHHBIA MOMEHT BpeMeHH) OyAeT COBOKYNHOCTBIO
BpAIlleHNs] BOKPYT HEKOTOPOU OCH U MOCTYHATEIbHOIO IIEPEMEIEHNS BAOJIb 3TON
2Ke OCH.
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OHa WMeeT TAaKON BUJ, KAaK eciau Obl BCA Macca Teya ObLIa cocpe-
JIOTOYEHa B €ro MEHTPe WHEPIMU. BTOpoii WieH ecTh KHHETHIECKAS
SHEPI'Hsi BPAIIATEJbHOTO JBUKEHMUSI C YTIIOBOM CKOPOCTHIO £} BOKpYT
oCH, TIPOXOAIIEN Yepes MeHTp uHepImn. [loguepKHeM, 9TO BO3MOXK-
HOCTB TAKOT'O Pa3JiesieHust KWHETUIECKON SHEPTUH Ha JBE YacTh 00y-
CJIOBJIEHA, BLIOOPOM HadYaJia CBA3AHHOM C TEJIOM CHCTEMBI KOODAUHAT
MMEHHO B €r0 IEHTPe WHEPIWH.

[TepenuireM KMHETUYECKYIO SHEPIUIO BPAIIEHWS B TE€H30PHBIX
0003HAYEHNSAX, T.e. 4epe3 KOMIIOHEHTHI I;, $); BeKTOpoB r, 1):

1
TBp = EZ m{Q?wl? — szzﬂkxk} =
1 1
= 5 Z m{QZQkS,kw% — Q,kazwk} = §Q,Qk Z m(w%ézk — :v,:ck)

31ech UCIIOJIb30BaHO TOXAECTBO {2; = 8;5, Toe O;; — eIMHUIHBIR
TeH30p (KOMIIOHEHTHI KOTOPOTO DABHBI €JIMHUIE NIPH ¢ = k U HYJIO
upu i # k). Beena Tensop

9

L =Y "m (28, — zixy), (32.2)
HoﬂquM OKOHYATEJIbHOE Bpra}KeHHe JJIA KI/IHeTI/IquKOﬁ C-)HepI‘I/II/I
TBEPOrO TeJia B BHJIE

2
T= % + %I,kQ,Qk (32.3)

®yukuus Jlarpamxa TBepgoro resa mosiydaercs us (32.3) BbI-
YuTaHNEeM NOTEHINAJIbHOI SHEpIrun

2
L=Y" 4 Sy - U. (32.4)

[ToTeHnmaapHasa SHEPrUd ABJIIETCS B 00IIEM ciiy4dae pyHKIWeH 1re-
CTU TIEPEMEHHBIX, ONPEIEISIONINX IIOJIOXKEHNE TBEPJIOTO TeJa, Ha-
npumep, Tpex KoopamHaT X,Y,Z lLleHTpa WHEPIUU U TPeX YIJIOB,
OTIPEIEIISIONTNX OPUEHTAINIO IBIKYIIUXCS OCEH KOODIWHAT OTHO-
CUTEJIbHO HETOABUXKHBIX.

Tenzop I;; Ha3bIBAETCA MEH3OPOM MOMEHMOS UHEPUUU WU
IPOCTO MeH30poM urepyuu meaa. Kak sicao u3 onpenesenus (32.2),

1) B sroii rase OykBamu %, j k 0003HAYAIOTCS TEH30PHBIE UHIEKCHI, IPOOe-
rafomiue 3HadeHua 1, 2, 3. IIpu sTom Be3nme mpuMeHsieTCs M3BECHOE MPABUJIO
CyMMHUPOBaHUsI, COIVIACHO KOTOPOMY 3HAKU CyMM OILyCKAIOTCs, & IO BCEM [Ba-
Kbl HOBTOPSIIOIUMCH (TaK HA3bIBAEMBIM «HEMBIM» ) HHJIEKCAM [IOAPa3yMeBaeT-
sl cyMMHpOBaHue no 3uavenuam 1, 2, 3; tak, A;B; = AB, A? = 4jA; =A% u
T. . 0603Haqune HEMBbIX UHIOEKCOB MOXKHO, O4Y€BUAHO, MEHATH IIPOU3BOJJIbHBIM
obpasoM (suiub GBI OHO HE COBNAJIO C 0003HAYEHHEM APYTUX (PUIYPUPYIOIIUX B
AAHHOM BBIPDAX2KE€HUU TEH3OPHBIX I/IH,Z[eKCOB).



§ 32 TEH30P MHEPILINUN 133

OH CMMMETPHUYEH, T.€.
Ly, = I;. (32.5)
BbIl'[I/IH_IeM JJId HaTJIdJHOCTH €I'0 KOMIIOHEHTBI B ABHOM BHIE B
caemyomeit Tabimie:

Ym(y?+2%)  —Ymay - mzz
Ip=| -Xmyz Ym(@®+2%) -Ymyz |[. (32.6)
- mzz —Ymzy  Ym(z? +y?)

KowmnonenTs! Iy, Iyy, I,, nHOTJA HA3BIBAIOT MOMEHTaMU MHEPIUI
OTHOCHUTEJIBHO COOTBETCTBYIOIIUX OCEH.

Tenzop mHEpIMM, OYEBUIHO, AIIUTUBEH — MOMEHTHI MHEPIIAW
TeJia, PABHBI CYMMaM MOMEHTOB WHEPIWY €r0 JaCTEil.

Ecnu TBepmoe Tero MOXKHO pacCMATPHUBATHL KaK CILIOIIHOE, TO
B onpegenennn (32.2) cymMMa 3aMeHSIETCS WHTETrPAJIOM IO 00beMy
Teaa:

Ia = [ platsa — wiae) av. (32.7)

Kak um Bcgkuit cuMMETpUIHBIN TEH30p BTOPOrO PAaHra, TEH30D
WHEPIUU MOXKET OBbITh NMPUBEJEH K JUATOHAJHLHOMY BUIY IIyTEM CO-
OTBETCTBYIOIETO BHIOOpa HANPABJIEHUN OCEH L1, To, 3. DTU Ha-
[IPABJIEHUS HA3BIBAIOT 24G8HbLMU OCAMYU UHEPUUU, & COOTBETCTBYIO-
I 3HAYEHUS KOMIIOHEHT TEH30PA — 2406HbMU MOMEHMAMU UHED-
yuu; obosmaumMm wux Kak Iy, Is, Is. Ilpu Takom BBIOOpE oOCEi
T1, T2, T3 BpallaTe/bHAsI KMHETUYECKAsT YHEPTHUs BHIPAXKAETCS OCO-
OEeHHO MPOCTO:

Top = %(119% + L5 + 1303). (32.8)

OTMernM, 9TO KaxXKIbIM M3 TPEX TVIABHBIX MOMEHTOB MHEPITUH HE
MOXKET OBITH OOJIBIIIE CYMMBI ABYX Apyrux. Tax,

LH+L=Ym?+22+2:2) > m(z?+22) =1 (32.9)

Tes0, y KOTOPOTO BCE TPU IVIABHBIX MOMEHTA MHEDIUU Da3JIHd-
HBI, HA3BIBAIOT ACUMMEMPUUECKUM GOAYKOM.

Ecnu 1Ba rIaBHBIX MOMEHTa WHEPIMH DaBHBI APYT apyry, I3 =
= Iy # I3, TO TBEpOE TEJO HASBIBAIOT CUMMEMPUUECKUM BONYKOM.
B sToMm cityuae BbIG0D HApaBJIEHUS TIABHBIX OCeil B IIIOCKOCTH T1To
IPOU3BOJIEH.

Eciu 2xe BCe Tpu IVIABHBIX MOMEHTA MHEDPIUH COBIAIAIOT, TO Te-
JIO HA3BIBAIOT WAPOBHIM B0MMKOM. B 9TOM Cilydae MPOU3BOJIEH BBHI-
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60p BCeX TpeX IVIABHBIX OCeil MHEPIIUU: B KAYECTBE MX MOXKHO B3ATh
JiI00ble TPU B3aMMHO TIEPIIEHINKYJIAPHBIE OCH.

HaxoxxieHne TIaBHBIX OCell WHEPIUWHN OYeHb YIIPOIIAETCH, €CJIH
TBEPJOE TEJIO 00/IaIaeT TON WM WHOM CUMMETpUEl; sICHO, UTO II0-
JIOKE€HUE IIEHTPa MHEPINYU W HAIIPaBJICHUdA IJIABHBIX OCEHl MHEpIUU
JOJIKHBI 00JIaJaTh TOM K€ CHMMETPHEH.

Tak, ecim Teso 00OJATAET MJIOCKOCTHIO CHMMETPHUM, TO IEHTP
VHEPIUHN JOJKEH JIeXKATh B 9TOM IJIOCKOCTU. B Hell ke jexkaT nBe
IJIABHBIE OCH WHEPIINHU, U TPEThs — MEPIEHANKYJIsIpHA K Heit. Oue-
BAIHBIM CIIy49aeM TaKOI'0 PO ABJISETCA CUCTEeMa YaCTHIL, PACIIOJIO-
2KEHHBIX B OJIHOHM IJIOCKOCTH. B 3TOM ciIydae CyLIecTBYyeT IpPOCTOe
COOTHOIIIEHNE MeXKAY TpeMs IVIABHBIMU MOMeHTaMu nHepuwu. Eciau
ILTOCKOCTh CUCTEMBI BBHIOpAaHA B KAYECTBE IJIOCKOCTH IT1I2, TO IIO-
CKOJIBKY 1 Bcex dactul] x3 = 0, nmeem

I = mega I = me%7 I3 = Zm(x% + SU%),
TaK 49YTO
Is=1+I,. (32.10)

Ecnu teno obsamaer OChbi0 CHMMETPUU KAKOTO-JIMOO TOPSIKA,
TO IEHTDP WHEPIWU JIEXKUT Ha 3To# ocu. C Hell yKe COBIAIAET OIHA
73 TJIABHBIX OCell MHEPIUU, a OBE JAPYrue — MEPHEHIUKYJIIPHBI K
meir. [Ipu 3TOM eciiu MOPSIOK OCH CHMMETPHUHU BBIIIE BTOPOTO, TO
TEJIO SABJISIETCS CUMMETPUYECKUM BOJYKOM. JlefCTBUTEIHLHO, KaXK-
JIYIO TJIABHYIO OChb (IIEPIEHAUKYJISAPHYIO K OCH CHUMMETDHUM) MOXKHO
MOBEPHYTDb TOTJA Ha yroJji, OTaudHbIi oT 180°, T.e. BBIOOD 9THX OCei
CTAHOBUTCSA HEOJHO3HAYHBIM, & 3TO BO3MOXKHO JIUIIb B CIydIae CHAM-
METPUYECKOTO BOJIYKA.

OcobbIM cilyuaeM SBJISETCA CHCTEMa YACTHI], PACIOIOKEHHBIX
BJIOJIb OJTHOM MpsiMO#i imann. Kciin BEIOpATh 3Ty NPAMYIO B KAY€CTBE
OCH T3, TO JJId BCEX YacTull £1 = x2 = (0, ¥ TOTOMY JBa IJIABHBIX
MOMEHTa, MHEPIINK COBIIAJAIOT, 8 TPETHUI PaBeH HYJIIO:

L=L=Ymz I3=0. (32.11)

Takyio cucreMy Ha3BIBAIOT POMAMOPOM. XAPAKTEPHON OCOOEHHO-
CTHIO POTATOPA B OTJINYHME OT OOLIETO CIydasi IPOM3BOILHOIO TEJIa
SIBJISIETCS TO, UTO OH MIMEET BCEro 1Be (a He TPU) BPAIlATe/IbHBIE CTe-
meHu CBOOOIBI, COOTBETCTBYIOIINE BPAIIEHUSIM BOKPYT OCel T1 U I2;
TOBODUTH K€ O BPAIIEHUU MPAMOM BOKPYT caMoil cebsi, OYEBUIHO,
HE MMEET CMBICIIA.

Hakomern, cueraem erie ogHO 3aMedaHue IO TOBOLY BBIYHUCIECHUS
TEH30pa MHEPIHUU. XOTS MbI OMPEIEIUIN STOT TEH30P IO OTHOIIE-
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HUIO K CHCTEME KOODJMHAT C HAYAJOM B IIEHTPE WHEPIUH (TOIBKO
[PU TAKOM OIIPEJIEJICHUN CIIPABeJInBa OCHOBHas dopmyia (32.3)),
JIJIS €T0 BBIYUCJICHHs, OJHAKO, MOYKET MHOTJA OKA3aThCA YAOOHBIM
BBIUHCIUTH MPEIBAPATEIHHO AHAJOTUIHbIN TEH30D

I = ¥ m(a}8y, — aial),
OIpeJeJIeHHBII TI0 OTHOIEHuIO K apyromy Hagasxy O'. Ecam paccro-
sune OO0’ paercs BekTopoM @, Tor = r' + a, x; = T,+a;; yIuTHBas
Takxke, 9To Y, mr = 0, mo onpenenennto Touku O, Haiigem:

L, = I, + w(a®8ix, — asa). (32.12)

ITo sToit popmyite, 3Hast I z’ &> JIETKO BBIYHMCIIUTH UCKOMBI# TeH30D Ik

Bamauymu

1. Ol‘Ipe,ILe.]'[I/ITb TJIaBHbIE MOMEHTBI MHEPIUM [JIsI MOJIEKYJI, PaCCMaTpHBae-
MBIX KaK CUCTE€MBbI 9aCTHUIl, HAXOAAIMNXCA Ha HEU3MEHHBIX PACCTOAHUAX APYT OT
IpyTa, B CJIEOYIONINX CIIydasdx:

a) Mosiekysia U3 aTOMOB, PACIOJIOXKEHHBIX Ha OFHOM IPSAMOIA.

OrBemT

L=I= 12mambl§b, I3 =0,
a#b
TZe Mg — MACChI ATOMOB, lgp — PACCTOSIHUE MEXKY aTO-
MaMu a 1 b, CyMMI/IpOBaHI/Ie NIPOU3BOAUTCA IIO BCEM IIa-
paM aTOMOB B MOJIeKyJIle (IPUYEM KaxKIas apa 3Hade-
HU# @, b BXOOUT B CyMMy IO OJHOMY pasy). Puc. 36
Ja IByXaTOMHON MOJIEKYJIBI CyMMa CBOAMTCH K

OJHOMY 4JIeHY, JaBas 3apaHee OYEeBUOHBIN Pe3yJabTaT — MPOU3BEIEHUE NpUBE-
,E[eHHOfI MaCChI 06OI/IX aTOMOB Ha KBaJpaT PaCCTOAHUA Mex(,u,y HUMMN:

mim;
L=IL=—"""2p
mi1 + ma
6) TpexaroMHasi MOJIEKYJ/Ia B BUZIE PABHOOEAPEHHOTO TpeyrosbHuKa (puc. 36).
O rBerT: lleHTp WHepIUM JIEXKUT HA BBICOTE TPEY- ms

TOJIbHUKA Ha paccTosHun Xo = mah/|L OT €ro OCHOBaHWUS.
MomeHTHI HHEpIUN:
2mams | 2 mi 2
Ilz—h, Ion=—7a", Is=1+ L.
n 2

B) YerblpexaTOMHasi MOJIEKYJIa C aTOMaMH, PaCIOIO-
>KEHHbIMM B BEPIINHAX [IPABUJIBHON TPEXYTOJbHON mupa-
mugsl (puc. 37).

O T B e T: IleHTp MHEPLUH JIEKUT HA BHICOTE IIPAMU- Puc. 37
Ibl Ha paccrosHuu X3 = moh/|L OoT ee ocHOBaHus. MOMEHTHI MHEpLMU:

my a “my

ma (12
2

Il _ I2 _ 3m:LWL2 h2 +

2
, 13=m1a.
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Ilpu m1 = ma, h = a4/2/3 MBI UMeeM TETPA3IPUIECKYIO MOJIEKYJLy C MOMEHTA-
MU UHEPpUUN
I1 = Iz = 13 = m1a2.
2. Ol'[pe,l:[e.]'[I/ITb TJIaBHbI€ MOMEHTBHI UHEPIUHN CIJIOIITHBIX OAHOPOAHBIX TEJI.
a) ToHkwmii cTep:KkeHb AJIUHOM [.
Orsem I =1, =u?/12, Is = 0 (Tonmumoit crepxHs mpeneGperaem).
6) lap paguyca R.
OrBerT:
2 2
I1 =I2 =I3= EIJ.R

(BBramcasTh cnenyer cymmy Iy + I + Is = 2p f r2dV).
B) Kpyrosoii unnusgp paguyca R u BbicoToit h.

OTrBeT: )
_ . _ K 2 h_ _ Ko
Il—Iz—4<R—|-3>, Is = —R

(z3 — och mummEApA).
r) IIpsiMoyronbHBIi napasulenenunes ¢ gauHamMu pebep a, b, c.
OrBemT
L=2@E+), L= +d), L= +b)
(ocu z1, 2, T3 napawienbusl pebpam a, b, c).
1) Kpyrosoii konyc ¢ BeICOTO# h U pajgycom ocHoBanus R.
, Pemnreuue. Borumcnsem cuaana vensop I
T3, T3 10 OTHOMIEHUIO K OCAM C HAYaJOM B BEPIIMHE KOHY-
ca (puc. 38). BbruncieHue Jierko Npou3BOAUTCH B
NUJINHAPUYECKUX KOOpAWHAaTaX U OaeT
LD ,_ 38 (R o\ . _3
L=I= 5”( 1 +h"), Iz3= 1OHRo
IleHTp TAXKECTH HAXOAUTCHA, KAK TOKA3bIBAET TPO-
CTOe BBIYUCJIEHWE, HA OCH KOHYCa Ha DPAaCCTOAHHUU
a = 3h/4 or Bepmmnsl. ITo dopmyne (32.12) na-
XOAUM OKOHYATEJHLHO

T1
! _ 7 2 _ 3 2 h2
/O/ T2 L=5L=I—-pa" = 20”(R + 4 )

2 Puc. 38 =1, = %HR?

T2

€) TPpexoCHBIii JIAIICOUT, C NOIYOCAMHE a, b, c.

Pemenue. llenTp uHepnum COBIAIAET C LEHTPOM JUIMIICOUAA, & TJIAB-
Hble OCH WHEPUUU — C €ro ocaMu. VIHTerpupoBaHue MO OOBEMY IJLIUIICOUIA
MOXKET OBITh CBEJEHO K MHTErPUPOBAHUIO 110 06beMy cdepsl ImyTeM mpeobpaso-
BaHus KoopauHat T = af,, y = bn, z = ¢, NpeBpaIAOWEr0 yPaBHEHNE TIOBEPX-
HOCTH 3JUUIMIICOUIA ) ) )

x y z
etpta=!
B ypPaBHEHHE IIOBEPXHOCTH €OUHUYHON cdepbl

40’ + =1



§ 32 TEH30P MHEPILINUN 137

Ta,K, AJId MOMEHTa UHEPIUN OTHOCUTEJIbHO OCH I IIOJIyYaeM

Il=p///(y2+z2)dwdydz=

:pabc/// (b°n® + PP dEdndg = %bcz’(b%rcz),

rae I’ — MOMEHT WHEpIUU Iapa eAUHUIHOTO PAIIyCa.
YunreiBasi, 4T0 06beM uLuICONLA PaBeH 47tabe/3, Moy YnM OKOHYATEIBHO
MOMEHTbI HHEPIIUU

=EP 1), L=F@+), L=E@+b).

3. OnpenesmTh 9acTOTy MaJIbIX KOIe0aHuii (PU3MIECKOro MasiTHUKA (TBEPROE
TEJIO, KAYAIOIIEeCs B IOJI€ TSXKECTU OKOJIO HENOABUKHOI FOPU30HTAJIBHOM OCH).

Pemenune. Ilycrb | — paccrosHue OT LEHTPa WHEPUUU MAATHUKA IO
ocH BpallleHusd, a &, 3,'Y — YIVIBI MeXJAy HAIpaBJIEHUSMU €ro IVIABHBIX OCei
HMHEDPLUY U OCBIO BpalleHus. B KauecTBe mepeMeHHO KOOPAUHATH BBOAUM YTOJI
(@ MexXy BEPTHUKAJbIO U NEPIEHIUKYJ/IAPOM, OMYIIEHHbIM U3 LEHTPa WHEPIUN
Ha ochb Bpammenus. CkopocTb neHTpa uHepuuu V. = [, a Opoekun yrioBoit
CKOPOCTH Ha TJIABHBIE OCU HMHEpuuu: @ cos , @ cos B, ¢ cosy. Cuuras yroa @
MaJIbIM, HaAXOAUM IMOTECHIUAJIBHYIO dHEPIrUui0 B BUAE

1
U= pgl(l —cosp) ~ 5},Lgl<p2.
Iloaromy dynkmusa Jlarpamxka

2., 01 . 2
L= %(pz + 5(11 cos® « + Iy cos B + I cos® ) p® — Hil @>.
OTcroga [ist 9acTOTHI KoJiebaHuit uMeeM
2 _ ugl

w2+ I cos? o + I2 cos? B + I3 cos?y’

4. HaiiTn KUHETUYECKYIO S9HEPTUIO CUCTEMBI, n306pakeHHoi Ha puc. 39; O A

u AB — TOHKHME OAHODOJHBIE CTEPXKHHU IJIMHOHN [, IIAPHUPHO CKPEIJIEHHBIE B
rouke A. Crepxxkenp OA Bpamaercs (B IJIOCKOCTH PUCYHKA) BOKpYT Touku O,
a kouer B crepxua AB ckonb3ut Bosab ocu O. |
Pemenue Cxopocrs meHTrpa wmHepuuu |
crepxkast OA (HaXOAAILEroCsl Ha €ro CepPeauHe) I
ectb Q/2, rne @ — yron AOB. ITosromy Kune- I
|

|

|

Y

Tu4ecKast dHeprus crepxus OA

w? ., I,

T = 3 P+ = cp 0
(p — macca ogHOrO cu:epxms{).
JlekapTOBBI KOOPAMHATHI LEHTPa HHEPLUN Puc. 39

crepxus AB : X = (3l/2)cos@ Y = (1/2)sin ¢. Tak kak yryioBasi CKOPOCTb
BpAIIEHNs ITOrO CTEPXKHS TOXKE PAaBHA @, TO €r0 KMHETUIECKAS anepmﬂ

2 I, ? . I§

Ty = g(x2 +Y) 450" = %(1 +8sin® @)% + i

ITonnasi KuneTHuUeCcKast 9HEePrud CUCTE€MbI

T= ; (14 3sin® @) >

(momcraBneno I = pi?/12 cornacuo 3amaqe 2, a)).
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5. Haiitn kuneTnyecKyo sHepruio nuianeapa (pagmyca R), karamerocs mo
mwiockoctu. Macca nnmInHapa pacupenesieHa mo ero 0obeMy TakuM 06pa3oM, 4To
OOHa U3 IVIABHBIX oceit WHEpOUU HapaJuIie/JibHa OCU HMUW/IWMHAPA W IIPOXOAUT Ha
PaCCTOSIHUM @ OT Hee; MOMEHT WHEPIUK OTHOCUTEILHO 9TOM IJIaBHOM ocu ecTh I.

P emenue Bsomum yron ¢ mexnay sepru-

KaJIbI0O U IIEPHEHAUKYJIAPOM, ONYHIEHHBIM U3 LIECH-

Tpa Macc Ha och muiumeApa (puc. 40). IsmxeHue

IUJINHAPA B KaKIblii MOMEHT BpeMEHH MOXKHO pac-

CMAaTpUBAaTh KaK 9YACTO€ BpPall€HUE BOKPYT' MTHOBEH-

a HOIT ocm, COBNaJAIOLIEH C JIMHHEI ero CONMPUKOCHO-

BEHHUsI C HENOABUXKHOMN IJIOCKOCTBHIO; YIJIOBasi CKO-

R POCTH 3TOr0 BpAIlEHUs €CTh ¢ (yIyIoBasi CKOPOCTH

BpAIllEHUs] BOKPYT BCEX MapaJUIeJbHBIX OCeil OmuHa-

KoBa). LIeHTp MHEpIMHU HAXOAUTCA HA PACCTOSHUU

Va2 + R?2 — 2aR cos @ OT MFHOBEHHOH OCH M IIOTO-

Puc. 40 My ero ckopocTb ecTb V = @va2 + R2 — 2aR cos @.
HOJIH&S[ KUHETUYIECKad dHEPrus

7 Z

. I,
T= g(aQ + R® —2aRcos @)¢* + 5(92.
6. HaiiTy KuHETHYECKYIO SHEPTHIO OZHOPOTHOrO LWJIWHADPA Daauyca a,
Z KaTAIIErocs 10 BHYTPEHHEH CTOPOHE Liu-
R JIMHAPHUYECKO MmoBepxHOCTH paguyca R

(puc. 41).

P emenue Baogumyrom ¢ mex-
/ Ay JIMHUEHN, COeqUHSIOMEN EHTPHI 060UX
UMJINHIPOB, U BepTuKajibio. [leHTp unep-
U KaTAdIIEerocd I.II/IJ'II/IH,E[pa HAaXOOUTCA HA
Puc. 41 ocu u ero ckopoctb V = @(R—a). Yrio-
uc-. BYIO CKOPOCTb BBIYHMCJIAEM, KaK CKOPOCTb
YHUCTOrO BPAIIEHNSI BOKPYT MITHOBEHHO! OCH, COBIIAJAIONIEH C JIMHIEN COIPUKOC-
HOBEHUS IIAJIMHIAPOB; OHA PaBHA
a=Y_ (b_R a
a a
Ecnu I3 — MoMeHT nHEpUMY OTHOCUTENBHO OCH LHUJIMHADPA, TO

I3 (R—a)z(bzz 3

_ K _oN2.2 13 B o N202
T—2(R a)’ @ + 3 2 4u(R a)’ ¢ (32.13)

(Is — u3 3amaun 2, B)).

7. HaiiTu KuUHETHYIECKYIO SHEPIrui0 OZHOPOJHOI'O KOHYCa, KATAIIEroCs IO
IIJIOCKOCTH.

Pemenue O6o3naunm yepes 6 yros mexay nunueit O A conpukocHOBe-
HUs KOHYCA C IJIOCKOCTHIO Y KAKUM-JIM00 HENOABUKHBIM HAIPABJIEHNEM B TOM
nyockoctu (pugc. 42). LlenTp uHEpUUM HAXOAUTCS HA OCU KOHYCa U €r0 CKOPOCTb
V = acosa- 0, rme 200 — yros pacTBOopa KOHyCa, & G — DPAaCCTOSHHE IEHTPA
HMHEPIYH OT BEPUIMHLBL. Y IVIOBYIO CKOPOCTb BPAIlEHUs BBIYHNCIISIEM, KAK CKOPOCTh
YUCTOrO BpAIEHWsi BOKPYT MrHoBeHHOH ocu O A:

Q= L =0Octg .
asin «
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OpHa U3 raBHBIX Oceil nHepIwMH (OCh T3) COBHAJAET C OCHIO KOHYCa, & Y-
ryio (ocb T2) BbHIOMpaeM NEPHEHAMKYJSAPHO K ocu KoHyca u jsunun OA. Torma
npoekiuu BekTopa {2 (HanpasienHOro napasuieasHo OA) Ha IyIaBHBIE OCH HHED-
uuu 6yayt 2sin «, 0,  cos . B pesynbrare HaXOAMM AJisi HCKOMOW KHHETHYE-
CKOIt 9Hepruu:

2

. T . I 4 -
T:&coszowez—i-—lcoszoc.ez—i-—?'y 2= 3uh 222 6%(1 4 5cos® )
2 2 2 sin® &

(h — BoIcOTA KOHYCa; I1, Iz, a — u3 3amaun 2 J)).

Puc. 42 Puc. 43

8. HaiiTn KMHETHYECKYIO SHEPIHIO OJHOPOJHOIO KOHyCa, OCHOBAHWE KOTO-
POro KaTHTCs IO IJIOCKOCTH, 8 BEPIINHA MOCTOSHHO HAXOAUTCS B TOYKE HAJ
IJIOCKOCTHIO Ha BBICOTE, PABHON pajuyCy OCHOBaHUA (TaK YTO OChb KOHyCa Ia-
paJIIeNIbHA IIJIOCKOCTH ).

Pemenue Bsomum yrom 6 Mexay 3aaHHBIM HalPaBJIEHHEM B IIJIOCKO-
cTy u npoekuueil Ha Hee ocu KoHyca (puc. 43). Torma cKOpOCTH HEHTPA HHEPIUU
V = ab (obo3naueHus: Te ke, 94TO B 3a4a4e 7). MIHOBEHHON OCBHIO BDAILEHUS
sABJsieTcs oOpasyromas koHyca OA, npoBeleHHAS B TOYKY €r0 COIPHUKOCHOBE-
HUS C IVIOCKOCTBIO. IleHTp MHepIuy HAXOAUTCS HA PACCTOSIHUU G Sin & OT 3TOit
OCH U TIOTOMY .

V8

" asinax  sino’
IIpoekuuu BexTopa ) Ha rIaBHBIE OCH MHEPIWHU (OCh T2 BHIOMPAEM IEPIEHAUKY-
siapHO# K ocu KoHyca u ymHuE OA): Qsina = 6, 0, Q cos x = 0 ctg . [ToaTomy
KUHETHIECKAs 9Heprnﬂ

2
robge I e+ 3 9% ctg? M92<L+5).
40 cos?

9. Haiitu KnHeaneCKyro :-meprmo OZHOPOJHOT'O TPEXOCHOTO JJUIUICOUAA,
BPAIAIOLIErocs BOKPYT OAHO m3 cBoux oceil (AB, puc. 44), npuuem mociuen-
Hslsl caMa BpalaeTcs BOKpyT Hanpasierus CD, |
MEePIeHIUKYJISPHOIO K Hell M IPOXOIAIIEro 4e- .
PEe3 LEHTP JJLIUTICOUA. A ;5 B

Pemenue. Yrom noBopora BOKPYyr OCH
CD ob6osznaunm yepe3 6, a yroja moBopoTa BO- -|
kpyr ocu AB (yroa mexny CD u ocbio uHep- C | B
MU 1, NEPIEHIUKYIAPHOH K AB) — uepe3 @.

Torga npoekuu {2 Ha OCH WHEpPIAU OyHyT: |
Ocos, Osing, @ Puc. 44

(npuuem ock z3 coBmamaer ¢ AB). IIoCKOIbKY LEHTP WHEPIMH, COBIALAIOIMI
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C HEHTPOM 3JLIUIICONA, HEIOIBUKEH, TO KHHETUIECKAs SHEprus
' 1 o a1
1D B T = 5(11 cos? @ + Ip sin® ®) 0% + §I3q)2.

10. HaiiTn KMHETUYECKYIO YHEPTUIO OIHOPOA-

e HOTO TPEXOCHOTO 3JIJIWIICOMA, BPAIIAIOMETOCs BO-

{ KpPyTr omHO# u3 cBomx oceil (AB, puc. 45), npudem

¢ MOC/IEAHAST HAKJIOHEHA, a JUIAICOUL, CHMMETPUIEH
9 OTHOCHUTEJILHO 3TOi OCH.

1 Pemenune. Ilpoekuuu 2 #Ha ocb AB u Ha

Puc. 45 IepIeHUKYJIPHBIE K Hell JBe ApyrHue [VIaBHbIE OCH
nHepIuu (KOTOPble MOXKHO BHIGPATh MPOU3BOJIBHO):

0 cosaccos@, O cosasing, @+ 0 sina.
Kunernueckas sneprus

T= %coszoc~éz+ 12—3(¢)+ésinoc)2.

§ 33. MoMmeHT HMIyJIbCA TBEPAOrO TeJja

Besmunna MOMEHTa UMITYJIbCA CUCTEMBI 3aBUCHUT, KAK MbI 3HAEM,
OT BBIOOpa TOYKHM, OTHOCUTEJIHLHO KOTOPO# OH ompenesieH. B mexa-
HUKEe TBEpPIOro Teja HamboJiee palyoHajeH BBIOOP B KAYeCTBE ITOM
TOYKM HAYAJA MOJBUYKHON CHCTEMBI KOODIWHAT, T.€. IEHTPA WHEP-
nuu Teja. Hmke mbl Oymgem moruMarh mom IV MOMEHT, ompeiesieH-
HBIM MMEHHO TAKUM 00pa3oM.

Cormacao dopmysie (9.6) mpu BbIOOpe Hadajsa KOODAWHAT B
IEHTPEe MHEPIUH Teja ero MoMmeHT M coBmajaeT ¢ «COOCTBEHHBIM
MOMEHTOM>» , CBS3aHHBIM JIAIIb C JBIKEHUEM TOYEK TeJa OTHO-
CUTEJIFHO IEHTPa WHepruu. JIpyrumMu CIoBamMu, B OIpPEIeeHUN
M =Y m[rv] mago samenuTs v Ha [Qr]:

M = 3 m[r[0r]] = 3 m{r’Q — r(x)},
nJjin B TeHSOprIX O603HaquI/IHX:
M; =¥ m{z}Q — zizp U} = U S m{z? ik — zizk}

Haxkoner, yuurbiBast onpezesenue (32.2) TeH30pa MHEPLIUH, MOIY-
9aeM OKOHYATEJIbHO:
M; = I Q. (33.1)
Ecnu ocu x1, T2, 3 HanpasseHbl BIOIb IVIABHBIX OCEH MHEPIUU
TeJsia, TO 3Ta popMysia JaeT:
M; = 1191, My = Igﬁg, M3 = I3Q3. (33.2)
B wacrHOCTH, JJIs IIAPOBOrO BOIYKA, KOTA BCE TPHU TJIABHBIX
MOMEHTa WHEPIUK COBIAAIOT, MMEEM IIPOCTO:
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M = IQ, (33.3)
T.e. BEKTOP MOMEHTa IPOIOPIIMOHAJIEH BEKTOPY YIVIOBON CKOPOCTH
7 MMeeT OJWHAKOBOE C HUM HAIPABJICHUE.

B obmem ke ciaydae mpom3BosIbHOTO Tejia BekTop M, Boobire
rOBODsi, HE COBIAJAET IO CBOEMY HAIPABJIEHWIO C BeKTOpoM 2, u
JIVIITH TIPU BPAIIEHUN TeJIa BOKPYT KaKOM-JInO0 M3 ero TVIaBHBIX Oceil
urepruu M u () UMEOT 0IMHAKOBOE HAIPaBJIEHUE.

Paccmorpum cBOGOmHOE NBUKEHUE TBEPIAOTO TEJa, HE MOIABEP-
JKEHHOTO JIEMCTBUIO KAKMX-JINO0 BHEIMHUX cril. He mpeacrasssionnee
HHTepeca DPABHOMEPHOE IIOCTYIIaTeIbHOE IBIKEHNe OyIeM MpeaIoa-
raTh WCKJIIOYEHHBIM, TaK ITO PeUb HIET O CBOOOIHOM BPAIEHUN TEJIA.

Kak u y BcKo#t 3aMKHYTOHN CHCTEMbI, MOMEHT UMITYJIbCa CBOOO/I-
HO BPAIIAIOIIETOCS TEJIa MOCTOsHEH. JIJI IIapoBOro BOIYKA YCIOBHE
M = const npuBoguT mpocto K {) = const. ITO 3HAUUT, YTO OOIUM
CIIy4aeM CBOOOIHOTO BPAIIEHUS IIAPOBOTO BOJIUKA, SABJISETCH TPOCTO
PaBHOMEPHOE BPAIIEHNE BOKPYT IIOCTOSTHHOMW OCH.

Croub ke mpocT ciaydail poraropa. 3aech Toxke M = I, npu-
geMm BekTOp {) IEpPHEHIUKYJApEeH K ocu poraTopa. [losromy cBo-
60/HOE BpAIlleHNE POTATOPA €CTh PABHOMEPHOE BPAIIEHUE B OMIHOM
IJIOCKOCTY BOKPYT HAIIPABJIEHHUS, TEPIEHIUKYIISPHOTO K TOM IIJIOC-
KOCTH.

3aKOH COXpaHeHNT MOMEHTA JOCTATOUEH U JJIs OnpeeseHus 6o-
Jiee CJI0XKHOTO CBOOOHOTO BPAIIEHUS CHMMETPUYECKOTO BOTIKA.

Bocnonb3oBaBmucs  mpon3BOIHLHO-
CTBIO BBIOODA HANPABJIEHWUN TJIABHBIX
oceii uHEpIUY L1, T2 (LIEPIEHIUKYIAD-
HBIX K OCH CUMMETDPUY BOJIYKA I3 ), BbI-
OepeM OCb To TEPIEHOUKYISIPHON K
IJIOCKOCTH, OMPEAEIIeMONl OCTOSH-
HBIM BeKTOpOM M U MrHOBEHHBIM IIO-
noxenneMm ocu x3. Torma My = 0, a u3
dopmyn (33.2) Bunzo, uto U 2y = 0.
910 3HaunT, uTo Hanpassaenua M,  u
OCH BOJIYKA, B KaXKJIbIii MOMEHT BpeMe-
HU JIeXKaT B OJHOM 110cKoCcTH (puc. 46).
Ho orcioma B cBOIO odepenn cierdyer,
4T0 ckopoctu v = [{dr| Bcex To4Yek Ha Puc. 46
OCH BOJIYKA B KaXKJbIi MOMEHT BPEMEHU TEPIEHINKYIAPHBI K YKa-
3aHHOII IUIOCKOCTH; IPYTUMH CJIOBAMH, OCh BOJYKA PABHOMEDHO (CM.
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HIZKE) BDAIAETCs BOKPYT HampasyeHus M, onwcbiBas KpyroBoi
KOHYC (TaK Ha3blBaeMasi pe2yaaphas npeyeccus Bordka). OmHOBpE-
MEHHO C TIPereccuell caM BOJUYOK PABHOMEDHO BPAINAETCS BOKPYT
CcODCTBEHHO OCH.

VroBble CKOPOCTH OOOWX ITUX BPAIIEHUN JIETKO BBIPA3UTD Ue-
pe3 3aJaHHy0 BendnHy MOMeHTa, M ¥ yroa HakjoHa O ocu BOTIKA
K HampasjeHuio M. YrioBasi CKOPOCTh BpPAIleHUS BOJYKA BOKDYT
CBOEit ocu ecTh MpoCcTO TpoekIwms {23 BekTopa () Ha 3Ty OCh:

Q3 = M _ M os0. (33.4)

I3 I

s ompenesenns ke cKopocTu Inpeneccuu {ln, H3J0 PA3JIOXKUTH
BekTOp ) 10 MpaBWly MapaJjuIeJIOrPaMMa Ha COCTABJISIIOIINE BJIOJb
z3 u Baosb M. I3 HUX mepBas HE NMPUBOAWUT HU K KAKOMY II€pe-
MEIIEHNIO0 CaMOM OCH BOJIYKA, & MOTOMY BTOPAs W JAET HUCKOMYIO
YIJIOBYIO CKOPOCTBH mperieccun. VI3 mocTpoenus Ha puc. 46 gcHo, 4TO
Qup sin © = Q4, a nockombky 1 = M7 /Iy = M sin0/1;, To nomyaem

Qup = M/I. (33.5)

§ 34. YpaBHeHus ABUKEHUS TBEPAOTO TeJa

ITockompky TBepmoe Teso objiagaeT B OOIEM CIydae IMIECTHIO
CTemeHsIMY CBODOIBI, TO ODIIAs CUCTEMa YPABHEHWA JBUXKEHUS JOJI-
2KHA COMEPXKATH IIECTh HE3ABUCUMBIX ypaBHeHUM. VIX MOXHO mpe-
CTaBUTDH B BUJE, OIIPEAC/IAIOIIEM IIPOU3BOJHBIE IIO BPDEMEHU OT ABYX
BEKTOPOB: UMIIYJIbCa 1 MOMEHTa TeEJia.

IlepBoe m3 3TMX ypaBHEHHUl IIOJSy9IaeTCd MPOCTO IIYTEM CYyMMU-
poBanusi ypaBHeHuit p = f 1niud KaXkJo# W3 COCTABIISIIONIUX TEJIO
9acTull, TOe P — UMIYJIbC dacTuibl, a f — neficTByromas Ha Hee
cusa. BBong moHBIN UMIYJIbC TeJia

P=3p=uv
U TIOJIHYIO feficTByionryio Ha Hero cuity Y, f = F, noxyanm
P
P =F. (34.1)

Xors mbl onpegenmin F kak cymmy Bcex cua f, neficTByromux
Ha KaXJIyI0 WX YaCTHI], B TOM HYHCJIE CO CTOPOHBI APYTHUX YACTHIL
Tesa, pakTrdecku B F BXogdT sumib Cuibl, AeHCTBYIOINE CO CTO-
POHBI BHEITHIX UCTOYHUKOB. Bce criibl B3auMOIeiCTBUSA MEXKIY da-
CTHUIIAMM CaMOT'0 TeJIa B3AMMHO COKDPAIIAIOTC; JeHCTBUTEIbHO, IIPU
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OTCYTCTBUY BHEIIIHUX CHJI UMILYJIbC TeJIa, KAK U BCAKON 3aMKHYTOM
CHUCTEMBI, JOJKEH COXPAHATHCH, T.e. TOJKHO ObiTh F = 0.

Ecau U — noTennuaabHass SHEPrus TBEPAOrO TeJia BO BHEITHEM
moste, To cusia F Moxer ObITh omnpejesnena myteMm auddepeHnnpo-
BaHUS €€ 0 KOOPJIWHATAM I[EHTPA WHEPIIUU TEJIA:

oUu

F == —ﬁ. (34.2)

JleficTBUTEIFHO, TPY TOCTYNATEHFHOM TEPEMEIIEHNN TeJa Ha
OR HaCTOJIBKO K€ MEHSIOTCH W PAIAYC-BEKTOPHI T KaXKJION TOYKH
TeJia, & TIOTOMY U3MEHEHWe MOTEHIUAIbHON SHEPTuu

sU=Y" %—’fsc =sRY %—’f = sR) f=-FR.

Ormernm B 910 cBsi3u, uTo ypasHenue (34.1) Moxker OBITH HO-
JIy9€HO ¥ KaK ypaBHeHue JlarpaH:ka 110 OTHOIIEHHIO K KOODANHATAM
[eHTPA UHEPIUN

doL _or
dtovV ~— OR
¢ dyuxmumeii Jlarpanxka (32.4), qyis KOTOPOi
OL _ .y _p OL__3U_
v PV =F =&~ F

[Tepeiimem K BBIBOIY BTOPOIO yPaBHEHUS JBUKEHUS, OIPEIEIISIIO-
IIIEr0 MPOU3BOIHYIO TI0 BPEMEHU OT MOMeHTa mmiyiabca M. Jlms
YIIPOIIEHNS BHIBOAA YIOOHO BHIOPATH «HEMOABUXKHYI0» (MHEDPIMAJIb-
HYyIO) CHCTeMy OTCYeTa TaKUM O6pa3oM, 4TOObI B JAHHBIH MOMEHT
BPEMEHU IEHTP WHEPIIUU TeJIa MOKOMJICSI OTHOCUTEIHLHO HEE.

Nmeem

M = £ S[rp] = Llip] + X[rp).

B cumiy cmesnamHOro HaMum BBIOOpa CHCTEMBI OTCUeTa (B KOTOPOM
V = 0) 3naveHue I' B JAHHBIH MOMEHT BPEMEHM COBIAJAET CO CKO-
poctbio V = t. IIOCKO/IbKY K€ BEKTOPHI V U P = MV UMEIT OfH-
HaKOBoe HampasjeHue, To [Fp| = 0. 3amenus Takxke P Ha cuiy f,
MOJIyYMM OKOHYATEJBHO:

M
= =K (34.3)

K = Y[rf]. (34.4)

ITockompky MoMmeHT M ompenesieH OTHOCUTEIHHO IEHTPA WHEP-
muu (cM. Hadaso § 33), OH He MEHSETCS LPU IEPEXONE OT OHOM

rae
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MHEPIMAJBHON CHCTEMBI OTCYETa K JAPYro#l. DTo BUAHO u3 BOp-
mysnt (9.5) ¢ R = 0. Orcioga ciemyer, 94TO ypaBHEHUE IBUKEHUS
(34.3), mosy4eHHOE 311ECh TIPH ONPEJIEIEHHOM BBIOODE CHCTEMBI OT-
CYeTa, TeM CaMBIM, B CHJIy TAJIAJIEEBCKOTO IPUHIIUIIA OTHOCATEIHLHO-
CTH, CIIPaBEJIMBO B JIIOOO0i MHEPIMAJILHON CHCTEME.

Bekrop [rf] massiBaercs momernmom cuave f, tak uro K ecrs
CyMMa MOMEHTOB BCEX CHJI, JEHCTBYIOIuX Ha Teno. Kak m B mos-
Hoit cuie F, B cymme (34.4) dakrTudecku MO/KHBI yUATHIBATHCH
JIAIL BHEITHWE CHJIBI; B COOTBETCTBUU C 3aKOHOM COXPAHEHUS MO-
MEHTa, UMITyJIbCa CyMMa MOMEHTOB BCEeX CHJI, HEHCTBYIONMX BHYTPHU
3aMKHYTOI CHCTEMBI, JIOJ2KHA 0OPaIaThCA B HyJIb.

MoMeHT cuiibl, KAK ¥ MOMEHT MMITYJIbCA, 3aBUCHUT, BOOOIIE ro-
BOpsA, OT BbIOOpa Hadaja KOODAWHAT, OTHOCHTEJIHHO KOTOPOTO OH
onpeneser. B (34.3), (34.4) MOMEHTBI OIPEIEIISIOTCS OTHOCHTEIBHO
IeHTpa WHEPIAN TeJIa.

[Tpu nepenoce HavaIa KOOPIMHAT HA PACCTOSHUE A& HOBbIE PaIu-
YC-BEKTOPHI I’ TOYEK Tejia CBA3aHBI CO CTAPhIMHU I Yepe3 T =1’ + a.

Tlosromy
K = Y[rf] = D] + Yfaf]

K =K' + [aF]. (34.5)
Orcrona BUAHO, B YACTHOCTH, YTO BEJIMYMHA MOMEHTa CHJI He
3aBHCHUT OT BbIOOpa HadaJsa KoOpauHaT, ecyn mosHasd cuia F = 0 (8
TAKOM CJIy9ae FOBODPAT, YTO K TeJly NPHUJIOXKEHA Napa Cui).
Ypasaenus (34.3) MOXKHO paccMaTpWBaTh Kak ypasHeHue Jla-
TPaHXKa

njin

d oL _ oL

dtoQ ~ de
[0 OTHOIIEHUIO K «BPAIIATEIbHBIM KOOpAUHATaM>. JleficTBUTENbHO,
muddepennupys Gyukmmio Jlarpanxka (32.4) M0 KOMIOHEHTaM BEK-

Topa 2, moydum
oL

o0
W3menenne ke moreHma bHOM dHepruu U Hpu MOBOPOTE Teja HA
OECKOHEYHO MAJIbIfl yroJ 0 paBHO:

0U = =3 for = -3 f[dp - 1] = —b¢ 3 [rf] = —Kbo,
OTKYyZa

= Iy = M;.

_ U
K=-%. (34.6)
TaK 49TO
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OL _ U _ g
0] S ’

Ipemnonoxum, uro BekTopbl F u K B3anMuO mepreHaukysisp-
HBI. B 9TOM ciIyuae Bceria MOXKHO HAWTH TAaKON BEKTOP &, YTOOBI B
dbopmyne (34.5) K' obparumoch B HyJsb, Tak 9T0 Gymer:

K = [aF]. (34.7)
IIpu sToM BBIOOpP a HEOmHO3HAUEH: MpUOABJIEHWE K HeEMY JIFOO0TO
BeKTOpa, mapasulesbHoro F, He namenut pasencrsa (34.7), Tak 4rTo
yenosue K' = 0 mact He OnpesieleHHYI0 TOYKY B NOJBUKHOM CH-
cTeMe KOODIMHAT, a JIUIIb ONPEJESIEHHYIO MPAMYIO0 JUHU. Takum
obpazom, mpu K | F reficTBue BcexX MPWIOXKEHHBIX K HEMY CHII
MOXKeT ObITh CBEIEHO K omHoi cuiie F, meiicTByrormeit BIob ompe-
JEJIEHHOM IIPAMOIl JINHUU.

TakoB, B 9acTHOCTH, CJIy4ail OJHOPOJHOTO CHJIOBOTO IIOJIsI, B
KOTODPOM JIEACTBYIOIIAsA HA MATEPUAJbHYIO TOYKY CHJIa MMEET BUJ
f = eE, rme E — mocTogHHBIN BEKTOP, XapaKTepu3ymOmuil moJe,
a BEJINYMHA € XapaKTepPHU3yeT CBONCTBA YACTHUIIHI IO OTHONIEHWIO K
nJaraOoMy mostio Y). B aTom ciryuae umeem

F=EYe K=[Yer -E|
IIpeanonaras, 9to Y e # 0, BBeieM Paauyc-BeKTOP I'(, OLPEIEIIeH-

HBII COTJIaCHO Te

rg = Ee . (348)
Torma MBI TOJIyYUM CJIEAYIOIIEe IPOCTOE BBIPAXKEHUE JJIS TOJIHOTO
MOMEHTa CHJI:

K= [roF]‘ (34.9)

Taxum 00pa3oM, npu ABUKEHUM TBEPAOIO TEJIa B OJTHOPOIHOM
[I0JIe BJIUSIHUE TIOJISI CBOJAUTCH K JeWCTBUIO oxHOW cuibl F, «mpu-
JIOKEHHOI» B TO4Ke C paguyc-BekTopoM (34.8). ITomoxkerue aroit
TOYKH BCEIEJIO OIIPE/IeJISeTCS CBOMCTBAMY CAMOTO TeJIa; B IIOJIE Ts-
2KECTH, HAIIPUMED, OHA COBIAAET C IEHTPOM WHEPIIUU TEJIA.

§ 35. DitepoBbI yrIiIbI

Kaxk y»ke yka3pIBaIOCh, [Jj1s ONMMCAHUS IBUXKEHUS TBEPIOTO TEJIa,
MOKHO IIOJIb30BaTbCA TPeMd KOODAWHATAMU €ro IeHTPa WHEPLIUHU U
KaKIMU-JIU00 TpeMs YTJIaMH, OIPEAEIISIONIIMYA OPUEHTAINIO Oceit

1) Tak, B OIHOPOIHOM 3jieKTpudYecKoM nojie E ecTh Hanps:KeHHOCTH MOJIS,
a e — 3apaz yactuubl. B ogHOoponHOoM mose Tsxkectu E ecTh yckopenme cBobon-
HOrO MaJIeHUs g, a € — MacCa YaCTHULBL 170.
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Z1, T, T3 ABIKYIIENHCS CUCTEMbI KOODAMHAT OTHOCUTEIHLHO HEIO-
aBmxHON cuctemsbt X, Y, Z. B kagecTBe 3THX yIJIOB 4aCTO OKA3bIBaA-
I0TCHA yAOOHBIMEH TaK Ha3bIBAEMbIE
21nepossl Yaaol.

Tak Kak Hac ceffuac MHTEpeCy-
IOT TOJIBKO YIJIbI MEXKIY OCAMH KO-
OpJAMHAT, MbI BBIOEpEM HauaJa 0be-
uX cucTeM B OqHOI Touke (puc. 47).
IloaBukHAS IOCKOCTD X1 TEpe-
cekaeT HemoABuKHYIO XY 1o He-
koropoit npsimoit (ON Ha puc. 47),
KOTOPYIO Ha3bIBAIOT AUHUEY Y3A086.
OTa JIMHYS, OYEBUTHO, TIEPIIEHINKY-

Puc. 47 JIIpHA KaK K OCU Z, TaK U K OCH T'3;
ee TIOJIOKUTEIbHOE HAIMPABJIEHNE BBIOEPEM TaK, YTOOBI OHO COOT-
BETCTBOBAJIO HAIPABJIEHUIO BEKTODHOIO IpOM3BeneHus [zx3] (rme
Z, X3 — OPTbI B HAIIPABJIEHUH OCell Z U L3).

B kadecTBe BeIIMH, ONPENESISIONNX TTOJIOKEHNE OCEN T1, T2, L3
OTHOCHUTENILHO oceit X, Y, Z, mpuMeM CJieAyoIme yribl: yroi 6 Mex-
Iy ocsaMu Z ¥ X3, yroai ¢ mexay ocamu X u N, yros P MeXay ocsi-
M N u 1. YIVIBL (© 1 POTCUATHIBAIOTCS B HAIIPABJIEHUSX, OIIPEIEIs-
€MBIX TIPABIJIOM BUHTA, COOTBETCTBEHHO BOKPYT oceit Z u x3. Yrou 0
npoberaeT 3HAYEHUS OT HyJIS 10 7T, & YIJIBI () 1 1) — OT HyJid 10 27T 1).

Boipaszum Tenepb KOMIIOHEHTBI BEKTOPa YIJI0BOit ckopocTu 2 1o
TOABMKHBIM OCSIM L1, L2, £3 YEPE3 IAIEPOBBI YIVIbI U UX TPOU3IBOJ-
Hole. Jly1a 3Toro HaJo CIpOeUpPOBaTh Ha ITH OCH YIJIOBBIE CKOPOCTH
0, @, V. Yriosasa ckopocTb O HampasisieHa 1o juHuu y3710B ON u
€€ COCTABJIAIOIINE 110 OCAM T1, £2, T3 PABHBL:

01 =0 cosP, O3 =-0sinyp, 0O3=0.
YrioBasi CKOPOCTh () HAIPABJIEHA BIOJb OCH Z; €€ MPOEKIWsS Ha
oCb T3 paBHA (3 = @ cos 0, a MpoeKIusd HA IUIOCKOCTH T1T2 PABHA

¢ sin 0. Paznarasa mocieHion Ha COCTABJIAIOMINE IO OCAM T1 U X2,
MIOJIy 9AM

Z

@1 = @ sin0 siny, @2 = @ sin0O cos.
Haxkomer, yrioBasi CKOpoCcTh ) HampaBJjeHa 1O OCU 3.

D Yrae 8 u @ — 7T/2 npencTaBasioT COGON COOTBETCTBEHHO MOJISIPHBII Yo
¥ a3UMyT HaIpPaBJIEHUs T3 10 OTHOuIeHuIo K ocaM X, Y, Z. B To ke Bpems 0 u
7/2 —1 SABJIAIOTCS COOTBETCTBEHHO HOJISIPHBIM YIVIOM M a3UMYyTOM HallPaBJICHUS
Z 1O OTHOIIEHMIO K OCHAM Z1, L2, 3.
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Cobupasi BCe 3T COCTABJIAIOMINE TIO KAXKJIOW U3 OCel, MOIyInM
OKOHYATEJIHHO: )
Q1 = @ sin O sin + O cos,
Q9 = ¢ sin O cosPp — ésinll), (35.1)
Q3 = @ cosO + .

Ecmu ocu x1, T2, T3 BHIOPAHBI MO TIIABHBIM OCSAM WHEPITUH TBEP-
JIOTO  TeJia, TO BPAIATEHHYI0 KUHETHIECKY IO SHEPTHUIO, BHIPAZKEHHYIO
Yepes3 3MIIEPOBBI YIVIbI, MBI HOMy49uM mozacTaHoBkoit (10) B (32.8).

JIis cMMMeTpUYEeCKOTo BOTYKa, ¥ KoToporo I1 = Iy # I3, Haii-
JIEM TIOCJIE TIPOCTOTO TIPUBEIEHUS:

Top = ‘%((p2 sin? @ + 62) + 12—3((p cos 0 + 11))2 (35.2)

3aMeTuM, 9YTO ITO BBIPAYKEHNE MOXKHO MOJIyIUTh U IPOIIE, BOCIIOIb-
30BABIINCH MMPOU3BOIUTEIBHOCTHIO BHIOOPA HAMPABIECHUN TJIABHBIX
ocell MHEPIMH X1, L9 Y CUMMETPUYIECKOTO Bordka. CunTas, 9TO OCh
Z1 COBIAIAET C OChio y3j10B ON, T.e. uro P = 0, 6ymeMm umeTsb st
COCTABJISIIOIINX YIJIOBOM CKOPOCTH OOJIee TPOCTHIE BHIPAYKEHUS

Q1 =0, Q9=¢@sin0, N3 =@cosd+1. (35.3)

B kauecTBe mpocTOro mpmMepa NpUMEHEHWsT SMJIEPOBBIX YIJIOB
OTIPEIESTUM C MX TIOMOIIIHIO U3BECTHOE YK€ HAM CBOOOJHOE JBUKEHUE
CUMMETPHIECKOTO BOTIKA.

Bribepem ochb Z HEMOABUKHON CUCTEMBI KOOPAWHAT B HAIPABJIE-
HUUY TIOCTOSTHHOTO MOoMeHTa Bojraka M. Och &3 MOABUXKHOM CHCTEMBI
HAIMPABJIEHA [0 OCU BOJYKA, & OCh ] I[yCTh COBIAJAET B JAHHBIMA
MOMEHT BPEMEHU C OChIO y370B. Torma mjiss KoMIoHeHT BeKTOpa M
HaXOI¥M C momoursio dhopmya (35.3):

Ml = 1191 = Ile, M2 = IQQQ = IQ¢) Sine,

M3 = I393 = Ig((b cos B + ll))

C apyroit CTOPOHBI, IOCKOJIBbKY OCh 1 (JIMHUS y3JIOB) HEPIEH/UKY-
JIIpHA K OCH Z, IMEEM

M; =0, M= Msin0, Ms= McosH.
[IpupaBHuBag APYr APYTY 9TH BBIPAXKEHWS, MOJYYUM CJIEIYIOIIIE
yPpaBHEHUS:

0=0, Lp=M, I3(pcosO+1P)= M cosb. (35.4)

IlepBoe u3 aTux ypasBHeHuii gaer 0 = const, T.e. MOCTOSHCTBO yTJIa

HaKJIOHA OCH BOJ4YKa K Hampasjernuio M. Bropoe omnpenenser
(B cormacum ¢ (33.5)) yrioByro ckopocrb mpereccuu @ = M/I4.
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Hakomer, TpeTbe onpesesseT yrioByo CKOPOCTh BPAIIECHHS BOJTIKA
BOKDYT cobcrBenHoit ocu (03 = M cos 0/15.

Bamauym

1. IlpuBecTu K KBaApaTypaM 3afady O ABHXKEHHM TSXKEJOrO CHMMETPHUe-
CKOrO BOJIYKA C HEMOABUKHOI HMKHeN Toukoi (puc. 48).

Pemenne CoBMmMecTHOE HAYaJO MOIBHXKHONW M HEMOABUAKHON CHCTEM

KOODAMHAT BHIOMDAEM B HENOABUXKHONW TOYKe
Bosuka O, a 0Cb Z HAIPABJAEM IO BEPTHUKAJIH
(puc. 48). ®yukuusa JlarpaHxa BOIYKA B IOJE
TAXKECTU
I + }.Ll2
2
Is . 2
+ E(ll) + @ cosB)® — pnglcosd

(n — macca Bosruka, | — paccTosiHME OT HHXKHEH
TOYKY JI0 UEHTPA UHEPIUH).

L= (6% + ¢ sin? 0) +

Koopmunarer P u @ — muknuueckue. ITo-
9TOMY HMe€EeM [Ba MHTErpaJjia JBIKEHUS:

Py = z—i = I3(11) + ¢ cosB) = const = Ms, (1)
Do = g—i = (I sin® @ + I3 cos” 0) ¢ + Isp cos @ = const = M,, (2)

e BBeseno obosmauenue I{ = I + Li? (BeMUYUHEI Dy U D, MPEICTABJIAIOT
c000ii COCTaBJISAIONINE BPALIATEIHLHOIO MOMEHTA, OIPEIEIEHHOIO OTHOCUTEIHHO
rouku O, COOTBETCTBEHHO IO OCAM T3 U Z ). Kpome Toro, coxpaHsieTcs: SHEprus

! . .
E = ‘%(92 + ¢*sin® 0) + 12—3(11) + ¢ cos 0)® + gl cos 6. (3)
U3 ypasuenuii (1) u (2) maxogum

. M, — M3 cos®
=28 0PT 4
¢ I] sin? 0 @)
M, — M3 cos®
I'sin?0

Vickm109MB ¢ mOMOLIBIO 9THX paBeHCTB ¢ u 1 u3 suepruu (3), monydum

P = %—cose (5)
I3

! .
E = 12—192 + Us (0),

re BBEAEHbI 0003HAYEHUS

M3 M, — M3 cos 8)?
E' =E— i —ngl, Usp(0) = ﬁ — ugl(l —cosB).  (6)
1
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Onpegnensia orciona 0 u pasgensas nepeMeHHbIe, MOy IIM

do
t=
/ ,/f—{(E'—Uub(e))

(umrerpan — smmmnrudeckuit). [locie 3Toro yrs @ m P BBIpazkaloTCa Kak
dyukuyuu ot 0 B Buze KBagpaTyp ¢ nomompio ypasrenuii (4), (5).

O6nacTb u3MeHeHHs yriia O TIpU JBUKEHHUHU OTpejieNserca yciosuem E >
> Usg (0). @ynxuus Use (0) (mpu Ms # M.) crpemurcs K +00 NP 3HAYEHUAX

0 =0u 6 =m, a B npoMexyT-
Ke MEXJy HUMH IIPOXONUT de-
pe3 muaumyM. ITosTomy ypas-
nenue E' = U,y (0) umeer nsa 6 L
KODHs1, OIIPEJEJIAIONUX TIPesie-
abHble yribl 01 u 02 HakjIOHA
OCH BOJTYKA K BEPTHKAJIN.
IIpu n3menenuu yria 6 or
01 10 02 3HAK TPOU3BOMHON

OCTaEeTCA HEU3MEHHBIM NI MeE-
HSIETCsl, CMOTPSI II0 TOMY, OCTa~ Puc. 49
€TCd JIU HEU3MEHHBbIM HJIU ME-
HSIETCSA B 9TOM HHTepBaJie 3HaK pasHoctu M, — M3 cos 0. B mepsom ciayuae ocb
BOJTYKA IIPENECCUPYET BOKPYT BEPTUKAJIU MOHOTOHHO, OJHOBPEMEHHO COBEPIIAA
KosieGanus (Tak Ha3BIBAEMYIO HYMAyui0) BBEpX U BHU3 (puc. 49 a; suHMA M306-
paxKaeT CJieJ, KOTOPbI# OCh BOJIYKA 4YepTHJia Obl Ha MOBEPXHOCTU CEPHI C LEH-
TPOM B HENOJBUKHON TOYKE BOJIYKA). BO BTOpOM ciiy4ae HAIpaBJeHNE [PELECUun
[IPOTUBOIIOJIOXKHO HA JBYX IPAHMYHBIX OKPY?KHOCTSX, TAK 9TO OCh BOJIYKA IIE€pe-
MeIaeTcs BOKPYT BEPTHKAJM, onuckiBas netin (puc. 49 6). Hakonern, ecnu ogu0
u3 3Ha4enwit 01, 02 coBmazaer ¢ uysnem, pasHocru M, — Mscos0 Ha coorser-
CTBYIOLIEH IPeAebHON OKPYKHOCTU @ u 6 OIHOBPEMEHHO O0OPAIAIOTCA B HyJIb,
TaK 4TO OCh BOJIYKA OMHUCHIBAET TPAECKTOPHIO H300pakeHHOro Ha puc. 49 6 Tuma.
2. Haiitu yciioBue, npu KOTOPOM BPAIEHUE BOJIYKA BOKPYT BEPTHKAJIBHOM
ocu Oyaer yCTOHYUBBIM.
Pemenwne Ilpu 6 = 0 ocu 3 u Z coBmnagaior, tTak uro Ms = M,,
E’' = 0. Bpamenue BOKpyT 3T0ii ocu GyieT yCTOHYMBEIM, eciu 3Hadenue 6 = 0
orBeuaer MuauMyMy GyHKIua Usg, (6). Ilpu Masnbix 0 umeem

My Hgl\ 42
Uso ¥ (8]1 2 )9 :

oTKyma HaxomuM ycaosue M3 > 4l gl umm
02 417 gl
3 > I
3
3. OnpenennTs ABUKEHWE BOJIYKA B CIydYae, KOTAA KUHETHYECKAs SHEPTUs
ero cOOCTBEHHOr'O BPAIlEHNs BEJIUKA II0 CPABHEHUIO C SHEPIHei B IOJIE THAXKECTH
(Tak Ha3BIBaEMBIH «OBICTDBIH» BOIYOK).
Pemenue Bnepsom npubnuxkenuu, eciu npeHedpedsb mMOJIEM TSIKECTH,
MPOUCXOANUT CBOOOLHAS IIPELIECCUS OCH BOTYKA BOKPYT Hanpas/eHus MoMenTa M
(oTBevaromas B JaHHOM CJlydae HyTAllMH BOJYKA); OHA IIPOMCXOIUT COLJVIACHO

(7)
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(33.5) ¢ yrsoBoii CKOPOCTBHIO
M
QHyT = ﬂ (1)

B cneayiomeM npubInKEHNN NOSBIISIETCS MEAJIEHHAs IPELECCHs MOMEHTA
M Bokpyr Hanpasienus Beprukanu (puc. 50). s onpenenenns: ckopoctu 3Toi
IPELIECCU yCPEAHUM TOYHOE ypaBHeHue aprrkenus (34.3)
dM
VK
dt
o mepuoxy HyTanud. MOMEHT CHJI TAXKECTH, NeHCTBYIOIAX HA BOJTIOK, PABEH
K = ul[nsg], rae n3g — eauHMYHBINA BEKTOP B HAIpaBJIEHHU OCH BONdKa. V3
COOBpaKeHuil CHUMMETPHU OYEBHIHO, 4YTO pe-

Cap 3ysnbTaT ycpenHenusi K O «KOHyCy HyTarum»
CBOZUTCA K 3aMEHE BEKTOpa N3 €ro IPOeKIueit
T R cos «-M/M na nanpasnenne M (o — yros mex-
e N 1y M u ocpio Bosraka). Takum o6pasom, momy-
4UM ypaBHEHHE
am__ cos ocﬂ[gM].
dt M

OHo o3HauaeT, uro BekTOop M mpeneccupyer Bo-
Kpyr HampaBjieHusi g (BEepTHKAJM) CO CPenHeil
YIJIOBOH CKOPOCTBIO

— plcos
Qpp = ———— 2
p M8 (2
Puc. 50 (mamoit mo cpaBHEHUIO € Quyr).

B paccmaTpuBaeMoM IPUOIMKEHUM BXOAS-

mue B dopmyanst (1) u (2) Bennunnsr M u cos o

HOCTOSIHHBI (XOTsl U HE SBJISIOTCH, CTPOTO TOBOPsi, HHTErPAJIaMi JBUXKEHHs ).

OHI/I CBd3aHblI, C TOIT 2Ke TOYHOCTBHIO, CO CTPOr'0 COXPAaHAKIINMUCA BEJIUINHAMU
E u M3 coOTHOLIEHUSIMA

M? [cos®a  sin?«
M3=MCOSOC, E%T( Ts T)

§ 36. YpaBuenus Jiisiepa

Hanucanubie B § 34 ypaBHEHUs IBUXKEHUS OTHOCATCS K HEIO-
JIBIKHON cucreme KoopauHat: npousBogabie dP/dt m dM/dt B
ypasHenusx (34.1) u (34.3) npencraBnsror coboil M3MeHEHNUsS BEK-
topoB P u M 1o orHoIennto K 3Toit cucreme. Mexay Tem, Hanbo-
Jlee IPOCTAsl CBSA3b MEXK/y KOMIIOHEHTAMH BPAIATEJHHOIO MOMEHTA
M T1BepOro Teja U KOMIOHEHTAMH YIVIOBOH CKODOCTH HMEET Me-
CTO B NIOABUXKHO} CHCTEME KOODJMHAT C OCAMM, HAIPABJIEHHBIMHE 10
[VIABHBIM OCAM uHeprwmu. JIjst Toro 4robbl BOCIOIB30BATHCS ITOM
CBSI3bI0, HEOOXOIUMO INIPEJBAPUTENHHO NPeoOpa30BaTh yPABHEHUS
JIBUYKEHUSI K TOJBUYKHBIM KOODAWHATAM X1, L2, L3.



§ 36 YPABHEHU S SMUJIEPA 151

[Tycts dA/dt — ckopocTh m3MeHeHHsT KaKoro-imbo BekTopa A
[0 OTHOIIEHWIO K HEMOJBUXKHON cucTeMe KOoopawHaT. Fcmm mo ot-
HOIIIEHWIO K BPAIIAIOIIENCS CUCTEMe BEKTOP A HE M3MEHSIeTCs, TO
€ro U3MeHEeHNEe OTHOCUTEIHHO HEMOABUXKHON CHCTEMBI 00YCJIOBIEHO
TOJIBKO BPAIEHUEM, U TOTIA

2 =104

(cm. § 9, Toe 6b10 yKazaHo, 9TO Takme (opmydsl, kKak (9.1), (9.2),
CIIpaBeIuBHI AJis JH060ro BeKTopa). B obmem cirydae K npasoii ga-
CTH TOTO PABEHCTBA HAJO JOOABUTH CKOPOCTh U3MEHEHUsS] BEKTOPA
A 110 OTHOIIEHUIO K TIOABYKHON cucTeMe; 0603HAYMB 3Ty CKOPOCTD,
kak d’'A/dt, momyanm

dA dA

- [QA]. (36.1)

C nomouibio 970# 001melt HOPMYIBI MBI MOXKEM CPaldy Iepenu-

carb ypasaenus (34.1) u (34.3) B Buze

g +[QP] = F, d;_lz/l +[OM] = K. (36.2)

ITockompky muddepeHIIpOBaHE IO BPEMEHN IIPOU3BOINTCS 34ECh
B IIOJIBMKHOM cuCTeMe KOOPAWHAT, TO Mbl MOXKEM HEIIOCPEICTBEHHO
CIIPOENIPOBaTh YPaBHEHUS HA OCU CUCTEMbI, HAIIUCAB

(d’P) _dp (d’M) _ dMy
dt )1~ dt 7 dt J1~ dt ’ 7

re nHaeKCh 1, 2, 3 03HAYAI0T KOMIIOHEHTHI II0 OCAM T1, T2, £3. lIpn
9TOM B IepBOM ypaBHeHuu 3amenseM P wHa WV u mosmydaem

H <dV1 + QoV3 — Q3V2) = Fy,

b (D + Vi - W) = B, (36.3)

w (D4 v — 1) = By,

IIpenmosaras ocu x1, X2, £3 BEIOPAHHBIMU II0 IJIABHBIM OCAM HMHEP-
uu, BO BTOPOM u3 ypasHenwuii (36.2) mumem My = I1Q u T.x.

Ildgl + (I3 — I5)22023 = K1,
L dQZ + (I — I3)Q30 = Ko, (36.4)
IngS + (.[2 - 11)9192 = Kj.

Ypasuenud (36.4) HasbIBAIOTCH YpasHeruAMU Ilaepa.
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[Ipwu cBoboauOM Bpamennn K = 0 u ypaBHenus Diiepa IpUHU-
MafoOT BHUJ

dQq Is — I _
L Mﬂgm —0, (36.5)
ng

-I— Il = _— M0y =0.

B kauecTBe npnMepa HpI/IMeHI/IM 3TU ypaBHEHUHA K y2Ke pac-
CMATPUBABIIEMYCS HAMH CBOOOSHOMY BPAIIEHUI0 CUMMETPUIECKOTO
Bosruka. [lomoxxus I1 = Ip, umeem u3 Tperbero ypasuerus 23 = 0,
T.e. {3 = const. [Tocie aToro nepsbie 1Ba ypaBHEHUsS HAIUIIEM B
BUJIE . .

Ql = —wQQ, QQ = (,UQl,

1€ BB€IEHa IIOCTOAHHaA BEJINYMHA

w=08 "0 (36.6)
1

YMHOXKUB BTOpPO€ YpaBHEHUE Ha 1 1 CJIOKHB C II€pBbIM, IIOJIYYIUM

2 (@1 +i9) = iw( + i),
OTKYIa .
O+ 10y = Aezwt,
rge A — NOCTOsIHHAST; IOCIEIHIOI MOYKHO CYMTATH BEIIECTBEHHOM
(3TO cBOIUTCA K HaJJIEXKAIIEMY BBHIOOPY Hadaja OTCYETa BDEMEHN),
7 TOTIA
N = Acoswt, Q= Asinwt. (36.7)
OTOT Pe3yJIbTAT IOKA3BIBAET, UTO MPOEKINs YIJIOBOM CKOPOCTH
HA IIJIOCKOCTb, IEePIEHANKYIAPHYIO K OCH BOJIUKA, BPAIAETCS B ITOMH
IIJIOCKOCTH C YIJIOBO CKOPOCTBIO (U, OCTaBAACH IIOCTOAHHON IIO Be-
amanne (1/Q2 + Q2 = A). Iockoneky mpoexis (23 Ha 0Ch BOTIKA
TOXKEe IIOCTOSTHHA, TO U BeCh BeKTOD {) pPABHOMEPHO BPAIIAETCS C yI-
JIOBOM CKOPOCTBIO (U BOKPYT OCH BOJTYKA, OCTABASICH HEM3MEHHBIM 10
Besmunne. Buny cBszu My = [1Q1, My = IoQy, M3 = 13§23 mex-
Iy KommoHeHTaMu BeKTOpoB 2 u M Takoe ke nBuxkenue (110 OTHO-
IIIEHNUIO K OCH BOJIYKA) COBEPIIAET, OYeBUIHO, 1 BEKTOP MOMeHTa M.
[Tomy4yennas KapTuHA IPEACTaBIAET CODOM, padyMeercs, JIUIIb
JPYTOil aCIeKT TOTO 2Ke JBUXKEHUS BOJIUKA, KOTOPOe y2Ke ObLIO pac-
cMOTpeHO B § 33 1 35 110 OTHOIIEHNUIO K HENIOABMKHOM crcTeMe KOOP-
muHAT. B wactHOCTH, yriioBas ckopocTh Bpamenus Bektopa M (och
Z ua puc. 48) BOKPYT HAIpaBJIEHUS T3 COBIAJAET, B TEPMUHAX ii-
JIEPOBBIX YIVIOB, C yTJIOBOI CKOpOCThbi0O — 1. C IIOMOIIBIO ypaBHEHMIA
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(35.4) mmeem

i _ Mcosb . _ 1 1
1])_1—3 (pcos@-McosE’(I3 h)
i B corsacuu ¢ (36.6),
h_o.I— 5L
b =0Q=7—.

§ 37. AcummeTpuiecKuii BOTI0K

[Tpumenum ypaBHeHust ditepa K Oojiee CIOXKHOM 3a/1a9€e O CBO-
0OIHOM BpAINEHNN ACUMMETPUYIECKOTO BOUKA, Y KOTOPOTO BCE TPHU
MOMEHTA WHEPIUHU PA3INIHBI. J[Jis onpeaeieHHOCTH OYIeEM CUNTAT,
9TO0

I3 > I, > I. (37.1)

JlBa mHTerpasia ypaBHeHU Ditnepa n3BecTHh! 3apanee. OHU ga-
IOTCA 3aKOHAMHU COXpaHEHUA IHEPI'MrU M MOMEHTa M BbIPpazKalOTCA
paBeHCTBaMU

L3 + L3 + 303} = 2,
IIOT + 1303 + 1305 = M?,
e dHEepPIrud E n a6CO.J'IIOTHaH BeJINYMHa MOMEHTA M — 3aJaHHbIE

ITOCTOSTHHBIE. DTH K€ JIBA PABEHCTBA, BHIPAXKEHHBIE YEPE3 KOMIIO-
HEHTHI BeKTopa M, mMeroT BuI

(37.2)

My MP M o_
Tt T =28, (37.3)
M} + M3 + M2 = M>. (37.4)

VY2ke 0TCIO/Ia MOXKHO CHEJIATh HEKOTOPbhIE 3aKJIIOUEHHS O XapaK-
Tepe IBMKeHNd Bosrdka. [ aroro 3amerum, uro ypasuenus (37.3)
u (37.4) npencrasnsior coboit, reomerpuuecku B ocsax My, Mo, M3,
YPaBHEHUS COOTBETCTBEHHO MOBEPXHOCTU SJLIUIICOUIA C TIOJIyOCIMU

V2EIL, +/2EIL,, +/2EI;
u cohepst paguycom M. Ilpu mepememennn BekTopa M (oTHOCH-

TEJIbHO OCefl MHEePIMU BOJIYKA) €ro KOHEI [BUXKETCs BIOJb JIMHUN
nepeceveHns YKa3aHHBIX MOBepXHOCTeH (Ha puc. 51 nzobpaxkeH psij
TAKUX JINHUY TTepecedeHns JLIUICOUIA CO cpepaMu Pa3InIHbIX Pa-
muycoB). Camoe Hajw4me mepecedeHus: 00eCIeanBaeTCsl OIEBY IHbI-
MU HEpaBEHCTBaMHU

2EI, < M? < 2EI;, (37.5)
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Puc. 51
reOMEeTPUYECKH O3HAYAKIIUME, 4TO paguyc cdepst (37.4) mexur
MeXK ]y HauMeHbIIIel u HanboubIeit u3 nosyoceii symunconaa (37.3).

[Ipocnenum 3a m3MeHEHNEM XapaKTEPa ITUX «TPACKTOPHUiT» KOH-
na Bekropa M ) mo mepe uamenenus Besmunnbl M (npu 3amaHHON
sueprun E). Korma M 2 e HemuoruM npessimiaer 2E11, chepa
[IEPECEKAET IJIUICOU, IO IBYM 3aMKHYTHIM MaJIEHbKUM KDHUBBIM,
OKPY2KAIOIIUM OCh L1 BOJIM3M COOTBETCTBYIOIIUX JBYX IIOJIEOCOB 3JI-
munconna (mpu M2 — 2EI; 3TH KpHUBbIE CTATUBAIOTCA B TOYKH —
nostoce). [To mepe yBemmuenus M 2 KpuBbIe PACIIUPSIOTCS, a HIPH
M? = 2EI, npespammaiorca B JBe IIOCKHE KPUBBIE (JLIUIICH), Tie-
pecekaomuecs Apyr ¢ APYrOM B IOJIIOCAX JIIMIICOMIA HA OCH 3.
IIpu ganpueitmem yBenudenun M 2 BHOBb BOBHHKAIOT JBE Pa3/elb-
HbIE 3aMKHYThIE TPAEKTOPUH, HO OKPYKAOIINE Y2KE TOJIIOCHI HA OCH
x3; ipu M? — 2EI3 OHU CTAIMBAIOTCS B 9TH JBE TOUKM.

OrMmernM, mpexie BCEro, YTO 3aMKHYTOCTH TPAEKTOPWUH O3HA-
JaeT MEePUOAUIHOCTD IepeMelneHus BeKTopa M MO OTHOIIEHHWIO K
TeJIly BOJTYKA; 332 BpeMs Iepuoia BeKTop M ommchiBaeT HEKOTOPYIO
KOHMYECKYIO TIOBEPXHOCTH, BO3BPAIIAsICh B MIPEXKHEE MTOJIOXKEHUE.

Jlasee OTMETHM CYIIECTBEHHO DPA3JIUYIHBIN XapaKTep TPAaeKTO-
puit, 6IU3KUX K PA3INYHBIM MTOJIOCAM JLIUIICONAa. Bom3n oceit x1
7 3 TPAEKTOPUHU PACIOJIOKEHBI IIEJIUKOM B OKPECTHOCTH IOJIIOCOB,

1) AHaJ'IOl"I/I“IHbIe KpI/IBbIe, ONnUuChIBaA€MbI€ KOHIIOM BeKTOpa Q, Ha3bIBAITCA
N0A0OUAMU.
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a TPAeKTOPHH, IPOXOAAIINE BOJIU3U IIOJIOCOB HA OCH T2, B CBOEM
JaJIbHEHAIIeM XoJie YAAIAITCA Ha OOJIbIIne PACCTOAHUS OT ITUX TO-
yek. Takoe pasjmdme COOTBETCTBYET PA3HOMY XapaKTepy yCTOWdH-
BOCTH BpAIlleHUs BOJTYKA BOKPYT €ro Tpex oceil mHepInn. Bpammenne
BOKDYT Oceil 1 U x3 (OTBEYAIIMX HANOOIbIIEMY U HAMMEHBIIEMY
U3 TpeX MOMEHTOB MHEPUUK BOJIYKA) YCTONYUBO B TOM CMBICJIE, UTO
IIPH MaJIOM OTKJIOHEHUH OT 3TUX COCTOSHHIT BOTIOK OymeT IpOoIo-
»KaTh COBEPIIATH JBMXKeHHUe, OJIM3Koe K MepBOHAYaJIbHOMY. Bparie-
HUE K€ BOKPYT OCH Tg HEyCTONYMBO; JOCTATOYHO MAJIOTO OTKJIOHE-
HUSA, 9TOOBI BOSHUKJIO JBUXKEHHUE, YBOJLAIIEE BOIYOK B MOJIOKEHNUS,
JlaJieKue OT MePBOHAYAJIBHOTO.

s onpenenenns 3aBucuMocT KoMioneHT {2 (uim mponopiwo-
HaJIbHBIX UM KOMIOHEHT M) oT BpemeHu 06paTuMcs K ypaBHEHUSIM
Oitnepa (36.5). Bopasus Q1 u Q3 uepes (dy u3 gByX ypaBHeHwmit
(37.2), (37.3)

0 =
03 =

1 2 2
———{(QEI3 — M*) — Is(I3 — 1)}
11(131_11){( 3 ) 2( 3 2) 2}7
U TIOJICTaBUB BO BTOPOe u3 ypasHeHuit (36.5), Haligem

dQo Is — I 1 2

@2 _ Qi Qa= —— — —

dt I 1343 I2m{[(2EI3 M )

— L(Is — L)Q3[(M? — 2EI) — I(I, — I)Q3}/2. (37.7)

Paznensaa B 9ToM ypaBHEHUN IepeMEHHbBIE M UHTETPUPYS, IMOIYIUM
dyukmmo t(Q2) B Buge snmnTrdeckoro uHTErpasa. [Ipu npuseme-
HUY €ro K CTAHJAPTHOMY By OyIEeM CIUTATh JJIS ONPELeIeHHOCTH,
49TOo

(37.6)

M? > 2EI,
(B obpaTHOM ciiydae BO BCEX CJIEAYIOMMX HIDKe (PopMysax Hajo
nepecraBuTh uHAeKchl 1 u 3). Beogum Bmecto t u ()3 HOBBIE mEpe-
MEHHBIE
_, |3 —L)(M? - 2E@L) — 0, 12— D)
T= t\/ SR , s=opr (37.8)
¥ HOJIOXKUTe bHLI mapamerp k2 < 1 corsacHo
2 _ (- L)(2EL; — M?)
(Is — L)(M? —2EL)

(37.9)

Torpa mosryuum

T =/3 ds
/ \/(1 —82)(1 — k2s?)
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(Hauamo OTCYeTa BPEMEHM YCJIOBHO BHIOMDAEM B MOMEHT, KOTJA
Qg = 0). [Tpu obpaiennn STOro MHTErpPaJa BO3HUKAET, KAK U3BECT-
HO, OJIHA W3 umnTudecKnx byukuuit dxobu

§=snT,
9YeM ¥ ONpeZesseTcs 3aBUCUMOCTD (o or Bpemenu. Pyuxrumu Qo(t)
u Q3(t) BbIpaxkaroTcs aarebpamdecku depes {22(t) coracHO paBeH-
crBaM (37.6). YuuTsIBas OIperesIeHne ABYX APYIUX JUIANTHIECKIX

dyHKIMI
enTt=+41-sn21, dnTt=+1-k2sn?n,

[IOJIyIUM OKOHYATEJIbHO CJIELYIOIne (hOPMYJIbL:

_ |2EI; — M?
Q= L= 1) cn T,

_ |2EL;— M? 3710
92 - Iz(Ig _IZ) sn T? ( * )

_ [M?-2EL

®yukuun (37.10) — mepuonuueckue, IPUYEM UX [IEPHOJ IO IIe-
PEMEHHOI T paBeH, KaK n3BeCcTHO, BeauunHe 4K, Tiae K ecTb MOJTHBIH
IIANTIIECKNY WHTET'PAJI IIEPBOTO POJia:
/2

37.11
/\/(1—32 1— k2s2) / 1—k2sin®u ( )

Ilepuon xe Mo BpeMeHU IaeTcs, ClAeI0BATEIbHO, BHIPAKEHUEM

T = 4K\/(13_ URELE (37.12)

L)(M? - 2E@L)"

[To mucreyennu 3Toro Bpemenu BeKTOp ) BO3BPALIAETCA B CBOE
HaYaJIbHOE MOJIOXKEHNEe OTHOCUTEHHO ocell Boruka. (CaMbilii ke BOJI-
YOK IIPH 3TOM OTHIOJIb HE BO3BPAIAETCA B CBOE IIPEKHEE TOJIOKEHUE
OTHOCHUTEJILHO HENOJBHUKHOM CHCTEMBI KOODIMHAT — CM. HIKE. )

IIpu I} = Iy dopmyaer (37.10), pasymeercs, mpusoaaTcs K dhop-
MyJ1aM, TIOJly9eHHBIM B IPEABIAYIIeM naparpade ajia cuMMeTpude-
ckoro Bomuka. Jle#icrsurensro, npu I; — I mapamerp k2 — 0,
sumANTHIeCKUe (DYHKIMU BBHIPOKIAIOTCA B KPYTOBBIE:

snT—sinT, cnT—cosT, dnT— 1,
U MBI Bo3BpamaeMcs K dpopmynam (36.7).
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Ipu M? = 2EI3 umeem: Q; = Qy = 0, Q3 = const, T.e. Bek-
Top ) TIOCTOSIHHO HAIPABJIEH BJOJb OCA WHEPIMU I3; ITOT CIydaii
COOTBETCTBYET PABHOMEPHOMY BPAIIEHUIO BOJIYKA BOKDPYT OCH I3.
Amnanormanbiv o6pasom pu M? = 2EI; (npu stom T = 0) nmeem
PaBHOMEPHOE BPAIIEHUE BOKPYT OCHU I7].

[Tepeiinem K ompeeneHno abcoOMIOTHOrO (110 OTHONIEHWIO K He-
HOJBIDKHOM cucreMe Koopauuar X, Y, Z) nBukeHus BOJIYKA B IPO-
cTpaHCTBe KakK (pyHKImu BpemeHH. Jljis 3TOr0 BBOIUM SMIEPOBBI
yroibsl P, @, 0 MexXIy ocaMU BOIUKA X1, Lo, T3 U ocamu X, Y, Z,
BBIOPAB IPU ITOM HETOABUKHYIO OCh Z BJIOJIb HAIIPABJIEHUS IIOCTO-
aunoro Bektopa M. [lockoiabKy MONSpPHBIM yTOI ¥ a3UMYT HAIIPaB-
JieHUsT Z TIO0 OTHOIIEHUIO K OCSIM I1, L2, T3 PABHBI COOTBETCTBEHHO
0 u 7t/2 — 1 (cm. mpumeu. Ha c. 146), To, npoerupys BekTop M Ha
ocu r1, r2, 3, IOJIYyINM

M sinOsiny = My = L1Qy,
M sin 0 cosp = My = [,0, (37.13)
M cos© = M3 = 1393.

Orcroga

cos0 = 13}33, tg =

u, ucnonb3ys (opmyist (37.10), Haiigem
I3(M?* — 2EI)
M?(Is — I)

_ [hs—I)ent
tgq)_ Iz(Ig—Il) sn T’

I
e (37.14)

cosf = dn T,

(37.15)

YEM U OIPENENISeTCs 3aBUCAMOCTh yTJioB 0 m 1\ OoT BpemeHm; BMe-
CTe C KOMIIOHEHTaMM BeKTOpa ) OHM SBJISIOTCS MEPUOIUIECKUMU
dbysxumsamu ¢ nepuomom (37.12).

Yron ¢ B dopmyst (37.13) He BXOAWUT, U JJIsi €r0 BHIYUC/ICHUS
Has10 obpaTuThbes K popmyinam (10), BEIpazkarommM KOMIOHEHTHI {2
Jepe3 MPOU3BOJAHBIE IO BPEMEHH 311epoBhIX yrioB. Vckouas 0 u3
PaBEHCTB

Q1 = @sinOsin + écostl),
Qo = @sinOcosP — Osin,

TIOJTY IUM

. Qysin 4 Qacos @
¢ = sin ©
HocJjIe 49ero, ucnoiab3ys gopmyust (37.13), naiinem

)



158 ABUXKEHUE TBEPAOI'O TEJIA T'JI. VI

do _ 2,107+ 1O3
dt 2O+ 1202
Orcrona dyukmus @(t) ompeznesnsieTcss KBAAPATYPOi, HO MOABIHTE-
IPAJIbHOE BBIPAXKEHUE CONEPIKUT CJIOKHBIM 00PA30M JUIUITHIECKIE
dyaknun. [lyTem psga HOBOSBHO CIIOKHBIX TPEOOpPaA30BaHUN ITOT
WHTErpaJjl MOXKET ObITh BHIPAXKEH Yepe3 TaK Ha3bIBaeMble TITa-(yH-
KIWU; He TPUBOJA BBIYHMCJICHUH 1), yKaXKeM JIMIIh UX OKOHYATE b~
HBIA PEe3yJIbTaT.
Dynxrus @ (t) MoKeT ObITH IIPeCTaBIeHa (C TOYHOCTHIO [0 IPO-
U3BOJIBHOU 3 IUTUBHOM’ HOCTOHHHOI‘/’I) B BHJE CyMMBbI ABYX YJIEHOB

@(t) = @1(t) + @2(t), (37.17)

OJIVH M3 KOTOPHIX HaeTcsd HPopMyJIoi

(37.16)

2ip1(t) _ o1 (2t/T —iw)
e = ——l_ ¢ .

Bo1 (2t/T + i)’ (37.18)
rae Jg1 — TITa-QYHKIMS, 8 X — BEIIECTBEHHAs ITOCTOSHHAS, OIpe-
JeJisieMasi PAaBEHCTBOM

. . |[I3(M?* - 2E@L)
sn(i - 2aK) = i4/ T,(2ETs — 7 (37.19)

(KuT —wu3 (37.11), (37.12)). ®yuknusa B npasoit gactu (37.18) —
nepuoandeckas ¢ nepuonoM 1'/2, tak uro @1(t) uamensiercs Ha 270
3a Bpems 1. Bropoe ciaraemoe B (37.17) maercs dbopmysioit
¢ 1 M i (i
P2(t) =27y = 5o ﬁemgicx;'

Ora QyHKIMA UCIBITHIBAET MpupalieHue 270 3a Bpems 17,

Taxum 06pa3oM, ABUKEHHE IO YIVIy (P IPEACTABJSAET CO0Oi co-
BOKYIIHOCTH J[BYX IIE€PUOJUYECKUX U3MEHEHWl, IPU9IeM OWH U3 IIe-
puoznos (T') coBuagaer ¢ nepuogoM u3MeHeHus yrios P u 0, a apy-
roit (T") — mecomsamepum c nepsbiM. [lociegHee 06CTOATENHCTBO
OPUBOJUT K TOMY, YTO IPU CBOEM [IBUKEHUW BOJYOK HUKOTIA HE
BO3BPAIAETCs, CTPOrO TOBOPS, B CBOE MEPBOHAYAJIBHOE TOJIOKEHHE.

(37.20)

Bamauymu

1. Oupegpenurh CBOOOAHOE BpAIEHWE BOJIYKA BOKPYT ocH, OJau3KOH K ocu
nHepuuu 3 (wiu z1).

Pewenue Ilycrs k manpasiaenuo M 6iuska oce 3. Torma koMmnonen-
Tl M1 u M2 ABASIOTCA MaJILIMA BEJIMYUHAMHU, 8 KOMIOHeHTa M3 ~ M (c TOY-

1) Ux moxuOo Haiitu B Kaure: E. T. Yurrekep. Anaauruyeckas IUHAMU-

ka.—M.: OHTHU, 1937.



§ 37 ACUMMETPUYECKUN BOJTYOK 159

HOCTBIO JI0 BEJINYUH [EPBOro NOpALka MajgocTh). C 9ToM 2Ke TOYHOCTBIO IEPBHIE
JBa u3 ypasHeHuii Dilyepa (36.5) 3anumem B Buge

dﬂﬁ_ 13 dhh 15
— — 3o M. — 2= =-1) QoM
dt ( L) Tat L o
rie MBI BBeJH HOCTOAHHYI0 g = M/I5. Cnepys obumm nmpasusiaM, UIIEM perie-
Hue ansa My, M B Buze, nponopuuonagbaoM e'“?, u aaa yacToTsr W mOMyYaem

3Ha4YECHHUE

w = Q (%—1) (%—1). (1)

Jna camux xe Bequaud Mi u M nomydum

1.
M1=Ma\/§—3—1 cos wt, M2=MaHI—3—1 sin wt, (2)
2 1

r7e a — NPOU3BOJIbHAS MaJjas MOCTOSHHASA. DTUMU (POPMYJIAMU ONPEAEJIAeTC
ABHKeHne BekTopa M OoTHOCHTENBHO BOJIYKA; B IIOCTPOEHUH Ha puc. 51 KoHer
BekTopa M onuceiBaer (¢ 4acTOTOMN (V) MAJIBII HINIC BOKPYT HOJIIOCA Ha OCH Z3.

Jns onpeznesienusi abCOMIOTHOTO [BUXKEHUsI BOJIYKA B IPOCTPAHCTBE OIpE-
JeJisieM ero 3iyiepoBsl yrisl. B janHOM ciiydae yros HaksoHa 0 ocu T3 K ocu Z
(manpasisernnio M) maq, u corsacHo ¢dopmynam (37.14)

M 2 _ _ Ms\ _ M{+M;
tgll)—M2, 0° ~ 2(1 cosG)—2(1 M)N YEER
nofcrasisis (2), moaydaem
Li(I3 - I)
tgh = 4| ——— 2/ ctg wt,
g Ll — 1) 8

0% =a® [(% - 1) cos” wt + <§—? - 1) sin® wt] . (3)

Jlsis BBIUWC/IEHUsI yIJla () 3aMedaeM, YTO COIJIaCHO Tperbeil u3 ¢dopmyn (10)
mpu 6 K 1 s
QoQﬂQgQﬂw-F$.

@ =Qot—1P (4)
(IPOM3BONIBHYIO IOCTOSIHHYIO HHTErPUPOBAHUS OILYyCKAEM).

Bosiee HarnsimHOe MpeACTaB/ICHHE O XapaKTePe OBUKEHUs BOIYKA IOJLY-
YaeTCs, eCIM IPOCIEUTh HEIOCPEICTBEHHO 33 W3MEHEHHEM HAIPAaBJIEHUs €ro
Tpex oceil uHepuuu (eQMHWYHbIE BEKTOPHI BIOJIb 9TUX OCeil 0003HAYMM 4Yepes
ni, ng, n3g). BekTopsl n; ¥ Nz paBHOMEPHO BpamAOTCs B IutockocTu XY ¢
4acToToi {9, OAHOBPEMEHHO MCILITHIBAas MaJble KOebaHus ¢ 4acTOTON W B 1O-
[IEPEYHOM HAIPaBJIEHUH; ITU KoyiebaHus ONPeNessaioTcs Z-KOMIOHEHTAMHU YKa-
3aHHBIX BEKTOPOB, [IjIsi KOTOPBIX HMEEM

n N%—aHI—S—lcoswt

1Z~M IQ 9
/I

=a I—j—lsinwt.

IToaromy

Q

SE

N2z
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Jljis BEKTOpa Ng UMEEM C TOii K€ TOYHOCTBIO:
N3g ~ Osing@, nzy =~ —0Bcose, nz, 1
(nONAPHBIN yroJ W a3uMyT HAIPABJEHWS N3 IO OTHOmEHHIO K ocam X, Y, Z

pasubl 0 m @ — 71/2; cM. mpumeu. Ha c. 146). Janee numem (ucrnonb3ys npu
aTom opmyst (37.13)):

ngz = Osin (Qot —P) = Bsin Qot cosPp — O cos Qot sinp = % sin Qot —

— %cosﬂot:a,/%1 — 1sin Qpt smwt—a,/ﬁ—z — 1cos ot cos wt,

UJIN OKOHYAaTEJIbHO:

nas = -3 <\/——1+\/——1> cos [( + w)t] +

<\/— -1- \/— - 1) cos [(Q — w)t].
AnajornunsiM o6pazom

nay = —5 (\/——1+\/E—1) sin [(Qo + w)t] +

+2 <\/ﬁ 1- \/% —1> sin [(Q — w)t].

Orcroma BUAHO, YTO JBUKEHNE BEKTOPA N3 MPEACTaBIsAeT cO0OM HAIOKeHUE
JBYX BpalieHuil BOKpyT ocu Z ¢ wacroramu (o + w).

2. Onpegenurs cBOGOAHOE BpalleHue Bojuka npu M? = 2ET,.

P em e uue Iror ciaydail orBeyaeT B nocTpoeHuu Ha puc. 51 mepemerne-
HUIO KOHIa BeKTOpa M 1o KpuBOii, NPOXOAMAIIEil Yepes3 MOJIIC HA OCH Z2.

Ypasrenue (37.7) npunumMaer Buz

dS 2 _ \/(12—11)(13—.[2) _ Qz
T=1 Lils Qo, S—QO,

rze BBeJeHo obosHadenue (o = M/I; = 2E /M. Vlarerpupys 910 ypaBHEHUE, a
3aTeM BOCHOJIb30BaBIINCh dopmytamu (37.6), nomyunm

L(Is—I) 1

U =Qoy| —F—F—
! 0 11(13—11) ch "l.’,

Q2 = Qo th T,

G — 0, 202 = 1) 1

° I3(I3—Il) ch T.

Jsis onucanusa abGCOIOTHOrO IBUKEHUs BOJIYKA BBOAMM SMHJIEPOBBI YIVIBI,
onpezsenus 0 Kak yroj MexIy ocblo Z (HampasieHueM M) u oCbl0 MHEpLUH
BOMYKa T2 (a He T3, Kak B TekcTe). B dhopmynax (37.14), (37.16), cBs3piBaromux
KOMIIOHEHTBI BEKTOPa Q C SﬁﬂepOBbIMI/I yriiaMu, Haao0 IIpu 3TOM CAeJIaTh IUKJINA-
4eCKYyIo nepecTaHOBKY uHIekcoB 123 — 312. IToacraBus 3aTeM B 3Ti POPMYIILI
Bbipakenus (1), mosmyunm
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Ii(I, — I)

cos® =tht, @ = Qot+ const, tgp = ﬁ
1(Is — I2

W3 nosyuenssx dhopmyst BuaHO, uTo Bekrop {2 acumnrormdecku (mpu t — 00)
npubJInKAETCA K OCH T2, KOTOPAas OSHOBPEMEHHO ACHMMIITOTHYIECKH NpubimKa-
eTCs K HEeIOJBUXKHOM ocu Z.

§ 38. CompukocHOBeHUE TBEPIBIX TeJ

Ycaoeusn pasHosecus TBEPAOTO Teja, KaK ITO BUAHO U3 yPaB-
Henuii apuxkenns (34.1) u (34.3), MOoxKHO chOPMYIMPOBATH B BUIE
PaBEHCTBa HYJIIO AEWCTBYIOIIMX HA HETO IOJHOW CHJIBI U IOJIHOTO
MOMEHTa CILIL:

F=Yf=0, K=Y [rf]=0. (38.1)
CyMMupoBaHUe TPOM3BOAUTCS 3IECh MO0 BCEM MPUJIOKEHHBIM K Te-
JIy BHEIIHUM CHJIAM, a I' — PAJUYC-BEKTOPBI «TOUYEK IPUIOKEHUT»
CHJI; IPH 9TOM TOYKa (HAYAJ0 KOODAMHAT), OTHOCHTEJIHHO KOTO-
POt OIpenesgioTCa MOMEHTHI, MOXKET OBITh BBIODAHA IPOM3BOJIB-
vbIM obpasom: npu F = 0 3nauenme K He 3aBUCHAT OT 3TOTO BHI-
Gopa (cm. (34.5)).

Eciu MbI nMeeM 1710 C CHCTEMOI COIIPUKACAIONTUXCA APYT C APY-
rOM TBEDABIX TeJl, TO B paBHOBecuu ycyioBus (38.1) MOKHBL BBIIOJ-
HATHCA JJIA KAXKJI0T0 U3 TeJI B OTAEILHOCTH. [Ipu 9TOM B 4mCIIO CHI
JIOJIXKHBI OBITH BKJIIOUEHBI TAKKe U CUJIBI, JeMCTBYIOIIE Ha JAaHHOE
TEJI0O CO CTOPOHBI OCTAJIBbHBIX COIPHUKACAOIIUXCA C HAM TeJl. JTH
CUJIBI IPIJIOXKEHBI B TOYKAX COIPUKOCHOBEHUS T€J U HA3BIBAIOTCS
cuaamy peaxyuu. OYeBUIHO, UTO JJId KAXKJABIX IABYX TEJI WX B3a-
VMHBIE CUJIbI PEAKI[MH PABHBI [I0 BEJIUYUHE U IIPOTUBOIIOJIOXKHBI 110
HAIIPABJIEHUIO.

B obmiem ciydae Kak BeJIMUMHBI, TAK ¥ HAIPABIECHUS DPEAKINH
OTIPEIEIAIOTCH B PE3YJIHTATE COBMECTHOI'O PEIIEHUS CUCTEMBI YPaB-
HeHuit paBHOBecus (38.1) a1 Bcex Tesr. B HEKOTODBIX cirydasx, of-
HAKO, HAIIPABJIEHNE CHJI PEAKITNH 33JA€TCA YKe YCIOBUAMU 3aTaUH.
Tak, eciu nBa Texa MOTYT CBOOOJHO CKONB3UTH MO IIOBEPXHOCTU
ApPYT pyra, TO CHJIbI PEAKINM MeXKJy HUMH HAIPABJIEHBI IO HOD-
MaJii K TIOBEPXHOCTH.

Ecnu conpukacaiomuecs Teja ABUXKYTCA APYT OTHOCUTEIHHO
IpyTa, TO, KPOMe CHUJI PEaKInu, HOSBJISIOTCS TaKKe CHJIBI JUCCHU-
IATUBHOTO XapPaKTePa — CUAbL MPEHUA.

Bo3MoxxHBI 1Ba THIA ABUKEHUS CONPUKACAIOMIMUXCHA TEJI —
ckoavoicenue u Kauenwue. IIpu CKOMBKEHNN DeaKIuy IepIeHINKY-
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JIIPHBI K COIPUKACAIONIMMCS TOBEPXHOCTSAM, & CHJIBI TDEHWS Ha-
[IPABJIEHBI 110 KACATEIBHBIM K HIM.

Yucroe kKadueHne XapaKTEPU3YETCA TEM, IYTO B TOYKAX COIPUKOC-
HOBEHHUS HET OTHOCUTEJILHOTO MBVIKEHWS TEJI; NPYTUMU CJIOBAMH,
KATSIIEeCS TEJIO B KaXKJbIi MOMEHT BDEMEHM KaK Obl 3aKPEILIEHO
B TOYKE COMPUKOCHOBeHWdA. [Ipy 95TOM HampaBJieHUE CUJIBI PEAKIWH
IIPOU3BOJIbHO, T.€. He 0053aTeJIbHO HOPMAJIbHO K COIPHKACAIONIM-
Cs TOBEPXHOCTSAM. TpeHre ke TpU KaYeHWM MPOSBJISIETCS B BUIE
JIOTIOJIHUTEJIBHOT'O MOMEHTA CHJI, IPENATCTBYIOIIETO0 KAYEHUIO.

Ecnu npu ckonbXeHnn TpeHWE HACTOJBKO MAaJiOo, YTO UM MOXK-
HO BOBCE TpeHeOpedh, TO MOBEPXHOCTU TEJ HA3BIBAIOTCI GOCOAIOM-
HO esadxumu. HampoTus, eciu CBONWCTBA MOBEPXHOCTHU JOMYCKAIOT
JIMIITb YUCTOE KadeHue TeJl 0e3 CKOJIbXKEHNS, 8 TPEHNEM DU KAIE€HUN
MOXKHO IIpeHeOpedb, TO IOBEPXHOCTH HA3LIBAIOT GOCOAIOMHO UEPO-
TOBAMBLMU.

B oboux ciaydasx cuibl TpeHus He PUTYPUPYIOT ABHBIM 00pPa3oM
B 3aJla4e O JABUXKEHWM TeJI, U IIOTOMY 33aJia9a ABJISETCH YUCTO Me-
XaHUYeCKoi. Fciin yke KOHKpETHBIE CBOWCTBA TPEHMS CyIIEeCTBEHHBI
JJI IBV2KEHUS, TO IIOCJIEJHEE HE SABJIAETCS YK€ UHCTO MEXaHWde-
ckuMm nponeccom (cp. § 25).

ComnprKOCHOBEHME TeJI YMEHBIIAET YUCJIO0 WX CTENeHel CBOOOIbI
II0 CPABHEHMIO C T€M, KOTOPHIM OHU 0bJiafaju Obl Ipu CBOOOTHOM
nprkennn. JIo cux mOp mpu pacCMOTPEHWH TAKOTO PO 33139 MbI
YYATHIBAJIA 3TO 0OCTOSATEIBCTBO IIyTEM BBEIEHUS KOOPIMHAT, HEIIO-
CPEICTBEHHO COOTBETCTBYIOIIUX PEAJHHOMY UNCIY CTeleHell cBOOO-
bl [Ipu kaueHwmn Tej1, 0AHAKO, TAKOM BHIOOD KOOPAMHAT MOXKET OKa-
3aThCsl HEBO3MOXKHBIM.

VcoBue, HaKJIaIbIBAEMOE HA JBUXKEHUE TeJI NPU KAYEHWUH, 3a-
KJIIOYAETCS B PABEHCTBE CKOPOCTEN CONPUKACAIOIINXCS TOYEK (TaK,
[PU KAYEHWN TeJIa 110 HEMOBUKHON MOBEPXHOCTU CKOPOCTH TOUKH
CONIPUKOCHOBEHMUSI I0JKHA ObITH paBHA HYJI0). B obmem cirygae Ta-
KO€ YCJIOBUE BBIPAXKAETCH YPABHEHUAMU C6A3U BUIA

3 caitti = 0, (38.2)
(3

IJIe Coi — PYHKIUE TOIBKO KOOPAMHAT (MHAEKC X HyMepyeT ypaBHe-
Hud cBs3eit). Eciu jieBble yacTu paBeHCTBA HE SIBJISIIOTCS HOIHBIMA
MPOM3BOJHBIMYU 10 BPEMEHU KAKUX-IMOO (DYHKIWII KOODPIUHAT, TO
9TU ypaBHEHUS HE MOTYT OBITH MPOMHTErPUPOBaHbI. Jpyrumu cjio-
BaMU, OHU He CBEAYTCAd K COOTHOIIEHUAM MeXKIy OTHUMHU TOJIBKO
KOOPAMHATAMHU, KOTOPHIMU MOXKHO OBLIO OBl BOCIIOJIb30BATHCS ISt
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TOro, 4TOOBI BBHIPA3UTh MOJIOXKEHUE TEJI Yepe3 MEHbINee YHCJIO KO-
ODJMHAT B COOTBETCTBUU C PEAJTLHBIM YHUCJIOM CTEIeHeH CBOOOIBI.
Takue CBA3U HA3BIBAIOT HE20A0HOMHBLMU (B MPOTUBOIOIOXKHOCTH
200HOMHBLM, CBS3BIBAIOLIUM JIUIIb KOOPJUHATEI CUCTEMBI).

PaccmorpuM, Hampumep, KadeHwWe Iapa IO IUIOCKON IOBEpX-
voctu. Kak 00b14HO, 0603Ha4UnM depe3 V CKOPOCTH MOCTYIATENb-
HOTO JBUXKEHWsi (CKOPOCTBH IIEHTPa mapa), a 4depe3 {2 — yIyIoByIO
CKOpOCTb Bpaienus ero. CKOPOCTb TOYKM KACAHUS IIapa C IJIOC-
KOCTBIO TOJIyIUTCS, €CJI TMOJIOXKUTh I = —an B o0Imeit popmyse
v = V4 [Qr| (¢ — paguyc mapa, n — eJUHUYHbIA BEKTOP HOPMAaJIX
K IIJIOCKOCTH KadeHWsl B TOYKE CONPUKOCHOBeHus). Vckomas cBs3b
[IPEJICTABIIAET COOOM yCI0OBUE OTCYTCTBUS CKOJIbXKEHUS B TOYKE Ka-
CaHWs, T.. JaeTCsd yPaBHEHUEM

V —a[Qn] = 0. (38.3)
OHO He MOXKeT OBITH MPOWHTErPUPOBAHO: XOTS CKOPOCTb V IIpei-
CTaBJIET CODOM MOJIHYIO MPOU3BOAHYIO II0O BPEMEHU OT PAJINyC-BEK-
TOpa IEHTPA IIapa, HO 3aTO YIJIOBas CKOPOCTh HE ABJIAETCA B 00IEM
CJIy4ae TIOJTHOHM MPOM3BOIHOM KaKuX-inb0 KoopauHat. Takum obpa-
30M, cBs3b (38.3) HerosoHOMHa ).

[TockosIbKY ypaBHEHUSI HETOJIOHOMHBIX CBI3€l HeJIb3sl MUCIIOJNb-
30BaTh JJId YMEHbBIIEHNUs YUCIa KOOPAMHAT, TO IIPU HAJUYIUNA TAKUX
cBsI3eil HeM36eKHO MPUXOAUTCS MOMB30BATHCS KOOPAMHATAMU, KOTO-
pBble He BCe HE3ABUCHUMBL. J1j1s COCTABIIEHNST COOTBETCTBYIONX YPABHEe-
Huii Jlarpamka CHOBa BEPHEMCS K TTPUHIIAILY HAMMEHBIIIETO AeHCTBUS.

Hanmuwe cBsizeit Buga (38.2) Hanaraer onpeeieHHbIe OTPAHAYIE-
HUS HA BO3MOXKHBIE 3HAYEHUs Bapuanuii KoopAuHAT. VIMEHHO, yMHO-
JKUB 9TW ypaBHEHUs Ha Ot, MbI HaiijeM, 4TO Bapuauuu d¢; He He3a-
BHUCHUMBI, 8 CBSI3aHBI COOTHOIIIEHUSIMHA

> caidgi = 0. (38.4)

OT0 06CTOATENHLCTBO JOXKHO OBITH YUTEHO IIPU BapbUPOBAHUM HEii-
crBus. CorsacHo obremy merony Jlarpam:ka [jis HAXOXKIEHUS YC-
JIOBHBIX 9KCTPEMYMOB, Ha/10 K IIOABIHTEIPAJIBHOMY BBIPAa’KEHUIO Ba-
puanuu IeicTBUS

Y 3aMeTuM, UTO TaKas XK€ CBA3b JJjid KadeHWs LUIUHIAPa Oblia Obl rojo-
HOMHO#R. B 3TOM Cciyuae och BpallleHHMsI COXPAHSET NMPU KAYEHUU OCTOSHHOE
HaIpaBJIeHHE B IPOCTPAHCTBE, u moromy ) = d@/dt sBasercs nomHo# mpous-
BOZHOH OT yIJIa HOBOPOTa ( LMJIMHAPA BOKPYT cBoeil ocu. CoorHomenue (38.3)
[IPU 3TOM HHTErPUPYETCS U NAET CBA3b MEXKIY KOOPAMHATON LEHTPa WHEPIUH
H YyIJIoM @.
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aL d 6L
5S = § :5 oL _d ) dt
8(] dt qu
OpuOaBUTH YMHOXKEHHBIE Ha HeolpeaesleHHble MHOXKUTeIHN (DyHK-
Y KOOpAMHAT) Ay ypaBrenus (38.4), mocse dero nmorpe6osarh 06-
pallleHnsi MHTerpajia B HyJb. [Ipum 3TOM MOXKHO YK€ CUMTATH BCE
Bapuanuu 0q; HE3ABUCUMBIMHU, U MbI [TOJIyIUM yDaBHEHU

doL oL _ ‘
anl - og: = ;)\“cm. (38.5)

Bwmecre ¢ ypaBHeHUsiME cBa3elt (38.2) OHM COCTABJIAIOT MOIHYIO CU-
CTEMY yPaABHEHUI JIJIsI HEU3BECTHBIX BEJIMYUUH ¢; U Ay.

B uznoxkeHHOM MeTO/Ie CHJIBI peaKIuu BOODIE He (DUTYpPUPYIOT;
COTIPUKOCHOBEHUE TEJI EJINKOM YUUTHIBAETCST YPABHEHUSIMU CBSA3€EH.
CyuiecTByeT, OIHAKO, U APYTOil METOJ COCTABJIEHUsI YPABHEHU IBU-
JKEHUSI COMPUKACAIOIINXCA TeJI, B KOTOPOM CHJIbI DEAKINH BBOAATCS
aBHBIM 06pa3oM. CyIIHOCTH 3TOro MeTofa (COCTABJISIONIETO COMED-
JKaHWEe TaK Ha3bIBAEMOro npuHyuna 0’Asambepa) COCTOUT B TOM,
9TO JJIS KayKI0TO U3 COMPUKACAIONINXCS TEJI MUIITYTCS YPABHEHUS

L=yt =%, (38.6)

MpUYEM B YUCJIO JEHCTBYIONIUX HA TEJO CHJI f BKIIFOYAIOTCS TAKIKE
U CHJIBI PeaKIuy; 3TU CUJIbl 3apaHee HEU3BECTHBI U CaMU OIIpe/ielid-
I0TCd BMECTe C JBUKEHUEM TeJjla B Pe3yJIbTaTe PellleHus ypaBHeHUl.
DTOT MeTOJ B PaBHOW CTENEHW NMPUMEHWM KAaK IMPU T'OJIOHOMHBIX,
TaK U IIPU HETOJIOHOMHBIX CBA3HAX.

Bagmgaumn

1. ITosms3ysace npunnunoM x’ Anambepa, HaliTH ypaBHEHUs IBUXKEHUS OZ-
HOPOJHOrO IIapa, KATSMIErocs MO NJIOCKOCTH IOA AEHCTBHEM NPHIOKEHHBIX K
HeMmy BHemiHeil cuibl F u momenta cun K.

P emenue Ypasuenue cssu (38.3) Hamucano yxe B Tekcre. Beoas cu-
sy peakuuu (0o6o3HaunM ee 6ykBoii R), npuiioxKeHHYI0 B TOUKe KacaHUs IIapa
C IUIOCKOCTBIO, HanumieM ypasHeHus (38.6):

dv
E_F-q-R (1)
Ic(li_ﬂ =K —a[nR] (2)

(3mech yureno, uro P = wV u uro ggsa maposoro Bomuka M = IQ). Tudde-
peHIUpPYs YPABHEHUE CBA3K (38.3) IO BPEMEHH, TOJLy 1M

= a[Qn]
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IToncrasus B ypasHenue (1) u uckimovas Q ¢ momompo (2), naiimem ypaBHeHmE
a—Iu(F +R) = [Kn] — aR + an(nR),

ceaswpiBaroniee cuiry peakimu ¢ F u K. Pacnucas 970 ypaBHeHNE B KOMIOHEHTaX
u moncrasus I = (2/5)pa’ (cm. 3amauy 2 6) § 32), Gymem umers
5 2 5 2
Rw:%Ky—?Fw, Ry:—%Kz—?Fy, Rz:—Fz

(nmnockocTs zy BHIGpaHA B INIOCKOCTH KadeHus). HakoHen, MOACTABHB TH BbI-
paxenusi B (1), mOIy4YnM ypaBHEHHs ABUXKEHHsI, COAEPKAIIYE y2Ke TOIbKO 3a-
AaHHbIC BHEITHUE CUJIy U MOMEHT:

de_S( +Ky) dVy_5< K:v)

dt — u\"" a0 dt  u\'Y o)
KommnonenTs 2, €y yryioBoit CKOPOCTH BbIpazkatoTcs depes Vi u Vy, ¢ moMoupio
ypaBHenus csasu (38.3), a mis (, umeem ypaBHEHHUE

2 ,dQ,
gha g — K
(z — xommonenTa ypasHenus (2)).

2. OpHopoansblii crepxkenb BD secom P u mymHObM [
OIIpaeTCs Ha CTEHY, KaK IIOKa3aHO Ha PUC. H2; ero HIX-
Huil KoHe, B ynepxusaerca uutbio AB. Onpenenurs
PEaKIHIO OIIOD U HATAXKEHNE HUTH.

P e e uH u e. Bec crepxxusa npencraBisieTcst npu-
JIOXKEHHOH K ero cepenune cuiioii P, HanpaBieHHOM Bep-
TukaJbHO BHU3. Cusibl peakuuu Rp u Rc HanpasiieHbL
COOTBETCTBEHHO BEPTUKAJIHLHO BBEPX U NEPIEHUKYJISAP-
HO K CTEpXKHIO; HaTsAXKeHue HUTU 1 HampasjeHo or B

k A. Pemenue ypa;rllennu paBHOBecusi 1aeT Puc. 52 B
Reo = Esinmx, Rp =P — Rcsinx, T = Rc¢cosc.

3. Crepxenr AB Becom P
ONUPAETCS CBOUMHU KOHLAMHU Ha
TOPU30HTAJIBHYIO W BEPTUKAJIBHYIO
nyockocru (puc. 53) u yaepKusa-
€TCA B 3TOM IOJIOKEHUU OBYMS
rOPU30OHTAJIbHbBIME HUTAMH AD
u BC; vurs BC nHaxomutTcs B Of-
HOW (BEPTHKAJBHOl) IIJIOCKOCTH
co crepxkaem AB. Onpenenuts pe-
AKIUYU ONOD U HATSXKEHWS] HUTEH.

Pemenune Haraxenusa
uureit T4 u Tg nanpasiens: or A Puc. 53
K D u or B k C. Peakuuu Ry u Rp nepneHaukyJspHBL K COOTBETCTBYIOIIUM
IJIOCKOCTIM. Pelrenue ypaBHEHU PaBHOBECHUS JaeT

P
Rp =P, TB:5ctgfx, Ras =Tgsinf3, Ta =Tgcosf.

4. JIa crepxHs qyiuHOM L coequHeHbI CBEPXY MIAPDHUPOM, a CHU3Y CKpeIlJjie-
ubl HuThI0 AB (puc. 54). K cepenune ogHoro u3 crepkHeii npusoxena cuna F
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(Becom crepxkueit npenebperaem). OmpeAesuTL CUILI PEAKIAM.

P e m e u u e. Harsizkenne uuru T' pelicTByer B
Touke A or A x B, a B Touke B — or B k A. Pe-
akiun R4 u Rp B Toukax A u B nepnesauKy/IsapHbI
K miaockoctu onopsl. Ilocpencreom R 060o3HaUMM
CHJIy Peakiyy B LIAPHUPE, JEWCTBYIOILYIO HA CTEP-
xenb AC; Torma Ha crepxenb BC gneiicTByer peak-
nust —Re. YcioBue paBeHCTBA HYJIIO CyMMBbI MOMEH-
ToB cust Rp, T'u —R¢, meficTByronmx Ha CTEPXKEHb
BC, npuBomuT K pe3yJsbTaTy, 9TO BeKTOp R Ha-
npasiied Baosb BC. OcrajibHble yCioBus paBHOBE-
cus (A1 KaXKAOTO U3 ABYX CTEPXKHeil) NPUBOAAT K
3HAYEHUAM

Puc. 54 3 F
Ra=73F Re=7Ro=q3ars
roe « — yroa CAB.

1
F T= ZFctgoc,

§ 39. /IpmKeHne B HEMHEPIUAJILHOW CHCTEME O0TCUYETa

o cux mop, paccMaTpuBas JBUKEHME JII000M MEXAHUYECKOM CH-
CTEMBI, MbI BCETJ]a OTHOCHUJIN €r0 K MHEPIIUAJIBHON CUCTEME OTCUETA.
Tosbko B MHEPIMANBHBIX CUCTEMAX OTCUeTa (GyHKIua Jlarpamxa,
HaIIpUMeP, OJHOM YACTHUILI BO BHEIITHEM II0JIE UMEET BH,

2
Lo = m2V° - U, (39.1)

¥ COOTBETCTBEHHO yPABHEHWE JIBUKEHUS
mdve _ _oU
dt Or
(Mp1 Byzem B 3TOM maparpade oTaMdYaTh MHAEKCOM () BEJMYUHBI,
OTHOCSAIIUECS K MHEPIUAIBHOM CHCTEME OTCYETA).
3aifiMeMcsd Temeph BOIPOCOM O TOM, KaK BBITJISAAT yPABHEHUS
JBUKEHWS YaCTHUIBI B HEMHEPIUAJIBbHON cucTteme orcuera. OTmpas-
HBIM IIYHKTOM IIPU PEIIEHUH ITOI0 BOIPOCA CHOBA SABJIAETCH IIPHH-
[ATT HANMEHBIIETO NEeWCTBUS, IPUMEHUMOCTb KOTOPOrO HE Or'DaHU-
YeHA HUKAKUM BBIOOPOM CHCTEMBI OTCUETa; BMECTE C HUM OCTAIOTCS
B cuile u ypaBHeHus Jlarpanxa
d 0L _ 0L
dt &v ~ or’
Opnnako dyukmus Jlarpamxa yxe He mmeer Buga (39.1), u qys ee
HaXO0XKI€HUsS HeOOXOAMMO MPOM3BECTH COOTBETCTBYIOIIEE IIpeobpa-
3oBanwue pyukimu L.
970 mpeobpa3oBaHUe MBI IPOM3BEIEM B JIBa IpHeMa. PaccMoT-
puM CHadaJja cucreMy orcdera K', KoTopas JBUXKETCA OTHOCHTEhb-

(39.2)
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HO MHEPIMAJIbHOM cucTeMsbl K MOCTymaTe IbHO CO CKOPOCThio V (t).
Ckopocru vg u v/ gactunpl orHocuTeabHO cucteM Ko u K’ cazanbt
JIPYT C IPYTOM COOTHOIICHHEM

vo=v + V(). (39.3)
[Moxncrasus 3to BeIpazkenue B (39.1), momyunm dyuknuio Jlarpanxka
B cucreme K'

12
L'= m; +mv'V + ng —U.

Ho V2(t) ecTs 3anannas GbyHKINS BPEMEHH; OHA MOYKET OBITH MPe/i-
CTaBJIEHA KaK IOJTHAs IIPOU3BOJHALA [0  OT HEKOTOPO# npyroit QpyHK-
[[UU, ¥ TIOTOMY TPETHUH WIEH B HATMCAHHOM BBIDAYKEHUU MOYKET OBITH
onymen. Hanee, v/ = dr’/dt, rae v’ — paguyc-BeKTOp YacTULBL B CH-
creme koopauaaT K'; mostomy
VR = mVE = & (mvr)

m vi=mVo- = r) —mr—-.
IToxcraBuB 310 B (byHKIMIO JlarpaH>a M CHOBA OILyCTHUB MOJIHYIO
MPOU3BOIHYIO IO BPEMEHHU, MOJYYUM OKOHYIATEBHO:

12
L'="" —mWr - U, (39.4)

rne W = dV /dt — yckopeHne mocTynaTeJIbHOTO JABUKEHUs CHUCTE-
MbI oTcueTa K.
Cocrasisa ¢ momompio (39.4) ypasuenue Jlarpanxka, mosrydnm
!
W =90 —mW (). (39.5)

MpbI BEIUM, UTO B CMBICJIE CBOETO BJIUSAHUS HA YPABHEHUS JBUKE-
HUS 9aCTHUIBI YCKOPEHHOE MOCTYIATENbHOE JIBUXKEHNE CUCTEMBI OT-
CYeTa KBUBAJIEHTHO MOSBJICHUIO OJHOPOJHOTO CUJIOBOTO IOJIsl, TIPH-
9eM JefCTBYIONAs B 9TOM IIOJI€ CUJIa PABHA IIPOM3BEIEHUIO MACCHI
YaCTUIBI Ha yCKOpeHre W M HAIPaBJIE€Ha B MPOTUBOIIOIOXKHYIO ITO-
MY YCKOPEHUIO CTOPOHY.

Beenem Temeps emme ofHy cuctemy orcuera, K, KoTopas mmeeT
obmee ¢ cucremoit K' Hadaso, HO BpaIlaeTcs OTHOCHUTEILHO Hee C
yII0BO# cKOpOCTHIO {}(t); O OTHOIIEHWIO YKe K MHEPIMAIbHON Ch-
creme K cucrtema K coBepImaeT KaK IOCTYIATEJIHLHOE, TAK U Bpa-
ATELHOE JBUYKEHUE.

Ckopoctb v/ wacTuier oTHOCHTEIBHO cucTeMbl K/ ckiambiBaercs
U3 ee CKOPOCTH V OTHOCHTEeNbHO cucreMbl K u ckopocru [{dr] ee
BpallleHus BMeCTe ¢ cucreMmoit K:

v =v+ [Qr]

1dV
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(pammyc-BekTopsl T u r' wactunel B cucremax Ku K' coBnagaior).
[Moxncrasus 310 BHIpazkenue B pyHKmio Jlarpanxa (39.4), nomyaum

L="" 4 mviQr] + 202 —mWr U, (30.6)

970 ecTh obmwmit Bun yHKIMEU JlarpaHxka 9YacTHUIBI B MPOU3-
BOJILHOM HEWHEPIUAJIBHON cucTeme orcuera. OTMETHM, 9TO Bpale-
HU€E CHCTEMbI OTCYETa IIPUBOUT K HOSBJIEHNIO B DyHKImu Jlarpamka
YJIEHA COBEPIIIEHHO 0CODOTO BUIA — JIMHEMHOI'O IO CKOPOCTHU YaCTHIIHI.

Jliis BBIYHMCIEHUS TPOM3BOJHBIX, BXOJAIMX B ypaBHenue Jla-
rpaHrka, 3allMIleM HOJHBIN auddepeHInal

dL = mvdv + mdv[Qr] + mv[Qdr] + m[Qr][Q dr] —
— mWdr — %—ljdr =mvdv + mdv[Qr] +
+ mdr[vQ] + m[[Qr]Q] dr — mW dr — %_’l{ dr.

Cobupas 4ieHsl, cogepxkaiue dv u dr, Haligem

oL _ oL _ B U

5y = v+ m[Qr], = m[vQ] + m[[Qr]Q] — mW o
[MoxcraBus stu BoIpaykeHus B (39.2), HOIyYUM MCKOMOE ypaBHEHUE
IBUXKEHUS

m‘fl—: = _88_[1{ —mW + m[rﬂ] + 2m[vQ] + m[Q[rQ2]]. (39.7)

Msr BEIEM, 9TO «CHJIBI MHEPLIUH», OOYCIOBJIEHHBIE BPAICHUEM
cHUCTeMBI OTCYeTa, ciaralorcs u3 tpex 4acreil. Cuma m[rd] cssa-
Ha C HEPABHOMEDHOCTHIO BPAIIEHNUS, & JBE APYIHe IPUCYTCTBYIOT U
npu pasHoMepHOM Bparnenuu. Cusa 2m/([v ] HaseiBaercs cuaol Ko-
PUOAUCE; B OTJIIMYUE OT BCEX PaHEe PACCMATPUBABIINXCS (HE JUCCH-
[IATUBHBIX) CHJI OHA 3aBUCAT OT cKopocTH dactuisl. Cuma m[Q[r ]|
Ha3bIBaeTCH yenmpobesicnot. OHa HampaBiieHa B IUIOCKOCTH, IIPO-
xopgmeit gepe3 r u () NepHeHANKYIAPHO K OCH BpaleHus (T.e. Ha-
npasieHuio {2), B CTOPOHY OT OCH; [0 BeJINYIKHE IEHTPODEIKHAS CIIIA
paBHa mp§)?, TIe p — PACCTOSHME YACTHIB OT OCH BDAITCHHS.

PaccmorpuM 0co6o cirydail paBHOMEDHO BPAIAIOIIEHCs CUCTEMBI
KOOD/JMHAT, HE MMEIOIIEeil IOCTynaTeJbHOr0 yCKopeHus. [lonoxus B
(39.6) u (39.7) @ = const, W = 0, momnyuum dbyukumo Jlarparxka

2
L= "2+ mv[Qr] + %[Qr]Q -U (39.8)
U ypaBHEHUE NBUXKCHUA

m® = % 1 omlva] + m(Q[rQ)]. (39.9)
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Boruncianm Takzxke QHEPI'UIO YaCTHUIIbI B 3TOM CJIyYae. HO,I[CT&BI/IB

p= g—f = mv + m[Qr] (39.10)
B E = pv — L, nonyuum
2
E="0 -2 +U. (39.11)

O6paruM BHEUMaHWE HA TO, YTO B SHEPIUM JIMHENHBIH IO CKOPOCTH
YWIEH OTCYTCTBYeT. BiusiHue BpalleHusi CUCTEMBI OTCYETa CBOJUTCS
K J00aBJIEHUIO B S9HEPIUH WIEHA, 3aBUCSIIErO TOJIBKO OT KOODJUHAT
9YaCTHUNBI U IPONOPIMOHAJIBHOTO KBaJAPATy YIVIOBOM CKOPOCTH. DTa
JIOTIONTHUTE/TbHAS TOTe A bHag sneprusa —(m/2) [Qr]? nasbisaet-
¢ yuenmpobescrot.
CKOpOCTb V 9aCTHIbl OTHOCHUTEIHHO PABHOMEDHO BpAIAIoIeii-
Csl CHCTEMBI OTCYeTa CBS3aHA C €€ YK€ CKOPOCTHIO V( OTHOCHTEJIHHO
MHEPIUAIBHON cucTeMbl K() COOTHOIIEHTEM
vo =V + [Qr]. (39.12)
ITosromy mmmysse p (cm.(39.10)) gacTuus: B cucreme K cosma-
TaeT C ee XK€ UMILYJIbCOM Py = mVg B cucreme K. Bmecre ¢ Humn
COBIIAJIAIOT TaK’Ke MOMEHTHI mMIyabcoB Mo = [rpg] u M = [rp].

Oueprum ke dactuisl B cucremax K u K pazanunst. [logcraBus v
u3 (39.12) B (39.11), mosyunm
2

2
E = % —mvy[Qr] +U = % + U — m[rvo)Q.
IlepBbie nBa 4ieHa mpeacTaBiaioT coboit suepruio Fy B cucreme K.

BBoag B mocsiemHuil wiieH MOMEHT MMILYJIbCA, ITOJIYIUM
E = Ey — MQ. (39.13)
DToit popMyJIoit onperessieTcs 3aKOH Mpeodpa30BaHus YSHEPTUN
Ipy Tepexofe K PAaBHOMEPHO BPAIIAIOIIEHCS CHUCTEME KOODIWHAT.
XOTs1 MBI BBIBEJIH €70 JIJIs OJHON YACTHUIBI, HO OYEBHUIHO, YTO BBIBOJ,
MOXKeT OBITh HEIIOCPEACTBEHHO 0000IIeH Ha Ciry4aii 1000 cuCTeMBbI
YaCTHII, 9TO IPUBOAUT K Toit ke (opmyie (39.13).

SBagmgauymn

1. HaiiTu oTk/jI0HEHNEe CBOOOJHO IMANAIOIIETO TeJIa OT BEPTHUKAJIM, O0YCIOB-
JieHHOe BpalneHneM 3emun. (YIJIOBYIO CKOPOCTh BPAlleHHsi CYUTATh MAJIOH. )

Pemenune B mone tsxkecru U = —mgr, rae g — BEKTOP yCKOPEHUSI
cBOGOLHOrO majeHusi; npeHebperas B ypasHeHuu (39.9) neHTPoOeXKHOM CHIIOl,
copepxkameii kBaapat (), IOJlyYuM ypaBHEHHE JBUKEHUS B BUIE

v =2[vQ] +g. (1)
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Pemraem 310 ypaBHEHHE HOCIEAOBATEILHBIMU NPUOIIKeHUAMHI. JIjist 9TOrO
[moJIaraeM: v = Vi + Vz, TJl€ V1 — DEIlIeHne yPaBHEHU:A V1 = g, T.€. V1 = gt+ Vo
(vo — nauasnbHas ckopocts). IloncraBiss v = vi + v B (1) u ocraBiss cupasa
TOJIBKO V1, IOJyYUM ypaBHEHUE IJId Va:

v = 2[viQ] = 2¢ [gQ] + 2 [vo2].
WNurerpupys, nomyqyum 23
r=h+vot + &+ TeQ) + £ [voql], (2)

rae h — BeKTOp HAYAILHOIO MOJIOXKEHNUST YACTHILIBL.
Bribepem och z 10 BepTHUKAa/M BBEPX, a OCh & — [0 MEPHU/MAHY K IOJIIOCY; TOrIa

8:=8,=0, g,=—-g Qz=QcosA, Qy=0, Q.=0sinA,
rge A — mupora (KOTOPYIO JJjlsl OIPEAEIEHHOCTH HpeanonaraeM cesepHoii). ITo-
J10xkuB B (2) vo = 0, Haiigem 3
t
z=0, y=—§gQ cosA.

TlopcraBus coma BpeMms najgeHus t ~ 1/2h/g, HalileM OKOHYATENIHHO:
z=0, =—l<%)3/2gﬂcos7\
3\g

(OTpI/II.laTe.TIbeIe 3HAQYEHUA Y COOTBETCTBYIOT OTKJIOHEHUIO Ha BOCTOK).
2. OnpenesuTh OTKJIOHEHHE OT IJIOCKOCTH JJIsl T€JIa, OPOIIEHHOro C HOBEPX-

HOCTH 3€eMJIi ¢ HA49aJIbHON CKOPOCTBIO V.

P e m e H u e. BribupaeM naockocTs 2z Tak, 4TO0BI Vo Jexkasia Ha Heiil. Ha-
qasibHas Bbicota h = 0. [Iist G0KOBOro OTKJIOHeHUs mostyduM u3 (2) (3amaga 1):

t3
Yy = _Eng + t2(Qz'UOz - QZUO:D),
uu, IONCTAaBUB BpeMs mouiera t & 2vo,/g:

2
Y= 4’0% <11}on$ - 'UOzQz)o
g2 \3

3. OnpenenuTh BiaUsHUE, OKA3BIBAEMOE BPAIIEHNEM 3€MJIM HA MaJible KoJie-
GaHus MasTHUKA (TaK Ha3bIBaeMblil masmnux Pyko).

P e m e v u e. IIpenebperasi BepTUKAJbHBIM CMELIEHNEM MasTHUKA KaK Ma-
JIOH BEJIMYMHOM BTOPOTO NMOPSiIKA, MOXKHO CUNTATh ABUKEHUE TeJIa MPOUCXOMsI-
UM B TOPU3OHTATBHON MIOCKOCTH Ty. OmycKas WiIeHsl, comepxamue (2, Ha-
MUIIeM ypPaBHEHUs ABUKEHUS B BUIE

.. 2 . 2 .
4+ wz=2Q0.7y, y+wy=-2Q.z,

rme W — 4acTora KojiebaHuili MasTHHKA 6e3 y4ueTa BpalleHus 3eMJIH. Y MHOXKUB

BTOPOE yDaBHEHWE HA { U CJIOXKUB C IEPBBIM, IOJYy4YUM OJHO yPaBHEHUE

.. S )
E+ 206+ wWE=0
JJ1s1 KOMILJIEKCHOM Beymmunubl & = x + 4y. [Ipu Q, < w peueHune 3Toro ypasHe-
HUS UMEET BHJ, it it it

E=e # (Ale + Aze )
M it
z+iy=e " (2o + iyo),
rae dysxmuu zo(t), yo(t) maroor TpaekTopmio MasTHuHKa 6e3 ydueTa BpPAIlEHUS
emsu. Bauanue 3TOro BpameHus CBOAMTCH, CIEIOBATEIBHO, K MOBOPOTY TPa-
€KTOPUHU BOKPYT BEPTHKAJHU C yTJIOBO CKOPOCTBIO ).



FIABA VII

KAHOHNYECKHUE YPABHEHNIA

§ 40. Ypasuenuna l'amuibToHA

QopmyaupoBaHue 33KOHOB MEXAHUKHU C MTOMOIIbI0 DyHKINE Jla-
rpasxa (1 BHIBOAVIMBIX M3 Hee ypaBHeHuii Jlarpan»ka) npe/mosnara-
€T OIMCAHNE MEXAHUIECKOTO COCTOSIHUS CUCTEMBI ITyTEM 33JAHUS €€
0000IIIEHHBIX KOOPJAUHAT U CKOpocTeil. Takoe ommcanue, 0JHAKO, HE
SIBJISIETCSI €MHCTBEHHO BO3MOXKHBIM. PsiT IpemMyInecTs, B 0COOEH-
HOCTH TIPY WCCJIEAOBAHUU PA3JIUYHBIX OOIMUX BOIPOCOB MEXAHWKW,
MIPEJICTABJISET OMMCAHNE C TIOMOIIBIO 0OODIEHHBIX KOODJAWHAT U MM-
MyJIbCOB CUCTEMBI. B CBA3M ¢ 9TUM BO3HHKAET BOIIPOC O HAXOXKJICHUN
YPaBHEHWIT IBUKEHVIsT, OTBEYAOIIIX TAKOH (hOPMyJIMPOBKE MEXAHUKMY.

[Tepexox oT omHOro HabOpa HE3ABUCHMBIX IIEPEMEHHBIX K MIPY-
TOMY MOXKHO COBEPIIUTH IIyTeM MpeoOpa30BaHusl, U3BECTHOTO B Ma-
TEMATHUKEe I0J] HA3BAHUEM npeobpadosanus Jlesorcandpa. B manaom
CJIy4ae OHO CBOIUTCS K CJIEIYIOIIEMY.

[Tonustit nuddepentman dynknun Jlarpanxka Kak GyHKIUN KO-
OPJIMHAT M CKOPOCTU PABEH

_N\"oL oL ,.
dL - Za_q, dQ'L + Za_qz dq,.
1 )
STO BbIpazK€Hue MO2KHO HallCaThb B BHUIE
dL =3 pidg; + 3 pi di, (40.1)

HOCKOJIBbKY Ipou3Boable L /0§; ABIdr0OTCs, IO OIpeIesIeHnio, 0606-
IIEHHBIMY UMITyJbcamu, a OL/0q; = p; B cuity ypasaenuit Jlarpamxka.
ITepemucas Teneps Bropoit ueH B (40.1) B Buze

Yopidgi = d(X pids) — X 4 dp,

nepenecs nonbii guddepennuan d(Y pi¢i) B neByto gacTh paBeH-
CTBa WM M3MEHMB BCe 3HaKH, moiaydnm u3 (40.1):

d(X pigi — L) = =Y pidg; + Y qi dpi-
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Bennuwuna, crosmas mon 3nakoMm auddepeHImaia, IpeacTaB-
sgteT coboit sHepruio cucreMbl (cM. § 6); BbIpakeHHas 9epe3 KOOp-
JWHATHI ¥ UMITYJIbChI, OHA HA3BIBAETCHA 2aMUALTOH060T PyHKyuet
CHCTEMBI

pv qv 2 Diq; — L. (402)
N3 muddepennmanbroro paBeHCTBa
dH = =37 p; dg; + - ¢ dpi, (40.3)
CllelyI0T ypaBHEHUs
. OH . OH

9T0 — MCKOMBIE YPABHEHUS JBUKEHUS B IEPEMEHHBIX P U ¢, TaK
Ha3bIBaeMble ypasneHus I amusbmona. OHU COCTABIISIOT CUCTEMY 28
nuddepeHIaIbHbIX YPaBHEHNI TIEPBOTO MOPSIIKA I 28 HEN3BECT-
HbIX byHKIWMi p(t) u ¢(t), 3amensromux coboit § ypaBHEHUIT BTOPOTO
MTOPSIIKA, JIATPAHXKEBOTO MeTOna. BBumy ux dhopMajbHOM TPOCTOTHI
¥ CHMMETPUM 3TH yPABHEHUsI HA3BIBAIOT TAKXKE KAHOHUYECKUMU.

[Tonurasa HpOI/IBBO,ILHaH oT dyHKIMN ['aMuIbTOHA 1T0 BpeMeHn

dH _ OH .
M=y Z—(Iz ap. D

ITpu noxcranoBke ciofa ¢; u p; u3 ypasuenuit (40.4) mociegaue nsa

YJIeHa B3aMMHO COKPAIIAIOTCS, TAK UTO
dH _ 8H
dt ~ ot

B wacTtHOCTH, ecniu dyHKIud [aMUIbTOHA HE 3aBUCUT OT BPEMEHM

aBHO, T0 dH /dt = 0, T.e. MBI CHOBA IPUXOJUM K 3aKOHY COXPAHEHUSI

SHEprumu.

Hapsiny ¢ muaaMuyecKkuMu epEMEHHBIMU ¢, ¢ WK G, P QYHKITUN
Jlarpanxka n ['aMuabTOHA COMEPKAT PA3IUIHBIE TAPAMETPHI — Be-
JIMYUHBI, XapaKTEePU3YIOIue CBOUCTBA CaMOM MEXaHUYECKOU CHUCTe-
MBI WU JeHCTBYIONIETO HA Hee BHEITHero mojid. IlycTh A — Takoii
mapameTp. PaccMaTpuBas ero Kak MEPEMEHHYIO BEJIWYMHY, OyaeMm
numerb BMecTo (40.1) BbIparkeHue BHIA

dL = 3 pidg; + Y opi dg; +
nocsie gero BMecto (40.3) mosydnm

dH = Epz dg; + 2‘11 dp; —
OTcroga HAXOOMM COOTHOIIIEHUE

(40.5)

3_Ld7\,

3Ld7\.
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3, -,  w

CBSI3BIBAIOIIEE YACTHBIE TPOU3BOIHBIE TI0 TAPAMETPY A OT (QyHKIIHIA
Jlarpamka m [aMuiabTOHA; WHIEKCHI y MPOM3BOIHBIX YKA3BIBAIOT,
aro guddepeHIupPOBaHTE JOKHO TPOU3BOIUTHCS B OJHOM CJIy9ae
MIPHU TIOCTOAHHBIX P U ¢, & B APYTOM — TIPHU MOCTOAHHBIX ¢ U (.

OTOT pe3yJIbTaT MOXKET OBITh MPEJICTABJIEH U B APYTOM ACIIEKTE.
ITycts dynkuua Jlarpamxa umeer sux L = Lo + L', tne L' npen-
cTaBjger coboit Majyio m06aBKy K ocHOBHOHN (yukimu Lg. Torma
COOTBeTCTBYIOMas 106aBka B dpynknuu [amuibsrona H = Hy + H'
cBsazaHa ¢ L' cooTHOmenneM

(Hl)p,q = _(Ll)q,q- (40-7)

Bamernm, uro B npeobpazoBanuu or (40.1) x (40.3) Mbl He nu-
casiu 4jieHa C di, yYUTHIBAIOMIET0 BOSMOXKHYIO SBHYIO 3aBUCAMOCTH
dbynkuu Jlarpamxka oT BpeMeHH, TIOCKOJIbKY MOCJIEHEE UTPAJIO ObI
B JIAHHOM ACIIEKTE JIAIIb POJIb TIAPAMETPA, HE MMEIOIIEr0 OTHOIIECHU S
K [IPOM3BOIMMOMY IpeobpazoBanmio. Axasornauo ¢opmysie (40.6)
9aCTHBIE POU3BOJHBIE TI0 BpeMenu OoT L u or H CBA3aHBI COOTHO-

IeHneM
(%_Ij)p,q - (%_?)q,q' (408)

Bamgauymn

1. Haittu dyuknuio l'amuiprona 1jist OgHON MaTepuaJbHOM TOYKY B IeKap-
TOBBIX, [UJIMHAPUYIECKUX U CHEPUIECKUX KOOPAMHATAX.
O v Be T B mekaproBeix KOOpAuHATAX T, Y, 2:

1
H=—+p.+p)+U(z,y,2);

2m
B IMIMHIPWYECKUX KOOPAUHATAX T, @, 2:
1 p2
H=— (p?» +22 +p3> +U(r, 9,2);
m T

B chepuyecKux KOOpAuHATAX T, 0, @:
1 (5, p P
H=_— -4+ U(r,0,¢).
2m(pr+'r2+rzsin29 +U(6,0)
2. Haiitu dyukiuio l'amMunbToHa 4acTHIBI B PABHOMEPHO BPAIIAOMIENCS

CHCTEME OTCYETA.
Pemenne Uz (39.11) u (39.10) nomyunm

p2
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3. Haiitu dbyukuuio lamuibroHa cucreMbl M3 OAHOM YacTHIBI C MacCOi
M u N 4YacTuly ¢ MacCaMu M, C UCKJIIOYECHHBIM ABUXKEHUEM LEHTPa WHEPIUN
(cm. 3amauy x § 13).

P emenue Dueprua F nonyuyaercs u3 HaieHHOM B 3a5a4e K § 13 dyHK-
uun Jlarpanxa nsmenenueM 3Haka nepen U. O600LeHHbIE UMITYJIBCHI:

OTciona nmeeM

Zpa—mzva_—z a—— Va,

=+ i Z Pa-
IloncraBus B F, Haiigem

= 3 P+ gy (Sp)

§ 41. ®ynakuua Payca

B HEKOTOPBIX CiIydasx MOMXKET OKA3aThCHA IeJIeCOOOPA3HBIM IIPU
mepexo/ie K HOBBIM IIEPEMEHHBIM 3aMEHWTb HA HMITYJIbChI HE BCE
00001IIeHHBIE CKOPOCTH, a TOJBKO HeKoTopbie um3 HuX. CooTBeTcT-
BymoIIee mpeoOpa30BaHMWE BIIOJIHE AHAJIOTUYHO IPOU3BEIEHHOMY B
peaplayIIeM maparpade.

Jna ynpomenus 3amucu GOPMYJ MPEIIOJIOKAM CHAYAJA, UTO
MMEIOTCS BCEro JBe KOOPAWHATHI, KOTOPhbIe MbI 0OO3HAYMM, KaK ¢
u &, v mpomsBemeM Ipeobpa30oBaHUE OT HEPEMEHHBIX ¢, &, g, & K
mepeMeHHBbIM ¢, &, p, &, THe p — ODODIIEHHBIN MMITYJIbLC, COOTBET-
CTBYIOIIMI KOOPAMHATE (.

,anbcbepeﬂunan (byHKm/m HarpaHx{a L(q,&,q, &) paBeH

dL =2 dq+ d+ dE,-i— dE,—

—pdq+pdq+ d£+ E
OTKYyZla MOJydaeM

d(L —pq) = pdq — qdp+ d<i+ d&

Beenem dbynkmuio (Tak Ha3bIBaEMYyIO gﬁymmmo Payca)

B KOTODO#l CKOPOCTb ( BBIpasK€Ha HYEPEe3 UMITYJIbC P MPH MOMOIIN

paBercrBa p = OL/0q. duddepennmas
. vdp — 2L ae — OL gz
dR = —pdq+ qdp aadﬁ Béda' (41.2)
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Otkyma cnemyer, 9To
. _®R . _ OR
q= %7 p= _6_q’
OL OR oL OR
BT T i ok (41.4)
IMoxcTasiisia mocaeaHue PABEHCTBA B ypaBHeHHUE JlarpaH:ka Jjis KO-
OpIUHATHI &, TOIyYnM

(41.3)

d &R _ 8R
T gf = 6
Takum obpasom, dyHkus Payca sBIseTcss TaMUJIBTOHOBOM 10
OTHOILIEHWIO K KoopauHare ¢ (ypaBHenus (41.3)) u sarpan:kesoii mo
oTHOIIEHMIO K KoopauHate & (ypasrenue (41.5)).
CorytacHo 006IIEMY OIPEIEIEHUIO JHEPTHUSA CUCTEMBI

_.O0L ;0L . _ . :8L _
E_q6_+£§ L—pq-l—&&é L.

(41.5)

q
Ee Boipaxkenmne uepes ¢dyukimio Payca mosmyuaercs: myreMm mojcTa-
HOBKH ciofa (41.1) u (41.4)

E=R-{%% (41.6)
9k

O60061eHne MOy YeHHBIX (POPMYJI Ha CIIyUail, KOT/1a UMEETCs II0
HECKOJIbKY KOOPAHMHAT ¢ U &, OYEBUIHO.

[Tpumenenne pynkuum Payca mMoxkeT OBITH I€71€CO00PA3HBIM, B
YaCTHOCTH, IPY HAJIMYUHU IUKJINIECKUX KOOpauHaT. Keam koopamHa-
THI ¢ — IUKJIAYECKUE, TO OHU HE BXOIAT BHBIM 06pa30M B (DyHKIHIO
Jlarpanxa, a moromy u B yHkImio Payca, Tak 4T0 nocnenusas 6y-
get MYHKIMER TOIBKO OT P, &, &. Ho mMmmysibeer p, cooTBeTCTBYOIITIE
[UKJINIECKUM KOODAMHATAM, [IOCTOSIHHBI (9TO CJI€AyeT M U3 BTOPO-
ro u3 ypasHeHuil (41.3), KOTOpOEe B 9TOM CMBICJIE HE JA€T HUYErO
HOBOrO). ITocse 3aMeHbI UMITYJILCOB P UX 3aJaHHBIMU HOCTOSHHBIMU
3HaueHUsAMH ypaBHeHus (41.5)

d OR(p,&,&) _ OR(p,&, &)
dt oE, 0§,
MIPEBPATATCA B YPaBHEHUsI, COJIEPXKAIIUE TOJIHKO KOOPAUHATHI &, TaK
YTO IHUKJINYECKHE KOOpﬂI/IHaTbI T€M CaMBbIM HCKJ/IIOYAOTCA IIOJIHO-
crbio. Eciu atu ypaBHenus pemtens! u dyukuyn &(t) HaiigeHsl, TO,
IIOOCTaBUB X B HpaByIO qacCTb ypaBHeHHI’I
. OR(p,&,€)
q= “op
MBI HafiieM IpsIMBbIM MHTerpupoBanueM byHkmuu q(t).




176 KAHOHUYECKUE YPABHEHUI A T'JI. VII

SBamauga

Haiitu dynkmuio Payca cuMmmerpumdeckoro BosiuKa BO BHEIIHEM IIOJIE
U(¢,0), nckmo4us nukiandeckyo xoopausary P (P, ¢, 0 — siinepossl yribi).
Pemenue PDynknua Jlarpanxka

L= —(92 + ¢ sin” 0) + —3(11)2 + ¢ cos0)’ — U(p,0)
(cp. 3anaay 1 § 35). Oyukiusa Payca

2
R=py— L—f—pwcose——(ezw sin’ 0) + U(9,0);

MEPBBIA YjIeH B 9TOM BBIPAXKEHUU IIPEICTABJISIET COOOM IMOCTOSHHYIO, KOTOPAs
MOXeT OBITH OIYIIEHA.

§ 42. Cxobku Ilyaccona

IIycrs f(p,q,t) — HekoTOpas DyHKIMS KOODAWHAT, UMILYJIHCOB
U BPEMEHHN. COCT&BI/IM ee nonHylo nponsBo,tuIo [0 BpEMEHH

i = 20 (et o)

¥y Z g0k T 5k ) -
IToncraBuB Crofa BMECTO () U pk UX BBIpayKeHUs U3 ypasHeHuii 'a-
munbToHa (40.4), nomydum

o0 gl (42.1)

rlie BBEIEHO 0DO3HaYEHHE

-y <6H o _omory
k

dpr, 8qr  Ogqr, Opk

Bripaxkenne (42.2) masbiBaoor ckobkamu Ilyaccona mis BeIwdwH

Takue GyHKIMU OT JUHAMAYECKAX IIEPEMEHHBIX, KOTOPBIE OCTa~
IOTCSI TIOCTOSIHHBIMY [IPY JBUKEHWUY CHCTEMBI, HA3bIBAIOTCS, KAK MBI
3HAEM, UHMezpasamy dsudicerus. Mol Buaum u3 (42.1), uro yciosue
Toro, urobel BesmuuHa f Oblia mHTErpasoMm apuxenus (df /dt = 0),
MOKHO HAINCaTh B BUJE

Ol =0 (42.3)
EC.T[I/I 2K€ MHTEI'paJl ABU2KEHUA HE 3aBUCUT OT BpEMEHU ABHO, TO
{Hf}=0, (42.4)

T.e. ero ckobku Ilyaccona ¢ dyukmnueit ['amMunabToHa JOMXKHBI 00pa-
IATHCS B HYJIb.

Hna mroboit mapsl BemuuwH f u g ckobku [lyaccona ompemess-
I0TC aHAJIOTH4IHO (42.2):
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ey =3 (pLoe 2L %) (42.5)
k

6pk 6qk aqk apk

Cxobku Ilyaccona 06agaioT CIIEAYIOMMMHA CBOMCTBAMH, JIETKO BbI-
BOJIIMBIMU U3 OIPEJIEIICHMUSI.

Ecnu mepectaButh GyHKIUM, TO CKOOKU TMEPEMEHAT 3HAK; €CJIU
oxHa u3 GyHKIM — nocrosiHHas (c), TO CKOOKa paBHa HyJIO:

{fe} = —{&f}, (42.6)
{fet=0. (42.7)
Haaee,
(42.8)
(42.9)

{fi + fo, 8} = {frg} + {fa8},
{fif2, g} = fi{fog} + fo{frg}-

Bzas gactayio np01/13Bo,tu10 or (42.5) mo BpemeHH, Oy IUM

{fg} { } {f } (42.10)

Ecnu onna uz d)yHKm/m f wim g coBmamaeTr ¢ ONHUM W3 UM-
IIyJIbCOB MJIM KOOpAMHAT, TO cKOOku Ilyaccona cBoasTca mpocTo K
YaCTHOU IIPOU3BOJHOI]:

{fae} = %, (42.11)

1o}

{foi} = —5L. (42.12)
®opmyay (42.11), manpumep, mosxydnm, moiokus B (42.5) g = qi;
BCA CyMMa CBeJIeTCS TIPH 3TOM K OJHOMY WJIEHY, TaK KaK g—q = O,

1

a g—?}k = 0. [Tooxus B (42.11) u (42.12) dyuxmio f paBHOii g; u p;,
1

[OJTy9Y¥M, B YACTHOCTH,
{@ia} =0, {pipk} =0, {pigk} = dik- (42.13)
Mexny ckobkamu [lyaccona, coctaBieHHbIMU 13 TPEX DYHKIHIA,
CYIIECTBYET COOTHOIIEHUE

{r{gh}} + {e{nf}} + {r{fe}} = 0; (42.14)
OHO HA3bIBAETCA Mmoorcdecmeom xobu.

s ero nokaszarenbcrBa 3amernm ciemyromee. CoriacHo ompe-
nenennio (42.5) ckobku Ilyaccona {fg} siBnsiorcs GunuueiiHol on-
HOPOAHON (DyHKIHE] TPOU3BOAHBIX IIEPBOIO MOPSAIKA OT BEJIMIHH f
u g. [Tosromy, Hanpumep, ckobka {h{fg}} npencrasiser coboii iu-
HEIHYI0 OAHOPOHYIO (DYHKIMIO IPOU3BOJHBIX BTOPOIO IOPSIKa OT f
u g. Bes ke sieBasi wacTb paBencrsa (42.14) B mesioM ecTh JinHeHAS
oxHOpOAHAas QYHKIMS BTOPBIX IIPOU3BOAHBIX OT BCEX TPeX (hyHKImiA
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f, g h. CobepeMm BMecCTe UJIEHBI, COJEPIKAIINE BTOPBIE TPOU3BOJI-
mble oT f. [lepBas ckOOKa TaKWX UJIEHOB HE COIAEPKUT — B HEM €CThb
TOJILKO TEPBBIe TMpon3Bogube oT f. CyMMy »Ke BTODOI M TpeThei
CKODOK TIEPENUIIEM B CHUMBOJIMYECKOM BUJIE, BBEIS JIMHEHHbBIE T-
depenIuaabable onepaTopbl D1 u Do COrIacHO

- Di(¢) = {ge}, D2(¢)={ho}.
orjga

{elhrt} +{n{fe}t} = {g{nf}} —{r{gf}} =
= Di(D2(f)) — D2(D1(f)) = (D1D2 — D2D1) f.
Jlerko BUAETH, 4TO TaKasi KOMOMHAIMs JIUHERHBIX nuddepeHImaib-
HBIX OIEPATOPOB HE MOYKET COIEPKATH BTOPHIX IMPOU3BOJIHBIX OT f.
B camom gene, obmuit Bun sguseiiHbIx nuddepeHIaibHbIX onepa-

TOPOB €CTh
0 0
_D - —_— D = J—
1 Xk:‘ikawka 2 Xk:nkamk,
rae &g, 1) — IPOU3BOJIbHBIE (byHKHI/II/I nepeMeHme :vl, Z9,... Torma

0 0
Do Dy = anal Ozr0xy + an Oz, Oz1’

a Pa3HOCTDb 93TUX HpOI/IBBe,Z[eHI/II/I

B om 9\ 0
DDy — DyDy = ; <£k8w' Nk 6%) e

€CTb CHOBA OIIEPATOP, COAEPIKAIIMI TOJIBKO OJHOKpaTHbIE nudde-
pennupoBanus. Takum o6pa3oMm, B j1eBoi 4acTu paseHcrsa (42.14)
B3aMMHO COKPAINAITCS BCE YJIEHBI CO BTOPBIMU IIPOU3BOIHBIMY OT f,
a TIOCKOJIBKY TO K€ CaMO€ OTHOCHUTCS, OYEBUIHO, M K (PYHKIUAM &
u h, TO 1 BCce BbIpaXKEHNE TOXKJIECTBEHHO OODAIIAETCA B HYJIb.

Baxknoe cBoiicTBo ckobok Ilyaccona cocrout B ToM, uTO eciau f
U g — JBa WHTETPAJIa, IBUKEHUS, TO COCTABJIEHHBIE U3 HUX CKOOKM
TOXE SBJISIOTCS MHTEIPAJIOM IBUKEHUS

{fg} = const (42.15)

(tax HasbIBaeMas meopema Ilyaccona).
Jloka3aTeIbCTBO 9TOM TEOPEMBI COBCEM IIPOCTO, ecau f u g He
3aBUCAT OT BpeMeHu gBHO. Ilonoxkus B Toxnecrse fAxodu h = H,

U ey + (el + (elH A =0
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Orciona Bunso, uro ecmu { Hg} = 0u{H f} =0, rou {H{fg}} =0,
9TO U CJIENOBAJIO JOKA3aTh.

Eciu xxe wHTErpasbl ABIKeHUs f U g 3aBUCAT SIBHO OT BPDEMEHH,
TO MOKHO 3aIucaTh Ha ocHoBaHuu (42.1)

d 0

et =g {fet + {H{fg}}.
Bocnosssosasumucs dhopmyinoii (42.10) u 3amenus ckooky {H{fg}}
JBYyMsl IPYTEMH [PH IIOMOIY TOXKAECTBA ZK0OH, Moy anmM

Glrey={Fep + {5} - (et} - (a(H ) =
U v qmfy g+ {1, %+ (He}

d _[df dg
e = Eg} + {fa} , (42.16)
OTKY1a OUEBHJIHO JOKA3aTEIbCTBO TeopeMbl [lyaccona B obirem ciry4ae.
Pasymeercs, mpumenss Teopemy Ilyaccona, Mbr He Beerma 6ymem
MOJTy9aTh HOBBIE MHTETPAJIBI JBUKEHUS, TAK KaK WX YHCIO BOOOIIE
orpanudeHo (2s—1, rae s — uncio creneneii ceo6oasr). B HekoTOPBIX
CIIy9asiX MbI MOXKEM TOJIYYUTHh TPUBUAJIBHBIN PE3YIBTAT — CKOOKM
IIyaccona cBeayTca k mocTogHHON. B Apyrux ciaydasx BHOBB ITOJIY-
YEHHBIN MHTErpPaJl MOXKET OKA3aThCA MPOCTO (PYHKIMEH MCXOTHBIX
nHTErpasoB or f u g. Kciam ke He mMeeT MecTa HU TOT, HU JPYTOi
ciay4ait, To ckobku [lyaccoHa JaroT HOBBIN MHTErpaJ JBUKEHUS.

Bamauymn

1. Onpegmenurb ckoOku IlyaccoHa, COCTAaBIEHHBIE M3 AEKAPTOBBIX KOMIIO-
HEHT MMITYJIbCa P U MOMeHTa uMIrysibca M = [rp]| MaTepuasbHON 4acTHIbL.
Pemenne C nomompio popmyist (42.12) naxomum

oM, 2 _ _
{M.py} = — Ay = 6y(ypz 2py) = —Pp-

¥ aHAJIOTMYHBIM 00pa3oM emie aBe hopMyJIbI

{Mzpz} =0, {Map.} =py.

OcrasibHBIe CKOOKM TOJIy9alOTCsl OTCIO/Ia IMKJIMYECKONW MEePEeCTAHOBKON WHIEK-
COB Z, ¥, 2.

2. Onpegnenntb ckobku Ilyaccona, cocraBieHHbIe U3 KOMIOHEHT M.

P emenue. Ilpamoe Boruncienue mo dpopmyse (42.5) naer

{M. My} =-M,, {MyM,}=-M,, {M.M,}=—-M,.

HOCKOJ'Ibe UMIIyJbChI 1 KOOPDAWHATHI PA3/IMYHBIX YaCTUILL ABJIAIOTCA HE 3a-
BUCHUMBIMU OPYI OT Apyra NepeMeHHbIMH, TO JIE'KO BUAETH, YTO IIO/JIYy4YCHHBIE
B 331a4ax 1 u 2 hopMysIbl CIpaBENJIMBLI U [JIS OJHBIX MMIIYJIBCA M MOMEHTA
10001 CHCTEeMBbI YACTHII,
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3. Ilokasarp, uTo
{(pMZ} = 07
roe @ — jobas ckaisipHas (YHKISA KOOPAUHAT U UMILYJIbCA YaCTHILBL.
Pewenue CrangpHas OyHKUuS MOXKET 3aBUCETH OT KOMIIOHEHT BEK-
TOPOB I' ¥ P TONBKO B KOMGuHanusx r2, p2, rp. Ilosromy

¢ _ 99 490
or  O(r)? o(pr)
u aHajgoruvHo Juig 0@ /Op. VIcKkoMOe COOTHOIIEHUE MIPOBEPSIETCs NPSAMBIM BBI-
uyncsienneM no ¢opmyste (42.5) ¢ yuerom ykasaHHbIx npasui guddepeHmppo-
BaHMUS.
4. TlokazaTb, 9TO

- 2r

{fM.} = {fn},
rae f — BekTOpHas PyHKIMSA KOOPAUHAT U UMILYJIbCA YaCTULbI, & N — €IUHUY-
HBIA BEKTOD B HAIIPABJIEHUU OCH 2.

P em e 1 ue. IIpousBonbubiii BekTop f(r, p) MoxeT OBITH HaNUCAaH B BU-
ne f =r@i1 + pe2 + [rp]@s, tae @1, P2, 93 — ckansapusle dbyakuun. Mckomoe
COOTHOLIEHUE TPOBEPSIETCS MPSIMBIM BBIYHUCJIEHHEM C IoMoIbio dopmys (42.9),
(42.11), (42.12) u dopmynsl, ykasaHHOH B 3amade 3.

§ 43. [deiicrBue Kak (yHKIUS KOOPIMHAT

[Ipu bopMyanpoBKe IPUHIUIIA HANMEHBIIETO AeHCTBAA MBI PaC-
CMaTpUBAJIN WHTETPAJI

to
S = / Ldt, (43.1)
t1

B3STHIA 110 TPAEKTOPUU MEXKIY ABYMs 33JaHHBIMU IIOJIOKEHUSMU
¢ u ¢, koropsle cucTeMa 3aHEMAET B 3aJAHHBIE MOMEHTHI BpE-
MeHnu t1 u ty. [Ipu BapbupoBaHuU XKe IEACTBUS CPABHUBAJINCH 3HA-
YEHUd ITOTO MHTErPaJIa JJisd OJIM3KUX TPAEKTOPH C OJHUMU U TEMU
ke 3HadeHusMu ¢(t1) u ¢(t2). Jlumb ogna u3 ITHX TpaekTOpHUil OT-
BeYaeT MUHUMAJbLHOMY JIBMKEHUIO — Ta, JIJIs KOTOPOi MHTEerpas S
MWHIMAJIEH.

PaccmoTrpuMm Temeps noHaTre aeiicTBuS B ApyroM acuekTe. Vmen-
HO, OyZIeM paccMaTpuBaTh S KaK BEJIMYMHY, XaPAKTEPUIYIOIIYIO IBU-
JKEHHE 0 UCTUHHBIM TPAEKTOPUSIM, U CPABHUM 3HAYEHUS, KOTOPBIE
OHa MMeeT Jis TPaeKTopwmii, nMmeronmx obiee Hagayo q(t1) = g,
HO IPOXOASAIINX B MOMEHT lp depe3 pasjinydHble MOoJoKeHud. [Ipy-
TUMU CJIOBaMU, OyJEM paccCMaTpPUBATh MHTErPAJ JEACTBUS JIJIsT WUC-
TUHHBIX TPAEKTOPHi KaK (PYHKIINIO 3HAYEHUN KOOPINHAT B BEPXHEM
npejiesie MHTETPUPOBAHUS.

V3menenne neiicTBUS NpPH IEPeX0o/ie OT OMHON TPAEKTOPHH K
OJIM3KOM K HEll APYroil TPAEKTOPUY JAETCS (HpI/I OZIHOU CTeIleHU CBO-
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6oxpl) BbIpaxkeHueM (2.5)

o F

2 oL d OL
% t1+/ (3_q B E@T‘;) bq di.

t1

[ToCKOJIbKY TPAeKTOpUM JIeHCTBUTENHHOTO JBUKEHUS Y IOBIETBOPSI-
0T ypaBHeHUsM JlarpaHka, TO CTOSIINIA 3/1eCh MHTErPAJ obpara-
eTcd B HyJib. B IepBOM »Ke WiieHe MOJIaraeM Ha HUXKHEM IIpefiesie
dq(t1) = 0, a 3nauenue dq(ty) 0603HAUMM IPOCTO, KAK Og. 3aMeHUB

takxke OL/0q Ha p, mosyunm oKOHYATEIHHO: 0S5 = p dq niu B 0bIEM
cirydae Jro00ro 4ucia cremeneil cBoboIbI

58 =3 pidg;. (43.2)

W3 3Toro cooTHOIIEHNS CIeayeT, 9To YaCTHbIE IIPOU3BOAHBIE OT
,HeﬁCTBHH IIO0 KOOpAuHaTaM PaBHBI COOTBETCTBYIOIIINM HMILYJIbCaM

(43.3)

AnamorngsbiM 06pa3oM JIefCTBAE MOXKHO OHUMATH KaK sIBHYIO
GbyHKIUIO BpEMEHU, PACCMATPUBAs TPAEKTOPHUM, HAYUHAIOIINECS B
33JJaHHBII MOMEHT BPEMEHHM f1 B 3aJaHHOM IIOJIO2KECHWUU q(l), HO
3aKaHYMBAIOIINECT B 33JaHHOM IIOJIOXKEHUU q(2) B Pa3JIMYHBbIE MO-
MeHTbI BpeMmeHu ty = t. [loHMMaeMyi0 B 3TOM CMBICIIE YACTHYIO
npou3BoAHY0 0S/0t MOXKHO HaWTH IIyTeM COOTBETCTBYIOIIETO Ba-
pbupoBaHus nHTErpaJa. IIpoie, 0fHaKO, BOCIOIH30BATHCA YKE U3~
BecTHOW HaM ¢opmyJoit (43.3), mocTynus ciaemyromum 06pa3oM.

ITo camomy ompenesieHUIO IEHCTBUSA €r0 ITOJIHAS IPOU3BOIHAS 110
BpeMEHU BJOJIb TPAeKTOPUU PaBHA

ds

==L (43.4)

C npyroit cTopoHbI, paccMaTpuBasi S Kak (PYHKIUIO KOODAUHAT W
BPEMEHU B OIMCAHHOM BBIIIe CMBICJIE ¥ UCIOJIb3ys dhopmyiy (43.3),

rMeen ds oS oS oS
FTi +ZB_%Qi =5 +ZPiQi-
i 1
CpaBuuBas 06a BBIparKeHNs, HAXOAUM

as _
E—L_sz‘b
i

ds
di

_ oL

55—6_{1

3q: = Di-

1M OKOHYaTEJIBHO

- _H. (43.5)
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®opmyanst (43.3) u (43.5) BMecTe MOXKHO 3amucaTh B BUAIE BbI-
paskeHus

dsS = Zpi dg; — H dt (43.6)

uist ojtHOTO nudpdpepeHImalia qefcTBus Kak (DYHKIMN KOOPIUHAT
U BPEMEHU B BepxHeM mpezesie uaTerpuposanus B (43.1). Ilpenmo-
JIOXKUM TEIEPb, YTO U3MEHSIOTCS KOOPAUHATHI (U BpeMsi) HE TOJIBKO
KOHIIa, HO W HadaJia apukeHns. QOUeBUIHO, 9TO COOTBETCTBYIOIIEE
u3meHenue S OyzeT 1aBaThCs PA3HOCTHIO BhIpakeHuit (43.6) Ha 060-
UX KOHIAX, T.€.

dS =¥ pPdg® — H@at@ — 3 pMagM + FO#M.  (43.7)

OTO COOTHOIIIEHUE yXKe CaMO MO cebe MOKA3BIBAET, YTO, KAKOBO
OBl HU OBLIIO BHEIITHEE BO3JEMCTBUE HA CUCTEMY BO BPEMSI JBUXKEHUS,
ee KOHEYHOe COCTOSHHE He MOXKET OBbITH IMPOM3BOJILHON (hyHKIHEH
HAYAJIBHOTO, — BO3MOXKHBI TOJILKO TAKUE JIBUXKEHWS, TPU KOTOPBIX
BBIDAKEHNWE B IIPaBoil dacTu paBeHcTBa (43.7) sBjsieTCs MOJIHBIM
muddepenmmanom. Takum obpazom, yke camblit HakT CyIIecTBO-
BaHUS IPUHITATIA, HAMMEHBIETO JeMCTBYS, HE3aBUCUMO OT KOHKDET-
HOTO BHIa (yHKumm JlarpaH:ka, HaKJIaIbIBAET HA COBOKYITHOCTH
BO3MOXKHBIX JIBUKEHUN OIpeIeJIeHHbIE OrpaHnydeHns. B gyacTHoCTH,
OKA3BIBAETCS BO3MOXKHBIM YCTAHOBHUTD PsJT OOIIIX 3aKOHOMEPHOCTEH
(He 3aBHUCAIMX OT BUJA MMEIOLIUXCS BHENIHUX II0JI€i) JJIs IIy9YKOB
YaCTHIl, Pa3JIeTAIOIINXCA U3 33JJaHHBIX TOYEK MPOCTpPaHcTBa. U3y-
YEHUE ITUX 3aKOHOMEPHOCTEN COCTABJIISIET IIPEAMET TaK HA3BIBAEMOIA
2eomempuieckoti onmury *).

WNuTepecHo oTMeTuTh, 4TO ypaBHeHUd ['aMuIbTOHA MOTYT OBITH
BBIBEIEHBI (POPMAJILHBIM 00Pa30M U3 yCIOBUS MUHUMAJILHOCTH JIEH-
CTBUSI, €CJIM HAIUCATD IIOCJIeIHee, Ha ocHOBaHuu (43.6), B Buge uH-
Terpaja

S = / (2 p; dg; — Hdt) (43.8)

¥ pacCMaTpUBATh KOOPAWHATHL U UMITYJIBCHI KAK HE3aBUCUMO BapPbU-
pyemble BesmmuuHbl. [Ipeamonaras CHOBa 1jid KPATKOCTH, UYTO MMEET-
sl BCErO OHA KOOPAWMHATA (M ONUH MMILYJIbC), 3AIUIIEM BAPHAIHIO
JelCcTBUSA B BUJIE

63=/{5pdq+pd6q—%—1;[6qd —%—fspdt}.

) Cm. «Teopus momsy, ra. VIL
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[Tpeo6pazoBarue BTOPOro wieHa (MHTErPUPOBAHUE IO YACTAM) €T

53 = / 5p(dq— ‘9_Hdt) +poq —/ 5q <dp+ 8—Hdt> .
Op dq

Ha rpanunax mHTErpupoBaHusa MbI JOKHBI TOJIOKUTE 0q = 0, Tak
9TO MPOWHTErPUPOBAHHBIN wieH BhImagaeT. OcTaroreecs: e BhIpa-
2KEeHUuEe MOZKET 6])IT]) paBHBIM Hy.T[IO HpI/I HpOI/IBBO.T[bHBIX HEe3aBUCHU-
MBIX O0p ¥ &g JIUIB IpU YCJIOBUY OOPAIEHNs B HYJIb [OBIHTEIDAJTH-
HBIX Bpra)KeHI/IfI B Ka}K,HOM nu3 ,D;ByX I/IHTeI‘paJIOBZ

OH gy dp=—22 gt

op 8q
T.e. MBI TIOJTy9a€M TIOCJIE JejieHus Ha dt ypaBHeHus ['aMuiibTOHA.

dq =

§ 44. llpuanun MonepTion

[IpuHIMIIOM HAMMEHBIETO AEWCTBUS JIBUKEHUE MEXaHUIECKOM
CHUCTEMBI OIPEIEISIETCS MOJHOCTBIO: IIyTEM PEIeHUs CJIeIYIONUuX
73 3TOrO MPWHINIIA YPABHEHU NBUKEHUST MOXKHO HAaWTH Kak dop-
My TPaeKTOPHUH, TAK U 3aBUCUMOCTH TIOJIOXKEHWSI HA TPAEKTOPUU OT
BpPEMEHN.

Ecnu orpanmunthes Oosiee y3KMM BOIPOCOM 00 OIpeIeIeHUHN
JIMIIb CaMoOil TpaeKTopuu (OCTaBjisid B CTOPOHE BPEMEHHYIO YacThb
3a/1a4n), TO OKA3bIBAETCS BO3MOXKHBIM YCTAHOBUTH JJIsl ITOMN IieJn
YIPOIEHHYIO (POPMY MPUHIIAIA HANMEHBIIETO AEACTBUSI.

IIpenmonoxum, uro dbyukmusa Jlarpamxka, a ¢ HeI0 1 QYHKIUA
lamunbTOHA HE COMEPKAT BPEMEHU SIBHO, TAK YTO SHEPIHUS CHCTEMBI
COXPAHSIETCS:

H(p,q) = E = const.

CorylacHO NPUHIMITY HAMMEHBIIEro ACHCTBUS BapUalus IeiCT-
BUA JIJIf 33/JAaHHBIX HAYAJbHBIX M KOHEYHBIX 3HAYEHUIl KOOpAMHAT
U MOMEHTOB BpeMeHU (CkakeM, to u t) paBHa Hyioo. Eciau xe m0-
yCKaTh BapbUPOBaHME KOHEYHOIO MOMEHTA BpeMeHH t 1pu (pukcH-
POBAHHBIX TIO-TIPEKHEMY HAYAJBHBIX W KOHEYHBIX KOODAMHATAX, TO
umeeM (cp. (43.7)):

S = —Hbt. (44.1)

Bynem Temeph cpaBHUBATH HE BCe BUPTYaJbHBIE IBUXKEHUS CHU-
CTEeMBI, & JIUIIb T€, KOTOPBIE yIOBJETBOPSAIOT 3aKOHY COXPAHEHU
suepruu. /s Takux TpaekTopmii Mbl MOXKeM 3amenuTb H B (44.1)
mocTOAHHOM F, 9TO maer

55 + E 5t = 0. (44.2)
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Hamnucas peiicrsue B Bune (43.8) u cHoBa 3amenss H Ha E, numeeMm

S = / Zpi dg; — E(t — to). (44.3)

IlepBoiit 4ieH B 9TOM BBIPaKEHUHN

So = / > pidg; (44.4)

MHOTZA Ha3bIBAIOT YkopowerHwvim deticmeuem. Iloncrasus (44.3) B
(44.2), naiinem
05p =0. (44.5)

Taxum 06pa3oM, YKOPOUEHHOE IEHACTBIE UMEET MUHUMYM TIO OT-
HOIIIEHUIO KO BCEM TPAEKTOPHUSM, YIOBJIETBOPSIOIINM 3aKOHY COXPa-
HEHUs SHEPIUU U TMPOXOJSAIINM UYepe3 KOHEYHYIO TOYKY B IIPOU3-
BOJIBHBIT MOMEHT BpeMeHu. JIjis TOro 4To0BbI MOIB30BATHCSA TAKWM
BApUAIMOHHBIM TIPUHITAIIOM, HEOOXOIWMO IIPEIBAPUTEIHHO BhIpA-
3UTH WUMIIYJIbCHI, & C HUMHK ¥ BCE IOJBIHTEIPAJILHOE BBIPDAYKEHUE B
(44.4) aepes xoopauHaThl ¢ U ux auddepenimanst dq. s aroro
HAJI0 BOCIIOJIb30BAThCsI PABEHCTBAMU

MPECTABILAIOMIMY CODOM OIpeesieHre UMITYJIbCOB, U yPAaBHEHUEM
3aKOHA COXPAHEHUS SHEPTUN
E (q, %) —E. (44.7)

Bripazus u3 nocnennero ypasuenus auddepennna dt yepe3 Koop-
JTUHATHL ¢ 1 ux auddepennuanst dg u noacraBus B popmyis (44.6),
MBI BBIPA3UM UMITYJILCHI Yepe3 q u dq, npuyieM 3ueprusa F 6yaer ur-
paTth posib mapamerpa. [logydaromiuiics TakuM 0Opa3oM BapuaIu-
OHHBIN TPUHINI OIIPEIEJISIET TPACKTOPHUIO CUCTEMBI; 3TOT IIPUHIINII
HA3bIBAIOT OOBIYHO npuHyunom Monepmiou (xors ero Tounas ¢op-
MyJupoBKa 6Oblia Jana Ditepom u Jlarpamxem).

[IpousBenem yka3aHHBIE AEACTBUS B SIBHOM BHUJE IJIS OOBIYHOMN
dopmbr Gyukuuu Jlarpamxka (5.5) Kak pa3sHOCTH KMHETHYECKON M
NIOTEHIINAJILHON 9HEPIuii:

1 ..
L= §Zk:aik(Q)QiQk -U(q).

IIpu sTom uMITyIBCHL

oL .
i = 94: = zk:aik(Q)Qk,
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a Heprus
1 ..
=5 Y ain(@)aiae + U(g).
ik
Uz IIOCJIEJHETO PaBEHCTBA MMEEM
dt = 722‘(13 . S0 (44.8)

u, IIOOCTABJIAA 3TO Bpra}KeHI/Ie B
E :pz dg; = E azk dq“

HaiiieM YKOPOYEHHOE IeiCTBUE B BI/I,II;e
Sy = / V2(E -U) )2 air, dg; dg.- (44.9)
i,k

B YaCTHOCTH, OJId O,I[HOI/I MaTepI/IaJIbHOfI TOYKU KHUHETHUYECKaA
dHEprusd 9
_m (dl)
2 \dt) ’

rIe M — Macca JacTUllbl, a dl — 3JeMEeHT IJIMHBI TPAECKTOPHUHU, U
BapUALMOHHBIM IPUHINI [J1 OnpejeseHns (GOpMbl TPAEKTOPUN

g/dmmE—Uyﬂ=m (44.10)

rjie MHTerpaJ Oepercs MexKIy IBYyMsl 3aJaHHBIMM TOYKAMM IIPO-
cTpaHcTBa. B TakoM Buze oH ObLI mpeacTaBiieH fKobu.
ITpu cBoGomuom mpukenun dactunsl U = 0, u (44.10) maeT Tpu-

BUAJIbHBINA PE3yJIbTaT
5 / dl =0,

T.€. YACTHUIA ABUKETCI IO KPATUANIIEMY IIyTH — IO IIPAMOIA.
Bepuemcs cHOBa K BhIpaxkenuio jyig neiicrsus (44.3) u mpous-
BeJeM Ha 9TOT pa3 ero BapbHPOBAHME TaKKe U 10 mapamerpy F:

55 = 95 — (t — t9)5E — Est.
[Moxcrasus a10 B (44.2), HaxXOIUM

S
abf =t —to. (44.11)

Hns ykopouensoro geiicrusi B ¢popme (44.9) 310 paBeHCTBO Hpu-
BOIUT K COOTHOIIIEHUIO

Yawdgidy _ ,
SE-U) =t —to, (44.12)



186 KAHOHUYECKUE YPABHEHUI A T'JI. VII

KOTOPOE TIPEJICTaBIIAeT cO0O0i He ITO MHOE, KAK MHTETPAJI yPABHEHUS
(44.8). Bmecre ¢ ypaBHeHMEM TPAEKTOPUM OHO HOJHOCTBIO OIPEe-
JISIET JIBUKEHUE.

Bagmauga

W3 Bapuanuonsoro npuauuna (44.10) monyunts guddepennuansHoe ypas-
HEHWE TPAEKTOPHU.

P eu e nwue. IlpousBons BapbupoBaHue, UMeEM

oU or dr
S| VE-Udl=- — —F——=dl-VE-U —dor;.
/ / { or 2yE-TU dl }
Bo BropoM umerne yureno, uro di> = dr? u moromy dl dol = dr dor; npoussens
B 9TOM 4JjIeHE MHTErPHPOBAHME IO YaCTsM M IPUPABHAB 3aTeM HyJO K03ddu-
IMEHT NpH Or B MOABIHTErPAJILHOM BBIPAXKeHUH, NotydnM nuddepeHnmantbaoe
ypaBHEHHE TPAEKTOPHUHU

d dr ou
WE-U (\/E = Uﬁ) =
PackpbIB IPOM3BOHYIO B JIEBOIT 9acTH paBeHCTBa U BBOAA cuty F' = —9U/dr,

MOXKHO NPEACTABUTH 9TO YPABHEHNE B BUIE
d’r _F— (Ft)t
ez~ 2(E-U)’
rae t = dr/dl — eguHWYHBI BEKTOp KacaTesJbHONH K Tpaekropuu. PasHoCTb
F — (Ft)t ectb HOpMaJIbHAS K TPAEKTOPUU KOMIOHEHTa cuitbl Ky, . IIpoussonnas
xe d’r/dl* = dt/dl, kak usBecrHO U3 uddePEHIIATBHON T€OMeTPHH, PABHA,
n/R, rge R — pajauyc KPUBU3HBI TPAEKTOPUH, & N — €AUHWYHBINA BEKTOP IJIaB-
HOit HOpMaJIK K Heii. 3amenus rakxe E — U na mo? /2, nosyunm

’I77/U2

n

=F,

B COOTBETCTBUU C M3BECTHBIM BBbIDa’K€HUEM /I HOPMAaJIbHOI'O YCKOPEHUs IIpU
JBUZKEHUU 0 MCKPUBJIEHHOI TPAaeKTOPHUU.

§ 45. Kanonndeckme mmpeobpa3oBaHus

Bri60p 0600IIEHHBIX KOOPAMHAT ¢ HE OTPAHUYEH HUKAKAMU yC-
JIOBUSIMU — MMM MOTYT OBITh JIIOObIE S BEJIMYUH, OJHO3HAYHO OIIpe-
JIEJIATOIINE TIOJIOYKEHNE CUCTEMBI B TpocTpancTBe. PopMasbHbBIA BU
ypasHenwuit Jlarpamxa (2.6) He 3aBuCHT OT 9TOr0 BHIOOpA, U B 9TOM
CMBICJIE MOYKHO CKa3aTh, YTO ypaBHEHUs JlarpaHka MHBApUAHTHBI
[0 OTHOIIEHMIO K MPeodpa3s0BaHWI0 OT KOOPAUHAT i, Q2,... K JIO-
ObIM IPYIUM HE3aBUCUMBIM BesimauHaMm @1, Q2, ... HoBbie koopau-
HATHI () ABJIAIOTCH (DYHKIMAMY CTAPBIX KOOPAMHAT ¢, IPUYEM JIOILY-
CTUM ¥ TaKOil MX BBIOOD, IPU KOTOPOM 3Ta CBSA3b COJAEPKUT B SBHOM
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BHJIE TAKXKe U BPeMs, T.€. pedb UIET O MPeoOPA30OBAHUAX BUIA

Qi = Qi(g, 1) (45.1)
(nx Ha3BIBAIOT MHOTIA MOYEYHbLMU NPEOOPA30SAHUAMU ).

Hapsiny ¢ ypasuenusimu Jlarpamka npu npeobpasoBanuu (45.1)
COXPAHSAIOT, padyMeeTcs, cBoiO dhopmy (40.4) u ypaBrenus [amuin-
toHa. [loceiHme, OHAKO, TOMYCKAOT B IEACTBATEILHOCTH TOPA3/IO
6oJiee MUPOKMUT KIIACC MPeodbpa3oBaHuii. ITO OOCTOATEIHCTBO €CTE-
CTBEHHBIM 00Pa30M CBS3aHO C TEM, YTO B TAMIJIbTOHOBOM METOJE
HMITYJIBCHI P UTPAIOT HAPALY C KOOPAUHATAMYU ¢ POJIb PABHOIIPABHBIX
HE3aBUCUMBIX TIEPEMEHHBIX. [109TOMY MOHSATHE TPeoOPa30BaHMA MO-
KeT OBITh PACIIMPEHO TaK, YTOOBI BKJIIOUYNATH B cebst peobpa3oBaHue
BCEX 2S5 HE3ABUCUMBIX ITEPEMEHHBIX P U ¢ K HOBBIM TI€pEMEHHBIM P
u ) mo dhopmysam

Qi = Qi(pa q, t)? P = Pi(pa q, t) (452)
Takoe pacuimpenue KJacca JOIMYCTUMBIX IPEOOPA30BaHUl ABJIAET-
CS OJIHAM W3 CYIIECTBEHHBIX MPENMYIIECTB TAMIJIBTOHOBOTO METOIA
MEXAHUKH.

O HAKO OTHIOAL HE IPU MPOU3BOJBHBIX TPEOOPA3OBAHUSX BUIA
(45.2) ypaBHEHUsI IBUXKEHUsI COXPAHSIOT CBOW KAHOHUYECKUI BHI.
BriBeseM Tenepnb yCIIOBHSA, KOTOPBIM JIOJKHO YIOBJIETBOPSTH IIpe-
obpa3oBaHue, JJisi TOrO YTOOLI ypaBHEHUsI IBUXKEHWS B HOBBIX II€-
pemennbix P, () umenan Bu

. ! . !

O; = %, P; = _g_g: (45.3)
¢ HekoTopoii HoBol dyukuueit lamunsrona H' (P, Q). Cpegu takux
npeobpa3oBaHmit 0COGEHHO BaXKHBI TAK HA3BIBAEMBIE KAHOHUYECKUE.

K dopmynam st KAaHOHUYIECKUX TPe00Pa30BaHUi MOYKHO IPHUii-
T cienyiomuM myTeM. B komie § 43 ObLIO IOKAa3aHO, YTO ypaBHE-
Husd [aMUIBTOHA MOTYT OBITH TOJTYY€HbI U3 PUHIIAIE HAUMEHBIIIETO
JeficTBUS, PEJCTABICHHOTO B (hOpMe

) /(E p; dg; — Hdt) =0 (45.4)

(mpu4eM BapbUPYIOTCS HE3ABUCUMO BCE KOODIWHATHI ¥ UMILYJIBCHI).
g Toro urobbl HOBBIE TIepeMeHHBbIe P U () TOXE yIOBIETBOPSIN
ypaBHeHUSIM [aMuIbTOHA, [IJIsT HUX TOXKE JOJI>KeH ObITh CIIPABEIJINB
MPUHIIATT HAMMEHBIIIETO JIefCTBUS

5 / (X P dQ; — H'dt) = 0. (45.5)
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Ho nBa npunnuna (45.4) u (45.5) SKBUBAJIEHTHBL APYT APYTY TOIBKO
[pPH yCJIOBHMH, YTO WX TIOJBIHTETPAJIbHbBIE BBIPDAYKEHUS OTIMYAIOTCS
Juib Ha TOJIHBIH auddepeniman npousBoabHoil dyukiuu F ko-
OpJIMHAT, WMITYJIbCOB M BPEMEHHU; TOTJA Pa3HOCTh MEXKIy 000MMHU
UHTerpajaMu OyIeT HeCYIeCTBEHHON IIpU BapbUPOBAHWU IIOCTOSTH-
HO¥t (pa3HOCTH 3HaueHuWit F' Ha mpejenax MHTErpupoBaHus). Takum
00pa3oM, TOJI0KUM

S pidg — Hdt =¥ P,dQ; — H'dt + dF.

IIpeobpa3oBanus, yI0BIETBOPSIOIIIE TAKOMY TPEOOBAHUIO, 1 HA3bI-
BalOT KaHoHuueckumu ). Beskoe kKaHOHTYIECKOE TIPeoOpa3oBaHme Xa-
pakTepusyeTcs cBoeil pyHKImeh F, KOTOPYIO HA3LIBAIOT NPOU360-
daweti pynryueti TpeodpPa3oBaAHNUS.

[TepenmcaB mMofy4eHHOE COOTHOIIIEHUE B BUJIE

dF =Y p;dg; — Y P;dQ; + (H' — H) dt, (45.6)

MBI BUIWM, YTO

_8F , _ OF

bi = 3!11‘ ’ T 8_621

IIPH 9TOM MPEAIOJIAraeTCs, IT0 IPOU3BOAAIas (DYHKINS 331aHa KaK

dyHKIMA cTapbix u HOBBIX KoopauHaT (u Bpemenn): F' = F(q, Q,t).

[Tpu 3apansoit dyukuun F dbopmysst (45.7) ycTaHABINBAIOT CBA3b

Mexk1y crapbiMu (p,q) u HoBbiME (P, ()) mepeMeHHBIME, a TaK¥XKe
JaIOT BBIPpAXKEHUE JJIsi HOBOM raMUJIBTOHOBOM (DYHKIIUH.

Moxer oka3aTbCs yAOOHBIM BBHIPAXKATH IIPOU3BOIAIIYIO (DYHK-
IO HE Uepe3 IepeMeHHbe ¢ U (), a Uepe3 crapble KOODAMHATHI ¢
7 HOBBIe UMITYJIbchl P. [I1g BeiBoga popMys1 KAHOHUYECKUX TIPeod-
pa30BaHUil B 9TOM CJIydae HAJ0 MPOU3BECTH B cooTHOueHUU (45.6)
COOTBETCTBYIOIIee Ipeobpas3oBanue Jlexxanapa. ViMenno, mepenucoi-
BaeM €ro B BHJE

dF+Y PQ:;) =Y pidg +Y Q:dP, + (H' — H) dt.
Bripaxenue, crosmiee nox 3uakoM auddepeHIuaia B JeBOi YaCTH
PaBEHCTBa, BEIDAXKEHHOE Yepe3 epeMeHHbIe ¢, P, 1 aBiisgeTcs HOBO

. H =8+, (45.7)

!) BameTuM, 4TO KPOME KAHOHHIECKUX MPeoGpPA30BaHMil, COXPAHSIOT KAHOHHU-
4YeCKUil BUJ ypaBHEHHI NBUXKEHUs U IPe0OPa30BaHMsl, IPU KOTOPHIX HOLBIHTE-
rpaJjbHble BbipakeHus B (45.4) u (45.5) OTVIMYAIOTCS IOCTOSHHBIM MHOXKHITEJIEM.
ITpumepoM MOXKET CITyKuUTh mpeobpasosanue Buga: P, = ap;, Q; = q;, H' = aH
C IPOM3BOJILHOI IMOCTOSAHHOM a.
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npousBozsmel Gynkuueit. O6o3naqus ee uepes O (g, P,t), umeem *)

AmnasorngsbiM 06pa30M MOXKHO TepeiiTr K (hOpMyJIaM KaHOHU-
9eCKUX MPeobpa30BaHuil, BHIPAXKEHHBIX Y€pE3 MPOU3BOAsIme pyHK-
M7, 3aBUCSIIUE OT TIEPEMEHHBIX p U () uwiau p u P.

OTMernM, 9TO CBA3b MEXKJY HOBON M CTApPO raMUJIBTOHOBBIMHU
GYHKIMAME BCETZIa BBHIPAXKAETCH OIMHAKOBBIM 00Pa30M: Pa3HOCTH
H'— H naerca 9acTHO# IPOM3BOAHOI IO BpEMEHHU OT IPOU3BOAAIIeH
dyuknuu. B wacTHOCTH, €ciiu IOCTIeJHSAS HE 3aBUCUT OT BPEMEHH, TO
H' = H. [IpyruMu cjioBaMH#, B 9TOM CJIydae JJis MOJydeHus HOBOM
dyuknuu amMunbpToHa 10CTATOYHO MOACTABUTH B H BewduHb! P, ¢,
BBIDa’KEHHBIE Y€PE3 HOBBIE mepemMenHbie P, Q).

[MIupoTa KaHOHUYECKUX TPEOOPA3OBAHUIN B 3HAUUTEIHLHOM CTEITe-
HU JINIIIAET B TAMWJIBTOHOBOM METOJE TOHsSTHE ODODIIEHHBIX KOOD-
JWHAT U UMIIYJIbCOB WX MEPBOHAYAJIBHOTO CMbICTA. [lockoabKy mpe-
obpazoBanus (45.2) cBA3BIBAIOT KXyl u3 BeawduH P, Q) Kak ¢
KOODJMHATAMU ¢, TaK W C UMITYyJIbCAMH P, TO MEpPeMeHHble () yiKe
HE UMEIOT CMBICJIA, YUCTO MPOCTPAHCTBEHHBIX KOOPAUHAT. Pasmnyne
MeX 1y 0O0enMy TPYNIaMu MEPEMEHHBIX CTAHOBUTCS B OCHOBHOM BO-
MIPOCOM HOMEHKJIATYPHBIM. JTO OOCTOATEIHCTBO BECHMa, HATJISITHO
NPOSIBJIAETCS, HAIIPUMED, B mpeobpasoBanuu @Q; = p;, P, = —¢; ?),
SIBHO HE MEHSIONEM KAHOHWYECKUN BUJ YPABHEHUN W CBOIAIIEMCS
MPOCTO KO B3AUMHOMY IEPEMMEHOBAHUIO KOODJMHAT M UMITYJIHCOB.

BBuay 310t yCIOBHOCTH TEPMUHOJIOTAY TIEPEMEHHBIE D U ¢ B Ta-
MUJIBTOHOBOM METOZE€ YaCTO HA3BIBAIOT IPOCTO KAHOHUYECKU CONPSA-
HCEHHBIMU BEAUNUHAMU.

YcoBre KAHOHMYECKOM COMPSI?KEHHOCTH MOYKHO BBIPA3UTh C IO-
Mmorbio ckobok [Iyaccona. Jljia 3Toro JoKakeM IpeaBapUTeIbHO 00-
IIyI0 TeOpeMY 00 MHBapuaHTHOCTH CKOOOK IlyaccoHa mo oTHOIIEHNTO
K KAaHOHUYECKUM IIPEOOpPaA30BAHUSIM.

1) Bamerum, 4TO, B35IB MPOM3BOAANLYIO (DYHKIMIO B BHIE
D= Zfi(q>t)Pi
k2

(rme f; — npousBosbHBIE (DYHKIMHU), MBI TIOJyYuM mpeobpa3oBaHue, IPU KOTO-
poMm HOBbIe KoopauHaThl (; = fi(g,t), T.e. BEIPaXKaIOTCA TOJBKO U€PE3 CTaphie
KOOpAMHATHI (HO HE MMIIYJbChl). DTO — TOYEYHBbIE TPe0bPa30BaHMs, KOTOPHIE
€CTEeCTBEHHBIM 06Pa30M OKA3bIBAIOTCHA YACTHBIM CIyYaeM KAHOHMYIECKUX TPeob-
pa3oBaHMUii.

%) Emy orseuaer npoussomsmas bynkmus F = 3¢;Q;.
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IIycrs {fg}pq — ckobka Ilyaccona Beimuumn f u g, B KOTO-
poit muddepeHIImpoBaHue IPOU3BOAUTCS II0 EPEMEHHBIM P, (, &
{fg}pg — cxobka Ilyaccona Tex ke Benu4auH, auddepeHIupyeMbIX
mo KaHoHWYeckuM mepemeHHBIM P, (). Torna

{fg}p,q = {fg}P,Q (45.9)

B copaBegmmBocTH 9TOTO COOTHOIIEHUS MOXKHO yOEIUTHCS Tpsi-
MBIM BBIYHCIEHUEM C UCIOIH30BAHNEM (POPMYJI KAHOHUIECKOTO TIPe-
obpazoBanusa. MoxxHO, ogHaKo, 000iiTUCh U 0e3 BBIYUCIIEHUH C IO-
MOIIBIO CJIEAYIOUIETO PACCYXKIEHUS.

[Ipex e Bcero 3amevyaeM, ITO B KAHOHMIECKUX TPEOODPA3OBAH-
ax (45.7) nnum (45.8) Bpems urpaer poss mapamerpa. Ilosromy, eciau
MBI J0KaxkeM Teopemy (45.9) miis BelmdvH, He 3aBUCALNIUX SIBHO OT
BpeMeHH, TO OHa OyIeT BepHa u B obieMm ciydae. Paccmorpum Te-
mephb IUCTO (POPMAIBLHBIM 00PA30M BEJIUYNHY g KAK FAMUJIBTOHOBY
GYHKIMIO HEKOTOPOH (DUKTUBHOI cucTeMbl. Torma corsacHo op-
myie (42.1) {fg}p,q = —df/dt. Ho npousBonnasa df /dt ectsb Besu-
YMHA, KOTOPas MOXeT 3aBHCETDb JIMIIb OT CBOWCTB ABMKeHUs (Ha-
et (PUKTUBHON CHCTEMbI) KaK TAKOBOTO, a HE OT TOI'O WJIM WHOTO
BBIOOpa mepeMeHHbIX. [oaTomy u ckoOka Ilyaccona {fg} ne moxer
U3MEHUTHLCS [P TIEPEXOJIE OT OJHUX KAHOHUYIECKUX IEPEMEHHBIX K
JIPYTHM.

U3 dbopmysn (42.13) u Teopemsr (45.9) momyunm

{QiQk}pq =0, {PiPr}pq=0, {PiQk}pq= dik- (45.10)
DTo — 3ammcaHHBIE ¢ IOMOINBIO CKOOOK IlyaccoHa ycmoBusa, KoTo-
PBIM JOJIKHBI YAOBJIETBOPATH HOBbIE IIEPEMEHHBIE, [IJIS TOIO YTOOBI
npeobpa3oBanue p,q — P, () ObLI0O KAHOHMYECKVIM.

UnTEepecHO OTMETUTD, UTO U3MEHEHUE BEJIMYUH p,q IPU CAMOM
JBIDKEHUHM MOXKHO PACCMATPUBATh KAaK KAHOHUYECKHE IIPeobpa3o-
Bauus. CMBICJI 3TOTO yTBEPKAEHUS COCTOUT B CjemaytormeM. [lycTs
qt, Pt — 3HAUYEHUA KAHOHMYECKUX II€PEMEHHBIX B MOMEHT BPEMEHU
t, a Qiir, Dt+r — WX 3HAUEHHUHA B Apyroit MomeHT t + T. Ilocnennue
SBJISIIOTCH HEKOTOPHIMY (DYHKIMAME OT HEPBBIX (M OT BEJINYIMHBI
UHTEpBaja T KAaK OT HapaMeTpa):

t+r = q(at, Pt t,T),  Peax = PG, Pt, T, 7).
Ecmu paccmarpuBaTh 3t GopMyJibl KaK MpeoOpa3oBaHME OT IIe-
PEMEHHBIX @, P K TEPEMEHHBIM Gti, Pit1, TO ITO IIPeobpaszo-
BaHUE 6y,I[eT KaHOHNYECKUM. STO O4Y€BUIHO U3 BBIPpAaXKEHUNA

dS =Y (pt4r dgi1r — prdg) — (Hypr — Hy) dt



§ 46 TEOPEMA JINYBUJLJIA 191

s mudbdepennmana peficrsus S(qyix, gt,t), B3ATOrO BIOJIb UCTHH-
HOU TPaeKTOPHUHU, IIPOXOAAINEH 4epe3 TOYKHU ¢ U @ir B 3aJaHHBIE
MoMeHTHI BpemeHu ¢ u t + T (cp. (43.7)). CpaBrenue 310# hopMyIisl
¢ (45.6) nmokasbiBaer, 4To —S ecTh HpoU3BoAAMmAas DYHKIMS IPe0d-
pa30BaHMUS.

§ 46. Teopema JImyBmansa

Jljisi TeOMeTPUYeCKOl MHTEPIPETAINN MEXAHUIECKUX SBIICHUN
9acTO MOJIL3YIOTCH MOHITUEM O TaK HA3BIBAEMOM (HA3080M NPOCM-
parcmee Kak O MPOCTPAHCTBE 28 M3MEPEHMH, HA KOOPIAUHATHBIX OCIX
KOTOPOTO OTKJIQ/IBIBAIOTCA 3HAUEHNA S ODOOIIEHHBIX KOODAMHAT U S
MMITYJIbCOB JaHHON MEXaHWIECKO# cucTeMbl. Kaxkmas TOYka 3TOro
MPOCTPAHCTBA OTBEYAET OIPEIEIEHHOMY COCTOSIHUIO CUCTeMBI. [Ipm
JIBYKEHWN CUCTEMBI M300paKamomasa ee (a3oBas TOYKA OMUCHIBAET
B (a30BOM IPOCTPAHCTBE COOTBETCTBYIOILYIO JIMHUIO, HA3BIBAEMYIO
pasosoti mpaexmopueti. [Iponssenenne nuddepeHmaIos

dl'=dqi...dgsdp; .. .dps

MOYXKHO PAaCCMaTPUBATh KAaK «3dJeMeHT o0bemay (ha30BOTO MPOCT-
pancrBa. Paccmorpum Teneps uurerpasn [ dI, B3ATHI 10 HEKOTO-
poit obsacTu $Ha30BOro IPOCTPAHCTBA M M300pazkaronmii coboit ee
obbem. [lokaxkem, 4TO 3Ta BeJMUMHA 00JIAIaET CBOMCTBOM MHBAPH-
AHTHOCTY IO OTHOIIIEHUIO K KAHOHUIECKUM IIPe0OpPA30OBAHUSAM: €CJIH
MPOU3BECTU KAHOHUYIECKOE MPeoOpa30BaHME OT MEPEMEHHBIX P, q K
nepeMeHHbIM P, (), TO 00beMBI COOTBETCTBYIOIIUX APYT JAPYry 00-
JiacTei TPOCTPAHCTB P, q U P, () 0nnHAKOBHI:

/./dql...dqsdpl...dps =/./dQ1...dQsdP1...dPs. (46.1)

Kak m3BecTHO, nIpeobpa3oBaHue MEPEMEHHBIX B KPATHOM HHTE-
rpaJie Ipou3BOAUTCH 1O (POPMYJIe

/./dQl...dQsdPl...dPs=/./qu1...dqsdp1...dps,
rae

p=9@..,QP,..., P) (46.2)

6(q1>'“7q87p1>"'7p8)
€CThb TaK Ha3bIBaeMBbIl axobuar npeobpasosanus. [losromy moka-
3aTeJIbCTBO TeopeMbl (46.1) cBOOUTCH K JJOKA3aTEJIbCTBY TOIO, UTO
AKOOMAH BCSIKOTO KAHOHMYECKOTO IIPeo0pa30BaHMs PABEH €IUHUIIE:

D=1 (46.3)
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Bocmonb3ayemcs n3BeCTHBIM CBOMCTBOM SIKOOMAHOB, KOTOPOE 03~
BOJIAET OOPAIATHCS C HUMHU B OIPENESIEHHOM CMBICTIE, KAaK C JPOOSAMU.

«Paznenus unciurens u suamenarens» Ha d(qi1, - - .,qs, P1,...,Ps),
HOJTy9uM
D:a(Qla"',Qs’Pla"',PS) 3(Q1,---,qs,p1,---,ps) (464)

6(q17"'7q57P17"'7PS) 8((]1,...,q5,P1,...,P5).

CoryiacHO ApPyromMy M3BECTHOMY MpPABUIY SKOOWAH, y KOTOPOTO B
«YHUCIUTENIe> U «3HaAMeHaTejey (DUIypUPYIOT OAMHAKOBBIE BEJINYH-
HBI, CBOJUTCH K AKOOMAHY OT MEHBIIIETO YUCJIA TIEPEMEHHBIX, IIPUYEM
npu Beex audepeHIMpOBaHUugX B HEM BBIMABIINE OJWHAKOBHIE Be-
JIMYUHBI JOJIXKHBI CHUTATHCH MOCTOSHHBIMU. [loaToMy

—19@,..-,Qs) O(pr,---5ps)
D= { 0(q1,---+9s) }chonst /{8(P1,...,Ps) }q=const ' (465)

Paccmorpum akobuaH, CTOAITUN B YNCIUTEIE 3TOTO BHIPAYKEHUS.
CoryiacHO OTIpeIESIEHUIO STO €CTh OIPEIE/INTEh PAHTA, S, COCTABJIEH-
HbI 13 1eMeHTOB 0Q);/0q), (1eMeHT Ha HlepecedeHnn i-if CTPOKY 1
k-ro cronbua). [IpeacraBuB KaHOHHYIECKOE TPeOOPA30OBAHKE C IOMO-
mpio npoussopsamei dbyukuun O (g, P) B dopme (45.8), nonyanm

0Q; _ o*o
6qk o 6qk8Pi’
Takum ke obpaszom Haiigem, 4TO ¢, k-if SJEMEHT OMpeJeNATeNs B

3HaMeHaTesie BbIpaxkeHus (46.5) paBeH . DTO 3HAYWT, YTO

(0]
0qiOPy
oba ompeaesuTess OTANIAIOTCS TOJBKO 3aMEHON CTPOK Ha CTOJIO-
bl 1 obparHo. [losTOMY OHM paBHBI APYT APYTY, TaAK UTO OTHOIIE-
ure (46.5) paBHO efuHMIE, YTO U TPEOOBAJIOCH JOKA3ATH.

IIpencraBum cebe Temepb, YTO KaxKAasd TOYKA MAHHOTO ydIacT-
Ka (pa30BOro MPOCTPAHCTBA MEPEMEIAETCS CO BPEMEHEM COTVIACHO
YPaBHEHUSM JBUKEHUsI PACCMATPUBAEMON MEXAHUYIECKOW CUCTEMEL.
Tem cambiM OymeT mepeMeniaThCs M BeCh y9acTOK. IIpu 3TOM ero
00beM OCTaeTCH HEU3MEHHBIM:

/dl"z const . (46.6)

Oro yrBepxkaeHue (Tak Ha3biBaeMasd meopema JIuysuaas) Hemo-
CPEICTBEHHO CJIEAYET U3 MHBAPUAHTHOCTH (Ha30BOr0 00beMa, IIPU Ka-
HOHMYECKUX MPeoOPa30BAHUAX U U3 TOTO, YTO CAMOE U3MEHEHUE P U
¢ TIpY IBUXKEHUH MOXKHO PAacCMaTPUBATH (KakK OBLIO yKa3aHO B KOH-
Ile IpeblIyIero naparpada) KaK KaHOHUYECKOE IPeoOpa30BaHIE.
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CoBepIneHHo aHAJOTUYHBIM 0OPa30M MOXKHO JIOKA3aTh WHBAPU-

AQHTHOCTb MHTETPaJIOB
/ / > dagi dpi,
(2

//// > dg; dp; dgy. dpk,
iZk

B KOTOPBIX WHTETPUPOBAHNE IPOU3BOANUTCS 10 33JaHHBIM IBYX-, U€-
TBIPEX- U T.JI. -MEPHBIM MHOT000pasusiM B (ha30BOM MPOCTPAHCTBE.

§ 47. Ypasuenne l'avmnnnrona—Axobu

B § 43 0ObL10 BBEEHO TOHATHE O AEWCTBUU KaK (DYHKIMH KOOP-
AWHAT ¥ BpeMeHH. DBBIJI0 MOKa3aHO, YTO YacTHAs IPOU3BOJHASA IIO
BpeMenu oT 3Toit byukmu S(q,t) cazana ¢ byukuueit lamuabrona
COOTHOIIIEHUEM Py

ot + H(q,p,t) =0,

a ee JaCTHbIe IPOU3BOJHbBIE IO KOOPAMHATAM COBIAIAIOT C UMITYJIhb-
caMy. 3aMEHUB B COOTBETCTBUH C ITUM HUMITYJIbCHI P B (QYHKIMN
lamuibroHa mpousBogHbMU 0.S/0q, MBI IOIyYnM ypaBHEHUE

g_f+H(QI7"'7qS;§_iv"'7§_i;t):Ov (471)
KOTOPOMY IOJIKHA yzmosiierBopsaTh dyukuus S(g,t). 1o ypasue-
HU€ B YACTHBIX MPOM3BOJHBIX IEPBOTO IMOPsIKA; OHO HA3BIBAETCS
ypasnernuem Iamusvmona—Srxobu.

Hapsny ¢ ypaBaenusamu Jlarpam&a m KaHOHWYECKUMU ypaBHE-
HusiMu ypaBHeHne ['aMuiibroHa—K00M TaK>Ke SIBJISIETCS OCHOBOM He-
KOTOpOTO OOIIEr0 METO/[a MHTEIPUPOBAHUSI YPABHEHUN IBUXKEHUS.

Ilepexonst K M3JI0XKEHUIO ITOTO METO/A, HAIOMHUM IIPE/IBA-
PHUTENIBHO, YTO BCsAKOe audpPepeHnnaIbHOe YPABHEHNE B YaCTHBIX
MIPOM3BOHBIX IIEPBOIO MOPSIIKA UMEET PeIlleHNe, 3aBUCSIIEE OT IIPO-
M3BOJILHOM (DYHKIMM; TAKOE PEIeHNE HA3BIBAIOT OOINMM WHTErpa-
JIOM ypaBHeHUus. B MexaHWJeCKUX MPUMEHEHUSIX, OTHAKO, OCHOBHYO
poJib Urpaer He obOIuit MHTErpaJj ypaBHeHus [amuiabroHa—Akoowu,
a TaK HA3bIBAEMBIA NOAHbIT UHMe2Pa.n; TAK HA3BIBAETCS DEIIeHIe
nuddepeHImasbHOr0 YpaBHEHN B YaCTHBIX IIPOU3BOIHBIX, COIEP-
2Kalee CTOJIbKO HE3aBUCUMbBIX IIPOU3BOJILHBIX IIOCTOSAHHBIX, CKOJIBKO
MMeeTCs He3aBUCUMBIX ITEPEMEHHBIX.
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B ypaBuennn 'amunprona—fkobu He3aBUCHMBIMU TI€PEMEHHBI-
MU SBJISIOTCS BPeMs U KOODAWHATHL. [loaTOMy IjIs CHUCTEMBI C S
cTemeHaMu CBODOIBI TIOJIHOM WHTETPAJI 3TOI0 YPABHEHUS JIOJI2KEH CO-
nepkaTh S + 1 TPOM3BOJBHBIX MOCTOSHHBIX. [Ipu 3TOM, TOCKOIBKY
dyuaknus S BXOIUT B ypaBHEHME TOJILKO Yepe3 CBOWM MTPOW3BOIHEIE,
TO OJHA U3 IIPOU3BOJIBHBIX IOCTOAHHBIX COAEPXKUTCS B IIOJIHOM HH-
Terpajie aJAUTUBHBIM 00pPa30M, T.€. IOJIHBI WHTErpajl ypPaBHEHUS
Tamuabrona—kobu mmeer BuUI

S=f(tvqlv"'aqs;(xlw“ao‘s)+A, (472)

roe &1,...,%; 1 A — OIpON3BOJILHBIE TOCTOSIHHEIE 1).

BoisicHuM Temeph CBA3b MeXKIy TOJHBIM HWHTErPAJOM ypaBHE-
Hua NamunproHa—kobu u MHTEPECYIONUM HAC pEIlleHNeM YypaBHE-
Huil gBuKenHus. Jjisg 9TOrO mpou3BeseM KAHOHWYECKOE Mpeodpaso-
BaHWE OT BEJINYUH ¢,p K HOBBIM ITEPEMEHHBIM, IpuYeM (QyHKIHIO
f(t,q, ®) BoIGEepeM B KauecTBe MPOU3BOJsIIEH (DYHKIMU, & BEIUIN-
HBI X1, 92,...,Xs — B Ka4eCTBe HOBBIX UMITYJbCOB. HOBBIE KOOD-
IuHATH 0003HAa4IUM 4epe3d B, Pq,..., R, Tak kak mpousBomAiias
JYHKIMSA 3aBUCAT OT CTAPBIX KOOPAWHAT W HOBBIX UMITYJIBCOB, MBI
JIOJIZKHBI TI0Ib30BaThecd opmytamu (45.8):

pm O g O g0
T 8g:’ v Oy’ ot’

Ho mockonbKy dyHKIMs f yI0BIETBOPSET ypaBHEHUIO [ aMuib-
ToHa—SKOOHM, TO MBI BUIUM, YTO HOBas (yHKIWsA [aMuibTOoHA 00-
paIaeTcs TOXKIECTBEHHO B HYJIb:

1) Xors obmuit maTerpas yparenus [aMmibrona—IKo6n HaM He MOHAI06HT-
Cs1, HO YKaKeM, 4TO OH MOXKeT ObITh HalIeH, eC/IM U3BECTEH ITOJIHBIN MHTErpaJl.
s sToro OyneM CYuTaTh BeJUYMHY A NPOM3BOJIbHOM (DyHKIHENH OCTaJIbHBIX
MTOCTOSTHHBIX

S=f( gy -y qs; Xy onoy &)+ A(X1, ..y Ks).
3aMeHUB 3€Ch BEJUYUHBI ; (DYHKIMSAMH KOODJUHAT U BPEMEHM, KOTOPHIE Ha-
XOOUM U3 § YCJIOBUI
Y as
— 0’
80@
mosiyyuM OOWMii WMHTErpaJsi, 3aBHCAIIMN OT BHAA NPOU3BOJILHON (YHK-
mun A(xa, ..., &s). JleficTBATENbHO, Iyl OJyYEHHONH TaKUM CrocoboM (yHK-

uun S uMeeMm

oS (08 0S\ O _ (08
dq; (6qz’)0¢ +2k:<306k)q g <6Qi)°¢.
Ho Besmuunst (05/0¢;)« ynoBiaersopsioT ypaBHeHuio l'amunbrona—Ikobu, mo-

ckonbKy dyrkmus S(¢, ¢; ) ecTh N0 NPeIOIOKEHUIO TOJHBINA NHTErPaJl TOro
ypasHenus. [losToMmy ynoBseTBopsioT eMmy u npoussoausie 0S5/0q;.
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g+ g9
H=H+% =H+% =0

[ToaToMy KaHOHWYECKWE YPABHEHUS JIJIsi HOBBIX IEPEMEHHBIX NMEIOT
Bun &; =0, B; =0, oTKyIa ciegyeT, 4To

o; = const, 3, = const. (47.3)
C apyroit CTOPOHBI, § YpaBHEHU
9 _ g,
30(,' ¢

Jal0T BO3MOXKHOCTH BBIPA3UThb § KOOPAMHAT ¢ Uepe3 BpeMs U 2§
MOCTOSTHHBIX & 1 3. TeM caMbiM MBI HaiijieM OOITUI WHTETPAJ ypaB-
HEHUN JBUKEHUS.

Takum obpazom, pereHme 3a70a49n O ABUKEHUH MEXaHUIECKOMN
cucTeMbl MeTo10M ['amMuIbToHa— KOO CBOAUTCS K CJIEAYIOIINM OTie-
parmsam.

ITo dyukmuu amunbroHa coctaBisieTca ypaBHeHne [aMuiIbTO-
Ha—2lK06OM 1 HaxOAUTCS MOJHBINA uHTerpas (47.2) 3TOro ypaBHEHUSI.
Huddepennupys ero mo npou3BOJbHBIM IIOCTOSHHBIM X M IIPUPAB-
HUBas HOBBIM ITOCTOSIHHBIM [3, TIOJIy9IaeM CUCTEMY S aJIreOpanIecKux
ypaBHEHUM

s _
% _p, (47.4

pelrasi KOTOpyIo, HaifieM KOOPAUHATHI ¢ KaK (DYHKIMU BPEMEHU U 28
MPOU3BOJILHBIX MMOCTOSHHBIX. 3aBUCUMOCTDH MMILYJIbCOB OT BPEMEHHU
MOXKHO HAfiTH 3aTeM 110 ypaBHeHusM p; = 05/0q;.

Ecau Mbl mMeeM HEMOJIHBIN MHTErpaJ ypaBHEHUsA | aMuIbTOHA—
Akobu, 3aBUCAIIUN OT MEHBIIErO YeM § UHCJIa IPOU3BOJIBHBIX IIO-
CTOSIHHBIX, TO XOTS C €r0 IIOMOIIBIO HEJIb3s HAWTH OOl MHTErpaJI
ypaBHEHUN IBMKEHUs, HO MOXKHO HECKOJIBKO YIIPOCTUTD 3389y €ro
HaxoXKeHusd. Tak, ecjau u3BecTHa (DYHKIMA S, COIEPIKAIIAST OIHY
MPOM3BOJIbHYIO MOCTOSHHYIO (X, TO COOTHOIIIEHHE

95 _ const
O
JaeT OHO YpaBHEHUE, CBA3BIBAIONIEE (1, ...,(Qs U .

Ypasuenue [lammiabrona—fkobu npumHUMAaeT HECKOIBKO Oojiee
npocTyio ¢hopMy B TOM ciydae, Korma ¢yukiua H He 3aBUCHAT OT
BPEMEHMU SIBHO, T.€. CUCTEMa KOHCEPBATUBHA. 3aBUCUMOCTD JEHCTBUSA
OT BPEMEHU CBOJUTCS IIPU ITOM K ciaaraemomy —FEt:

S = So(q) — Et (47.5)

(cm. § 44), u moxcranoBKO# B (47.1) MBI HOIy9aeM IS yKOPOYEH-
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Horo nedicrBus So(q) ypaBrenue amminbrona—fkobu B BUIE

oS oS
H(ql,...,qs;a—qf,...,a—q:) - E. (47.6)

§ 48. Pasgesmenne mepeMeHHBIX

B psze BaxKHBIX CIy4aeB HAXO0XKIEHUE TIOJIHOTO WHTErPAJIa yPaB-
menud ['amunprona—Ko6m MOXKeT OBITh JOCTUTHYTO IIYTEM TaK Ha-
3BIBAEMOTO PA30eAEHUA NEPEMEHHBIT, CYIITHOCTH KOTOPOTO COCTOUT
B CJIELYIOIIEM.

JomycTuM, 9T0 Kakas-1rnbo KOOpAMHATA, — 0DO03HAUNM €€ depe3
g1 — ¥ COOTBeTCTByIOImas eif npousBognas 0S/0q; BXomAT B ypas-
meune [amuibroHa—AKOOM TONBKO B BUAE HEKOTOPOH KOMOWHAIMHN
¢©(q1,0S5/0q1), He comepxameil HUKAKUX IPYIUX KOOPAUHAT (WMiIu
BPEMEHY) U IPOM3BOAHBIX, T.€. yDABHEHNE NMEET BH/L

q){qiat,g_ia 66_5’(') <(I1, 3_51>} =07 (481)
rze g; 0603HaYaeT COBOKYITHOCTD BCEX KOOPIMHAT 33 MCKJIFOUEHUEM (] .
Bynem muckaTh B 3TOM CiIydae peleHue B BUIE CyMMBI

S = 5"(g,t) + Si(q). (48.2)
[ToncraBus 510 BhIparkenue B ypasuenue (48.1), moayunm
08 88 asi\\ _
() {QMt’ dq: L , @ <Q1, dar >} =0. (483)

[Tpeamomnoxum, uro perenue (48.2) Haiigeno. Torma nocie non-
CTAHOBKU €ro B ypaBHeHue (48.3) mociegaee SOKHO OOPATUTHCS B
TOXKJECTBO, CIIPABEJINBOE, B YACTHOCTH, IIPH JIFOOOM 3HAYEHUH KO-
opauHATHI q1. Ho pu n3MeHeHnn ¢ MOXKET MEHSATHCS TOJIBKO (DYHK-
us @; MO3TOMY TOXKJECTBEHHOCTH paBeHcTBa (48.3) Tpebyer, 4To-
651 1 dyHKIUA @ cama 1o cebe ObLta nmocTosHHOM. TakuM 0OpazoM,
ypaBHeHue (48.3) pacnagaercsa Ha ABa ypaBHEHUSI:

ds
@ (QI, dqll) = 1, (484)
8s’ as' _
q) {ql?t7 8q¢ M 8t M a‘l} - 07 (48.5)

IJe &1 — Ipou3BOJIbHAsA NocTogHHasA. IlepBoe u3 HUX ecTh OOBIKHO-
BeHHOe JddepeHnaIbHOe ypaBHeHne, u3 KoToporo dyukuus S1(q1)
MOXeT OBITh OmpejeseHa MPOCTHIM MHTerpuposanueM. Ilocne sTo-
ro ocraerca JuddepeHuaIbHOe ypaBHeHHe B JaCTHBIX IIPOU3BO/I-
HbIX (48.5), HO y2Ke C MEHBIINM YHUCIOM HE3ABUCHMBIX I€PEMEHHbIX.
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Ecan Takum criocoboM MOXKHO IIOCTIEI0BATEIBHO OTIEIUTE BCE S
KOODJWHAT W BPEMsI, TO HAXOXKJEHUE IMOJHOIO WHTErDaJia ypaBHE-
Hua Namunbrona—fkobu menmkom cBoguTcd K KBagparypam. Jlms
KOHCEPBATHUBHOM CUCTEMBI Pedb (DaKTHIeCKH UAET JIUIIb O Pa3aesie-
HUU § IIEPEMEHHBIX (KOODAUHAT) B ypaBHeHuu (47.6), 1 IpH HOIHOM
pa3zesieHuy UCKOMBIN MHTErPaJl YPABHEHUST UMEET BT

S =3 Sklgr;x1,..., ) — E(tq, ..., x)t, (48.6)

k
rze Kaxkjgad u3 PYHKIWM Sy, 3aBUCUT JIUITH OT OJHOM M3 KOODIWHAT,
a sueprust F Kak QpyHKIMsST MTPOU3BOIBHBIX MOCTOAHHBIX (X1, ..., Kg

IIOJIy9aeTCsl MOACTAHOBKOM Sy = Y S B ypasuerue (47.6).

YacTHBIM CIIy4YaeM Pa3ielleHus SBJISETCA CIydail IUKIMIecKOi
nepeMenHoi. [[ukanyeckas KOOpAMHATA ¢ BOBCE HE BXOAUT B ABHOM
Buae B dyukiumio [amMuibToHa, a mOTOMY U B ypaBHeHHe [aMuib-
roHa—ZAkobu. Oyukuusa @(q1,0S/dq1) cBOEUTCS IPU ITOM IPOCTO K
0S/0q1, n u3 ypauenus (48.4) umeem npocro S; = X1q1, TaK 9TO

S = 8'(git) + ouqs. (48.7)
[TocTosinHas &1 €CTH MPU ITOM HE YTO MHOE, KAK MOCTOSHHOE 3HA-
4eHUWe uUMIyJbca p; = 05/0q1, OTBEYAIOWEro MUKJINIECKOH KOOP-
nuaare. OTMETHM, YTO OTIEJEHNE BPEMEHN B BUE dieHa —Ft mia
KOHCEPBATUBHOM CHCTEMBI TOXKE COOTBETCTBYET METOIY Pa3/eieHus
TIEPEMEHHBIX JIS «IIUKJINYECKOU ITepeMeHHON» t.

Takum 06pa3oM, BCe pacCMaTPHUBABLINECS DaHee CIIydIad YIIPO-
IIIEeHNsT MHTErPUPOBAHNS YPABHEHUM JIBUKEHNsI, OCHOBAHHBIE Ha, UC-
MOJIb30BAHUY [UKJINIECKUX MEPEMEHHBIX, OXBATHIBAIOTCS METOIOM
paszeieHnsa mepeMeHHbIX B ypaBHeHnu [amuibrona—Akobu. K aum
00ABJIAETCS €I1e P CIIYIaeB, KOIIa pa3/ieieHre IepeMEeHHBIX BO3-
MOXKHO, XOTs KOOPJWHATBHI HE SIBJIAIOTCA NUKINYecKuMu. Bcee 310
MPUBOIUT K TOMY, YTO MeToh |aMuibToHa—KOOU sBjseTcda Hau-
6oJiee MOTYIIECTBEHHBIM METOJOM HAXOXKIEHUs OOIINEr0 MHTErpaja
YPaBHEHUI NBUKEHUI.

g pa3aesenns mepeMeHHbIX B ypaBHeHUU ['aMuibToHa— K001
CYWIECTBEH YIAYHBIN BBIOOP KOOPAWHAT. PacCMOTPUM HEKOTODBIE
MPUMEPHI PA3IEJIEHNUS IEPEMEHHBIX B PA3IMIHBIX KOOPANHATAX, KOTO-
pble MOTYT IPEJICTABUTH (DUINUECKUI UHTEPEC B CBSI3U C 33Ja4aMU
0 JBUKEHUU MATEPUAIHLHON TOYKU B PA3JIMYHBIX BHEIIHUX IOJIAX.

1. Chepuyeckmne koopauHarsl. B sTux koopaunarax (r, 0, @)
dbyuknua lamursrona

2 2
H= 1 (2424 Pe ) 4 U(r,0,0)

2m 72
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U pa3jiejieHue lepeMeHHBIX BO3MOXKHO, eClIn

5(6) c(e)

U=a(r)+ 3+ 5=

(r) + r? + r2sin? @’

rae a(r), b(0), ¢(¢) — npousBonbubie dyukunn. Ilocmeanit wien B
9TOM BBIPAKEHUH BPSJ JII MOXKET IPEICTABUTh (PU3NIECKUl HHTeE-
pec, ¥ MOTOMY MBI PACCMOTPHUM IIOJI€ BHJA

U =a(r) + 2© (48.8)

77

B sTom cayuae ypasuenne amunbrona—dAkobu g dyukimm Sy
2 2

L (850) +a(r) + L {<%> + 2mb(9)] +

2m \ ar 2mr? 00
1 2
+ 5 5. 2n <%> =
2mr2sin? 0 \ 0@
Y4uurhiBas MUKINIHOCTh KOOPAUHATHI (O, UIIEM PEIIeHUE B BUIE
So =pee + S1(r) + S2(0)
u g dysxmit Sq(r) u S2(0) momydaem ypaBHeHus

(@)2 +2mb(8) + Lo = p,

do in20
1 (dS:)? B
o () +alr) + 505 = B.

MuTerpupysa ux, moiyduM OKOHYATEIHLHO:

S=—Et+p(p<p+/\/[3—2mb(6)— Po_ gg 4

sin® 0

+ / \/2m[E —a(r)] - Lar. (489)

ITpousBOIBHBIMY IOCTOSAHHBIME 3/IECh ABJIAIOTC Do, 3, F; mqud-
depeHIIMpYS IO HUM U IPUPABHUBAA Pe3yyIbTaT guddepeHnupoBa-
HUS HOBBIM MOCTOSIHHBIM, HaliZieM o0Ilee pelleHne ypaBHEHUN IBU-
JKEHUS.

2. IlapaGonnyeckue KoopauHaThl. [lepexon k mapabosude-
CKUM KOOpAMHATAM &1, @ COBEPIIAETCH OT IUJIUHIPUIECKUX KO-
opauHaT (KoTOpBIE B 3TOM maparpade Mbl OygeMm 0003HAYATH, KaK

p; @, 2) o bopmynam
e=4(E-n), p=VEn (48.10)

KoopauuaTs! & u 1 nmpoberaror 3HaYEHUS OT HYJIS 0 00; IIOBEPXHO-
CTH TIOCTOSIHHBIX & U 1] IPEJICTABJIAIOT OO0, KaK JIETKO yOeIuThCH,
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JBa, ceMelicTBa NapaboJIOnIOB BPAIEHNUs (C OCHIO 2 B KAYECTBE OCH
cummerpun). CBsaspb (48.10) MOXKHO NpENCTABUTH eIle U B APYroi
dopme, BBens paamyc
1
r=+z22+p?= §(£+n). (48.11)
Torma
E=r+z, nm=r-—z (48.12)
CocraBum ymKImMio Jlarpamka MaTepuaJbHON TOYKH B KOOD-
muHaTax &1, @. Jubdepennupys seipaxenus (48.10) no Bpemenu
U TIOJICTABJIsSAS B
L=2(7"+ 00"+ %) = Ulp, ,2)
(byukuus Jlarpanka B NUINHIPUYECKUX KOODAMHATAX ), IOJLYIUM

£2 -2
L=2(E+m) (%+%) +2Ene’ ~U(E,m,0).  (48.13)
Nmnysnbesr paBHBL
pe= g (E+ME  py=g(E+M,  pp =ming
u dyaknua lamunbpToHa
_ 2&pi4nph | ph

@I/I3I/IquKI/I UHTEPECHBbIE CJIyYau pa3[JejieHud IIePpEMEHHbIX B
9TUX KOOPDAMWHATAX COOTBETCTBYIOT HOTeHI_(I/Ia.TIbHOI‘/'I 9HEPIruu BHUOA
U=8tbn) _ alrtz) +br=z) (48.15)
E+m 2r

Nmeem ypaBuenme

2 %)2 <@)2 1 <%)2 a(&) +b(m) _ g
m(&+n) [E'(Ba Nl on +2m£n 0 + &+
[Muknumyeckass KOODJAMHATA (p OTJENAETCA B BUAE Po@. YMHOXKUB
3aTeM ypaBHenue Ha m(&+1) U meperpynnupoBaB WIEHBL, Oy IUM

850 2 _ p2 6S0 2 _ p2 _
25’(6_?,) +ma(&) mE&—l—ﬁ—i—Qﬂ(W) +mb(n) mEn+ﬁ =0.

ITonoxxus
So =pe@ + S1(&) + S2(n),

MIOJIyYUM [Ba YPaBHEHUSA

2 2
26 (£2)" + ma(e) - mBE + Le = B,

ds. 2 2
2n <d_112> + mb(n) — mEn + 127—1“; =—f
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U, UHTETPUPY4 WX, HalijeM OKOHYaTeJIbHO:

2
S=—Et+p@¢+/\/”’2—E+%—M—p—“’d£+

mE B mb(n) _ i
+ /\/T + % —_— 41;‘72 dTl (4816)

C IPOU3BOJILHBIME IOCTOSHHBIME Py, 3, E.

3. DuuunTuYeckue KOOPAWHATHI. DT KOOPAUHATHI &1,
BBOJIATCS COTJIACHO (bopmysiam

p= G\/(£2 -1)(1—-n?), =z=o0én. (48.17)

IlocTosinnas ¢ gBIgeTCH napamMeTpoM mnpeobpaloBanus. Koopauna-
Ta & npoberaer 3HAYEHUSA OT €IMHMUIILI IO OO, & KOOpAUHATA 1] oT —1
10 +1. l'eomerpudecku 6osiee HATTISIHBIE COOTHOIIEHUS TIOJIY9aI0T-
Csl, €CJIM BBECTU PACCTOAHMSA T1 U r9 10 Touek A m As Ha ocu z ¢
KOODIMHATAME 2 = 0 M 2 = —0 1):
ri=v(z—-0)2+p% r2=+(2+0)*+p%
IToncraBus ciona Bbipaxkerus (48.17), mosydanm
ri=o0(§—m), rz=o0(&+n),
£ = T2 +T1 _Tra—T (48'18)
=T 0 1T T
IIpeobpasysa dyukimio Jlarpamka oT MUINHAPUIECKUX KOOD/IHU-
HAT K JIINITUYECKUM, HageM

_ mgo’ 2_2(&2 ﬁz)
L==-(&-n) o1t T

+ P E 1)1 - 1))~ U(Em, @) (48.19)

Orcrona gna dysknuu [aMuipToHa MOy YnM

1) JIuHUM TIOCTOSHHBIX &, MPEACTABIIAIOT COOOM CEMENCTBO JLIUIICOUIOB

2 2
z p _1

+

2 2

o2& 02(&* —1)

¢ dokycamu B Toukax A; u Az, a JIMHMM MOCTOSIHHBIX 1| — CEMEHCTBO COMOKyC-
HBIX C HUM FI/Il'Iep6OJIOI/I,I[OB

2 2
25 p 1
o2 o2(1—n2)
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_ 1 2 1\, 2 2y, 2
—mﬂﬁwﬁaim+ﬂnmﬁ
2
+ <H + m)pq,] +U(EM, @) (48.20)
Du3M9IeCKN MHTEPECHBIE CIIyYau Pa3/IeJIEHAs TIEPEMEHHBIX COOT-
BETCTBYIOT MOTEHIMAJIBHON YHEPIUU
_a(£)+b(n)_6_2{ (r2+r1> (m—n)}
v="5 = e (B0 ) o (2R} (82
rae a(&) u b(n) — npousBonbHble DyHKIWMU. Pesynbrar pasnenenus
IIepeMEHHBIX B ypaBHeHnn |'amuiabroHa—Akobu riacut:

_ 2 [3—2m0‘2a(5,) _ p?p
S = Et+p(p<p+/\/2m0 E + 71 (52_1)2d£+

2
/ \/2mcr2E+ +2m" LU . (48.22)

Bamgaumn

1. Haiitu nonustit uHTerpas ypaBHenus: lamunbrona—kobu ajist qBukKeHust
YaCTHUIB] B I0JIE o
U=—-—-Fz

r
(Ha/I0’KeHuE KYJIOHOBCKOTO U OJHOPOJHOTO Iojiell); HalTu cneruduvecKyo ajis
TAKOI'O [BUKEHUS COXPAHSIOULYIOCH (DYHKIUIO KOOPAUHAT U MMILYJIHCOB.
P em e nue. Jlauxoe mone orHocuTcs K rumy (48.15), npuuem

F F
a(€) =a— &, bn)=a+n’.
Ilonusbiit wunTerpan ypaBHeHusi lamunbroHa—fkobu maerca dopmytoit

(48.16) ¢ srumu pyukmuamu a(&) u b(n).
Jlj1s1 BBISICHEHMSI CMBICJ/IA IIOCTOSIHHOM [3 muiieM ypaBHEHUs

2Ep} +ma(E) — mEE + p“’ =B,

2nph +mb(n) — mEn + % = —p.
Belursi omHO M3 9THX ypaBHEHWH W3 APYIOro M BBIPA3UB HMIIYJIbCHI Pg =
= 0S/0& u p, = 0S/0n 4epes umnynscer p, = 5/0p u p, = 85/0z B um-

JIMHAPUYIECKUX KOOpAWHATAX, IIOJYy4YUM IIOC/I€ IIPOCTOr'O NPUBEOCHUA:

2
Pp Do m . o
=-m + z + z| — =Fp°.
= 7‘ m( Pp — PPz) mp? B p
BeipazkeHne B KBaJPaTHBIX CKOOKAX IIPEICTaBIIsET COOOI MHTErpas ABUKEHNs,
crienpuyecKuii [JIsl 9MCTO KyJIOHOBCKOTO IOJIst (z-KOMIIOHeHTa BekTopa (15.17)).

2. To xe B mose
. X1 [0.8))
lr —_ + —_
T T2
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(KyJIOHOBCKOE TOJIE JABYX HENOABMXKHBIX LEHTPOB Ha DPACCTOSHUM 20 IpyT

oT mpyra).
Pewmenue Jaunoe nojme oTHOCUTCA K ro 1
Tuny (48.21), npuuem
o+ o1 — &
a(g) = B2 g = By, & &
Heticreue S(&,M; @,t) momydaercss MOACTAHOB- (o 20 o

KO# 9Tux BeIpakenuil B (48.22). Cmbics mocro-
SIHHOM {3 BBISICHSIETCSI AaHAJIOTUYIHO TOMY, KaK 3TO Puc. 55

OBLIO COETaHO B 3a4a4e 1; OHa BhIpakaeT COOOll B JAaHHOM CiIydae COXPaHEHUe
cleayomeil BeuInuHbI: 5

B =o" (pf, + Z;—‘g) — M? + 2mo(o cos 01 + &z cos Bs),
rae r2p2
M? = [rp]? = p22% +p2p* + “22 — 22pp.p,,

a 01 u 02 — yrubl, yKa3aHHbIE HA pHC. b5.

§ 49. A mabaTrnueckue MHBAPUAHTHI

PaccMoTprM MeXaHUYECKYIO0 CHCTEMY, COBEPINAOIIYIO OHOMED-
HOEe (PMHUTHOE JBUKEHUE W XaPaKTEPU3YIONTy0cd HEKOTOPBIM Iapa-
METPOM A, OIIPEIEJISAIONIMM CBORCTBA CAMOIN CUCTEMBI UJIA BHEIITHETO
HOJIA, B KOTOPOM OHa HaXOIUTCH 1).

[IpeanonoxuM, 9TO TapaMeTp A IO, BIUSHUEM KaKUX-IUOO
BHEIIHUX [IPUYINH MeIJIEHHO (KaK IOBODPAT, aduabamuyecky) MeHs-
ercsa co BpeMeHeM. [1o[1 MeIyIeHHBIM TTOIPa3yMeBaAETCs TAKOE M3Me-
HEHHUeE, IPA KOTOPOM A MaJjiO MEHSIEeTCA 38 BPeMsl TIEPUO/IA [IBUKEHUS

cucreMmnl 1 I\
TE <L A (49.1)

IIpu moctosimHOM A cucTema ObLia ObI 3aMKHYTON M COBEPIIIA-
J1a, OBI CTPOrO MEPUOAUYECKOE IBHMXKEHME C IOCTOSHHON dHeprueii E
u BrosiHe onpeseseHabM nepuogoM T'(E). Ilpu nepemennom mapa-
MeTpe A CHCTeMA He SBJIAETCH 3aMKHYTON U ee SHEprus He COXPaHs-
ercda. Ho B cuity IpeamnonoKeHHOM MeIJIeHHOCTH M3MEHEHUS A CKO-
pocts E usMenenusa sHeprum Oymer Toxke MaJjoi. Eciu ycpegauThb
3Ty CKOPOCTH IO HEPUOAY 1 W TEM CAMbIM CIJIAJUTDH <«OBICTPBIE»
KOojIebaHUs B ee BeJUYUMHE, TO IIOJydalolleecss TaKUM 00pa3oM 3Ha-
venne F OmpemesnT CKOPOCTh CHUCTEMATHYECKOTO MEJJIEHHOTO W3-
MEHEHUsI SHEPTUHU CUCTEMBI; 00 9TOM CKOPOCTH MOXKHO YTBEPXKIATh,

) Jlas kparkocTa 3amucu bOPMys Mbl HPEIIIOIATaeM, UYTO MMEETCS BCETO
OMH TaKOH IIapaMeTp, HO BCe Pe3yJIbTHITHI OCTAIOTCA B CHJIE U NIPHU JIIOO0M dncse
rmapaMeTpoB.
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9TO OHA OYIET IIPOMOPIMOHAIBbHA CKOPOCTH A M3MEHEHHUs IIapaMeT-
pa A. DTO 3HAYUT, APYTUMHU CJIOBAMH, UTO IOHUMAEMAS B YKA3AHHOM
CMBICJ/IE MEJIJTEHHO MEHSIOMasAcy BeqnanHa F Oymer Bectu cebs Kak
HEeKOTOpas (GyHKIHS OT A. 3aBUCUMOCTh F OT A MOXKHO HpeicTa-
BUTHb B BHUIE IOCTOSHCTBA HEKOTOPOi KoMOmuaumn u3 E u A. Ta-
KYIO BEJIMYMHY, OCTAIOIIYIOCS IOCTOSHHOMN IIPU ABUXKEHUN CHUCTEMBI
C MeJJIEHHO MEHSIOIIMMIUCS ITapaMeTPaMu, HA3bIBAIOT aduabamuye-
CKUM UHBAPUAGHITLOM.

ITycrs H(g,p;\) — raMuibTOHOBa (DYHKIUS CHCTEMBI, 3aBHCH-
mas or napamerpa A. Corsacuo (40.5) cCKOpPOCTH M3MeHEHUs SHEp-

TN CHUCTEMBI
dE _ 0H _ OH d\

T T (49.2)
Bripaskenue B mpaBoit 9acTu 3T0# (POPMyYJIbI 3aBUCAT HE TOJIHKO OT
Me/IJIEHHO MEHSIOIIENCS TIePEMEHHOM A, HO U OT OBICTPO MEHSIOIINX-
Cs TIepeMEHHbBIX ¢ U p. /l1s BblAesieHnsl MHTEPECYIOIero HaC CUCTe-
MAaTHUYECKOTO XOJa M3MEHEHUS SHEPTUY HAJO, COTJIACHO CKA3AHHOMY
BBIIIE, YCPeOHUTH paBeHCTBO (49.2) mo mepmony nsuxkenus. [Ipu
9TOM BBUJY MEIJIEHHOCTH M3MeHeHus A (& ¢ HAM 4 A) MOXKHO BbI-
HECTH A 3a 3HAK YCPeIHEHU:
dE _ d\OH
dt ~ dt on’
a B ycpenasiemoilt dyukmuun 0H/ON paccMaTpuBaTh Kak M3MEHSIO-
IIHecs BEJINYUHBI JIWIL ¢ U P, HO He A. JIpyrumu ciioBaMu, ycpen-
HEHUE MTPOU3BOAUTCS [0 TAKOMY JBUKEHHIO CHCTEMBI, KAKOE UMEJIO
ObI MECTO NPU 33JAHHOM [TOCTOSTHHOM 3HAYEHUU A.

SamnumeM yCpeaHenue B ABHOM BUJIE KaK
T

9H _ 1 [ 0H
ﬁ—f/—dt'
0

Cornacuo ypasrenuto amuibrona ¢ = OH/0p nmeem

d
dt = %94
0H/dp
C mOMOIIIBIO 9TOTO PABEHCTBA 3aMEHSIEM WHTEIPUPOBAHUE IO BpeMe-
HM HA WHTEIPUPOBAHUE IO KOOPAWHATE, IpUdeM U mepuoh 1 3amm-

CbIBa€M B BHJE T
_ _ dg .
T_/dt_f s (49.4)
0

(49.3)
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3HAKOM § 371eChb 0603HAYAETCS MHTErPUPOBAHNE IO IIOJHOMY H3Me-
HEHWIO KOODJMHATHI («BIEDEI» WM <«HA3a/») 3a BPEMs IEPUOAA ).
Taxkum ob6pazom, dbopmyna (49.3) npurumaer Bu,

OH/ON |
& _ 0] oH/op (49.5)
dt dt dq ’ ’
OH/0p

Kak y>e 6b1710 yKa3aHO, HHTEIPUPOBAHUS B 3TO# OpMYyJIe J0J1-
JKHBI TIPOM3BOAUTHCS TT0 TPACKTOPUY JBUKEHUS TIPU JTAHHOM IIOCTO-
AHHOM 3HadeHnu A. Boonb Takoit TpaekTopun dyuknua [amunbro-
HAa COXPAHSET MOCTOsTHHOE 3HavueHue F, a MMIyJibC siBJIsieTCs Orpe-
JeJIeHHOM (DYHKIMEN MEePEMEHHON KOOPAWHATHI ¢ U ABYX IIOCTOSTH-
HBIX He3aBUCHUMBbIX mapameTpoB F u A. [lommmass uMmyssc umeH-
HO Kak Takyoo Gyskmmio p(g; E,\) nu muddepeHnupys paBeHCTBO
H(p,q;\) = E no napamerpy A, mojydnm

OH | OH%p _ 0 wmm OH/ON _ _6_1)'
oA ' Bp oA 8H |op oA

[TopcraBus 310 B BepxHumit uaTerpas B (49.5) u HamucaB B HUXK-
HEM HOJBIHTErPAIbHY 0 MyHKIMIO B Buge Op/0E, nmeem

_ }{@d _
B __afat f(a_pdE+apd>\>dq=O

at — dt ?{ o, 8E dt ' OAdt
oE "
STO PaBEHCTBO MO2KHO OKOHYATEJIbHO IIEPENNCATh B BUIE
dar
@ = 49.
= =0, (49.6)

rae I obo3HauaeT UHTErpaJ

1
I= %fpdq, (49.7)

B3STHIA IO TPAEKTOPUU JBIKEHUS NpHU 3aJaHHbIX F u A. DTor pe-
3yJIbTAT MOKA3BIBAET, UTO BEJIMUNHA I OCTAETCHA B pACCMATPUBAEMOM
IpUOJINKEHUN TTOCTOSTHHON DU M3MEHEHUN MaPaMETPa A, T.€. ABJIs-
eTcs aanabaTUIeCKUM MHBAPUAHTOM.

Besmunna I sBisiercs GyHKuMeil SHEpruy cUCTEMbI (1 apaMeT-
pa A). Ee gacTHasi mpousBogHas MO SHEPIUM OIPEEJISET IEPUOJ
JBHKeHus: coraacHo (49.4) nmeem

1) Ectu aB¥2KeHHE CHCTEMBI ImpeJcTaBjfgeT coboil BpallieHue, a KOODAHMHA-
TOH g SIBJISIETCS HEKOTOPBIH YyroJI IOBOPOTA (Y, TO HHTErpUpPOBaHUE 10 d@ JOJIK-
HO IPOM3BOJUTHCS IO «IIOJHOMY OOOPOTY», T.€. OT HyJsd IO 27T.
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or Op _
WIIn
0E
ﬁ -_ w, (49-9)

rae w = 27/T — gacrora KoeOaHuil CHCTEMBI.

Wnrerpasy (49.7) MoxkeT ObITH IPUNUCAH HAIJISAHBINA T€OMETPU-
9eCKUil CMBICJI, €CJIM BOCIIOJIb30BATHCA MOHATHEM O Pa30BOi Tpaek-
Topun cucreMbl. B manHoM ciydae (omHa crenenb cBobombl) dazo-
BO€E MMPOCTPAHCTBO CBOAUTCHA K IBYMEDPHOI CHCTEMe KOOPIUHAT P, g, U
da30Basg TPAEKTOPHUS CHCTEMBI, COBEPIIAIONIEH NEPUOIIMIECKOE IBU-
JKeHUe, IIPEICTABIIAET COD0 3aMKHYTYIO KPUBYIO B 9TOM IIJIOCKOCTH.
Wurerpan (49.7), B3arbiii BIOIb 9TOM KPUBOH, NPEACTABIAET COOOM
3aKJIIOYEHHYIO BHYTPH Hee mwiomaab. OH MOXKeT ObITh HAIUCAH U
KaK JBYMEDHBII MHTErPAJI IO IIJIOIIA/IN:

1
I= %/ dpdgq. (49.10)

B kauecTBe mpumepa ompegenuM agunabaTHUeCKUil WHBAPUAHT
JJIsE OfHOMePHOro ocumigaTopa. Bro dynknusa amuiasrona
2 2 2
mw-q
g=%r M09 49.11
ot o (49.11)
e W — coOCTBEHHAs YacTOTa OCIMJLIATOpA. Y paBHEHHE (DA30BOiA
TPAEKTOPUY JAETCH 3aKOHOM COXPAHEHUS IHEPIUU

H(p,q) = E.

D10 ecTh LIHIC ¢ HoTyocamu v 2mE u \/ 2E /mw? u ero miomaab
(nenennast Ha 2m)

I=E/w. (49.12)
A mmabaTuyeckas WHBAPUAHTHOCTH ITON BEJMYMHBI O3HAYAET, YUTO
IIPY M€JIJIEHHOM W3MEHEHUM IIapaMeTPOB OCIMLIATOPA €TI0 SHEPTHUs
MEHAETCS IPOIOPIINOHATIBHO YaCTOTE.

§ 50. Kanonnueckue nmepeMeHHbIE

IIycts Temepb mapameTp A MOCTOSHEH, TAK YTO PACCMaTpPUBAE-
Mas CHCTeMa 3aMKHYTA.

IIpomsBeeM KaHOHHYECKOE IPeoOpa30BaHWE NMEPEMEHHBIX ¢, D,
BBIOpaB BesnurHy | B Ka4eCTBE HOBOTO <«MMITYJIbCay. Pojib mpoms-
BoZdAImel (DYyHKIMN JOKHO IPH 3TOM HIPATh «YKOPOUEHHOEe Jeii-
cTBue» Sy, BeIpaxkeHHoe B MyHKIiwmu oT q u I. eiicTBurensuo, Sy



206 KAHOHUYECKUE YPABHEHUI A T'JI. VII

ompenenseTca KaK MHTErpaJ
So(g, E;\) = / p(q, E; ) dg, (50.1)

B3ATBIN IPK 33JaHHOM 3HaueHuu 3Hepruu F (um mapamerpa A). Ho
JJIs1 3aMKHYTOH cucteMsl I sBaseTcsa QyHKIMENR OTHON TOIHKO JHED-
IUM; TI03TOMY Sy MOXKHO C TeM YK€ IIPaBOM BBIPA3UTh B Buie (DYyHK-
muu So(q, I;A), a yacrnas npoussopsas (0Sp/0q)r = p coBnamaer
¢ npoussoxnHoit (0S50/0q)r npu nocrosrzoM I. I[Tosromy umeem
_ 05(q, ;A)
p= 8¢ (50.2)
YTO COOTBETCTBYET TepBOii 3 (POPMYJ KAHOHUIECKOTO MpPeobpazo-
Banud (45.8). Bropas ke dbopMmysa onpenennT HOBYIO «KOODAMHA-
Ty» , KOTOPYIO 0003HAYNM HYepe3 w:
__ 08S0(q, ;M)
w === (50.3)
ITepemennbie I 1 w HA3BIBAIOT KAHOHUMECKUMU NEPEMEHHBIMU, TIPU-

qeMm | Ha3BIBaETCS B 9TON CBA3U nepemennoti deticmeus, a w — ye-
20801 nepemerrol.

[Mockosbky npousBozsmas dyukiwms So(g, I;\) He 3aBuCHT ABHO
OT BpeMeHH, TO HoBas yHKIma [amuibrona H' coBmamgaer co cra-
poit H, BbIpakeHHOH! Uepe3 HOBbIE IlepeMeHHble. /Ipyrumu ciaoBaMu,
H' ectb sHeprus, BeIpaskeHHas B (DYHKIMU [EPEMEHHOM JIeficTBHS,
E(I). CoorBercTBEHHO ypaBHeHHs ['aMUIBTOHA IS KAHOHUYIECKUX
II€EPEMEHHBIX UMEIOT BUJ

_dE(I)

I == O, 'lb - T. (50.4)

W3 mepBoro mmeem, Kak u ciaenosajio, I = const — BmecTe ¢
SHepruelt mocTosdHHA M BejuumHa I. VI3 BTOpPOTO 2Ke BUAUM, UTO
yIJIOBasl TIepEMEHHAs sIBJISIETCS JIMHEHHON (DyHKIMeH BpeMeHu:

w = Z—?t + const = w(I)t + const; (50.5)
OHa TIPeACTaBJdgeT coboit a3y KoebaHuit.

Heticteue Sy(q,I) — Heomuo3HauHas dbyHKuua KoopauHat. 1o
UCTEYEHNN KAaXKJIOrO Mepuosia 3Ta (byHKIWMsS He BO3BPAIAETCA K UC-
XOIHOMY 3HAYEHUIO, & MOJIydaeT NpUpAIleHue

ASy = 2nl, (50.6)
Kak 310 odeBuaHO u3 (50.1) u ompenesenus I cormacuo (49.7). 3a
9TO K€ BPeMs yTJIOBasi ePEMEHHAs MOJy9aeT PUPAIICHIE

0S8 0
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O6paTHO, eciu MBI BBIPA3UM ¢ U p (Wi JIEOOYI0 WX OJHO3HAY-
Hyio byskmuio F(g,p)) depe3s kKaHOHWYECKHE NEPEMEHHBIE, TO ITH
dyHuKIME HE OyIyT MEHATH CBOW 3HAUEHUS NPU U3MEHEHUW W HA
27 (upu 3amansoM 3Hadenuu [). Ipyrumu cioBamu, BCSKAsi OHO-
sHauHas byuknus F(g,p), Oyaydn BblpaXkeHa depe3 KAHOHUYECKHE
MEpeMeHHbIe, ABJIIETCH MEPUOANIECKON (DYHKIMER W ¢ IeprooMm,
PaBHBIM 27T.

YpaBHeHUs ABUXKEHUS MOTYT ObITh COPMYJINPOBAHBI B KAHO-
HUYECKUX TIEPEMEHHBIX TAKKE U JIJI HE3AMKHYTOW CUCTEMBI C 3aBU-
camuM oT BpeMenn mapamerpoM A. [IpeobpasoBamue K 3TuM mepe-
MEHHBIM OCYIIeCTBIIsieTcs mo-npexxueMy dopmyaamu (50.2),(50.3)
¢ mpomsBoggameit dbynkuueit Sy, onpenesnsiemoit naTerpagom (50.1)
7 BBIPAXKEHHON 4Yepe3 MepeMeHHYIO I, OmpeeaeMyI0 WHTErPaJIoM
(49.7). Heonpenenennstii unrerpan (50.1) u ompenesieHHbIN nHTE-
rpaist (49.7) BBIYMCHIAIOTCA OPU 9TOM TaK, KAK €I Obl ImapaMeTp
A(t) mMesn 3aJaHHOE NOCTOSHHOE 3HAYEHWE, APYIUME CJIOBAMH,
So(q, I; A(t)) — npexHuss QyHKIWS, BBIYUCIEHHAS IPU IOCTOSHHOM
A, 3aMEHEHHOM 3aTeM 3amanuoil dynkumeit A(t) 1).

[TockosbKy npousBogas HbyHKIMs OKA3bIBAETCS TENeph (BMe-
cTe ¢ mapaMeTpoM A) siBHOU (byHKImel BpeMeHu, To HoBast PyHKIUs
TFammisrona H' yxxe me Gyner coBmagaTh CO CTapoii, T.e. ¢ dHeprueit
E(I). Cornacuo obumm GopMysiaM KAHOHHIECKOTO IPe0bpa30BaHUs
(45.8) umeem 85 .
H' = E(I;N) + 57 = E(I;A) + AA, (50.8)
rlie BBEIEHO 0DO3HaYeHHE

A= (), gr

npudeMm /A go/mkHA ObITH BbIpaykeHa (IIOCJIE OCYIIeCTBJICHUS Aud-
epernmposanus mo A) ¢ nomourpo (50.3) uepes I u w.
VYpasaenus ['aMuIbTOHA TIPUHUMAIOT TENEPh BUJI,

. BH' _ _ [0A\ 4

r=-27 <%>m A, (50.10)
. 8H o A\ ;
w =2 = w(r;n) + <E>W A, (50.11)

rae w = (OE/0I))\ — gacrora kosnebanuii (CHOBa BLIUUCIIEHHAS TaK,
KakK ecyiy ObI A OBLIO IOCTOSIHHBIM).

1) HoggepkHeM, OQHAKO, YTO ONpEeIeHHAs TAKIM 06pasoM byHKIms Sy y2Ke
HE COBNAJAET C NCTUHHBIM YKOPOYEHHBIM AEHCTBUEM JJIsl CUCTEMBI C 3aBUCALIET
OT BPEMEHHU raMUJIbTOHOBOI (byHKImeii!
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SBamauga

Hanucars ypaBHEHNs [BHXKEHUs B KAHOHHIECKAX [EPEMEHHBIX ISl TAPMO-
Hu4ecKoro ocumisitopa (dyukuus Namunbrona (49.11)) ¢ gacToToil, 3aBuCH-
meil OT BpeMeHHU.

P emenne. Iockombky B (50.1)—(50.3) BCe neficTBuaA cOBEpIIAIOTC IPH
nocTosHHOM A (POJIb KOTOPOTO UIPAaeT B JAHHOM CJIydae CaMa JacToTa W), TO
CBS3b ¢ M P C W MMEET TOT K€ BUJ, 4TO U IPH IOCTOSIHHON uacrore (KOrma

w = wt):
| 2E [ 21
q= 5 sinw =4/ —— sinw, p=+v2Iwm cosw.
mw mw
OTcrona
dq 2
So= [ pdg= | p| = dw=2I [ cos” wdw
ow Lo
U 3aTeM

(850 (050 (ow) _ 1
T\ dw q’I_ ow ), \ dw q_2w ’

Ypasuenus (50.10), (50.11) npurnmaior Teneps BUZ,

w . w .
I =—I— cos2w, w=w+ — sin2w.
w w

§ 51. TouHoCTh COXpaHEeHHS aAMA0ATHIECKOT0 MHBapHAHTA

VYpasuenue nemxenus B ¢opme (50.10) mosBosnsier cHoBa ybe-
JUTHCS B a1nabaTUYECKO NHBAPUAHTHOCTY NIEPEMEHHON NefCTBHS.
®yukuus So(q, I;\) — HeonHO3HAUHAS (DYHKIWS ¢; IPU BO3BPa-
IMEHNY KOOPAMHATHI K TIEPBOHAYAIFHOMY 3HAUEHUIO K S IpubaBJis-
ercs nesioe KparHoe ot 271 . [IpousBonuas xe (50.9) — oxHOo3HAYHAS
dyHKIUSs, Tak Kak auddepeHmpoBaHne MPOU3BOINTCS IPY ITOCTO-
auHoM | u mpubaBigiomuecs K Sy MPUPAIEHUS TIPU ITOM HCUe-
zafor. Kak u Bcskast ogHo3HauHas GyHKIWM, QyHKiug /A, Oyaydun
BBIDaXKEHa, Yepe3 YIVIOBYIO MEPEMEHHYIO W, OyJeT MepuoandecKon
dbyukimeit sToit nepemennoii. Cpegnee ke (o mepuoay) 3HaYEHHE
npousBoaHoit OA/Ow or nepmommueckoit dbyHKIMM oOpariaercsa B
Hysb. [TosTomy, yepenuss ypasuenue (50.10) u BbIHOCS Py 9TOM A
(mpu MeIeHHOM M3MEeHeHUM A) W3-II0J] 3HAKA CPEJHEr0, IOJIyIuM
I= —(g—") A=0, (51.1)
w/I
9TO U TPeOOBAJIOCH.
Ypasuenus apmxenns (50.10), (50.11) mo3BosIAIOT pacCMOTPETH
¥ BOIIPOC O TOYHOCTH, C KOTOPOi COXpaHAeTCd aanabaTudecKuil WH-
BapuanT. [locTaBuM 3TOT BOIpOC ClleAyIOIUM OOpa30M: IYCTh IIa-

pamerp A(t) crpemurca mpu t — —00 U t — +00 K IOCTOSHHBIM
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npeenaM A_ u Ay; 3aaHO HadajbHOe (mpu t = —o0) 3HadeHue [_
aauabaTUIecKOro NHBAPHUAHTA, U TPeOYeTCs HANTH ero NpUpAaIeHue
Al = I, — I_ ko Bpemenu t = +00.

U3 (50.10) umeem

o0
—_ [ 97,
AL = / 0N dt. (51.2)
—00
Kaxk yxe 6bL10 yKa3aHo, BesmuuHa /A — mepuogudeckast (C mepuo-
JoM 271) dbyHKIus mepeMeHHON w; pa3iokuM ee B pax Oypbe:

o0
A=Y et (51.3)
l=—00
(B cuy BemecTBeHHOCTH A KOI(DDUIUEHTHI PA3JIOXKEHUS CBA3AHBI
npu roM cootHomerusmu A_; = AJ). Orciona Aas TpOu3BOSHON
O /0w nmeem

o0 o0
g_g = Y ile™A =2Re Y ileA,. (51.4)

l=—00 =1
ITpu mocraTogHO MajioM A IPOM3BOAHAS W IIOJOXKHUTENIbHA (ee
3HAK COBHAJAET CO 3HAKOM w, cM. (50.11)), T.e. w — MOHOTOHHAs
dbyukimsa spemenu t. [Ipu nepexoze B (51.2) or uaTErpUpOBaHUA 1O
dt K VMHTErpUPOBAHUIO TI0 dW MPEAESbl OCTAHYTCS TMOITOMY IPEXK-

HUMM:
o0

Al = — / RDA G, (51.5)
—00

[Moxcrasum croga (51.4) u npeoGpa3yeMm MHTerpaj, pacCMaTpu-
Bag B HEM (POPMAJIbHBIM 0Opa30M W KAaK KOMILIEKCHYIO IT€PEMEH-
umyto. llpenmonoxxue, 9TO MOABIHTET-
PaJIbHOE BBIPAXKEHNE HE UMEET OCOOBIX
TOYEK IIPU BEIECTBEHHBIX 3HAYCHUAX
W, CMECTUM IIyTh WHTETPUPOBAHUS C @
BEIIeCTBEHHON OCH W B BEPXHIOIO IIO-
JIYILIOCKOCTH 3TOM mnepemenuoit. [Ipmu wo
9TOM KOHTYP <«3aleIIAeTCA» 33 OCO-
Oble TOYKHU MOABIHTErPAJILHOIO BBIPA-
JKEHUS U, OTudas NX, IPUHUMAET BU/I, Puc. 56
ITOKA3aHHBIM CXEMATHIeCK! Ha puc. 56.
Ilycts wg — OGmmkaiiimasi K BemeCTBEHHON ocu ocobas TOYKa, T.e.
TOYKa C HaMMeHbIIE(l [0 BenduHe (IOJIOKUTEIBHON) MHUMOM da-
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croio. 'maBHblil Bkiiany B muTerpasn (51.5) BO3HHKaeT OT OKpeCT-
HOCTHU 3TOH TOYKM, IpUYEM KaxkzIplii u3 wieHoB psaga (51.4) maer
BKJIaJI, comepxkamuiit MEOXKuTENb exp (—! Imwyp). Coxpanss onars-
TaK¥ JIMIIH 9IeH ¢ HAMMEHBIINM 10 abCOIIOTHON BeJIMYrHe OTPHUIla-
TeJIbHBIM HOKa3areseM (T.e. 4jieH ¢ | = 1), naiinem, uro ).

AT o exp (—Imwy). (51.6)
ITycrb typ — «MOMEHT BpeMeHH» (KOMILIEKCHOE 4ucio!), oTBedaro-
muit ocoboit Touke wo: w(tp) = wp. Ilo nopsanky BemwuausbL |t

COBIIaIaeT, BOOOINE TOBOPsI, C XAPAKTEPHBIM BPEMEHEM W3MEHEHUS
HapaMeTPOB CHCTEMBI; 0003HAYMM 3TO BpeMd depes T 2). ITopsamok
JKe BeJIMIMHbI IoKaszaress crenenu B (51.6) Oyger
Imwy ~ wt ~ 1/T. (51.7)
Ilockonbky, 0 IpeAmOIOXKEHUIO, T >> 1', TO ITOT MOKA3ATEIb BEJIUK.
Takxwum obpazom, pazHocTh I, — I yOBIBAeT SKCIOHEHIMAJIBHO IIPU
YMEHBIIIEHAU CKOPOCTH M3MEHEHUs MapaMeTPOB CHUCTEMBI °).
st onpenenenns wo B nepsoM npubsmkernn 1o 1'/T (T.e. ¢ cox-
pareHmeM Jivmth wiena nopsaka (T/71) ! B mokazarene) MoxHO 0TGpPO-
cuth B ypasHenun (50.11) masbrii wien, comeprkarmuit A, T.e. IICATH

W = W), (51.8)

npuuem apryment I dbyskmuu w(I,A) momaraeTcs HOCTOSHHBIM,
ckazkeM, paBubiM I_. Torma

wp = / w(I, (b)) dt (51.9)

(B KadyecTBe HUKHErO IIPeJesia MOXKHO B3SATh JIIOOOE BEIECTBEHHOE
3Ha4YeHne t; MHTEPECYIOMas HaC MHAMAs 4acTh Wg OT TOrO 3HAUe-
HUSI HE 3aBUCHT) ).

) B cnenmmanpHBIX CIydasX MOXKET OKA3AThCH, UTO PA3JIOKEHHE (51.4) me
conepxkut 4ieHa ¢ | = 1 (cm., HanpuMep, 3ajady K 9ToMy maparpady); BO BCex
Clly4asix HaJ0 OpaTh 4iIeH C HAUMEHbIIMM MMEIOIIUMCS B Py 3HaueHHeM [.

2) ECJ'II/I MEOJIEHHOCTh U3MEHEHHUA IIapaMeTpa A BbIpaXKaeTCdAd B TOM, YTO OH
3aBUCUT OT ¢ JuMIIb B BUAe OoTHOWeEHus & = t/T ¢ GonpmumM T, TO to = Tég, rae
&0 — He 3aBuCAmAsn OT T ocobas Touka pynkiua A(E).

3) OTMeTnM, 4TO ec/ii HavajbHOE U KOHEYHOe 3HadeHus: pyHkumu A(t) cos-
nagaioT (A = A_), TO 9KCIOHEHI[MAJILHO MaJIOli OymeT He TOJIbKO pasHocTb Al
HO BMeCTe C Helo TakxKe u pasHocTb AF = E, — E_ KOHe4YHOIl M Ha4aJbHOI
sHepruy; corsacHo (49.9) 6ymem umers AE = wAI.

%) Bosee moapo6HOe 10KA3ATENBCTBO CETAHBIX YTBEPYKICHNUIN, & TAKIKE Bbi-
YHCIIeHnE [PEIIKCIIOHEHIMAIBHOTO MHOXKHTEN B popmyte (51.6), MoxkHO Haii-
T B crarbe: Cunynkun AA.//2K9T®.—1963.—T. 45.—C. 978.
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Nnrerpan xe (51.5) ¢ w u3 (51.8) (1 ¢ omHmMM wieHOM psizna
(51.4) B kauecTBe OA/OwW) NpUHUMAET BUL,
AI » Re / jetw Mdw (51.10)
w(I,A)
Orcroa BUAHO, 9TO B KadeCTBe KOHKYpUpPYyomuXx (npu orbope 6Jiu-
JKafilleil K BEIeCTBEHHON OCH) OCOOBIX TOUYEK (bI/II:ypI/IpyIOT 0oco-
GennocTu (mosrochl, TouKM BeTBieHUs) dyskumit A(t) u 1/w(t).
HamomuuM B 9TO# CBA3M, YTO 3aKJIOYeHHE 00 IKCIIOHEHIUAIBLHON
Majioctu Al CBA3aHO C IIPEATIONOXKEHNEM, ITO YKA3aHHbIE (DYHKINN
HE WMEIOT BEIECTBEHHBIX OCOOBIX TOUEK.

Bamaumn

1. Ouenuts Al [1Jisi TADMOHUYECKOTO OCIHMLIATOPA C YACTOTOM, MEIJIEHHO

MEHAIOIIENUCA 110 3aKOHY 2 2 1 + ae“t
Ty et
OT 3HAYEHHs W_ = Wo mpu t = —00 10 W4 = y/a wo npu t = oo (a > 0,

1
o < wo) ).
Pewenue Ilonnmas mom mapamMerpoMm A camy 4acCTOTy (U, MMEEM

i_ﬁ a _ 1
w 2\e*4qg ext41)°

ot —«t

Ota dyHKIusa umeer nomocel mpu e X' = —lue = —a. Beruncnus nnrerpas
f wdt, HaiigeMm, 4TO HaMMeEHbIIee 3HAYEHHWE Im wy mPOMCXOAUT OT OZHOTO U3
nonocoB ato = — In(—a) u paBHO

Imwe = woTt/ o mpu a > 1,
7 \womya/a mpma < 1.

Jns rapmoHmMYeckoro ocumiisaTopa A « sin2w (cm. 3amady x §50), Tak uro
pan (51.3) ceogurca k aBym unenam ¢ (I = £2). IlosTomy Assi rApMOHHYECKOTO
OCHMJLIIATOPA

Al » exp (—2Imwo).

2. Yacruna cosepiiaer kojebaHusi B MOTeHIMa bHOM ame. Onpenennrs 3a-
KOH M3MEHEHUs €€ YHEPIUU IIOJ, NeHCTBHEM CHUJIBI TPEHUS frp, = —&XZ C MaJIBIM
ko3 dunuenToM « (¥ — AEKAPTOBAa KOOPIUHATA).

Pemenne VYcpenuum ypasaenue (25.13) mo mepuony kosnebanmii, mpe-
Hebperasi B IEPBOM l'IpI/I6JII/I)KeHI/II/I ux 3aryxanueM. Vimeem

dE . .2 .2 2moe
= g2 =2 _x __7‘7
7 ot T/ dt = }[ dz I(E)

rae I(F) — aguabaTndeckuil BADHAHT, M — Macca 4acTULbL. Bbipaxkasi nepuog,
kosebanmii T uepes I corsacHo (49.8), Haxomum

1) T'apMOHEYHOCTH OCIUJLIATOPA MPOSIBIAETCS B HE3ABHCHMOCTH YaCTOTHL KO-
siebaHuil OT SHEPIUH.
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dI dE 104

dE dt  m

I(E) = I(Eo) exp(—%t).

®opmyna (1) onpesenseT B HesTBHOM BHJE 3aBHCHMOCTD E(t). Jlms rapMommte-
ckoro ocumsaTopa (1) nepexonur B (25.5). Pemenne cripaBesinBo npy yclIoBAn
oT/m < 1.

WMurerpupys, nonydaem

§ 52. YciaoBHO-IEpMOANIECKOE ABUKEHE

PaccMoTpyM 3aMKHYTYIO CHCTEMY CO MHOTMMU CTEIEHSIMU CBO-
Gompl, coBepmaronyo (uHATHOE (IO BCEM KOODAMHATAM) [IBU-
xenne. [IpeamosokuM mpr 3TOM, 9TO 33718498 JOMYCKAET MOJTHOE
pasfesienne MepeMEHHbIX B Merone lamuiabrona—Akobu. Do 3HaA-
YUT, YTO MPHU COOTBETCTBYIOMIEM BBIOOPE KOODIUHAT YKOPOYEHHOE
JeficTBUE MPeICTaBisLeT cobOil cymMMy

So =32 Si(@) (52.1)

byHKIWi, KaXK1ast U3 KOTOPHIX 3aBUCUT TOJIBKO OT OJIHON W3 KOOP/IMHAT.
[Tockombky 0600IIEHHBIE UMITYIBCHI
_0S, _ dS;
qi qi
TO KaxKgasd u3 GyHKIu S; MOXKET ObITH IIPEJICTABJIEHA B BUIE

Si=/pidq,~. (52.2)

OTn QyHKIMA HEOTHO3HAYHBI. B CHIy (DUHUTHOCTH NBUKEHWS
KaXKJasl M3 KOOPAUHAT MOXKET IIPOberaTh 3HAYEHUS JIUIIb B OIIPEIe-
JIEHHOM KOHEYHOM WHTepBaJie. [Ipu uamMeHeHnn q; B 3TOM HHTEPBAJIE
«BIIEpEl» U «HA33J» OefCTBUE NOIYYaeT IIPUPAIIECHUE

AS() = AS,‘ = 27'(.[,‘, (52.3)

= — %pquz, (52.4)

B34TBIA II0 YKa3aHHOMY U3MEHEHUIO Qz

rae I; ectb mHTErpaI

!) MomuepkueM, OfHAKO, UTO 37€Ch HAET Peub O (POPMATBLHOM H3MEHEHUH
KOODAMHATHI ¢; BO BCEM JOMYCTMMOM HHTEDBAJe €e 3HAYEHUii, a He 00 m3Me-
HEHWUHU 3a IEPUOJ PeajibHOrO IBYKeHHs (KaK 9TO GBIIO B CIydae OJHOMEPHOIO
JBuxKeHus ). PeanbHoe (DUMHUTHOE ABUXKEHHE CHCTEMBI C HECKOJIBKUMU CTEIeHs-
MH CBOOOIBI HE TOJBKO SIBJISIETCS B OOIIEM CJIydae NEPUOLUYECKHM B IEJIOM,
HO Ja’Ke U3MEHEHUe CO BPEMEHEM KakJOi M3 ee KOODAMHAT B OTHEJbHOCTH He
SIBJISIETCS] [IEPUOANIECKUM (CM. HUXKeE).
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[IpousBenem Temneph KaHOHMYECKOE MPeOOPA30BAHUE AHAJIOTHY-
HO TOMY, KaK 3TO OBLJIO CHEIaHO B HpeAbIAyiieM maparpade s
ciay4as ogHo# crenenu cBobonbl. HoBbiMu mepeMeHHBIME Oy Ay T «IT€-
peMeHHbIe neicTBus» I; u «yTJIOBbIE IEPEMEHHBIE

— 650(%]) — aSk(qkaI) (525)

oI, oI; ’
k

TJIe IIPOM3BOAdAIIEH (DyHKIMEH CHOBA ABJISETCS IeHCTBYE, BHIPAXKEH-
HOe B (DyHKIMHU KOOPAWMHAT W BeJWIWH [;; ypaBHEHUs IBUXKEHUS B
3TUX TEPEMEHHBIX

w;

=0, ;= 3?}”
JAI0T
I; = const, (52.6)
;= agg)t + const . (52.7)

Msr Haiinem takke anajormdHo (50.7), 9TO IOJIHOMY H3MEHe-
HUIO KOODAMHATHI ¢; (<«BIEDEI» U <«HA3aJ» ) OTBEUAET U3MEHEHUe
COOTBETCTBYIOIIIETO W; Ha 27T:

Aw; = 2m. (52.8)
Jpyrumu cioBamu, Besudaussl w;(q, ) ABISAIOTCS HEONHO3HAYHBIMY
byHKIIUAME KOOPAWHAT, KOTOPHIE DU U3MEHEHUH TIOCIEIHUX C BO3-
BpAIIIEHNEM K II€PBOHAYAIBHBIM 3HAYEHUSM MOIYT U3MEHATHCH HA
Jr000e 11eJI0€ KPaTHOE OT 27T. DTO CBOWCTBO MOXKHO C(OPMYJIHPO-
BaTh TAKXKe U KaK CBOWCTBO (yHKImU w;(p,q) (BbIparkeHHO! depe3
KOOD/JMHATHI U UMILYJIbCBI) B (pAa30BOM mpocTpaHcTBe cucreMbl. [o-
CKOJIbKY CaMU BEJIMYWHBI I;, €CJIM MX BBIPA3UTh 9YE€pe3 P U ¢, ABJIs-
IOTCS OHO3HAYHBIMYU (DYHKIMAMY ITUX IEPEMEHHBIX, TO, OJACTABUB
Ii(p,q) B wi(g,I), mbt momyuum byukuuo w;(p, q), Koropas mpu 06-
X0Z1€e 10 JTF000# 3aMKHYTOM KPUBOil B (ha30BOM IIPOCTPAHCTBE MOXKET
U3MEHUTHCS Ha IeI0€ KpaTHOe OT 271 (Jubo Ha HyJIb).

Orcroma ciieayer, 9To BCsAKAsA OMHO3HAYHAA (DYHKIUS COCTOSHUS
cucremsl F'(p,q) '), Oyay4uu BeIparkeHa 4depe3 KAHOHWYECKHE Iiepe-
MEHHBIE, SABJISETCS MEePUOJUIECKON (DYHKIMEN yTIOBBIX ME€PEMEH-

D «BpamaresbHble KOOpAMHATE» — YIJbl @ (CM. mpuMed. Ha ¢. 204) — Heo-
HO3HAYHO CBA3aHbI C COCTOAHUEM CUCTEMBI, TaK KaK 3HAYCHU A (]), OTJINYaroIuecd
Ha LIeJI0e KPATHOE 277, OTBEYAI0T OZHOMY M TOMY K€ IOJIOKEHHIO cucTeMsbl. [1o-
9TOMY, €CJIM CPeAyd KOODAMHAT ¢ MMEIOTCA TaKWUe yIVIbI, TO OHU MOL'YyT BXOIUT B
dyukumo F(g,p) numb B BUAe TAKUX BBHIPAXKEHUIl, KaK COS ( MK Sin @, CBA3b
KOTOPBIX C COCTOSIHUEM CHCTEMbI OJHO3HAYHA.
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HBIX C IEPUOMIOM 27T TI0 KaXKJoi u3 HuX. Ke M0oKHO mo3TOMY pasJio-
KUTH B KpaTHbH‘/'I pan, CDypbe BHUJIA

F = 2 2 Al1l2 .1s €Xp [Z(llwl + -+ lsws)]
l]_——OO ls
(l1,12,...,ls — memsle qncna). IlopcTaBuB ke Cioma YIJIOBBIE TEepe-

MEHHBbIE KaK d)YHKHHH BpeMeEHH, Haﬁ,ﬂeM, YTO BpPpEMEHHAd 3aBHUCH-
mocThb F' onpe,z(eﬂﬂeTc:;{ CYMMOfI BHIOA
o)}
. (529
S F) Is ( )

F = Z Z AlllQ 1s EXP {Zt (ll
l{=—0c0 Is=

Kaxx prit u3 41€HOB 3TOM CYMMBI €CTh IEPUOIUIECKAs (DYHKIUS
BPEMEHH C 4acTOTOH

hwi + -+ Lws, (52.10)

[IPEJICTABIIAIONIEH cOOO CyMMY LEIBIX KPATHBIX OT OCHOBHBIX YaCTOT
_ 0OFE

w; = I, (52.11)

Ho nockonbky Bce uacToTel (52.10) He sABIsIOTCS, BOOOIIE TOBODS,
HeIBIMA KPATHBIMA (WJIM PAIMOHAJIBHBIMEA YaCTAMM) KaKO#-1u60
OJTHOM M3 HUX, TO BCSI CYMMa B IEJIOM HE SIBJISETCS CTPOTO MEPH-
oJIm9IecKoit MyHKIMeH. ITO OTHOCUTCSI, B YACTHOCTHU, M K CAMHUM KO-
OpJIUHATAM ¢ ¥ UMITYJIHCAM P CUCTEMBI.

Taxum o6pa3oM, JBUKEHNE CUCTEMBI HE SIBJIAETCS B ODIIEM CITy-
Yae CTPOro MEPUOAMYECKVM HU B IEJIOM, HU II0 KaKOW-JMO0 U3 KO-
OpJIMHAT. DTO 3HAYUT, UTO €CJIM CUCTEMA IIPOIILIA Yepe3 KaKOe-Irbo
COCTOSIHE, TO OHA HE IPONIET Yepe3 Hero MOBTOPHO HU YEPE3 KAKOe
KOHEYHOe BpeMsi. MOXKHO, OJHAKO, YTBEPKIATH, UYTO 10 UCTEYEHUN
JIOCTATOYHO OOJIBIIIOr0 MPOMEXKYTKA BPEMEHU OHa MPOMIET CKOJIb
YIOAHO OJIM3KO OT 3TOrO COCTOSHUA. DTO CBOWCTBO MMEIOT B BUILY,
HA3bIBAs TAKOE JBUIKEHUE YCAOBHO-NEPUOIULECKUM.

B pasnmuHBIX 9acTHBIX ciiydagx ase (mim Gosiee) U3 OCHOBHBIX
9acTOT (W; MOTYT OKA3aThCS COM3MEPUMBIME (IIPH IIPOU3BOIBHBIX
3HaYeHNAX BeaudnH [;). B Takux cirydasix roBOpAT O HAJIUYUH 6bi-
pootcderus, a eCII BCe S IACTOT COU3MEPHUMEL, TO JBMKEHUE CHCTEMBL
HA3bIBAIOT NOAHOCMBIO 6bipodicdentbim. B mocientmem ciydae, ode-
BUJIHO, JIBUXKEHWE CTPOTO MEPUOJUYHO U TEM CAMBIM TPACKTOPUU
BCEX YACTHUI 3aMKHYTHI.

Haswuve BBIpOXKIEHUS TPUBOIWUT, IPEXKE BCETO, K yMEHbIIIE-
HUIO YHCJIa HE3ABUCUMBIX BesimuuH (I;), OT KOTODBIX 3aBUCHT YHED-
I'us CUCTEMBI. [IyCTh IBe YaCTOTHI (W1 U (Vg CBA3AHBI COOTHOIIEHUEM
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mZZ = nylZ

o6 oL’
rne ny # ng — uessle yncia. OTcona cleayeT, 9YTO BeJuduHbl I U
I, BXOmAT B 9HEPTHIO JUIIb B BuIe CyMMbI Noli + nylo.

Becbma BaxxXHO# OCOOEHHOCTBIO BBIDOXKIEHHBIX IBUKEHUI B-
JIIETCS yBeJIMYEHHEe INCIa OJHO3HAYHBIX MHTErDAJIOB JBUKEHUS 110
CPABHEHUIO C WX UUCJIOM B ODIIEM CiIydae HEBBIPOXKIEHHON CHCTe-
MBI (C TeM Ke YUCJIOM CTereHeil cBoboap!). B mocieauem ciaydae us
nostHOro uncia (2s — 1) Bcex MHTErpasioB ABUKEHWs OJHO3HAYHBIMA
ABJIAIOTCS BCEro S (DYHKIMIT COCTOSHUS CUCTEMBI; UX IIOJIHBIA HAOOD
COCTaBJIAIOT, HapUMep, s BesmunH [;. Octanbuble s — 1 HHTErpasos
MOXKHO IIPEJICTABUTH B BHUZE PA3HOCTE

wige —wpSr. (52.13)
[TocTosIHCTBO 9TUX BEJIMINH HEIIOCPEACTBEHHO ClenyeT u3 (popMyJIbL
(52.7), HO BBUIY HEOJHO3HAYHOCTH YIVIOBBIX II€PEMEHHBLIX OHU He
SIBJIAIOTCS OJHO3HAYHBIMU (DYHKIMAMIU COCTOSHUS CUCTEMBI.

IIpy HasIMy ke BHIPOXKIEHUS IIOJIOKEHNe MeHsaeTcsd. Tak, BBU-
ny ces3u (52.12) uHTerpas

(52.12)

wing — Wanq (52.14)
XOTS U SIBJISIETCS HEOJHO3HAYHBIM, HO €10 HEOAHO3HAYHOCTD CBOJLUT-
¢ K mpubaBjeHuio Jioboro 1esaoro kparHoro 27. Ilosromy mocta-
TOYHO B34Th TPUIOHOMETPUIECKYIO (DYHKIHIO ITON BEJIMIUHbI, IS
TOr0 4TOOBI HOJIYYATH HOBBIHA OJHO3HAYHBIN HHTEIPAJ JBUKEHHUS.

[TpuMepoM BBIPOXKIEHHOIO [BUXKEHUS $IBJISETCS [BUXKEHUE B
noe U = —a/r (cMm. 3amady x sromy maparpady). VmenHo sro
06CTOATEIBCTBO IPUBOAUT K IOSIBJIEHUIO HOBOTO, CHEII(PIIECKOrO
OJIHO3HAYHOIO MHTerpaja gsuxkenus (15.17), momumo asyx (pac-
CMaTPUBAEM JBHUKEHUE CPa3y KaK IJIOCKOE) OOBIYHBIX OJHO3HAYHBIX
MHTErpasoB, — MoMeHTa M u sHeprun F, — CBOACTBEHHBIX JBUXKe-
HUIO B JIIOOOM IIEHTPAJIBHOM IIOJIE.

OTmMeTHM Tak»Ke, YTO NOSBJIEHHE JONOHUTEIBHBIX OJHO3HAY-
HBIX MHTErDAJIOB NPUBOAUT B CBOIO OUYEpEnb €Ile K OZHOMY CBOIi-
CTBY BBIPOXKEHHBIX JBUKEHUN — OHU JOILYCKAIOT [IOJIHOE Pa3Jesie-
HY€ [IEPEMEHHBIX TIPH PA3JINYHbIX, & HE IIPU OJHOM OIIPEIEJIEHHOM )
BBIOOpE KoopamHat. JleficTBuTesbHO, BesmuuHbl J; B KOOpANHATAX,
OCYIIECTBIIAIONNX pa3/JeeHue IePEMEHHBIX, SBJIAIOTCH OJHO3HAY-

1) MBI OTBJIEKAEMCA HpI/I 9TOM OT TaKHUX TpI/IBI/IaJ'IbeIX I/I3MeHeHI/Iﬁ KOOp,Z[I/IHaT,
! ! ! !
Kak npeobpasoBanuda Buma ¢; = q1(q1), g2 = ga(q1)-
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HBIMU WHTErPAJIAMU JBUKeHrs. Ho Ipy HAIMYNN BBIPOXK IEHUS UNC-
JIO OHO3HAYHBIX MHTETPAJIOB MPEBBIIIAET S, U MOTOMY CTAHOBUTCS
HEOJHO3HAYHBIM BBIOOD TEX M3 HUX, KOTOPHIE MBI XOTHM IOJIYIUTh
B KauyecTBe BeauawH I;.

B kadecTBe mprMepa CHOBA yIIOMSIHEM KEILIEPOBO IBUXKEHUE, 0~
IIyCKAIOIEEe PA3IeJIEHNE MEPEMEHHBIX KakK B C(PEPUIECKUX, TAK U B
apaboIMYeCKUX KOOPINHATAX.

B mpenpiaymem maparpade ObLI0 TOKA3aHO, YTO IPU OJSHOMED-
HOM (DMHUTHOM [BUKEHWM [TEPEMEHHAS NEHCTBUS SBJISIETCA aJIMa-
6aTUYeCKUM WHBAPUAHTOM. DTO yTBEPXKIEHUE OCTAETCS B CHUJIE U
JIJIsE CUCTEM CO MHOTHMU CTeneHsiMu cBOOObI. OHO HOKA3BIBAETCS B
obIieM cirydae IpsMbIM 0000IeHreM crocoba, M3JI0KEHHOTO B Ha-
qagte § 51.

Jyis MHOTOMEpHO# CHCTEMBI C HepeMeHHBIM mapaMeTpoM A(t)
YPaBHEHUS JBUKEHUS B KAHOHUYECKUX TIEPEMEHHBIX JAIOT JJIs CKO-
pOCTH M3MEHEHUsT KaXKI0! 13 MePEMeHHBIX neficTBud I; BhIparXkeHme,
anasiornguoe (50.10): . ON =

I, = ——A, (52.15)

Ow;

rae no-npexxuemy A = (0Sg/0MN);. YcpeaHeHue 3TOrO PaBEHCTBA
HAJIO TPOU3BOIUTE IO MPOMEXKYTKY BPEMEHU, OOJIBIIIOMY MO CPaB-
HEHUIO C OCHOBHBIMU MTE€PUOJIAMU CHUCTEMBI, HO MAJIOMy IO CpaBHE-
HHIO CO BpeMeHeM u3Menenusi napamerpa A(t). [Ipm sTom A croBa
BBIHOCUTCS W3-II0J 3HAKA YCPEIHEHWs, & YCPEeJHEHNE TPOU3BOIHBIX
OA/Ow; mpousBogUTCH TaK, KaK €Ay Obl ABUYKEHUE IIPOMCXOHIIO
[P TOCTOSHHOM A M IMOTOMY OBIJIO YCJIOBHO IepuogmdecKum. To-
raa /A 6yIeT OHO3HAYHON MEPUOAUYIECKOH (DyHKIMeHl YIIOBBIX IIe-
PEMEHHBIX W; U CPeJHNe 3HAYEHUs ee Ipou3BoAHBIX OA/Ow; obpa-
IIIAIOTCHA B HYJIb.

B sakmiouenume cuesraeM HEKOTOpDBIE 3aMEYaHUS II0 ITOBOIY
CBOWCTB (DMHUTHOIO JBUKEHHs 3aMKHYTHIX CHCTEM CO MHOTHMH (S)
cTemeHsaMU CBOOOIBI B Hambosiee OOINEM CiIydae, HE IIPEIOJIararo-
IEM Pa3IeIMMOCTU MEPEMEHHBIX B COOTBETCTBYIONIEM YDPaBHEHUU
Tlamunsrona—Akobu.

OCHOBHBIM CBOWCTBOM CHCTEM C Pa3IEJISIONIMMUCS [T€PEMEHHBI-
MM SIBJISIETCS OJTHO3HAYHOCTb MHTErDAJIOB IBUXKEHUS [;, IMCIIO KO-
TOPBIX PAaBHO YHCIy CTENeHel cBoOombl. B 0bIeM xKe cirydae cucreMm
C HEPABIEJISIOIIMMUCS TIEPEMEHHBIMU HAOOD OJHO3HAYHBIX MHTETDA-
JIOB JIBUXKEHUsI OTPAHWYUBAETCS TEMHU, TIOCTOSHCTBO KOTOPBIX €CTh
BBIDAXKEHNE CBOMCTB OJHOPOJHOCTH ¥ M3OTPONMK TPOCTPAHCTBA W
BPEMEHH, T.€. 3aKOHAMHU COXPAHEHUS SHEPTUU, UMITYJIHCA U MOMEHTA.
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PazoBasi TPAEKTOPHUs CUCTEMBI IPOXOJAUT II0 TeM obiactam da-
30BOT0 MPOCTPAHCTBA, KOTOPHIE OIMPEIEIAIOTCH 33 JAHHBIMHA TOCTO-
SHHBIMU 3HAYEHUSIMU OJHO3HAYHBIX WHTErPAJIOB IBUWXKeHWs. Jlirst
CUCTEMBI C PA3IEJISIONMMICS TIEPEMEHHBIMA C €€ § OJHO3HAYHBIMU
HMHTErPajaMé STUMHU YCIOBUSIMHU ONPEIENISIETCA S-MEPHOE MHOr000-
pasue (runepnoBepxHOCTH) B (a30BOM IPOCTPAHCTBE. B Teuenume
JIOCTATOYHO JIOJITOTO BPEMEHW TPAEKTOPUS CUCTEMBI IOKPOET 3TY
TUIEPIIOBEPXHOCTH CKOJIb YTOJHO TLIOTHO.

VY cucTeMbl XKe ¢ Hepa3nessiONInMUCS TEPEMEHHBIMU, C €€ MEHb-
muM (IpE TOM Ke §) YMCJIOM OJHO3HAYHBIX MHTErPAJIOB (a3oBast
TPaeKTOpUsST 3aLOJHsAET COoDON B (ha30BOM IPOCTPAHCTBE (IOJIHO-
CTBIO MJIM 9aCTHYHO) obsractu (MHOroo6pasust) GOJIBIIOrO Yucia u3-
MepeHui.

Haxkomerr, ykaxkem, 94TO €CJI TAMUJIBTOHOBA, (DYHKIUSA CACTEMBI
OTJINYAETCA OT (PYHKIINHU, MOMYCKAIOIIEH pa3/iejeHne MepeMeHHbIX,
JIAIITh MAJIBIMU YJIEHAMU, TO ¥ CBOWCTBA JABUXKEHUA OJIM3KU K CBOW-
CTBaM YCJIOBHO-TIEPUOINYECKUX JIBUKEHUIA, TPUYEM CTEIEHb JTOM
6JIM30CTH TOPA30 BBINIE, Y€M CTEMNEHb MAJIOCTH JOMOIHUTETHHBIX
9IeHOB B (pyHKIHU [aMUIbTOHA.

Sagmauga

BBI'{I/ICJ'II/ITB NIEepEMEHHbIE ,Z[el'/'ICTBI/ISI AJId QIIIUIITUYECKOrO ABU2KEHUA B IIOJIE€
U=—-afr.
Pemwe s ue. Bmnonspabx koopanHaTax 7, @ B IJIOCKOCTU JBUKEHUSI MIMEEM

1
= — d =M,
¢ 27T/p<p [

2 M
I == \/2 E Y = -Mta,
o / m (B + ) dr=—M+ o, [om

Tmin
OTCIOI[a JQHEPIrus, BbIpakK€HHas Y€pPe3 NMMEePEMEHHbIC ,Z[ef/'ICTBI/ISII

moc

2(Ir + 1)
OHa 3aBUCHT JHIIb OT CyMMBI I + [, 9TO O3HAYAET BBIPOXKIEHUE JBUKEHUSI —
06e OCHOBHBIE 9aCTOTHI (IO ( U HO T) COBNAJAIOT.

ITapamerpst opbutst p u € (cm. (15.4)) Boipaxatorcs uepes I, I, cornacuo

2
p= I— e=1- (I—"’)2.
moc I [ + I'r

B cuny aguabarudeckoit nuBapuaHTHOCTH BesuduH I, I, Ipu MeajeHHOM H3-
MeHeHUHN Kod(pduuueHTa X MM MACCHl M IKCIEHTPUCUTET OPOUTHI OCTAETCS
HEM3MEHHBIM, & €€ Pa3MepPbl MEHSIIOTCS 0OPATHO MIPOMOPIHMOHAJBHO M U X.

E=—



IIpunoxenne
MMPEJINCJIOBUE JI.JI. JIAHJAY K ITEPBOMY U3/AHUIO

Kypc Teopernueckoit pusuku. Mexanuka

@usnka, KaK M3BECTHO, COCTOUT, COOCTBEHHO TOBOPsS, U3 JIBYX
HayK: (OU3UKY SKCIEPUMEHTAJIBHON U (pU3nKu TeopeTndeckoir. I'po-
MaJIHOE KOJIMIECTBO M3BECTHBIX HaM (DU3UYECKUX 3aKOHOB MOXKET
OBITh BBIBEJIEHO M3 OYE€Hb HEOOJIBIIIOrO UKCJIa BECHMA, OOIIUX COOT-
HOIIIEHWH; OMHAKO TAKOE BBIBEJIEHME, TAK XK€ KAaK W YCTAHOBJICHUE
CaMPX OCHOBHBIX 3aKOHOB, TPEOyeT CBOEOOPA3HBIX METOMOB M IIO-
9TOMY COCTABJIAET 337849y 0CO00# HAYKHM — TEOPETUIECKON (DU3UKMU.

JL71s IOCTPOEHMS CBOUX BBIBOJIOB M 3aKJIIOUEHUIN TEOPETUIECKAS
dusuKa Moab3yeTcs IpueMaMu U MeTogamu MareMaruku. OIHAKO
OT HOCJIeIHell OHA PE3KO OTINYAETCdA HEIIOCPEICTBEHHOU CBA3BIO C
pe3ysabTaTamMu 3KcneprMeHTa. He roBopst y»ke 0 TOM, YTO yCTAHOB-
JieHne OOIMIX 3aKOHOB BO3MOYKHO TOJIBKO HA OCHOBE IKCIEPUMEH-
TAJILHBIX JAHHBIX, aKe HAXOXKIEHUE CJIEACTBUM 13 00X 3aKOHOB
HYKJAeTCd B IPEIBAPUTEHHOM SKCIIEPUMEHTAJIFHOM U3y YeHUN SIB-
JieHnii. Be3 Takoro u3ydeHus: 9acTO HEBO3MOXKHO YCTAHOBUTH, KAKUE
73 TPOMATHOTO YHUCIA YIACTBYIOMNX (DAKTOPOB CYIIECTBEHHBI, & Ka-
KIMU MOXKHO mpenebpedn. [Tociae TOro Kax moydeHbl ypaBHEHUS,
YUIUTHIBAIOIINE TOJILKO CYIIECTBEHHBIE (DAKTOPHI, 3371898 TEOPETHU-
qeckoit pu3nKn, COOCTBEHHO I'OBOPs, B OCHOBHOM 3aKAHYNBAETCH.
JlasipHeiiee mprMeHEHNE IOy Y€HHBIX YPaBHEHU K OoJtee Mt Me-
HEE CJIOXKHBIM KOHKDETHBIM CJIy4asiM sIBJIIETCS YK€ CKOpee Ipe-
METOM MAaTEMATHKU M U3YYAETCS OTAESOM MATEMATHUKU, HOCIIINM
HA3BAHNE MATEMATUIECKON (DUMKH.

Teopernueckas usuka cTaBuT cebe IEIbI0 HAXOXKIeHNe (DU3u-
9eCKUX 3aKOHOB, T.€. YCTAHOBJIEHME 3aBHUCHMOCTH MeXny (puamue-
ckumu BeaumumHamu. OmpesesieHne Ke YNUCIEHHBIX 3HAYEHWN u-
3UYECKUX BEJIMYMH, BOOOIIE I'OBOPs, B €€ 33Ja4d HE BXOIWUT. IJKC-
[IEPUMEHT CIIPABJISETCS C STUM KPYTOM BOIIPOCOB OTHOCHUTEJIHHO Ha-
CTOJIBKO JIETKO, YTO B OT'POMHOM OOJIBIITMHCTBE CJIy9Ya€B OTCYTCTBYET
caMa HeoOXOIUMOCTb MOAOOHBIX BBIYUC/IEHUN, KOTOPHIE K TOMY Ke
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moTpeboBasii ObI TPOMAIHOM 3aTPAThl BpeMeHN U Tpyda. VIckimowe-
HUE COCTABJISIOT HIPOCTEHIMe CIydan, KOTJa UUCIeHHbIe 3HATEHUS
BEJIMYWMH HEIIOCPEJICTBEHHO BBITEKAIOT U3 TEOPUU.

Cnenyer OTMETUTB, ITO MOCKOJIBKY 33398 TEOPUU COCTOUT BCe-
T2 B YCTAHOBJIEHUU 3aBUCUMOCTEN MEXKJIY PA3JUIHBIMUA BEJIUUIHU-
HaMU, XapaKTePU3yIOIUMU JAHHOE sBJIEHUE, TEOPUs SBJIEHUS MO-
2KeT ObITh MOCTPOEHA TOJIFKO B TOM CJIy4ae, KOTJIa B IPUPOJE TaKasd
CBA3b JefiCTBUTEIHHO cymecTByeT. CIIonb u psaaoM, OJHAKO, MEXK-
[y TIPEACTABJIAONINMY HHTEPEC BEIMUNHAME HUKAKON CBS3U BOBCE
HE CYIIECTBYET, T.€. 9TU BEJUIUHBI MOT'YT BCTPEYATHCA B IPUPOJE B
CaMbIX PA3JIMYHBIX KOMOWHAIuaX. TakuM 06pa3oM, OTCyTCTBUE Te-
OpHUH KaKOro-aubo fABJIEHUS HE BCErJa O3HAYAET, YTO OHO HE MO/Ia-
ercs obbsacHernio. OTCYTCTBHE 3aKOHOMEPHOCTH IIPH ITOM TaK K€
MOXKET BBITEKATh M3 OOIUX 3aKOHOB, KAK B JPYTHUX CIyYasdx CaMHU
3aKOHOMEDHOCTH.

['pomagHyto POJIb B TEOPETHUECKO (DU3UKE UTPAET TPUOJIAIKEH-
HOe paccMoTperue. [Ipexk e Bcero COBEPIIEHHO TOYHbIE 3aKOHBI SB-
JISTFOTCS TPUOJIMKEHHBIMH, XOTS B TPOMATHOM OOJIBIIIMHCTBE CJIyda-
€B J]aBaeMasi MU TOYHOCTDb SBJISIETCH BeChbMa BBICOKOi. Bosee Toro,
TpeboBaHue abCOMIOTHON TOYHOCTH K (DU3UYECKMM 3aKOHAM W HE
npenbaBisgercd. JlocTaTowYHO, eCau CyIIecTByeT Kakas-TO 3apaHee
YCTAHOBJIEHHAs 00JIACTH SBJIEHUI, B KOTOPOH TOYHOCTDH AAHHOTO 3a-
KOHA yIOBJIETBOPSET MOCTABJIEHHO 3aade. Tak, MbI CIIOKOWHO IIpH-
MEeH7EM HBIOTOHOBCKYIO MEXAHUKY K JBUXKEHHUIO CHAPAIA, XOTS HAM
M3BECTHO HE TOJIBKO TO, YTO ITA MEXAHUKA HE ABJIAETCH aOCOIOTHO
TOYHOI, HO ¥ TO, YTO B HAIIIEM PACHOPSIKEHUN UMEETCS 3HAUUTETHHO
OoJtee TOYHAS PESATHBUCTCKAST MEXAHUKA.

Baaromapst aToMy B Teoperudeckoit pusuke paiaoM c bosree TOU-
HBIMU TEOPUSIMU IIPEKPACHO YXKUBAIOTCS TEOPUM, HETOYHOCTH KO-
TOPBIX JABHO YCTAHOBJIEHA, — IMOCKOJIBKY OHH BIIOJIHE COXPAHSIIOT
CBOIO IIEHHOCTbH JIsl OLpPEeIEIEHHON 00JIaCTH SIBJICHWI (TaKue Teo-
pun OGBIYHO HA3BIBAIOTCS KJIACCHYECKMMHU). BesKasl JIOTHIecKu 3a-
MKHYTas TeOPHs, BEPHOCTH KOTOPOIl ObLIa C M3BECTHOU CTEIEHBIO
TOYHOCTH IKCIEPUMEHTATIHHO TOKA3aHA, HUKOIZIA HE TEPAET CBOETO
3HAYEHN, U BCAKas Oojiee TOYHAS IOC/IEYIONIAd TEOPUs OXBATHIBA-
€T ee KaK IPUOJIMKEHHBIN DPE3YJIbTAT, CIPABEJIUBLIN B HEKOTOPHIX
YaCTHBIX CIIydadx. JTO, KOHEYHO, HEe OTHOCUTCH K TEOPHAM, CTPa-
JAIONMM BHYTPEHHUMHU IPOTUBOPEUMSME, KOTOPHIE BCETa MMEIOT
3HAYEHNE TOJIHKO OJHOTO M3 ITAIOB PA3BUTHUS TEOPETUUIECKOU u-
3UKHU.
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Takum 0b6pa3zoM, TPUOIUKEHNST UTPAIOT OYEHDh BAXKHYIO POJIb B
obmux pusndeckux Teopusx. He MeHee Bejmka, OHAKO, MX POJIb U
MPU BBIBOJIE M3 OOIIMX TEOPUN KOHKPETHBIX (PU3NIECKUX 3AKOHOB.
CnIkoM TOYHBIE BBIYUCIEHUS C YIETOM HECYIIECTBEHHBIX (DAKTO-
POB He TOJIBKO OECILIONHBI U U3JIUIITHE YCIOXKHAIOT PEe3yJIHTAT pacye-
Ta, HO MOTYT JaKe IPUBECTH K TOMY, YTO CYIIECTBYIOIINE B JAHHOM
SIBJICHUY 3aKOHOMEDPHOCTHU BOODIIE BBIMAIAYT U3 paccMoTpenus. [le-
JIO B TOM, 9TO IPUOJIMKEHHBIM MOXKET OKAa3aThCA HE TOJHKO JAHHBIN
KOHKPETHBIH BUJ] 3aKOHA, HO M CAMO CYIIECTBOBaHE DYHKIMOHAIIb-
HO¥ CBA3M MEXKy XapaKTePU3YIOIIUMU JaHHOE SBJICHUE BEJIMYNHA-
MW, U 33 IPeJeIaMU TaHHONW TOYHOCTH ITHU BEJIMYUHBI MOTYT BCTPE-
9aThbCd B MPOU3BOJBHBIX KOMOMHAIIHSX.

Ompenesenne cTemeHn TPUOIIMKEHNSA, C KOTOPOH JTAHHOE sIBJIE-
HUE JOJKHO PACCMATPUBATHCS, YPE3BLIYANHO CYIIIECTBEHHO IIPHU €0
TeopernueckoM ucciaenoBannu. OcobeHno rpyboit ommbKoi aBisger-
Csl TIIATEIFHOE BBIYUC/IEHNE C YI€TOM BCEBO3MOXKHBIX MEJIKMX II0-
MPABOK M IPUMEHEHUS CJIMIITKOM TOYHBIX OOIIUX TEOpWil B CIydasX,
KOL/Ia OJHOBPEMEHHO C TUM IIpeHeOPeraroT ropasno OOoIbIIuMY Be-
JINYVHAMU.

1940 r. JL/. Jlanday
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OIVIaBJICHUHU.
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