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IIPEAVICJIOBUE

YdaebHoe mocobue COJEPKUT KypC JEKInil, KOTOPBI aBTOp dH-
TaeT Ha MaremarmiecKkoM (akymabrere [leTpo3aBomckoro rocymap-
CTBEHHOI'0 YHHBEDPCHTETA CTYIEHTAaM BTOPOrO Kypca, OOy<IaOIIImM-
cg 1o Hampasiaenuam «Maremarukay u «l[Ipukiannas maremaTuka
u uaopmaTukay. V3/10keHHbIlT MaTepuaJ COOTBETCTBYET YHUBEP-
cureTckuM mporpammam. OOydueHne MPOBOMUTCA B COTPY/IHUIECTBE
¢ KapHII PAH B pamkax Y4eOHO-Hay4YHOro KoMIiuiekca VHcTuTyTa
HPUKJIATHBIX MATEMATHIECKUX WCCJIEIOBAHUN W MATEMATUIECKOTO
1 (PU3UKO-TeXHHIeCKOro (paKynbTeToB [leTpl™Vy.

CTuap u3/I0XKeHus MaTepHuaja IpHOJMKeH K JIEKIHOHHOMY.
C omuOil CTOPOHBI, 3TO MO3BOJIUJIO COXPAHUTH IJIEMEHTHI «XKUBOTO
MOBECTBOBAHUS », HO C JPYTOii — HE JOCTUTHYT YPOBEHb CTPYKTYPH-
pOBaHUsS «OIpeesieHne n —JjieMMa m —TeopeMa [N —cieacTBue k».
B pamMkax KpaTKoro Kypca aBTOp CHUes TaKoil BRIOOP CTHJIA IPEeIIIo-
gruresababiM. B Iletpl'yY crymenTsr Maremarudeckoro pakybTeTa
CHEeNUAIU3UPYIOTCHd B OCHOBHOM B O0JIACTH T€OMETPUU U TOIOJIO-
UM, MATEMATUIECKOTO AaHAJM3a, TEOPUU BEPOSTHOCTEH W MaTeMa-
THUYIECKOH CTaTUCTHKHU, IIPUKJIAIHON MAaTEeMAaTHKH <«B OKPECTHOCTH
Computer Science». [IpeacraBienubiii Kypc nmeer 0bieobpa3oBa-
TeJIbHBIE TEJIU, «TPYAHbIE TEOPEMbI» JIUIIb C(OOPMYJIUPOBAHBI C CO-
OTBETCTBYIOIIUME CCHLIKAMH HA KJIACCHYIECKHe KHHUTH U YIeOHHKH,
OpPHEHTHUPOBAHHBIE HA CIENHAJN3aIui0 B obaacTu auddepeHnuaib-
HBIX ypaBHeHUil u Maremarudeckoir ¢puszuku. [lapasienbao c Jjiek-
ASMU BEJIYyTCS MPAKTHIECKUE 3aHATHS, y9eOHOe TOCOOUe COMEePIKUT
TOJIKO «HamboJiee TPYIHBIN» JIEKIMOHHBIN MaTepuaJj. JTO BMeCTe
C HAIEJIEHHOCTHIO HA KOMIIAKTHOCTh M3JI0XKEHHUsI TO3BOJIMIO OrPAaHN-
YUTHCH CPABHUTEJBHO HEOOIBIINM 00bHEMOM W3IAHUS.

[lo ykazanabIiM mpudnHAM B y4eOHOM MOCOOUU HET aKIEHTA HA
MPUIOKEHNS B MAaTEMATHIECKOH pU3UKe, KaK 3TO OOBITHO IPUHSITO,
HO «B3aMeH» IIPeCTABJIEHBbI JOMOJHEHNS U3 TEOPHUHU yIpPaBJIEHUI.
ABTOp cTpemuiics BhIOUPATH TOJBKO HEOOXOMMMBIN MaTepuaJj, Opu-
EHTUPYSCh HA €ro «paboToCnoCOOHOCThY B NMPHUJIOKEHUAX. B dact-
HOCTH, [IPH H3JI0XKEHUU TEOPUH JTUHEHHBIX CHCTEM C IMOCTOSHHBIMI
KO3 purnueHTaMu He UCIOJIb3YeTCs KOPJAaHOBa (DOPMa MATPHIIHI.
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BBEJEHUE

Cucremarudeckoe paspurue Teopun audpepeHnualIbHbIX ypaBHe-
HUI HaYMHAETCs (ecju BOODIIEe MOXKHO FOBOPUTH O «HAYAJIAX» ) C OC-
HOBoOMOJIaraIux pabor Herorona («3aKOHBI IPUPOJIBI BEIPAZKAIOT-
ca muddepennuaibHbIMU ypaBHeHuaMu» ). Hprorona (1642-1727) u
Jleitbrnma (1646-1716) mo mpaBy CIHTAIOT «OTIAMI» COBPEMEHHOTO
MaTeMaTHIeCKOro aHaan3a. OyHIaMeHTaJIbHBIE PEe3yJIbTAThl B Pa3-
BUTHH T€OPUHU U NPUJIOKeHnH nuddepennuaabHbIX ypaBHEHUH Ipu-
nazsexar Bepuym (fkoby, 1654-1705, Voranny, 1667-1748, Ia-
numty, 1700-1782), Diinepy (1707-1783), Jamambepy (1717-1783),
Jlarpanxy (1736-1813), Jlamnacy (1749-1827), l'ayccy (1777-1855),
Komu (1789-1857), Jlmysumaio (1809-1882), fkobu (1804-1851) u
npyruM BesukuM MaremaTukaMm X VII-XIX crosmeruii. OcHOBBI Ka-
9ecTBEHHOI Teopun auddepeHnualbHbIX YPaBHEHI 3aI02KeHbI Ha,
pybexe XX Beka B paborax, nupexe scero, llyankape (1854-1912)
u Jlsaunynosa (1857-1918). Kparkue ucropuueckue 0030pbl COEp-
)karcd B KHUrax [2,18,27]. [lua Gosee meTasbHOrO O3HAKOMJICHUS
cienyeT oOpaTUThCA K JUTEPAType 110 UCTOPUN MATEMATUKH.

Kypc nexmuii mocBgimeH o00bikHo8eHHbIM OuPPepertuansHoLm
ypasrenuam (OJ1Y), MOmeaupyOmuM B OCHOBHOM 3BOJIFOIIUOHHBIE
POIECCHI, 00JIaIAI0Ue CBORCTBAMU OeMEPMUHUPOSAHHOCTIU, KO-
Heunomeprocmu u dugpgeperyupyemocmu. HezaBucumas mepemen-
Has, Yepe3 KOTOPYIO BHIPAXKAKTCA M3MEHEHUs IapaMeTPOB IIPOIec-
ca, €IMHCTBEHHA U HHTEPIPETHPYeTCd KakK Bpems. MexaHnmdeckas
repmunoJioruss B reopun O/1Y CloKuIaCh UCTOPUIECKU U ABJIA-
ercsd B OIpEJeJIeHHOIl creneHn ycJoBHO#. B dacrHOCTH, paccMmar-
puBaeMble B riaBe | ypaBHEHHS HMEIOT CKOpee reOMeTpPUIECKOe CO-
JleprKaHie, KOIJa UIyTCd KPUBbIe C 3aJaHHBIMHI CBOICTBaMH Kaca-
TEJIbHBIX. YPaGHEHUA 6 YaACMHLT NPoudeodHbir (KOrja He3aBHUCH-
MBIX IIEPEMEHHBIX HECKOJIbKO), OPUEHTHPOBAHHBIE HA [PHJIOKEHHS
B €CTECTBO3HAHUN, H3YIaIOTCA B KypCe Mamemamu4eckots Gusuku.
CaydJail KOMILIEKCHO3HATIHBIX HE3aBHCHUMBIX IE€PEMEHHBIX — IIpe/I-
MET AHAAUMUYECKOT meopul JuddeperyuarbHuir YpasHeHU.

YTOYHIM T€PMUHOJIOTHIO. /leTepMUHIPOBAHHOCTH O3HAYAET, UTO
Oynyliee mporecca ompeendeTcd TeKyIuM cocTodHneM. B Kiaccu-
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YECKOI MeXaHUKe JBUKEHNE OAHO3HAYHO OIPEIessieTCs HadaIbHbI-
MM ITOJIOXKEHUSIME 1 HAYAJIbHBIMEA CKOPOCTAMHI TOYEK MEXaHUIECKOTT
CHCTEeMBbI. 33/1a9i MEXAHUKHN MOCTYKHUJIN MOIIHBIM CTHMYJIOM pPa3-
putug Teopun OJ[Y. KonedHoMepHOCTD: /i ONMHCAHUS COCTOSHUS
MPOIECCA UCIIOJIB3YeTCsd KOHEYHOE YHuC/I0 mapamerpoB. MuoxkecTBO
BO3MOXKHBIX COCTOAHUI 0Opas3yer ¢asosoe npocmparncmso. Hudde-
PEHIUPYeMOCTh: (pa30BO€ MPOCTPAHCTBO dABJIdeTCd AU pPEHIupy-
eMbIM MHOr000pa3meM ¥ IBOJIIONKS CUCTEMbI ONUChIBaeTCs amdde-
permupyembivu pyHKIIamMu. 1o Mepe n3iioxkenus Kypca 3Tu ooime
MOHATHUS OyAyT HAMOJHATHCA KOHKPETHBIM COAEPKAHIEM.

OLY wu ero pereaus. O6bikHOBeHHOE AuddepeHnnajibHOe ypaB-
nenne umeer sug F(x, v,y ... ,y(")) = 0. 3gech x¥ — He3aBUCHUMA
nepemMenHas, a y = y(r) — uckomas byukuus. [lopamok craprueit
IPOU3BOHON (1) Ha3bIBaeTCd nopadkom ypashenus. llpunararesnb-
HOE 00vKHO8EHHOE, O3HAYAIOIIEE €IMHCTBEHHOCTh HE3aBUCUMOI ITe-
PEeMEHHOIi, B JaJIbHElIeM 9acTo Oy/1eM OImyCKaTh.

[lepeiinem k ompeaenenuio pewerus OJLY. Ob6brano pyukmus F
paccmarpuBaercs B HekoTopoit obaacmu G C R™T2. Djemenrtavn
(roukamu u BekTopamu) R™ cuumraeMm ynopsijodeHHBIE HAOOPHI M
BEIECTBEHHBIX YuCeN X = (Z1,...,%,). [lomnpazymeBaeM cTaHmaptT-
HYIO CTPYKTYpPY JHHEIHOTO IPOCTPAHCTBA, 0€3 HeOOXOAMMOCTU He
pa3jndaeM BEKTOPBI-CTOJIOIBI 1 BEKTOPBI-CTPOKU. BoJtee Toro, puk-
cCUpyeM CKaJISIPHOE POU3BeJeHne (X, V) = T1Y1+. . . LynYm, ITO Ipe-
Bparaer R”" B eBKJIMIOBO MPOCTPAaHCTBO K™ ¢ cooTBeTCTBYyIOIIEit
HOPMOIT U MeTpHKOil: |x| = 1/(X,X), p(x,y) = |x — y|. Obnacrsio
B R™ Ha3biBaeTCs OMKPLIMOE C64A3HOE MHOXKECTBO: KaXKJIasd TOY-
Ka IPUHAJJIEXKUT MHOXKECTBY BMECTE C HEKOTOPOH OKPECTHOCTHIO, U
JFO0BIE JIBE TOYKH MOXKHO COEMHUTH JIOMAHOi (HE BBIXOMS 3a Ipe-
nesibl MHOXKecTBa). OKpPeCTHOCTh TOYKH — JIF000e MHOXKECTBO, CO-
JepzKalliee HEKOTOPYIO £-OKPECTHOCTb 3TOM TOYKU (OTKpHTbH‘/’I map
pajuyca € > 0). Ilpexnonaraem, uro F' € C'(G): wacrhbie mpous-
BOJIHBIE IIEPBOI0 MOPS/IKA CYIECTBYIOT U HEIPePhIBHLI B ob1acTh G.

Samevanue 1. B Tepmunaax 0o0IIeil TOMOIOTUN MCIOIb30BAIACH JIN-
Helinasi cBa3HOCTh B R". Jlyig orkpbeiroro muoxkectsa B R cBa3-
HOCTDb BJI€UET JIUHEHHYIO0 CBA3HOCTH, MPUYEM JOCTATOYHO OTPAHU-
YUTHCHA JJOMAHBIMU (C KOHEYHBIM YHCJIOM 3BeHbeB). B maibHeiirem
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HE AKIEHTUPyeM BHUMAHUE HA, MOJOOHBIX YTOYHEHUAX U CTAPAEMCH
BBIOUPATH JIAKOHUYHBIE (DOPMYJINPOBKHU U3 SKBUBAJIEHTHDIX.

ONPEAENEHUE. Qyuknus y = ¢(z), ¢: (a,b) — R, maszpBaercs
pemreanem (OJIY F = 0 ), eciu BBIIOJTHSIIOTCS YCJIOBHSI:

1) npouspogmas ¢\ cymecrsyer ma (a,b);
2) (z,0(x),...,¢" (z)) € GV e (a,b);
3) F(x,0(x),...,9M" (x)) =0, x € (a,b).

Ilo ompepnenenuio pemeHue pacCMaTPUBAETCA HA IIPOMEXKYT-
Ke BermecTBeHHoil ocu: (a,b) = (a,b),|a,b),(a,b],[a,b]. Ilo moBo-
Jly YLJIOBBIX CKOOOK IIoJIaraeM, 4TO B KOHTEKCTe TPYIHO CIIyTaTh
IPOMEXKYTOK CO CKAJAPHBIM HPOU3BEIAEHHEM. B rpaHMYHBIX TOY-
KaX MPOM3BOAHBIE MOHUMAIOTCA OJHOCTOPOHHMMM. He mCKiogaior-
cd U HeCOOCTBEHHbIE 3HA4YeHHs a = —o00, b = +oo: (—00, +00),
(=00, ), {c,+0), ¢ € R. Orpanunvenue cpasuoctu (a,b) orparxKaer,
B 9aCTHOCTH, HHTYUTHBHOE YKeJIaHUe PHCOBATHh rpadUKH pPeIIeHuii,
He OTPhIBag PyYKH OT JucTa Oymaru. V3 Mexanmaeckux coobpazke-
HUIl eCTeCTBEHHO pacCMaTpPUBATh JBUKEHHS Ha IIPOMEXKYTKAaX Bpe-
menu. Urak, dbopmaabHO roBopsi, pemrerue — 31o mapa {p, (a,b)},
T. €. (PyHKIMS ¢ yKa3aHIEM IIPOMEXKYTKa, HA KOTOPOM 3Ta (DyHKIHs
paccMaTpUBaETCd Kak perieHne andOepeHnuaabHoro ypaBHEeHn.

B Teopermueckux pacCyKAEHUSX OTPAHMYUMCA HHTEPBAJAMA
I = (a,b), 9yro uCKIOYaET OrOBOPKY OO OJHOCTOPOHHUX IIPOU3-
BOJHBIX. B KOHKDETHBIX 3aJa4axX IIPH HEOOXOAMMOCTH IPAHHYHBIE
TOYKH PaCCMATPUBAIOTCA IOIOJIHUTENIBHO. B OCHOBHOM OymeM u3y-
9aTh ypaBHEHUS B HOPMAAbHOU (hopme (paspelieHHbIe OTHOCUTE b
Ho crapmeii mpoussoamoit): ¥y = f(z,y,v, ...,y V). Ecim Ta-
Koe Ipeobpa3oBanue ypaBHeHus F' = () HEBO3MOXKHO U (HJIK) HY?KHO
y4auTbeiBaTh rpanuity 0G, obiiast Teopus yCIOXKHSIETCS.

[IpuBenem mpocreiimue npumepbr OJ1Y.

1°. HagHeMm c m3BeCTHOroO M3 Kypca MAaTeMAaTHYIECKOTO aHAJIM3a
ypaBHEeHH

y/:f(x)7 fEC(I), I:(a7b)'
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Bkitouenne f € C(I) o3nagaer HenpepbiBHOCTh DyHKIMK f Ha WH-
repsaJje . Pemenusamu ypaBHeHHd ABJIAIOTCS IePBOOOPa3HbIE:

y = o(x) :/f(m)da:, xel.

CuMBOJI HEOTIPE/IEIEHHOTO MHTETPAJIa WHTEPIIPETUPYETCS [0-PA3HO-
My. B kypce maremaTndeckoro aHaJim3a OOBIYHO MPUHATO CIYUTATH
HeOoIllpeie/IeHHbII MHTEerpaJi MHOYXKECTBOM BCeX IePBOOOPA3HBIX:

/f(a:) de = (F(z)+C} (F'=f, C €R).

Torma paBeHCTBa cjeayeT IOHHMATh KAaK PaBEHCTBA MHOXKECTB.
B gacTHOCTH, 3aMKCh BBINIE O3HAYAET, YTO MHOXKECTBO PeIleHuil sB-
JI€TCA MHOYXKECTBOM BCeX mepBooOpasHbix dbyHKIuU f() Ha HHTEpP-
BaJsie 1. B xypcax O/LY TpaaunuoHHO O] HEOIPEIeIeHHBIM HHTE-
IPAJIOM MOHUMAIOT KaKy[o-jinb6o (DUKCHPOBAHHYIO (IIPOM3BOJIBHYIO)
mepBoobpasuyto. HeompenereHHOCTh HHTErpaJjia O3HAYAeT, ITO HaC
nHTEepecyer 1mepBoobpasnas F'(r) ¢ TOYHOCTBIO 0 AJUTUBHON I10-
crogaroit C'. Tak ymoOHee B TeXHMYIECKUX BBIKJIAAKAX. |1omo0HBIX
YTOYHEHHUI MOXKHO m30€KaTh, 3alIlCaB BCe perneHnsd popMyaoit

y = o(x) Z/:f(t)dt+0, el

3mech ry — IpOM3BOJIbHOE (PUKCHUPOBAHHOE YHCJIO U3 HHTepBaJa I,
a C € R — mpousBosibHas (Bapbupyemas) mocrosauasg. O6o3Ha-
YeHus TPAJUIMOHHBI, TaK 94T0 KOHCTaHTYy C' 0T (PyHKIMOHAJIBHOIO
npocrpancrea C' om4aeM 1o KOHTeKCTy. /Ipyrux pemenuil ypas-
uenud y' = f(x) Her. Yike Ha MpoCTEHIIEM IPUMEPE 3aMEYaeM, ITO
y O/1Y, Boobime roBopsi, 6ECKOHETHO MHOTO PEIIeHMI].

2°. DaeMmeHTapHbIE (DYHKIMHU €XP &, SiN &, COS & ABJISIOTCS Pere-
HusgMu ypaBHeHuii (kakuwe Kakux?) ¢y =y, vy’ +y =0, x € I =R.
Pemrennamu asigrorca u pyuknuu C'exp x, C sinx+Cs cos . YKa-
3aHHBIE JJIEMEHTapHbIe (DYHKIHUH MOXKHO OINPEIEJUTh KAK perre-
HUsl COOTBETCTBYIOIIErO YPaBHEHUS C JOMOJHUTEIbHBIME YCIOBU-
avu y(0) = 1; y(0) = 0,9'(0) = 1; y(0) = 1,9(0) = 0 (upasza, mo0-
Ka3aTeJIbCTBO TEOPEMBI CYIIIECTBOBAHNS U €INHCTBEHHOCTHU PeIleHMil
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BIEepen). Y HUKAJIbHOCTh U BOCTPEOOBAHHOCTD SKCIIOHEHTHI HA sI3bI-
ke nuddpepeHnnaJbHbIX ypaBHEHU 00bIACHAIOTCA IIPOCTOo: i = 1.

3°. OcHOBOIl KJIACCHYECKON MeXaHUKH SBJIAETCS BTOPOIl 3aKOH
Herorona mx = F(t,x,X), rjge m — Macca MarepuaJjibHOW TOYKH,
JABUOKYyIeiics mog geficrBuem cusbl F; x(t) — moJsioyKeHne TOYKH B
MOMEHT BpeMeHu t (Ha HpsIMOi, Ha ILIOCKOCTH, B IMPOCTPAHCTBE).
Toukamu cBepxy, Bciea 3a HbioToHOM, 0003HAYAIOT ITPOW3BOIHBIE
0 Bpemeru. Pa30BbIM IPOCTPAHCTBOM, T. €. MPOCTPAHCTBOM COCTO-
U, sBJIseTcs MHOXKeCTBO { (X, X) }. Pernennem ypasueHus: — 3aKoH
nBukennsa X = p(t) (orobpaxkenue t — ¢(t) Ha paccMaTPUBAEMOM
IPOMEeXKyTKe BpeMeHu (t1,t2)).

B kiaccudeckoii obimeit mocTaHOBKe 3aadu (CIOXKUBIIECS HC-
TOPUYECKN) PEWUMDb YPAGHEHUE — 3HAYUT HANTH BCE €ro perieHusi
{¢, (a,b)}. Ilpu sToM rosopsar 06 unmezpupyemocmu 6 keadpamy-
pax, ecii pellleHre YpaBHEHUd IIPeJICTaBUMO B ODOIIEM BUJIE CyIep-
O3uIeil KOHEYHOro Yucjaa apudMeTHIeCKuX OIlepalinii, dgeMeH-
TapHbIX QyHKIW, oneparuit guddepeHupoBannd 1 UHTEIPUPOBA-
HUsl (J1a2Ke eCl UHTErpaJjbl «He OepyTCs» B JEMEHTAPHBIX (DYHK-
musgax). BmecTo yrodHenumsi «obOIIero Buja» MOKAa MOYXKHO OIDaHH-
YUTHCA WHTYUTHUBHBIM IIPE/ICTaBJIEHINEM O €IUHOIl JJid BCEX pere-
Huit gopmyite ykazanHoro kJjacca. llockosbky mpocreiimue OJ1Y
PEIIaloTCA C MOMOIIBI0O WHTEIPUPOBAHKS, TO MPOIECC HAXOXKJICHUS
peleHns M0 YKOPEHUBIIeiicad TPAJUINU HA3BIBAETCA UHME2PUPOBA-
nuem dugpepenyuarvrozo ypasHenua. B ucropun MaTeMaTUKH W3-
BECTHBI IPOOJIEMBI, «OTPHUIATEILHOE» PEIIEHNEe KOTOPBIX sIBJISJIOCH
MOIIHBIM CTHMYJIOM pa3purud. J[ocTaTOYHO yHOMSIHYTH pa3periu-
MOCTB aJjrebpamdecKux ypaBHeHWi B pajaukaiax (reopus Abess—
lamya). B 1841 r. Jluysusib mokasas, 9ro yxke mpocreiimee mud-
depennnanbroe ypasnenue Pukkamu 3y + y? = x* unrerpupyercs
B KBaJpaTypax JIIIb B MCKJIIOYUTENbHBIX CJydasdX (IpU 3HAYEHV-
X «, yKasaHnueix eme /I. Bepuysmim). 91o mHUIIIPOBAIO pa3BuTHE
Ka4eCTBEHHBIX, ACHUMITOTUYIECKUX, TPUOIMKEHHBIX (B TOM YHCJIE 1
YHUCJIEHHBIX) METOJOB MCCJIeJ0BaHus. B IPUIIOKEHUIX HE TakK da-
cTO TpedyeTcss HAllTuU BCe pelieHnd. 3a PEIKUM HCKJIIOYEHHEM 3TO
IPAKTUIeCKN HeBO3MOXKHO. OOBIYHO MMeeTCd JOMOJTHUTETbHAA MH-
bopmanus (Hanpumep, HaYATbHBIE WK IPAHUYHBIE YCIOBUS ), HEOO-
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XOZIIMO BBIJIEJINTH PElIeHHs C OlpeJeJIeHHbIME CBOHcTBaMu (orpa-
HUYEHHbIE, YCTONYUBBIE, . . . ), HOITOMY B JaJjibHeiimeM He Oyjem cu-
CTeMATHYECKH Pa3BUBATbH TEOPHIO 00wWez0 pewenus. DTO Tpedyer
Gostee yriryOI€HHOTO U3yYeHUs U K TOMY 2Ke HMEIOTCHA Pa3JIUTIHBIE
ompeesenns obuero pemenns (CM. CChUIKY Ha c. 159 B kHure [3]).

Samevanue 2. Ciaemyer mMerh B BHUIY, 9TO TEPMHUHOJIOTHUS CKJIA-
JIBIBAJIACH UCTOPUYECKH, TaK 9TO HEOOXOJMMO BHUMATEIbHO OTHO-
CUTBCS K UCIIOJIb3YEeMBIM IIOHATHAM U OIpeieneHusM. Konedano, xo-
TeJI0Ch Obl HpeJCTaBUTh OJHOM popMmysioit Bce pemenus. [lo mepe
BO3HUKHOBeHHsI 1 u3ydeHus npocreiimux O/1Y 310 ymapajioch, HO
g 6oJiee CIIOKHBIX 00BEKTOB (YpaBHEHUil N-TO MOPSAJKA, CHCTEM
ypaBHEHUi1) Takas IeJib CTAHOBHJIACH BCE DOJIee «TeOPETHIECKOii».
Hu o kakux sjnemeHTapHbIX (DYHKIUIX U KBAJIPATYPaX yKe pedb He
ujger. B KOHCTPYKTHUBHOM ILJIaHE BIIOJIHE MOXKET OKA3aTbCs JOCTA-
TOYHBIM OIpe/IeJieHne ODIero peireHus B cieaykomeM («caaboms )
cmbicie. JIis mpuMepa orpaHWYMMCS ypaBHEHHEM BTOPOIO MOPS/I-
ka ¥y = f(x,y,y) (m& = F(t,x,&)): sro dyukuusa y(z,Cq, Cy),
KOTOpad II03BOJIAeT BbIOOpOoM napameTpoB (12 HOIYYNTH pelleHne
mrob6oii 3amadn Komu y(xg) = yo, ¥ (x9) = y1 B 3amanHoil obaacTu
HadaabHbIX daHHbIX D = {(z0,y0,y1)}. Bompoc o Tom, Bce nu 310
pellleHus, 1eIeco00Pa3HO BBIIEIUTD OTAEAbHO (110 AHAJOIMH C PO~
JOJKUMOCTBIO Ha, (a1,b1) D (a,b)). B upunuune D He 0bsizaTesibHO
061acTh, I — MPOMEKYTOK, apaMeTPOB KeJIATeIbHO MEeHbIIe: KOH-
eI OOIIEero pemreHns 3aBUCAT OT KOHKPETHOH 3a/IatH.

Samevarue 3. [loie3HO 03HAKOMUTHCH C IBOJIOMUEN JarKe TAKOTO
6a30Boro moHsTHdA, Kak (yHknus. «A Bo Bpemena HbroTona mop
CJIOBOM (DYHKIIMSA IMOHUMAJIM TOJIBKO O4YeHb Xopolnue Bemu. VHO-
rJa 3TO OBLIM MHOTOYJIEHBI, WHOT/IA PaIlMOHAJbHbIE (DYHKIUU, HO
BO BCYKOM CJIy9ae BCE OHHM ObLIN AHAJUTUIECKUMH B CBOeil 00Jjia-
CTH OIIpPEJIeJIeHNUs U Pa3Jjarajuch B psaabl Teitsopas [Aproavd B. U.
[oiirenc u Bappoy, Hetoron u I'yk. M.: Hayka, 1989. C. 24|. «/Insa
Ditnepa u apyrux maremarukoB XVII m XVIII BekoB «dyHKIHIA»
O3HAYAJIA HEYTO TAKOE, YTO MOXKHO 3alucaTh B Buje ABHOU (Hop-
MYJIBI ... WJIU, BO3MOYXKHO, YTO-TO, OIPEJIe/IIeMOe NHTEIPAJIOM UJIN
3a/laBaeMoe CTemeHHbIM psifioM» |[[lenpoys P. IlyTb kK peasbHOCTH,
WM 3aKOHBI, yupasigrone Beemennoii. M.; Mxkesck, 2007. C. 107].
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B zakjounTresibHON YaCcTu BBEJAEHUS MPUBEIEM IPUMEPHI Ma-
TeMaTuIecKux Mojeseil B (popme muddepeHimaabHbIX ypaBHEHMII.
[lepBblit TpEMeEp OTHOCUTCS K MEXaHUKE, «KOJbIOesny Teopuu (Ha-
psy ¢ reomerpueil u MareMarudeckoi ¢pusnkoii). Bropoii u3 obra-
ctu dpusndeckoit xumuu. Kpyr 3ajad, npu peieHnn KOTOPhIX Ma-
TEeMATUIECKOe MOJEJUPOBAHNE SBJIAETCS OJHUM u3 3PPEKTUBHBIX
NHCTPYMEHTOB HCCJIeI0BaHNA, HEYKJIOHHO pacmiupsgercs. [lepex ma-
TEeMATUKAMU PEJIKO CTABAT HOJHOCTHIO (POPMAIN30BAHHBIE 33/IAYN.
Heobxomumo ocBauBatTh (1 ¢ GOJIBIIOH [OJIB30( I MaTeMaTHIe-
ckux 0000IeHnit) cBefenns u3 (UKW, XUMUM, OHOJIOTUN, MeIH-
IUHBL ... — 70 auddepeHuaabHbIX YpaBHEHNH €eIe HYKHO <«0-
Oparbcsiy. Tpebyercs Bblie U Th ONpeNeIoNue IapaMerpbl (JIuMu-
Tupyfonpe (GaKTOPbl) U OHUCATH UX B3aUMOCBS3U.

Ecau unrarens cremut oOpaTUThCA K U3Y9YEeHHUIO OOIIEil Teopu,
TO IPUMEPBI MOJEE TOCTATOYHO IPOCMOTPETh «II0 JUATOHAJII».

Puc. 0.1. JIpuxxenne nenrpa macc Puc. 0.2. Tepmopecopbuus Ho

JBu>xkenue 1neurpa macc JIA. [Ipecnenys uckmodnresbHO MUP-
HblE 1eJin (HAlpUMep, METEOPOJIOrUYECKHE), PACCMOTPHUM [POCTE-
IIYTO MOJIEJTh JBUKEHUS [EHTPa Macc jJeraTeibHoro anmnapara (JIA)
B BepTuKaJabHOW mmiockoctu (puc.0.1). Crapr mpomcxoauT ¢ mo-
BEPXHOCTH 3€MJIid, TOYKY CTapTa HPUHUMAEM 3a HAYAJIO0 OTCUe-
Ta. BeicoTa M JAJBHOCTH TOJIETa HEBEJUKHU, TAaK YTO OrPAHUYUM-
cd IUIOCKUM IIPEeJICTaBJI€HUEM O 3€MHOIl MOBEPXHOCTU. YUTEM CH-

ay tskectu (mg), tary apurarens (F

. = T(t)) u comporusie-
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uue cpeipl (F. = ¢Sq). Cunpt F,, F, HaupasieHbl BJIOJb BEKTO-
pa CKOpocTH ¥ IeHTpa Macc (MaTepuajibHOW TOYKU) B HPOTUBOLO-
JIO’KHBIX HAIIPABJICHUAX. Y TOYHIM TEPMUHOJIOIHIO U 0003HAYEHUS:
¢ — Koappuyuenm 210606020 conpomussenud, S — IMIOMATb XapaK-
Tepuoro (mudesesoeo) ceuenns; ¢ = pv?/2 — ckopocmmoti Hanop,
p = poexp{—ky} — mrorHocTH armocdepsl Ha BbICOTE Y, V = |V].
C BBICOTO MJIOTHOCTH SKCIOHEHIMAJbHO yobIBaeT (k > 0).
O6o3HaumB yepes § yroyr HAaKJIO0HA BEKTOPA CKOPOCTH ¥ K MECTHO-
My TOPU30HTY, CIIPOEKTHPYEM BEKTOPHOE YPAaBHEHHE BTOPOIO 3aKO-
na Hetorona d(mt)/dt = F Ha ocn KOOPIHHAT «JIMHA — BBICOTA»:

OX: mi+mi="T(t)cosO(t) —cSqcosh(t),

OY: my+my="T()sinbd(t) —cSqsiné(t) — mg,

0 = arctg(y/#), ¢ = poexp{—ky}v®/2, v =1/32 + 2.

M3menenne maccel m = m(t) 0obyc/IOBI€HO PACXOAOM TOILIMBA.
IIpeobpasyem cucremy OJ1Y gerseproro mopsjka (qBa ypasHe-
HEsI BTOPOTO MOpgA/Ka) K GoJiee yaoOHON cucTeMe ypaBHEHHil Imep-
Boro nopska. /s sroro or ¢aszosoro npocrpanctsa {(z,y,Z,y)}
nepeiigem K {(z,y,v,0)}. CHagajia BbIYUCIUM YCKOPEHUSI:

T =wcosl, y=wvsinf = & = ¥ cos —vf sin 0, = ¥ sin 0+v6 cos 0.
[ToxcraBuM 3TU BbIpayKeHWs B yPaBHEHUsI BTOPOrO HMOPsIJIKA:

1w cos B 4+ ma cos § — mub sin @ = T(t) cos § — ¢Sq cos b,

1w sin 6 4+ ma sin 6 4+ mwb cos 0 = T(t) sin @ — c¢Sqsinf — my.
JloMHOXKUM TIEPBOE ypaBHEHHE Ha COs 6, BTopoe Ha Sin f u CIOXKIM:

1w +mi = T(t) — cSq—mgsind (g = poexp{—ky}v?/2).

Ecan maOoXKUTEMN Cos 6, sin @ 3ameHuTh Ha Sin @, — cos 6, To mpuxo-
num K auddepernuanibaoMy ypasuenuo 0(t) = —gcos6(t)/v(t).
Urak, B pasosom npocrpauncrse {(x,y, v, )} monsydaem cucremy

T =wvcosl, y=wvsinb, vl = —gcosb,

mv =T(t) — cSq— mgsinf — v, q¢=q(y,v).
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Jlna onpeesieHus IBUKEHUS U TPAEKTOPHUH I0JIETA JOCTATOYHO
3asarh HadasbHble ganuse: £(0) = y(0) = 0, v(0) = vy, #(0) = bo.
B ciydae 3aiycka «u3 IIyHIKA», KOI/a OTCYTCTBYET JIBUTATEIb,
BoinosiHgAeTCa 1" = 0, m = 0, vg > 0, 9TO IPUBOAUT K yHIPOIIEHUIO:

T =wvcosl, y=wvsinb, 'Ué:—gcose, mv = —cSq — mgsin 6.

Jlaxke ynporieHHas cucreMa He MHTEIPUPYETCd B KBaJIpaTypax, JJjisd
pacdera JBUKEHUS IPUMEHSIOT YUCIeHHbIE MeTOAbl. OTMETUM, YTO
KB/ IPATUIHOCTHh CKOPOCTHOI'O HAIIOPA ABJIAETCA adPOANHAMUIECKOM
po0JIEMOii: POCT CKOPOCTH B N pa3 CONPHAXKEH C POCTOM COIPOTUB-
senns B n? pas. Mojenb MOXKHO YTOUHATD C yueToM reomerpu JIA.
Hanpumep, Tsara HanpasiieHa BI0JIb IPOA0AbHON ocu JIA 1 mex iy
BEKTOPOM CKOPOCTH U IEHTPa MACC U OChI0O UMEETCH Y204 AMmaKu (.
Kosddumuent 1060B0ro conpoTuBIeHNsI, IO beMHAA CIJIA 1 3HAUE-
Hue S 3aBUCAT OT v. Bcem 3HaKOMa KapTUHA, KOTA ITePeJ] MOCA KON
CaMOJIET «3aIUPAET HOC», YBEJUUUBAA yroJ aTakum. Y der HOKOBOTO
BeTpa U OpPraHOB YIIPABJIEHUs Je/IaeT 33/[a9y IPOCTPAHCTBEHHOM.
PaccmoTpena Jsmmmb mpocTeiimas MoOAeb, g YTOYHEHHUN CJeIyeT
00paTUTHCA K KHUTAM TI0 a3POIMHAMUKE.

BomopomonpoHuiaeMocTb KOHCTPYKIIMOHHBIX MaTEpPUAJIOB
Bomopoa paccMarpuBaercd Kak OQUH U3 HEPCIEKTUBHBIX 3KOJOTH-
9eCKH IHCTBIX 3HeproHocuTeneir. Hambosmee MOmALIE paKeTHEIE 1BH-
raTeJn — BOJOPOMHBIC, B XOLy W HeOOJbIINe IapTHH ABTOMOOWIb-
HBIX JABUraTejeil. DHTY3uacThl y2Ke OBOPAT O BOJOPOIHOIN 3HEp-
reruke. OTpaeHHbIE NEPCIEKTUBLL YIIPABILEMOr0 TEPMOSIEPHOrO
CUHTEe3a TaK»Ke CBA3aHBbI C BOIOpOJOM (ero m3oromamu). Jljis pe-
IICHUS 33029 XPAHEHUs, TPAHCIIOPTUPOBKH, 3AIIUTHI OKPYKAIOIIeil
cpesbl HeOOXOAMMBI COOTBETCTBYIONIUNE MATEPUAJIbl. SHAYNTEIbHAL
KOHIIEHTPAIMs BOAOPOJA B METaJIaX LIPUBOINAT K €ro OXpyIvHBa-
auio. C 9TUM IPUXOAUTCA CUUTATHCA IPU IPOEKTUPOBAHUU OObeK-
TOB XHMHIYECKOTO0 MAIIMHOCTPOeHHd. VITak, mo pamy OpUYWH HHTe-
pec K KMHETHKE B3aMMOIECICTBHA BOJOPOJA C KOHCTPYKIMOHHBIMUI
MaTepHuaJaMyi BLICOK. BbraucaurenbHOe MaTepraaoBeIeHue Ipu3Ba-
HO CY3HUTb JUANA30H IIOMCKA MATEPHAJIOB C 33 JaHHBIMI CBOHCTBAMH,
COKPATHThL PACXOAbl HA SKCIEPHMEHTHI, BBIABUTHL JTUMHUTHPYIOIITE
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dakTOpbl (B TOM YHCJIe U IPU SKCTPEMAJIbHBIX YCJIOBHIX KCILIya-
TAlMU MaTepuasa, KOrjga KCIEePUMEHT 3aTPYIHUTEJIEH).

OcranoBuMca Ha OZHOM u3 3(MEHEKTUBHBIX IKCIEPUMEHTAIb-
HBIX MeTO/10B — TepMmozecopbimonnoii cekrpomerpun (T/1C). Tlna-
CTMHA M3 MCCJEAYEeMOro Marepuasa (HalpUMep, MeTajLInIeCcKOro
CIJIaBa) MOMEIAETCd HPHU JOCTATOYHO BBICOKOH Temmeparype 7T
B KaMepy C MOJIEKYJIAPHBIM BOJIOPOIOM. Uepes olpeesieHHOE Bpe-
Mst 00pa3el HACBIMAETCA PACTBOPEHHBIM (QTOMAPHBIM) BOIOPOIOM.
3aTeM HArpeB IIACTUHBI MPEKPAIIAETCS, KaMepa BaKyyMHUPYETCs
U B YCJOBULX IOC/JEAYIOIMEr0 MOHOTOHHOTO HAIrPEBa C IOMOIIBIO
MaCC-CIEKTPOMETPa PEerucTpPUpyeTcs IMOTOK BOJOpPOAa H3 0obpas-
ma (puc.0.2). ITo sToil sKCcHepuMenTaTBHON HHPOPMAIUN, B IaCT-
HOCTH, OIEHUBAIOT KMHETUYIECKUE IMAPAMETPHI BOJOPOIOIPOHUIIAE-
MOCTH KOHKPETHOIO KOHCTPYKIMOHHOTO MaTepuaJa.

[IepeiineM K IIOCTPOEHUIO IIPOCTEMINENl MaTEMATHIECKONl Moje-
JIM, aKIeHTHPYs BHUMaHHE Ha TOBEPXHOCTHBIX mporeccax. Ilo mo-
CTaHOBKE KCIIEPUMEHTA aTOMbBI BOIOPoAa duddyrdupyrom u3 odbe-
Ma K HOBEPXHOCTH, COEIMHAIOTCI B MOJIEKYJIbI U TMOKHIAIOT IOBEPX-
HOCTB (decopbupyromes, TPOIECC MOTTIONIEHNS HA3BIBACTC COpOyU-
et). Cunraem nuddysuto oxnomepuoii (o rommmuue x € [0, ] or-
HOCUTEJIbHO TOHKO{i IJIACTUHBI), BJIUSHUEM TOPIOB IpeHebperaem.
Harpes peanusyercs npakrudecku pasaomepubiv: T'(t, x) = T(t).

Ob6o3HaunM MIOTHOCTH MOTOKAa H w3 obbemMa Ha MOBEPXHOCTH
wepes I(t). Bemmunna I(t) (eqmanna msmepenns [I] = 1/cm?c) umc-
JIEHHO PaBHA KOJIMYECTBY aToMOB H , BbIleamnx u3 oobeMa Ha €11~
HUYHYIO IJIOMAJIKY MOBEPXHOCTHU 33 €IUHUILY BPEMEHHU.

Hepes ¢(t) 0bo3HAYUM MOBEPXHOCTHYIO KOHIIEHTDAIIUIO ATOMOB
Bomopoza ([q] = 1/cm?). BepodaTHOCTL BCTPEUN U COSIMHEHNS IBYX
aToOMOB B MOJIeKysy Hg, MOKHAAIONLYI0 HOBEPXHOCTH, HPOMOPIIUO-
HasbHa (1) (BCHOMHEM HIKOJIBHBIA KypC XUMHI: CKOPOCTbH Deak-
UK [TPOITOPITHOHAIbHA TPOU3BEIEHUIO Pearupyomx Macc). B cBs-
3H C 9THM ILJIOTHOCTbH JIECOPOIIMOHHOTO MOTOKA MOJIEKYISPHOTO BO-
J0poJia U3 06pa3ia B BAKYYMUPYEMYIO KaMepy MOJIEJIUPYeTCs BbIpa-
wennem J(t) = b(T)qg?(t). lloncuer semem B atomax: [J] = 1/cvc.
Kosgpgpuyuenm decopbuyuu 3aBUCUT OT TEMIIEPATYPHI IO 3aKOHY Ap-
pernyca: b(T) = bgexp{—E}/[RT]}, by, Ep, R = const. ['pacdux Ta-



16 Bsenernne

KOit (pyakIuu mmeer S-00pa3Hblii BUJ KPUBOIl HACBIIEHUs: C PO-
crom rTemueparypsl ([T] = K°) mabitomaerca pocr napamerpa b
C ACHMIITOTUYIECKUM BBIXOJIOM HA TOPU30HTAJBbHYIO acuMrTory. Ha-
rpeB 3 eKTuBeH, HO JUIIbL B OIpPeeeHHbIX Ipeaenax. Popmab-
HO JIjIsi HA9AJIbHOW MOJIe/In HH(MOPMAIUK JTOCTATOYHO, HO IEeJIeCO00-
Pa3HO YTOYHUTH TEPMHUHOJIOTHIO JIjI ODUEHTUPOBKH B CIIEIHAJIbHOM
aureparype: by — npedakcnonenma (supb), Ey — snepeus axmusa-
yuu decopbyuu, R — yHuBepcajabHas ra30Bas nocTosHHaA. OOBITHO
B 9KCIIEDUMEHTE peajiudyercs JuHeiinbiii Harpes T(t) = To + vt.
Ternepb MBI B COCTOSHME 3aIUCATH MPOCTERITYIO MOIEb:

q(t) = =b(1)g*(t) + I(t), ¢(0) = g,
b(T) = by exp{—Ey/[RT]}, T(t) = To + vt.

HavasnpHble maHHBIE § ONPENEISIOTCS HAYAJIbBHBIM (PABHOBECHBIM )
HaCbIIEeHueM HOBepXHOCTH HpH (PUKCHpOBaHHON Temueparype 1.
Jnddepennnaibuoe ypaBHEHHE 3aMUCAHO U3 COOOparKeHuit Mare-
puasibHOro 6astanca. [IpencraBum cebe eIMHUYHYIO ILIOIIAIKY ITO-
BepxaocTH (npu = 0 win x = ¢). CupaBa B ypaBHEHHH — PA3HOCTh
OTOKOB m3 oObema 0Opa3iia Ha MOBEPXHOCTb U C MOBEPXHOCTH B
00beM KaMepbl. DTOT JUCOAJIAHC OIpeeideT U3MEHEHHEe KOHIEH-
Tpaluu Ha HoBepxHOCTHU (mpon3Boauyto ). [losydennoe ypaBHenue
OTHOCHUTCH K KJIaccy ¢ 6boraroit ucropueit — 3to ypasnenue Pukxkamu
(cm. romasy 1). Ilpasna, Pukkaru (1676-1754) usyuasn ypaBHeHus C

KBa/[PATUYHON HEJIMHENHOCTbIO COBCEM IO APYTI'OMY IIOBOALY.

JIOTIOJTHEHUE 1. Crporo roBopsi, MOJEIb «HE3AMKHYTa», HO-
CKOJIbKY TPYAHO PAaCCINTHIBATH HA U3MeEpPEHHe 3HAUeHUil (pyHKIUn
spemenu [ (t). Jlns naapHeRmux yrouneHuii He 060iTUCH 6e3 101oI-
HUTEJbHBIX CBEJIEHUN U3 MaTeMaTWdeckoil ¢pusmkum, modromy da-
KYJIbTATUBHO MTPOJOJIKUM HOCTPOEHUE MOJIETH «AKCHOMATHIECKH .

O6o3uaunMm depes c(t, r) KoHIEeHTpanuio atoMoB H B obpasie B
moment Bpemenu ¢ na riybuse x € [0,€] ([c] = 1/em?). Ilo nocra-
HOBKE 9KCIIEpUMEHTa umeer mecto cummerpus c(t, z) = c(t,{ — x).
[TnorHOCTH MU DY3NOHHOTO TOTOKA U3 00bEMA HA IIOBEPXHOCTH MO-
nenupyerca BeipaxkenueM [(t) = D(T)0,c(t,0) = —D(T)0xc(t,?),
rne D — xoappuyuenm Jugppysuu, a 0 — CAMBOJ TACTHOH IMPO-
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u3BOJHOI (Oyc = ¢; = Oc/0x). 3aech ymecTHa aHAJOIHA C IIOTO-
KOM BOJIbl: 4€M Kpyde ropka (0oJiblile BeJIMYMHA I'PAJAUEHTA), TEM
NHTEHCUBHEE IIOTOK. 3aBHCHMOCTb OT TE€MIEPATypPbl TaKyKe IIPe-
nosaraercd appenmycosckoit: D(T) = Dgexp{—FEp/|RT]}. Pac-
upejeienne ¢(t,r) KOHIEHTPAIUU B 0ObeMe OLUCHIBACTCS YPaGHe-
nuem Ougppysuu Opc(t,x) = 0, [D(T)0yc(t,z)]. Do yxe ypasHe-
HUE 6 YACMHBLL NPOU3E00HHIT, TOCKOJIbKY B HEro BXOIAAT IIPOU3-
BOJHBIE 110 HE3aBUCHMBIM IIEDEMEHHBIM ¢ u . Jlag mOaHOTHI MO-
JIeJT OCTAETCA CBA3ATh HMOBEPXHOCTHYIO KOHIEHTPAIMIO C IIPHIIO-
BEPXHOCTHOIl 00beMHOI, HAIIPUMED, YCIOBHEM OBLICTPOrO PacTBOpPE-
aug c(t,0) = c(t,f) = g(T)q(t), n nobaBUTH HAYAIbHBIE JAHHbLIE
c(0,2) = ¢ = ¢gq ( upu Temmeparype Ha4aJbHOTO HacbimeHus T).
[IponmopuroHaIBbHOCTD (¢ OTParXkaeT MPOCTERIIYI0 CBA3b KOHIEHTPA-
nuii: 1eM GoJIbIe aTOMOB BOIOPOA HA IIOBEPXHOCTH, Te€M OOJIbIIe
UX B IPUIOBEPXHOCTHOM obbeme (1 Hao6opoT).

Wrak, Momenab MOXKET COmepKaThb KaK OOBIKHOBEHHBIE, TaK MU
«HEOOBIKHOBEeHHBIEY auddepennnaibabie ypapaenns. [Ipomecc yro-
YHEHMs] MOJIEJIM HEOIPDAHUYEH: MOXKHO y4ecThb pecopbyuto (dacrud-
HBIl BO3BpAT Ha MOBEPXHOCTB), HECHUMMETPUYHOCTH (aHU30mMpon-
HOCMb) TPOIECCOB PACTBOPEHUS B O0bEM U BBIXO/Ia HA IOBEPXHOCTH,
OIPAHUYEHHYIO eMKOCTh J1eDEKTOB (106Ywek ), 3aBUCUMOCTh KO-
durnumenta nuddysun or KoHIEHTpAINH, HEPABHOMEPHOCTH IIPOTrpe-
Ba obOpasna, mepmodugdysuto ... 1lpu 3T0OM MOABIAIIOTCS BCE HOBBIE
K03 DUIEeHTHI, 3HaYeHNsE KOTOPBIX HEOOXOIMMO OIEHUBATD II0 KC-
HepUMEHTAIbHBIM JaHHbIM (06pammubie 3adavu). Cremyer BOBpems
OCTaHOBUTbHCA B 3aBUCUMOCTHU OT IEIU MOIEINPOBAHUSL.

OrpaHUYUBIIKCH JIUITH ABYMs IpUMepaMu (KOTOPBIE TOCTATOY-
HO MPOCMOTPETh HA WHTYUTUBHOM YDPOBHE), IepeiieM, HaduHas
C mIaBbll, K cHCTEMATHYeCKOMY WM3JIOXKEHUIO OCHOB 0O0mIel Teopnun
obbikHOBeHHbIX Juddepeniuanbubix ypapuenuit (O/1Y).

JIOIMMOJIHEHUE 2. B 3aK/Ii04eHne BBeJIeHNs «HA BCAKHI CITydaii»
IpUBEJEeM HUCIOJIb3yeMYyI0 TeOMeTPUUIECKYI0 TePMHUHOJOTUIO <«IIPO-
CTpaHCTB». PaccMarpuBaeM mpoIecchl, COCTOAHNE KOTOPHIX B PaM-
KaX MOJIeJIN IPEJICTAB/SIETCH KOHEIHbBIM HAOOPOM YHCJIOBBIX Mapa-
MerpoB. Hampumep, cocrogaueM mMaTepuaabHON TOYKHU B KJIaCCUUIe-
CKOIl MeXaHUKe SBJIFeTCd €€ IOJIOXKEeHHe W CKOpocTh (6 mapamer-
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POB B HpOCTpaHCTBEHHOM ciydae). Cpejiu 4YUCIOBBIX XapaKTepu-
CTHK MOT'YT OKa3aThCs U JABJIEHUE, TEMIIEPATYPa, yIJIbl . .. MHOXKe-
CTBO BO3MOKHBIX COCTOAHWIT 0bOpasyer ¢haszosoe npocmparncmeo X.
B koneunomeproMm cirydae X OOBIYHO SIBJASETCA N-MePHbIM Judde-
peHyUpYeMmbLM MHO2000pasuem (cM., Hapumep, [2]).

[To ymosrqanuio j1ajiee OrpaHuYIMBAEMCs BEIECTBEHHBIMU YUC/Ia-
mu. Apudmerngeckoe npocrpancTtBo R = R x ... X R, cocrosiee
U3 yIOPsiJI0YeHHbIX HAOOPOB 1 yucesn X = (x1,...,T,), OOBIYHO Ha~
JIeJISIeTCsl JTOTOJIHUTEIbHONW CTPYKTYPO#l B 3aBHCUMOCTH OT pelae-
Moit 3amaun. OnpeennB MOKOMIIOHEHTHO CJIOKEHWE U yMHOXKEHHe
HA 9HCJI0, MOJydaeM CTPYKTYPY AuHetiHoz0 npocmpancmea. B 06-
et Teopun JIMHEHHBIX TPOCTPAHCTB MX JIEMEHTHI HA3BIBAIOTCS 6€K-
mopamu. OBpaTHO, IMyCTh 3aJaHO M-MEPHOE JInHeHHOoe (BEKTOPHOE)
npoctpancTBo L. Purcupyem 6a3uc. Torma BEKTOPBI MOXKHO OTOXK-
JIECTBUTH C Habopamu (1, ...,T,) uX KoopauHAT. JIuHETHBIM KOM-
OWHAIMSAM BEKTOPOB OJITHO3HAYHO COOTBETCTBYIOT KOMOMHAIUN KOOP-
auHaT. ['oBOpAT 00 u3domoppusme nuneitabix mpocrpancTs: L = R™.

OHO#T U3 OCHOBOIIOJIATAIOIINX B FEOMETPUN SBJISETCS OIEPAIUS
CKaJISIPHOTO (BHYTPEHHEr0) MPOU3BE/IeHNs BEKTOPOB (-, ) B JIMHE]-
HOM n-MepHOM mpocrpaHcrBe L. Ha akcumomaruke He OcTaHABIIN-
Baemcs. llosmyuaem eskaudoso npocrpancrso E. llosBusercs Bo3-
MOXKHOCTH OIIPEJIENIUTh JJINHY BEKTOpa |X| = /(X,X), yros Mexmy
HeryseBbiMu BekTopamu (cosf = (x,y)/(|x|ly|), @ € [0,7]), opro-
ronajbHOCTh (X Ly < (x,y) = 0). B opronopmuposannom 6asuce
MMeeM KOOD/JMHATHOE IPEJCTaBIeHne (X,y) = T1Y1 + ... + Tpln.

B 3amauax reoMerpuueckoro u (pusnIecKoro xapakKrepa dacTo
OIePUPYIOT TOYKAMH, B3AHMHBIM PACIIOJJIOXKEHHEeM Tesl u (Uryp, B
TO BpeMsl KaK JIMHEHHbIe Olepalii OTCTYIAIT Ha BTOPOM ILJIAH.
[Togxomsieit Maremarndeckoi abCcTpakmueir sBaseTcs a@@urHoe
IPOCTPAHCTBO. Ero 3/ieMeHThI HA3bIBAIOTCA TOYKaMu. Kaxkioi ma-
pe Touek (A, B) comocTaBieH BEKTOP AB acCoOUUUPOBAHHO20 TIPO-
crpancrBa L. Toukn A, B Ha3bIBalOTCA COOTBETCTBEHHO HAYAJIOM W
KOHIIOM BeKTOpPa. MBbICJIEHHO IpecTaBiisgeM cebe TOYKHU, COeIMHEeH-
HblE€ HAIPABJIEHHBIM OTPE3KOM CO CTPEJIOYKON. AKCHOMBI B KpaT-
KOM HI3J102KeHnn ommyckaeM. OmpeesieHo CI0KeHne TOYKNA U BEKTOPa,
(A +AB = B), Berauranue touexk (B — A —AB ), HO He CJIOZKEeHHe
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Todek. MoxHO onpenenunts adp@uHHOE TPOCTPAHCTBO KAK TPOUKY
{MHOXKeCTBO TOUEK, JIMHEHOE POCTPAHCTBO, ONEPAIUsl CJIOKEHHSs
TOYKH U BEKTOpa} C COOTBETCTBYIOMIEH aKCHOMATHKON, HO TaKOi
YPOBeHb abCcTpakiuu (ecau yroJHO, CTPOTOCTH) He MOTPedyeTcs.

Ecin B acconumpoBaHHOM JIMHEHHOM (BEKTOPHOM) MPOCTPAH-
cree £ (dim £ = n) BBeCTH CKaJSPHOE HPOU3BEJIEHHE, TO IIOJIy9aeM
eBKJINJIOBO (TOYEYIHO-BEKTOPHOE) mpocTpancTso F (E™).

Besikoe n-mepHoe JsimHeHOe HpoCcTpaHCcTBO L MOXKHO paccMar-
puBaTh Kak ad@UHHOE: JOCTATOYHO JIEMEHTHI Ha3BaTh TOYKAMU
U KaXKjoii mape (Temepb y:Ke TOYEK) V,W IOCTaBUTb B COOTBET-
ctBue BeKTOp W — v € L. ObpaTtHo, Bcgkoe adduHHOE IPOCTpaH-
CTBO MOXKHO PacCMaTpUBaTh KaK JIMHEHHOe, 3a(UKCUPOBAB TOY-
Ky — Hadasio koopauuar (. Torma nmpousBosibHON TOYke P como-
CTABUM PaUyC-BEKTOP OP , OTOXKJIECTBJIAsT TaKUM 00pPa3oM TOdY-
K U BeKTOPHI. Buibop penepa (touku O u 6asuca {v;} C L) ma-
€T BO3MOXKHOCTb FOBOPUTH 00 agpunnvir xoopdunamaxr Todkm P:
OP = rivi+...+xpvy, = P = (21,...,2,). B ciy4dae opronopmu-
posanHoro 6asuca {vi} (korma £ = &) nojydaem HpsMOYTOJILHYTO
JTIEKAPTOBY CHCTEMY KOOPJIMHAT.

B kypce OJIY mer HEOOXOAUMOCTH B YCJIOXKHEHUU ODO3HAUe-
uuit. B muoxkecTBe R™ ynopsiouenubix Habopos uuces (1, ..., Ty,)
B JIaJIbHEHIIEM IT0 KOHTEKCTY MOAPA3yMEBAETCS Ta WJIM WHAA CTPYK-
Typa npocmparcmesa. OmepupyeM TOYKAMU U CABAUTAMU HA BEKTO-
pbI — UMeeM B Buy adHUHHOE IPOCTPAHCTBO. BhraucisgeM cKaJisdp-
HbIE ITPOM3BEAEHNS, JJIMHBI — HOAPA3yMeBAEM €BKJIHIOBY CTPYKTY-
py. o ymosrganuto R™ cauraeM «I10JIHOCTBIO OCHAIIEHHBIM > ( BKJIIO-
Jas eBKJIMIOBY METPHKY): €ro 3JeMEHThI U TOYKU U BEKTOPHI,

O:(O,...,O),Vf: 0,...,1,...,0), (X,y) = x1Yy1 + - .. + TpYn,
|X|2 = <X7X>7 pQ(XaY) = |X_y|2 = <y_Xay_X> = <X_y>7X_y>>

[To kourekcry, ecitm A — marpuna n X n, To B 3anucu XA cjesa
CTPOKa X, a B 3anucu Ax cupasa ciaoaber; x = (21, ... ,xn)T e R"™






I'maBa I

MeToabl MHTEIPUPOBAHUS
O/1Y 1-ro mopsiaka

1. OCHOBHBIE IIOHATUA U OIIPEJAEJIEHN A

B stom maparpade paccmorpum O/LY 1-ro mopsaka B HOpMaabHOT
¢opme (paspelieHHOe OTHOCUTEIBHO MPOU3BOIHOIN ):

y = f(z,y), f:G—R, GCR

Baech G — obacTb (OTKPBITOE CBA3HOE MHOXKECTBO), IIpaBas 4aCTh
ypaBHeHH [ KaK MHHUMYM IIPEIIOJAraeTCa HenpepbiBHO B G.
Oyuknusg y = p(x), ¢: (a,b) — R, Ha3BIBaeTCH peweruem ypas-
HEHUsl, eCJIU Ha IPOMEXYTKe (a,b) BBIMOJHSIOTCH YCIOBH:

1) 3¢/ (2); 2) (z,0(x)) € G; 3) ¢'(x) = f(x, p(z)).

MHOKeCcTBOM ONpeie/ieHns PENIeHU SABJIIeTCA TPOMEXKYTOK Bele-
crBennoii ocu (a,b) = (a,b),|a,b),(a,b],|a,b]. B rpanuanbix 104~
KaxX [POM3BOJIHbIE MOHMMAIOTCA KakK OJHOCTOpOHHEE. Jlomyckarorcs
HeCcOOCTBEHHBIE 3HAYEHUA ¢ = —00, b = +00 (B CIydae UX UCKIIOYe-
uus). Pemenue onpejesnsgercs kak orobpaxkenue T — ¢(r) ¢ yKasa-
HueMm npomexyrka (a,b), .e. napa {p, (a,b)}. llpu HeobxomumocTu
HOAYEePKHYTh oTyindne (PYHKIUH (0 KaK dJIeMeHTa (pyHKIIMOHAIbLHO-
ro MPOCTPAHCTBA OT €€ 3HadeHus ¢(T) MCIOJb3yeTcsd 3amuch ¢(-).
Bo uzbexanne oroBopok 00 OHOCTOPOHHUX TPOU3BOAHBIX B OOIUX
PaCCMOTPEHUSX CYUTAEM [IPOMEXKYTOK (a,b) unrepsasom I = (a,b).

Paccmorpum mpumep: VC € R dyukmua p(x) = 1/(C — x),
omnpenenentada Va # C, He gBigercd pelneHneM audepeHIuaib-
noro ypasuenus y = y?, xora ¢'(x) = p?(z),  # C. Obnacrsb
OpeJeJIeHns TOrO ypaBHeHHs (IPaBON 9acTH) eCTh BCS ILIOC-
kocth Oxy: G = R?. Cyxenne GyHKIHE ¢ Ha 060§ TPOMEXKYTOK
(a,b) C (—o0,C) unu (a,b) C (C,+00) onpezensger pelieHne.
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I'pacduk pemenns I' = {(z, p(x))} C G HazbiBaeTCH unmezpans-
not kpueot. Vicxoguoe upepmonoxenne f € C(G) u T0XKIeCTBO

¢'(x) = f(z,p(x)) ma uarepsane I BIEKYT HEpepLIBHOCTBH IIPO-
m3pomHol ¢ (), T.e. Bkmouenne ¢ € C'(I). MuoxkecTBo 3HadTe-
uuit v = {p(x)} HaseBaerca paszo60l kpusol. ITO OPTOrOHAIbL-

Has TPOEKIUsl WHTEerpaJibHON KpuBOHl Ha (pa30BOE HPOCTPAHCTBO
{y} = R (puc.1.1). Korma G mmeer CTPYKTypy NPSMOTO IIPOU3-
Besierus G = [ X I AByX WHTEPBAJIOB, MOXKHO CYUTATH (DA3OBBIM
upocrpancrsom {y} = Io. B mexanuueckoii repmunosoruu audde-
peHIIaIbHOe ypaBHEeHne OOBIYHO 3aluChIBAIOT B dhbopme & = f(t, )
(£ = dzx/dt) u He3aBHCHMYIO IIepEMEHHYIO ¢ HA3bIBAIOT BpeMe-
nem. PazoBasg KpuBas ABILETCA TPACKTOPHEN NBUKEHUSA. DTO JIUIIH
qacth uHbopmanun {x(t)} o 3akone aBuxkenus t — x(t).

y y

¢dazoBas .: \\ a
KpuBas > KpuBas , Yo NS } .
oo )

@) S tga= 1 ()
pelienue

b

a X, X

Puc. 1.1. Pemenne O1Y Puc. 1.2. Ilone nanpasienmnii

I'eomerpuyueckas naTepnperamusa. ComocTaBuM KazKIOH TOYIKE
(x0,y0) € G UpAMYIO, TPOXOALILYI0 Yepe3 3TY TOUYKY C yIJIOBBIM
ko3 dunmentom k = f(xo,yo) (puc. 1.2). I'osopsr, uro auddepen-
UaJbHOE ypaBHEHUE (ero npapasi 4acCTh) ONPENENIAeT NoAe HANpas-
aenuti B obmactu GG. 'eoMmerpuaeckuii CMBICT IIPOM3BOMHON — TaH-
reHC yIJla HAKJIOHA KacaTelbHOH K rpaduky dyrkmun (i = tga).
I3 onpeieienna pelieHusl ypaBHeHUs CJIe1yeT, 4To IJIaKad KpuBasd

U= {(z,p(x))|zel,pecC ()} Cq

ABJIAEeTCA HHTeraﬂbHOﬁ KpI/IBOﬁ TOT'Ta 1 TOJIBKO TOIr'Zla, KOI'/Zla KaCa-
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TeJIbHAA B KazKJI0M TOYKEe KPUBOIl COBIIaIaeT C HAIIPABJIEHUEM B 3TOil
Ke Touke. YpaBHeHus f(x,y) = const onpemessor u3okAUHb —
MHOKeCTBa TOUY€K C OJIMHAKOBBIM HallpaByieHneM. VI30KIUHbBI TT03BO-
JIAI0T Ha Ka4eCTBEHHOM YPOBHE IPEJCTABUTDH cebe reOMeTPHIECKYTo
CTPYKTYPY MHOXKECTBa MHTErPaJbHBIX KPUBBIX. B Kypce maremarn-
YECKOr0 aHaJIn3a CTPOUJINCH KaCcaTe/bHbIe K KPUBBIM. 37€Ch CTAJI-
KHBaeMCsl ¢ 0OpaTHOI 3a/1adeil: 3Has 10Jie HampasaeHuii (tga = f),
Tpebyercsd CTPOMTh MHTErPaJbHble KPUBbIE (KPUBBIE, KACAIOULUECH
noJist). [lpu onpenesiennn moss HalpaB/eHUii BMECTO HPSIMBIX MOK-~
HO OTPAHUYUTHCI €IUHUIHBIMU OTPE3KaMU IPAMBIX C IEHTPOM B
TOUYKe WM OTKJIAJbIBATh KacaTenbHble BeKTOpHl (1, f(zo,yo)).

B obmactu G dyskius f ompenender moJie HalpaBieHHili 6e3
BepTHUKAJIbHBIX HPAMbIX (tga € R). VHTerpasbHbie KpuBble $BJIsi-
forcd rpadukamMu QYHKOUI OT T, HO B N€OMETPUYECKHX 3a1a9aX
JaCcTO MepPEMEHHbIE T, PABHOIPABHBI: HCKOMYIO KPUBYIO (€€ 4acTh)
JOIYCTUMO UCKATh KakK rpaduk GyHKmun = 1(y), IpUHAMAas Y 32
HE3aBUCUMYIO epeMeHHy 0. Torna Hapsiy ¢ UCXOIHBIM PacCMaTPHU-
BAIOT TAaK Ha3bIBaeMoOe IepeBepHyToe auddepeHinajibHOe ypaBHe-
uue dx/dy = 1/f(x,y), muimb ObI OJHO3HAYHO OMPEEILIOCEH MOJIe
HAIIPABJIEHUH, BK/IIOYad BEPTUKAJIbHBIE MIPIMBIE.

Banauya Kowu. /Tuddepennuansroe ypasuenne y' = f(x,y) nme-
eT 6ECKOHEYHO MHOrO pelleHuii. Kakue IONOJHATENbHbIE YCIOBHL
CIOCOOHBI BIAEIUTDH 07HO pernenne? OuH n3 BApuaHTOB: 33JAI0TCs
HaudaJbHbIE JaHHbIe (T0,Yo) € G, u Tpedyercs HaliTh TaKoe pelleHne
y = ¢(z), z € I = (a,b), ato xg € I u p(xg) = yo. [eomerpuae-
CKM: HAfiTH MHTErpaJibHYI0 KPUBYIO, IIPOXOIALINYIO0 Yepe3 3aJaHHYIO
104Ky (Z0,Yo). D10 3adavwa Kowu (wiu Havarvhas 3adaua). B 06-
IAX PACCYKAEHUAX, ITOOBI H30€2KaTh OrOBOPOK 00 OTHOCTOPOHHIX
IpOM3BOAHBIX, cuuTaeM (G 001acTbio, a | MHTEPBAJIOM, COIAEpIXKa-
muM zg. [Ipn HeoOxomumocTu 3amady Koirm MOXKHO CTaBUTH, Ha-
puMep, Ha IPOMEXyTKax (a,To|, [To,b) min B acUMOTOTHYIECKOM
cMbIcse Y — Yo upu T — o (korma (xg,yo) € 0G).

TEOPEMA (Ileano (1858-1932)). Ilpu ycaosuu nenpepwvishocmu @ym-
kyuu f 6 obaacmu G dan awbvir Havasvuvr dannwur (xg,yo) € G
cywecmeyem pewenue 3adavu Kowu.
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B 6osee kommnakrroit 3anucu: f € C(G) =V (xg,y0) € G

Jy=¢(z) (x €l =(a,b): o€, p(xg) = Yo.

JlokazaresnbcTBo M3s102kK€H0, Haupumep, B [21,27]. HenpepoiBrocTb
npaBoit wactu ypasuenus Yy = f(z,y) mpemnomaraem masee 1o
yMOT9aHuI0. 3a]UKCHPOBaB o 1 Bapbupys Yo (0CTaBasgCh B Ipe/ie-
nax obsactu (), mosrydaem HGeCKoHEUHOe Yncyio pemienuii. Pemmerus
C Pa3IUYHBIMU %) HE COBIAJIAIOT B OKPECTHOCTH T( 110 HEIPEPBIBHO-
cru. llpu nonomuuresnsrom yeaosuu 0y, f € C(G) umeer mecTo enus-
crBenHocTh (rmasall, meopema ITuxapa (1856-1941)). Smecy enun-
CTBEHHOCTDb MMOHMMAETCS B TOM CMBICJIE, 9TO JIIOObIE TBA PEIleHus
HAYAJIbHON 3a/1a491, OIIPE/IeJI€eHHbIE COOTBETCTBEHHO HA MHTEPBAJIaX
I) n I, coBnagaror Ha nepecedenun [1 M Io. YcaoBue HENPEPBIBHO-
CTH 9acTHOU TmpousBofHoil J, f = f; = f, MoXHO ocmaburs, HO Ge3
nonoauTeIbHOTO TpeboBauud K f € C(G) He 060HTHCE.

B kaudecrse npumepa paccmorpuMm B obimactu G = R? = Oxy
ypasuenne y = 3y?/3. Iloxcranoskoii ybexmaemcs, 4ro (pyHKIHE
y = (z—C)3, y = 0 apagroTcs pelneHnaMu, OIpeIeeHHBIME Ha HH-
repsase | = R (MakcuMaabHO BO3MOXKHOM). Uepes KaxKIyio TOUKY
(0, Yo) mpoxoAUT GECKOHETHOE MHOYKECTBO PA3JIMYHBIX UHTETDAJIb-
ubIX Kpusblx {(z,p(z))}, onpenesnennsix npu r € R, HOCKOIBKY
MOKHO TJIAJIKO CKJIEHBATh BETBU KyOMYIeCKHX Mapabos ¢ OTpe3Ka-
mu ocu abcmuce. Ha ocu Ox gepes kaxyto To4uKy (g, 0) mpoxoasT
10 KpaifHeil Mepe JBe mHTErpajbHble KpuBble (yKaxkuTe DOJIblee
UX YHCJIO [l JAHHOTO [PHUMEpPA), KOTOPble He COBHAJAIOT B JIFO-
boit okpecrrocTu To4YKE (Z0,0). Touku, obramatomue TaKuM CBOii-
CTBOM, ABIAOTCA ocobvimu. Pemenne y = (0 Ha3bIBaeTcd 0coObIM:
ero MHTerpaJjbHasd KPUBas MEJUKOM COCTOUT U3 0COObIX To4uek. O0-
mue onpejeaeHnd OyayT IpuBeleHbl mo3xke. B npumepe f, = 2y~ 1/3
n npu y = 0 HapymaiTca ycaoBud TeopeMbl [Iukapa. B obactax
G:y>0uG:y <0 umeer MecTo €IMHCTBEHHOCTh PEIeHUs 3a,/1a~
qu Kormmu: jro0bie jiBe MHTerpajibHble KPUBBIE, [POXOILAINNE Yepe3
TOo4KY (Z0,Y0), Yo 7 0, 1 HAXOJMAIIHECT B IPe/IeJiaX MOJIYILIIOCKOCTH,
COBIIAAOT ITPU OOIMUX 3HAUEHUAX T U3 IIPOMEKYTKOB OIIPe Ie/IeHN .

ITpononzkumocts pernenuii. Dopmaibao Kaxkaoe perenne {, I}
MOKHO IIPEBPATHTh B GECKOHEYHYIO COBOKYIIHOCTH peIleHHil, pac-
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cMaTpuBas cyxkenus (QyHKIuU @ Ha nojasiHTepBasbl . Hasegem B
OIIpEe/IeJIEHHON CTeIlleHn «HOPAJ0K» B 3TOM BOIIPOCE.

ONPEJAENEHUE. Pemenune y = ¢(x) (¢: (a,b) — R) npodoastcumo
enpaso, ecau cymecrsyer pemrenue y = P(z) (x € (a,d), d > b),
cyzKeHHe KOTOpOro Ha MpoMexkyTok (a,b) cosmamaer ¢ p(x).

Pemenne 1) HaspBaeTca npodoasicenuem 6npaco penieHus . Ana-
JIOTUYHO onpezesdercda npodoadicenue éaeco. Pemenne noanoe, ecin
OHO HENPOJOJIXKMMO HHU BIIPaBO, HU BjIeBO. IlycTh pemenue ¢ ompe-
nesieHo Ha mpoMexyTke (a,b]. B ycinosugax reopemsr Ileano (f € C)
peleHne MOXKEeT OBITh IPOMOJKEHO BIPaBo. JLocTaTodHO paccMoT-
perb HavajbHble JaHuble (To,%0) = (b, (b)) u ckienrh cyxxenue
Ha [b,d) perienus 3anaun Komu ¢ ucxogubiv pemienuem Ha (a, bl.
3 sroro cremyer, 9T0 00JIACTHIO OIPEJEIeHUs IIOTHOIO PelleHHs
ABJIIETCS HEKOTOPBIA mHTepBaJ (v, (3), KOTOPbIii HA3BIBAETCA Mk~
CUMAALHOLM UHMEPEANOM CYULECTNEOSBAHUA PEIICHNUS .

B ycnoBugx emumHCTBEHHOCTH pemieHuda 3anadu Kommu (mocra-
TouHo f, f, € C') eCTeCTBeHHO pacCMaTPUBATH KJIACCHI SKBUBAJICHT-
HOCTHU pelIeHuil, H0Jly4aeMbIX JAPYT U3 JAPyra OlepalusaMu Cy KeHHsl
U IIPOJOJIKEHUA. B 3TOM CMBIC/IE pelreHne 3aJaH0 ¢ TOYHOCTBIO 10
IPUHAIJIEXKHOCTH OJHOMY KJIAcCy. B reomerpmaeckux repMmHax 00-
nactb G paccianBaeTcs Ha HEMEePECEKAIOIINeCs NHTerPAIbHbIE KPH-
Bble, COOTBETCTBYIOIIUE PA3JIUIHBLIM [OJIHBIM PelIeHIM.

B jasibHelineM U3J10KeHUM B TEOPeTUYECKUX PacCMOTPEHUSIX,
ecJim He OToBOpeHo 0c000, pemenns O/1Y moHEMAIOTCH MOJIHBIMA.

¥YpaBuenue B cumMmerpudHoit dopme. Ob6muit Bu:
P(z,y)dz +Q(x,y)dy =0, (z,y) € G C R

Cunraem dysakiun P n () Kak MUHEMYyM HEIPEPBIBHBIMU B PacC-
cmaTpuBaeMoit obaactu GG. Ilepemenuble x, y B Takoil 3alHCH pPaB-
HOIIPABHBI, ITO OCOOEHHO XapaKTEPHO JJIsi TeOMETPUIECKUX 3a1ad.
Hanpumep, ypasrenue y' = y/x nogpasymesaer = # 0 1 nouck pe-
mernus B Gopme y(r). Bammucy ¥’ = x/y mo yMOIYAHHIO O3HAYAET
y # 0 u z(y). Cummerpuunas dopma xdy — ydr = 0 mo3BosisieT
3a/aTh TOJTe Hampabiennii B obmactn G = R?\ {0}.
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[Iycts B obsmactu G pyuknuu P u () OJHOBPEMEHHO B HYJIb HE
obpamatorcst. Touku, B Koropeix P = () = 0 Ha3bBAOTCI 0C00bI-
mu Toukamu ypasaenus P(z,y)dxr + Q(x,y)dy = 0, noka ux He
paccmarpuBaeM. Torma B G ypaBHEHHE MOXKHO BOCIPHHHMATH KakK
CHUMBOJIMYECKYIO 3aIUCh JABYX AuddepeHuajibHbIX YPABHEHMIL:

P(z,y) de  Qz,y)

- \"Jd) /

Qz,y)’

ITosicHUM CMBICT 3TOr0O BbICKa3bpiBaHus. llpu yciaosun P2 4+ Q2 # 0
B KaXKJ0if To4uke obsactu (G onpejesieHO 1mojie HanpaBjaeHuil. Ecin

&‘&
SHES

/
Yy 7 .
dy P(z,y)

Q@ # 0, TO B OKpPECTHOCTHU TAKOI TOYKHM PACCMATPUBAEM ITEPBOE yPaB-
HEHUE U [OJy9aeM II0Jie HalpaBJieHuil 6e3 BEPTUKAIbHBIX MPAMBIX.
AHaJIOrU9IHO, B OKPECTHOCTH TOYKH, Tae P # 0, uMeeM Halpabiie-
Hus 63 rOpu30HTAIbHBIX NpsaMbIX. Kean P # 0 u QQ # 0, To onpee-
JICHHBIE BbIlle HALpap/enus copuasaior (y, = 1/z;). llepsuanbiv
cuMTaeM 3ajaHue [oJig HampasiaeHuit. Korma moJse 3a/aHo, BO3HH-
KaeT 3a/[a9a MOCTPOEHWsS] MHTErPAJbHBIX KPUBBIX (UHME2PAALHBIT
AuHUG 1oy Hanpassienuit). Vimem riajgkue kpusbie B obsactu G,
KaCalolyecd B KaxKJI0M CBOEl TOYKe IOJId HAIIPABJICHUA.

Jng HavanbHbIX AaHHBIX (20, Y0) (Q(z0,y0) # 0) paccmarpu-
BaeM IIEPBOE ypaBHEHHWe W OIIpejiesigeM pelleHne 3agadu Komm B
dbopve y = ¢(z) (v € I = (a,b), zo € I). Ecam P(zo,y0) # 0,
to nmomysaem z = Y(y) (y € J = (¢,d), yo € J). B ycaouax
eJIMHCTBEHHOCTH pelleHnd 3aja4u Kol npu OJHOBPEMEHHOM BbI-
noHeHnu HepaBeHCTB Q(xo,y0) # 0 u P(zg,yo) # 0 momydaem B
JIOCTATOYHO MAaJIOii OKPECTHOCTU TOYKH (T(,Yo) OJHY U TY YK€ IJIajI-
KyI0 KpuBYIO (KaK moaMHOXKecTBO (7), IPOXOAdILyo depes (xo, yo).

Bosee obmuM sgBageTcd mapaMeTpudecKoe 33 aHne

z=(t), y=19(@), te(t,t2),
(p(),¥(t) € G, g, € CY, @* + 4% > 0.

Muozxkecrso I' = {(p(t),9(t))} C G HasbiBaerca unmezpaavrots au-
nuet; (kpusoti), a orobpaxenue t — (¢(t),1(t)) pewenuem ypasre-
Husg P dx + () dy = 0, ecjiz BBIIOJHAETCA TOXKJAECTBO

P(ip(t), (1) 2(t) + Q(o(1), (1)) (1) = 0, t € (t1,t2).
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/ . . , . .
DTO cornacyercs ¢ BBITCU3JIOKEHHBIM B CHITY Y, = §/%, xj, = /7.
Qopmasibao B ypaaenne P dx + () dy = 0 nmoacrapisiem

L= gp(t), Y= w(t)a dx = So(t) dt, dy = ¢(t) dt

1 COKpaIlaeM Ha Ipuparienue di He3aBUCUMOTO apryMeHTa. B gact-
HBIX Cirydadgx, Korma y = ¢(z) (v € I) wm z = ¢Y(y) (y € J), umeem

P(z,0(x)+Q(z, 0(x)) ¢’ (x) = 0, P((y), y)¥' ()+Q(¥(y),y) = 0.

Ecnu 3anucars ypasaenne 3y’ = f(x,y) B bopme dy/dx = f(x,y)
U BOCIIPUHUMATDH IMPOU3BOMHYIO KaK OTHOIIeHUE AuddepeHiinaion
(a Jleitbuun, u BBes 310 0OO3HAUEHHME KaK JPOOb), TO HOJLYYUM
Pdr +Qdy = 0, tme P = —f, Q = 1. llepBudHbIM HOHATHEM
MOXKHO (I J1azKe ecTeCTBEHHee C TOYKH 3PeHud (DYHKIMOHAIBLHOIO
aHa/n3a) cayuTaTh AuddepeHnual Kak JUHEHHYI0 4aCTh IPUpPAIIe-
uust yuxmun: Ay = AAz+o(|Az|). Torpa kosdpdunuent A u ecrs
IIPOM3BO/IHAS, BhIUHCIgeMad aejnenneM dy = AAx wa dr = Ax.

Jlonoyinenne. B 3akijiodenue npuBeieM KOMMEHTAPHUil K OIpe-
JIeJIeHNIO TUIAAKOM Kpupoil. [lapamempusosannotl 2aa0koti Kpusot
B obsactu G HasbIBaeTca orobpaxkenue t — (p(t), 9 (t)) ¢ ykazan-
HBIMU BbIle cBOicTBamu. Paccmorpum eé nocumens (0bpa3)

I = {(p(). (1)) | £ € (t1,12)} C G

Dukcupyem ty € (t1,t2). Illycrs mua oupeunenennocru $(tg) # 0
(p(to) > 0). Torma ayma mocraTouno magoro € > 0 mmeer MecTo
B3aMMHO-OIHO3HAUHOe cooTBeTcTBHE > - = (t) (|t —to] < &) m
muOKecTBO {(p(t),1(t)) | to —e < t < to + ¢} C I' MoxkHO mpes-
CTaBUTHh KaK rpaduk HenpepbiBHO auddepeniupyemoii pyHKium
y(z), = € (p(to — ), ¢(to +¢)). Ecan dbynkuum ¢, ) npogomkumb
10 HEIPEPBIBHOCTH HA OTPE30K [t1,%2] U HET camomepecedeHnii:

(o(m1),0(m)) # (¢(12),%(12)), i € [t1,t2], T1 # T2,

oI (¢t € (t1,12)) aBnsierca omgHOMEepHBIM duepenyupyemoLrm MHo-
eoobpasuem (npocmoti eaadkot dyzoti) B obaactu G. Eciu nepaBeH-
CTBO coxpaHsgercd upu 7; € (t1,t2) u BBIIOJHEHA IIaJiKas CKJIeHKa,

(Qp(tl)aw(tl)) = (¢(t2)aw(t2))’ (Sb(tl)aw(tl)) = (¢(t2)7¢(t2))5
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TO nojiydaeM 2aadkuli kowmyp. Tepmunosorus pa3dnoobpasua. Ha-
HpuUMep, HAPSALY C Kpusol MCHOJIb3yeTcsd TepMUH nymb. Heobxomau-
MO [0 KOHTEKCTY CJIeJIUTh, UTO MOHMMAeTCs I0J| KpuBoil (0ToOpa-
JKeHHUe Win ero obpa3) M 9TO BKJIABIBAETCS B TEPMUH «IJIAJIKOCTD>.

C oroBopkoit 00 OAHOCTOPOHHUX ITPOU3BOIHBIX M3JIOKEHHOE IIe-
peHocuTcs Ha mpoMexyTku (a,b), (c,d), (ti,t2). K muddepenu-
aJIbHOMY yPaBHEHHIO B CHUMMETPHYHOI (pOpMe MBI €Ile BepHEMCS
IPU PACCMOTPEHUU BEKTOPHBIX I0JIeHl Ha ILJIOCKOCTH.

2. VIHTETPUPOBAHUE B KBAJIPATYPAX

Paccvorpum mekoropsie tunbl OJIY 1-ro mopsijaka, JI0MyCcKaronue
NHTETPUPOBAHNE B KBAJIPATypPaX 3JeMEHTAPHBIMU METOIAMMU.

YpaBHEHUE C Pa3aeadioIMUCs epeMeHHbIMU. B mpeanoJo-
x)euuu ¢(y) # 0 orpaHn9IMMCs ypaBHEHUEM B HOPMaJIbHOIT dopme

y/ = f(x)g(y)a VS C(I)7 g e C(*])7 I = (a7 b)? J = (C7 d)

[TocTaBuM cBOeil 1€JIbIO CBECTH 3TO ypaBHeHHe K HemuddepeHIu-
AJIbHOMY COOTHOIIIEHHIO. Y TOYHUM CMBICJI 3TOH 33/]a9M U IpecTa-
BUM METO/I €€ pelleHns, pa30ouB M3JI02KeHNe Ha, HECKOJIBKO JTAIOB.

1°. CragaJa mokazkem, 94To penreHns auddepeHnunaabHOTO ypaB-
HEHUs Y/IOBJIETBOPAIOT HEKOTOPOMY <«OOBITHOMY» ypaBHEHHIO (0e3
IPOM3BOHBIX). JIig mpousBosibHOrO (mMOJHOTO) pemtenus Yy = ()
(p: (o, ) € I — J) cupaBemyiuBbl TOXKECTBA

¢'(x) _ AU v _
———— = f(z) j/ﬂ)mdt—/ﬁcofﬁ)(h:& z € (a, ).

3nech g € (o, 3) — npousBosibHOE (PUKCHPOBAHHOE YHCIO. B mep-
BOM HHTErpPaJie CIeIaeM 3aMEHY IePEeMEeHHOI MHTerpupOBaHuUs:

G z
/y g () dy — / f(r)dr =0, o= p(z0), z € (a, ).

WNuorpa 6ymeM ucnoab30BaTh CAMBOJI (= JIjIs TOI'O, YTOOBI MO TYePK-
HYTb PaBEHCTBO IO ompejeseruto. VTak, 3mech yg — obo3HAUEHUE.
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®ukcupyem nepoobpasubie dyukuuit 1/g(y) u f(z):

G(y):/yyg_l(s)ds, F(x):/w:f(s)ds, xel yeJ

0

Takum obpasom, pemenue y = @(r) Ha MHTEpBaJje CBOErO OIpe-
nemennd («, 3) C I ynosmerBopsier ypasuenuio G(y) — F(x) = 0,
paccMaTpuBaeMoOM B 33JaHHOM mpamoyroabuuke {(x,y)} =1 x J.

2°. @ukcupyeM 1npousBosibHYIO TOUKY (zo,yo) € I X J u yka-
3anHble nepBoobpasubie G(y), F(z). llpuBegem paccyxienus B 00-
paTHOM HaIpaBJeHHUU: MOoKaxKeM, 4To ypasuenune G(y) — F(x) = 0,
paccMaTpuBaeMoe B IpAMOYroJbHHKEe [ X J, HEIBHO OIIpeIesseT
pemtenue 3anaqu Komm y = ¢(x), ¢(xg) = yo. Ilo nocrpoenuto Bbi-
nosugerca G(yo) — F(xp) = 0. Iockoabky G'(yo) = 1/9(yo) # 0,
TO IO TEOpeMe O HedBHOI (pyHKIUU HARIETCH IPAMOYTOJbHUK

IT = (I’l,x2) X (y17y2) g I x ‘]7 ($0,y0) € H7

B kKoropom ypasuenue G(y) — F(x) = 0 omno3HadHo paspern-
MO OTHOCHTEJBHO II€peMeHHOI y. YTo4HuM (POPMYIUPOBKY TEOpe-
MBI: JJIg JOCTATOYHO MAJIOrO IIPAMOyroJbHmKa Il Ha mHTepBase
(1, 2), comepxKaIeM xg, OMpeIejeHa HeIpepbiBHO auddepeniu-
pyemas (nesasnas) dyukiusa y = @(x) co coiictBamu (o) = Yo,

(7, 0(x)) €, G(p(z)) - F(z) =0,
(z,y) €1, G(y) — F(z) = 0=y = p(z).

ITocnennss CTpoka XapakKTepu3yeT eIMHCTBEHHOCTh PeIleHH.
[IpoBepum, uyro HegBHas dbyukmua y = p(x) (r € (x1,x2),
©(z9) = yo) asusiercs perenueM judGepeHIuaJbHOrO ypaBHEHHs:

— X :M— xr) = /QS' = X X
(Gl -F@) = 05 -1@) = 0% ¢'(@) = f@)g(e().

da
dx

CaenoBaresibHO, pernenue 3aJa4u Koru cymecTByer s JII0ObIX
HAYAJIbHBIX JAHHBIX (X0,Yy0) € I X J. ToxmecTBa cipaBeTUBBI J1Jist
moboit byrknmn y = ¢(z) kmacca O, orobpakaromieii HEKOTOPHIi
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npoMexxyTok (a, 3) C I B unrepBas J u yJ0BIeTBOPSIONIEH ypaB-
uwennio G(y)— F(z) = 0. Takaga dyuknus asisercs pemenuem ud-
dbepermmanbaoro ypasaenus y' = f(x)g(y).

3°. JlokakeM eMHCTBEHHOCTH pelleHus 3aja4u Komum B TOM
cMBICTIe, 9TO ABa pemteHus @;: I; C I — J coBmamaroT Ha mepece-
gyennu R = I} N I; uaTepBaaoB onpenenenus. Obo3uaunM depes S
HOIMHOKeCTBO R, HA KOTOPOM (o1 = 3. OHO 3aMKHYTO B R:

€ SCR, 2, 2T € R, p;e C(R) = ¢v1(Z) = p2(T), T €S.

Bwmecre ¢ Tem MHOXKeCTBO S OTKPBHITO B I€pPECEYeHUE WHTEPBAJIOB
R. JleficrBurebHO, BbIOEpEM MPOU3BOJBHYIO TOUKY T € S u (Puk-
cCUpyeM HOBBbIE HadaJbHbIE NAHHBIE Tg = T, Yo = ©1(T) = ©2().
B mpenemnax mocrarodno masioro mpamoyrosbauka Il rpadukum pe-
[IeHu il COBIAIAI0T B CUJIy €MHCTBEHHOCTH HesdABHOM (pyHKImu. 3Ha-
9UT, TOYKA T NPUHAJIEKHUT S C HEKOTOPOil OKpecTHOCTHIO. MTax,
MHOKECTBO S OJTHOBPEMEHHO 3aMKHYTO W OTKPBITO B CBSI3HOM MHO-
)kectBe (mHTepBase) R. Torma mmbo S = &, mmbo S = R. UcxomgmHoe
3HaueHune xy npuHaaiexxut S. Ocraerca S = R.

HamomamM, 9TO TOmomormyeckoe mIpOCTPAHCTBO X Ha3bIBAETCH
CBSI3HBIM, €CJIM €r0 HeJIb3d MPEJACTABUTHh B BHUJE O0ObEeINHEHUS JIBYX
ero HeIyCThIX 3aMKHYTBHIX (OTKPBITBIX) IOAMHOXKECTB 6e3 obuux
TOYeK. DKBUBAJEHTHOE OIpeJieJIeHre: OTHOBPEMEHHO OTKPBITHIMU I

3aMKHYTBIMH ABIAOTCA TOIBKO X u & (cM.: Jopuw B. A. Marema-
ruaeckuii anaaus. M.: MITHMO, 2002. T. 2. C. 24).

Sameuvarnue 1. EnuncrBennocts pernenns 3ama4qu Komn (B mpuHs-
THIX OIPEJEJEHUSX) JOKa3aHa 6e3 JONOJHUTEIHHOTO MPEIIIOJI0XKe-
aua ¢ € C(J) (xors, Kak y»Ke yHOMHHAJIOCH, TpeOOBAHME HEmpe-
PBIBHOCTH fZl/ B popmynupoBke Teopembl [Iukapa MOXKHO 0CTIaOUTH ).
«Bzamen» yuin cTpykTypy ypaBHeHus u yciosue g(y) # 0Vy € J.

4°. He obsi3aTeIbHO ONEPUPOBATH MEPBOOOPA3HBIMU B (opme
UHTErpaJjoB C IEePEMEHHBbIM BepXHUM uIpegeaoMm. Pukcupyem mpo-
m3BosibHBIE TlepBoobpasubie G(y), F(x) dyukmmit 1/¢g(y), f(x) n
PacCMOTPHUM B IpsAMOyToJibHUKe [ X J ypaBHeHHe

H(z,y) :==G(y) — F(z) =C, C = const.
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Ecan B3ars C ¢ M = {H(x,y)|(x,y) € I x J}, ro peuennii
uer. Jlo6oe pemenne y = @(x) auddepeHnuaabHOrO ypaBHEeHUs
v = f(x)g9(y) ynoBnersopser ypasreruto H (x,y) = C ¢ HeKOTOpOIi
koHcTaHToit C', 3HaYeHHe KOTOPOIl OJHO3HATHO OIPEIE/ISIeTCs JII0-
6ol TOYKOIT MHTErpaJIbHON KpuBOil. /leficrBuTe/ibHO, 0003HAYUM ITY
TouKy uepe3 (xo,¥yp). Torma yreepxaenune cupasemiuso aiss C =0
1 IIepBOOOPA3HBIX, OIPeIeJeHHBIX BEIIIE C IIOMOMILIO ONPe e IeHHBIX
MHTErpaJjoB C IIepEeMeHHbIMI BepxHuMu npegenavu. Ocraercda Ha-
HOMHUTH, 9TO II€PBOOOPA3HbBIE OTAMYAIOTCA JUNIb HA aJJUTHUBHBIE
koucrauTsl. Ouesngao, C' = H(xg,yo). ObpaTHo, eciiu HaiieHO pe-
utenne y = ¢(z) ypasuenus H(x,y) = C ((z,y) € I x J) upu Heko-
topom C' € M, onpenesieHHOe U HENpPepbiBHO AuddepeHnmpyemoe
Ha (o, ) C I, 1o 310 perienne auddepeHnuajbHOro ypaBHEeHHs.
IIpu npousBosIbHBIX HAYAJIBHBIX JAHHBIX (X0, Yo) € I X J ypaBHe-
uue H(xz,y) = C, rue C = H(xp,Yyp), Oupesessier pereHne 3a/1a9u
Ko kak HesBHYI0O DYHKIUIO y = ¢(r) Ha HEKOTOPOM HHTEpBaJe
(a, B) C I, comepxkaiem zg. Perenne 3amaun Komn enquucrsento:
M00bIe IBa PENIeHns COBIAJAIOT Ha IEePEeCeIeHnN NHTEPBAJIOB CBOe-
ro onpezeseHnsd. B reoMeTpunuecKnX TepMHUHAX Yepe3 JI0OYI0 TOUKY
(xo,y0) € IxJ mpoxomuT enuHCTBEHHAS WHTErpaabHas KpuBad. /e
UHTerpaJjibHble Kpusble (rpacdukn pemienuii 3amaqu Komn) cosma-
JAI0T Jy1g o0mux x. Keim penrenns npogoszKuMbl Ha IIPOMEXKY TKH,
TO PABEHCTBO COXPAHUTCA M HA UX MEPECEICHNHN 110 HEIPEPLIBHOCTH.

Wuarerpansr OJIY. @yukuusa H(x,y) coxpaHser TOCTOSHHOE
3Ha4YeHUe IpH HOojACTaHOBKe perienus y = p(x). Takue dyukun Ha-
3BIBAIOTCA uHmMezpasamy auddepennuajabHOro ypapaenus. B mpu-
JIOXKEHUSIX HHTErPaJjIbl OOBIYHO OTPaXKAIOT 3aKOHBI COXpaHeHud. Tep-
MUH «HHTErpaj» CIOXKUJICSI UCTOPUYIECKH: B MIPOCTHIX CIydYadx, Kak
BBIIIE, JOCTATOYHO ONEPAIMi WHTEerpupoBannd. Jlna cogepkareiinb-
HOCTH TEOPUHU U IPHUJIOXKEHHI IPEIIOIAral0T yCJIOBIE HEBBIPOXK ICH-
HOCTHU: B CKOJIb YTOJIHO MaJIOii OKPECTHOCTH JI0OO0il TOUKHM MHTErpaJI
He cBOJHUTCA K KoHcTaHTe. [locTpoernasa dbyuknuga H ymoBieTBops-
eT 3ToMy TPeDOBAHUIO (Hz// # 0 u «paboTaer» TeopeMa O HEedBHOI
(byHKIMM, MO3BONAIOMALA JIOKAJIBHO OIPEAETIATh PENICHNS 331391
Kommu B dopme y(x)). Coorromenune H(x,y) = C HaspiBaercs 06-
wum unmezparom ypasaerusa y' = f(2)g(y).
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Ha srom uaTerpuposanue nuddepennuajbHoro ypaBHEHAA CI1-
TAETCA 3aKOHYEHHBIM, 3312498 CBEICHA K IOUCKY HedBHBLIX (PYHKINIA.
[Tpu sTOM 9acTo mpoIe HAWTH mpejacTaBieHne x = ¥(y) Win perie-
HIe B mapamerpudeckoii popme x = (t), y = ().

CdopmynupyeM KOMIIAKTHO HUTOT IIPOBEIEHHBIX pPACCy2KICHUI.
B xBamparypax HailijeH oOmuii MHTerpaJ coO CJIeAYIOMHUMHA CBOIi-
crBamu: 1) H = const na Jobom pemenun y = @(x); 2) Jto-
6as measmas dynkmua ¢ € CHa,b) (H(z,p(x)) = C € M)
saBigerca pemrenneM; 3) YV (zo,yo) € I x J pemenne 3amaun Ko-
I CyIIeCTBYET, eUHCTBEHHO I HedBHO OIIPEIENIIeTCs yPaBHEHUEM
H(z,y) = H(xo,y0). llo nupunaromy oupejesnenuto (1o KpaiiHeit
Mepe B Ipenenax §2) CymecTBOBaHHEe PEIeHUs HAYAJIbHON 3a/1a9u
npenonaraerca B popme y = ¢(z), © € I = (a,b), z9 € I. Equn-
CTBEHHOCTD: €CJIM MHTErpajbHbIe KPUBbIE IEPEeCEKAIOTCH, TO pellle-
HHUA COBIIAJAIOT Ha HEPEeCeYeHHN IPOMEXKYTKOB OIPEIe/IeHNS.

3amena mepemennoii. [Ipuemsr nuaterpupoanusa O/1Y nakamiu-
BAIOTCA €CTECTBEHHBIM 0OpPa30M: CTApAIOTCA HANTH 3aMeHy IIepeMeH-
HBIX, IIPH KOTOPOIl ypaBHEHHE IPHBOAUTCH K y2Ke HCCJIeIOBaHHO-
My tumy. C 9TOl TOYKM 3peHHd CIeIaeM 3aMeHy IepEeMEeHHOR ¥:
z = G(y), toe G — kakag-1u60 mepBoobpasuasa dbyuknun 1/g(y) na
paccmarpuBaemMoMm uHTepBase J = (c¢,d), Ha KOTOPOM IO MPEJIIo-
aoxenuto g(y) # 0. Ilycrs s onpenenennocru g(y) > 0Vy € J.
Torma nepemennas z = G(y) crporo Bo3pacraer Ha uHTepsaJe .J,

2 € GJ) = (G(c),G(d), G(c) = G(c+0), G(d) :=G(d - 0)

(He HMCK/IIOYAIOTC HeCOOCTBEHHBbIE 3HAYEHHsT F00 OJHOCTOPOHHUX
upegenos G(y) upu y — cu y — d). Oynkuua G(y) 3anaer dug-
peomoppusm wunrepsana (c,d) na unrepan G(J): orobpaxenue
B3aIMHO-OJHO3HAYHO U HEIpepbIBHO auddepeHnupyeMo BMeCTe CO
csouM obparueiM. Cremaem 3aMeny mepeMeHnHbIX (z,y) — (x, G(y)):

v =f@)g(y), 2 =G =9y = 2 =f(x), z€l

Obusiacrpio 3azanus 3roro ypasuenus sisercd I X G(J). Peme-
uug z = ((x) cyrb mepoobpasusie dyuknun f(x). OroBopumcs,
9TO perreHugMu OyayT Bce mepBoobpasubie, eciu G(J) = R. Nnadge
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TOJIBKO T€ M3 HUX U Ha Takux npomexytkax (a,3) C I, maa xo-
ropeix ((z) € G(J). CymecrBoBanue u eIUHCTBEHHOCTh PeIleHuUs
sagaun Komu gyia ypasaenus 2/ = f() o4eBumHbI, B ©TOre OCTALT-
ca ML BEpHYThCA K MCXOAHOM mepemenHoit y = G~ 1(z). Yemosue
G(J) = R oupeuensercs pacxojauMOCThIO HHTETPAJIOB

/yo L 4 /d L g (c,d)
— ay, — ay, yOE C, 3
¢ 9(y) v 9(Y)

IIOCKOJIbKY J10J12KHO ObITh G (¢ + 0) = —00, G(d — 0) = +00.

B obmiem ciaydae g(y) MOXKeT IpUHEMATH HyJIeBOe 3HAYEHHE Ha
uaTepBasie J. PaccMorpenHas Teopus TOAUTCS JJjisd IIOJBIHTEPBA-
0B Mmexy Hynaamu dyskimun ¢(y). lpu g(y) = 0 moacranoska
y = ¢(x) = ¥ B ypaBHEHUE JaeT TOXKAECTBO 10 & € I, Tak 4TO Hy/H
y onpenendor pemenns. [[pu Hagumaun wyseit g(y) MOryT HOABIATH-
ca ocobbie pernenns. «Ckielikay» u aHaan3 o0Iel KapTHHBI TPedy-
ot ycuinii. Kak aro gacro 6siBaeT, jerde (popMaibHO IPOUHTErPH-
poBaTh JauddepeHnuaIbHOe YpaBHEHNE, YeM pa300paThbCcd 3aTeM B
«IIepeIIeTeHnsIX» U OCOOEHHOCTSX HesABHBIX (DYHKIHIL, OIpe/eisde-
MBIX «SBHBIMEHY BbIpakeHusiMu. OTpaHUYUMCH HPUBEIEHHBIMU OC-
HOBHBIMU CBeJleHUsIME, 0DIas reopus usjaraercd B [3,8,16,21,27].

Muemonndeckue npeobpasopanus. lpu perieHnn KOHKpPETHBIX
mpuMepoB (3a7[a4) MOBTOPATH MOIPOOHBIE PACCYKJIEHUS HEPAIHo-
HaabHO. [lomp3yroTca memoukoit ¢popMabHBIX BBIKJIAIOK:

) dy dy dy
V= g =S, = fw)dr, [ = [ f@ar e
MoxkHo 106aBuTh npoMexyrounyto 3amuchk d(G(y) — F(z)) = 0, rae
G(y), F(x) — mobeie mepsoobpasubie dyukimit 1/g(y), f(x) (3tm
11epBooOpa3Hble 0603HAYAEM KaK Heolpe/ieseHHble narerpalbl). O6-
palaemMcsi ¢ CHMBOJIOM IIPOM3BOJHOM Kak ¢ Jpobbio. llepenocum
«UTPEKN» B OJHY CTOPOHY, <UKCHI» B JAPYTYIO U <«HHTEIPUPYEM>.
Orcrofia 1 Ha3BaHIE YPABHEHUS C PA3IEIAIONIIMIICS T€PEMEHHBIM.
ObocHoBaHMe MPOBOAUTCA B TepMHUHAX i DepeHuaion, OTHOIIE-
HUEM KOTOPBIX U Olpejessiercs npousBoanasd. /luddepennuaibabe
YPaBHEHHUS eCTECTBEHHO 3amuchiBaTh B auddepennuaniax (Tem 60-
Jlee 9TO 9aCTO OHU TaK U COCTABJSIOTCA B MPUTOKEHUAX ).
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Merto wHTErpumpoBaHUsi, OCHOBAHHbBIN Ha 3anucu guddepen-
nuajabHOro ypasuenus B dopme dU = 0, rme B JaHHOM CiIydae
U(z,y) = G(y) — F(x), 9Bagercd JOCTATOYHO yHUBEPCAJIbLHBIM
(cMm. masee ypaBHeHusi B mostHbIX guddepennuanax). [lo npasury
Bbhruucjennd guddepeniuaa PyHKIUN IByX TEPEMEHHBIX

dU = 0,Udz + 0,Udy = — f(x) dx + g 1 (y) dy,

Tak 4r0 ypasHeHne dU = ( S5KBUBAJIEHTHO HCXOJHOMY yDPAaBHEHHIO
Yy = dy/dx = f(x)g(y) u rpuBnanbuo unrerpupyercs: U(x,y) = C.

Hapsaay ¢ HeonpemeneHHBIM MHTErPAJIOM MOXKHO OINEPHPOBATH
HOHATHEM OIPeIeJIeHHOro nHTerpaJa. Ilpoussonnag ¢y’ npeacrasiis-
ercs otHotenneM nuddepennuanos dy/dx, u pasenctso dy/g(y) =
f(x) dr moHuMaeTcs ¢ yueToM moucKa y Kak GyHKINN He3aBUCHMOIL
epeMeHHOi = (B KJIACCHYECKON IIOCTAHOBKE 33144 ):

9 W) dy =g " (y(x)y (z)dz = f(z)dz.

[Tockonbky dr = Ax — npou3BOJbHOE MPUPAIIEHUE [TEPEMEHHON
x (mumb 661 © + Az € I), To paBubl ¢yuknun upu dr. aTerpu-
pyeM X B Ipejesax OT Xy [0 &, Iepexojs B HHTerpaje OT JIpo-
ou y'(x)/g(y(x)) ¥ nepemennoii marerpuposanus y. Jlaa kparko-
CTH OIyCKAIOT CPE/JHEe PABEHCTBO U CPA3y HUIIYT 3HAKU WHTEIrPa-
q0B. Ilpu sTOoM mosydaercsa HesBHOe 3aJaHUE pENIeHHS C HAYAIb-
HBIMI JaHHBIME (Z0,%0), Yo = Y(xo). Ecan ucnonbpzoBarh cuMBOI
HEOIIPEJIEJIEHHOrO MHTerpaJia (Ipou3BOJIbHON (PUKCHPOBAHHON I11€p-
BOOOPA3HOI, 3a/IaHHOI ¢ TOYHOCTHIO /10 A U TUBHON KOHCTAHTHI ), TO
B dopmyse nogsagerca C. Koncranty C' 3arem mpu HEOOXOIIMO-
CTH YTOYHSIOT, 33/1aBas HAUAJIbHBIE JaHHbBIE WX JIPYyTHe TpebyeMbre
CBOMCTBa, peIeHns, B TOM 4YHCJI€ U ACUMITOTUYECKOTO XapaKTepa.

I'eomerpudeckas m MexaHmdecKas HHTeprperamun. B obiei
teopun OJIY wucnombdyerca ammapar dupdeperyuaroHuis Gopm.
3/ech mpuBeeM JIUIb HaBOAdAIE cooOpakennsd. /luddepenrman
dy ompesessercs Kak JUHEHAd 9aCTh TPUPAIIEHUs (DyHKIIAN:

Ay =y(zr + Az) — y(x) = AAx + o(Ax), dy = AAx,
rae o = a(Ax)Az, a(Az) — 0 opu Ax — 0 (de = Ax). [logpa-

3yMeBaeTcsd, 9To 3HadeHus y(x + Ax) ompeneseHbl g J0CTaTOIHO
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manbix Az (|Az| < ¢). He uckmogas Az = 0, nonaraem 1o Hempe-
poiBaocT (0) = 0. Jluddepennman dy MoxKHO paccmaTpuBaTh Kak
nuneiinoe orobpaxkenue L: Ax — AAx (Ax € R) win kak 3Haqe-
aue L(Ax) orobpaxkenus Ha npupamenun Ax (|Az| < ). Ilep-
BbIil BaApUAHT [PUBOAUT K ODOOIIEHUIO HOHATHS IIPOU3BOILHON JIJis
oneparopoB. B R nmpousBogHasg Kak 0TOOparkKeHre OTOXKIECTBJIAET-
ca ¢ amcaom A, Koropoe obosmagaerca ¥y (x). B reomerpmueckoit
TpakToBKe npupaiiennio Az # 0 conocraBuM BeKTOp U (OTPE30K €O
CTPEJIKOM) uHbL |Ax|, OTJIOKEHHBIH OT TOYKU T B MOJOXKUTEIIb-
HoM HampasiaeHunn ocu Ox, ecain Ax > (0, © B OTPUIATETBHOM IPH
Azr < 0 (Az =0 = ¢ = 0). Torma dz,dy — nuueiiasle GyHKIUN
9TOr0 BEKTOPA, XapaKTePU3yIONEero u3MeHeHue (CMelleHre) He3aBu-
cumoit nepemennoii: dz(v) = Az, dy(v) = AAw.

Ob6ozuaunm P(z,y) = —f(x), Q(x,y) = 1/g(y). Torma ypas-
uwenwe y = dy/dr = f(x)g(y) nocme noxcranoBku penterus y(r)
MOXKHO Iiepenucarb B Buje paseHcrsa (V) = Q(x,y; V) = 0, rae

Uz, y;:¥) = F - ¥ = P(a,y) dz(¥) + Q(z,y) dy(7),

—

«cmoBoe moJie» F' mmeer koopauuatel P u @, a V = (dz,dy) —
KacaTeJbHBIII BEKTOpP K MHTErpaJibHON KpuBoil Ha mirockoctu Oxy
B Touke (z,y(z)). B repmmuax addunrnoro npocrpancrsa mpes-
craByisieM cebe TOYKM (T,Y) C IPUIOKEHHBIMU K HUM BEKTOPaMU
W = (w1, ws2) (c magamom B (z,y)). B coBokymHOCTH BEKTOpPBI W,
BKJIIOUag HyseBoit Bekrop w = 0 = (0,0), obpasyror kacameavroe
npocmparcmeo B Touke (z,y). OyHKIUN TOYKH ¥ BEKTOPA, JINHEN-
HbIe 110 BEKTOPY HpHU (PUKCUPOBAHHON TOYKE NPUJIOKEHUS, HA3bI-
BatoTcsa dugppepernyuarvruvmu 1-gpopmamu. JTuddepennuaabHbIMA,
IIOCKOJIBKY B IIPUJIOXKEHUIX UMEIOTCA B BIAY KacaTeJbHbIe BEKTOPbI
ckopocT W = V # (0 ABHXKEHUsI BJIOJIb IVIAJKUX KPUBbBIX, €IMHUIIA
COOTBETCTBYET KOJIMYECTBY BEKTOPHBIX apryMEHTOB.

Benwannbl dx, dy MOXKHO TpakKTOBaTh KaK JIMHEWHBIE KOOPIU-
HaTHbIe (DYHKIUU TPUIOKEHHOTO K TOYKe BekTopa: dr (W) = wi,
dy(W) = wo. [lna BekTOpa W, Kacarenbuoro K rpabuxy { (z, ¢(z))}
(¢ € C), Bomonmserca wi = Az, wo = AAx (A = ¢'(z)). Unre-
IpaJbHOM dABJIgeTCd IyIafKas KpuBas, BAOJb KOTOPOi auddepeHiiy-
anbHag 1-cpopma ) obparmaerca B HyJb Ha KacaTeJbHbIX BEKTOPaX.
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PapencrBo {2 = (0 o3HaYaeT OPTOrOHAJBLHOCTH CHJIOBOIO IIOJISI
K uHTerpajbHoit kpuboii: F'L V. [IocKOJIbKY BBIIIOJIHAETCS

F = —gradll = — (0,11, 0,I1) = ( — f(x),g_l(y)),

rae Il := —H = F(x)—G(y), To dyuknusa 1 o onpegerennio saBis-
eTCsl MOTEHIUAJIOM CUJIOBOrO 10Jid. Crie0BaTeibHO, HHTErPAJIbHBIE
kpusbie (H = C') — skBunorennuasibuble juauu 11 = const. Mraxk,
He TOJIbKO «3aKOHBI IPUPO/IbI MUIIYTCA Ha A3bIKe nudepeHnmuaib-
HBIX ypaBHEHHii», HO M Jyisg abCTPAKTHOIO ypaBHEeHH: (B JAHHOM
caygae ¥y = f(2)g(y)) MOxKHO npu HEOOGXOAMMOCTH HCIOJIB30BATH
€CTeCTBEHHOHAY YHY0 TE€PMUHOJIOTHUIO.

B manbHeiimeM KpaTKOM H3JI0KEHHHU y2Ke He OyJeM CTOJb IO-
JIPOOHO KOMMEHTUPOBATH KaXK/IbIi IIar 1 OrPAHIINMCSA B OCHOBHOM
bopMaIbHBIM CBeI¢HIEM YpPaBHEHHI K YK€ PACCMOTPEHHOMY THILY.

Oanopoanoe ypaBHeHue. [lycTs mpaBas 4acTb ypaBHEHUS B HOP-
MaJIbHOI (popme 1pescraBuma byHKIueH ot apobu y/x:

y' = f(z,y) = g(y/z), geC(z,2).

Takaga samucek npeanonaraer x # 0. [lo 3amaHEBIM rpaHHIAM HH-
repBasa (z1,22) ONPENENAIOTCS ABA yria z1 < y/r < zz, KOTOpbIE
canraeM obmacramu G o 3aganus ypasaenus (mycts z > 0B G1).
Beibepem npoussoabhyio Touky (z,y) € G1 U Ga. Torma

Az, A\y) € GLUGa YA #0,  f(Ax,\y) = f(x,y).

[To onpemenenuto ogHOPOIHOCTD cTenenu m dbyukun f(x,y) o3Ha-
qaer f(Az,\y) = AN f(x,y). B paccmarpuBaemom ciygae m = 0.
Tanrenc yria HakJIOHa KacaTeJIbHONl He MEHAEeTCHd BIOJb JIydeil.
Cute1oBaTEIbHO, MHTEIPAJIbHBbIE KPHUBbIE 0DOPa3yIOT CEeMeicTBO MO-
JIOOHBIX KPUBBIX C IEHTPOM 000U B HaYaJje KOOPIMHAT.

[IpucTynum K HHTErpIPOBAHKIO OJHOPOIHOIO YPABHEHHS B KBaJI-
parypax. [Ipeanonoxum, aro g(z) # 2V z € (21, 22), T.e. dyHKIHUA
g(z) He umeer HenoaBUKHON TOYKM. Jljisi onpeneseHHOCTH OrpaHu-
qnMcsd obnacteio Gp. CrmenaeM 3aMeHy MepeMeHHBIX

(x,y) — (z,2), z=y/x, (x,y) € Gy, (x,z) € (0,40) X (21, 22),
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u npeobpasyem ypasrernue: y = zx =y = Zx+z = 2z = g(z)—=z.
Juist uckomoit byHkuun z = z(x) MOLyIHJIn ypaBHEHUE C Pa3JIeis-
IOIIIMIUCH IIepeMeHHBIMI, KOTOPOe HHTeIPUPYeTCd B KBaJpaTypax:

dz _g(z) — = dz  dz / dz
9(

— =Inz+ C.
z)—z

de = ' glz)—z z’
Bropoe pasencrso moxxuo nepenncars B dhopme d(P(z) —Inz) = 0,
rue ®(z) asnserca nepsoobpasuoii Gyukuun 1/(g(z) — z) B mHTED-
BaJse (21, 22), OTKyJ[a U CJIEJyeT UTOroBas (hopmyia.

Anajiornuno paccmarpupaercs obsiactb Go, rae x < 0. Cueny-
er ToIbKO Inx 3amennts Ha In |x|. Obbenunsas oba ciaydas, mocie
[OTEHIMPOBAHUSA HOIYIaeM 00uutl uHmezpan

exp{®(y/z)} =Cz, (z,y) € G1=C >0, (z,y) € Ga = C <0.

31ech U B JajbHeIeM Jid IPOU3BOJIbHBIX ITOCTOAHHBIX CTapaeM-
cd He BBOJAUTH HOBBIX 0bo3HadeHuil, B yacrHoctu expC = C > 0.
Caemyer umers B Buy, 4To0 (Bapbupyemast) koucranta C' XOTb u Ha-
3bIBACTCA IIPOU3BOJIBHOI IIOCTOAHHOM, HO MHOXKECTBO €€ 3HA4YeHUN,
OIIpeJIe/IIONINX HedBHO pelleHns, He 00sg3aHO coBIa aTh ¢ R.

Oyuknusa H(z,y) = xexp{—P(y/x)} asngerca unmezpasom B
obaactax G u Go (coxpaHseT MOCTOSHHOE 3HAYEHWE IIPHU IIOJICTA~
noske pemrenus y = @(x)). O6muii narerpan H(z,y) = C (C # 0,
rounee {C'} = {H(x,y)| (z,y) € G1 U Ga}) no3souser uckarb pe-
mennsg O/1Y kak megsuble dyukiuu B dhopme y = p(x), x = ¥(y)
wim ¢ = @(t), y = 1(t) HA HEKOTOPBIX MIPOMEKYTKAX U3MEHEHUS
IIPUHATON HEe3aBUCUMON II€PEeMEHHO.

[Ipu pemrernun 3amaanm Koin oTmenbHO paccMaTrpuBaeM obJa-
ctu G1 u (G2, TOCKONbKY 3HadeHne xr = () HCKIOYaeTCd, a perre-
HUsl OLPEIEI[oTcd Ha mpoMexyTkax. PukcupyeM mpou3BOJIbHBIE
HadaJbHbIE JaHHbE (T0,Yp) € (G; U COOTBETCTBYIOIIEE 3HAUEHUE
C = H(xg,y0). Torna ypasuenune H(x,y) = C oupepeinser pere-
Hre 3a1a49u Ko Kak HesBHYT0 GyHKIUIO § = (), OIpeIeIeHHY 10
Ha HEKOTOPOM HMHTEpBaJIe, COjepKaIleM To (J0CTarouHo yoeauTbes
B Tom, uro Hy(wo,90) # 0). B xaxnoit obmacru G; umeer mecro
e/INHCTBEHHOCTb pemrenns 3agadn Kommu. V3menenne mepBoobpas-
Hoit ®(z) mpuBemeT JuIIbL K KOPPEKTUPOBKe KOHCTAHTHI (.
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Ecan umerorcs menoisuzkuble TOYKH ¢(2x) = 2« € (z1,22), TO
ayan y = zxx (z > 0, z < 0) gBasgrorcsd pereHusiMu, yoexK jaem-
cd B 9TOM IIOJICTAHOBKOMN B ypapHeHue. OOmmasg KapTUHA [IOBEIeHN
MHTErpajbHbIX KPUBBIX MOXKET OKA3aThCs BECbMa CJIOXKHOM. 3m0-
JKEHHOE BBIIIE SBJISETCS JIMNIb (POPMAaJIbHBIM HEPEeXOJ0M B pasies
MaTEeMaTHIeCKOr0 aHAJIN3a, MO/ OOIIM HA3BAHUEM «HEedBHbIE (DYHK-
nun» (KpaeyroJbHbll KaMeHb HEJIMHEHHOrO aHaJu3a).

JIuueiiHOoe ypaBHeHue. JluneiiHOCTDH 1MOJIpazymMeBaeTcs 1o y:

v =a(z)y +b(x), z€l=(a,B), al)b(-)eC).

Ecau b(z) = 0, To nuHeliHOe ypaBHEHHE HA3BIBAETCA 00HOPOOHDbIM,
nHAYe — HeooHopodHbvim. TeopeMa O CyIIeCTBOBAHHM, IIPOIOJIKH-
MOCTM ¥ €JMHCTBEHHOCTH pemneHuil 3amaum Kommu g JuHeiHbIX
ypaBHeHHiI m cucreMm Oymer mOKa3aHa B CJIeLyIomeil riaase. 3mech
COCPEIOTOYNMCS Ha IOUCKE GBHOM (pOPMYIIBI, IpeACcTaBIMIOMEl Bee
pelleHns, KOTOPbIE I0[pa3yMeBaeM HOJHBIME (HEIPOIOIKUMBIMN ).

Haunem ¢ ogrOpomHOro ypapaenud i’ = a(x)y, KOTOpOe ABJIseT-
Cd ypaBHEHHEM C Pa3Je/diomuMuca nepeMeHabiMu. 1lposenem gop-
MaJIbHBIE IPE0OPaA30BAHML:

Y —alay. Y =a@ds (y£0), d(nlyl - () =0

Az) = /a(x) dx, Inly| = A(z) +C, y=CexpA(x) (C #0).

[Toryunin cemeiicTBO pellleHuil, YTO MPOBepAeTCd IOACTAHOBKOI B
ypaBHenue. /lobapnass Tpusuasibaoe pemtenne y = 0, umeem C € R.
Hauasbubie pannbie (29,%0) € I X R 0qHO3HAYHO OLIpeIessoT 3Ha~
genne C' = ypexp{—A(zo)}. Pazapim C coorBercrByOT pasimd-
HbIe pellleHNs, KOTOpbIe OIpe/ieJleHbl Ha BCEM MHTepBaJie | U UMeIoT
HellepeceKalonuecd NHTerpajbable Kpubblie. Qopmya

y=CexpA(zr), Ax):= /a(m)dm, CeR, xzel,

naer obuee pewenue y(z, C) ogaopomuoro ypapuenus. Obiee B TOM
cmbicte, gto mpu jwobom C' € R nomydaem pemienne (mpoBepsieTcst
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IIOJICTAHOBKOIT) 1 JiI0060€ pelleHne COJEPIKUTC B ODIIEM HPH 10/
xozsiemM Bbibope koucTanTbl C'. PerneHusi mOHUMAIOTCA TOJIHBIMA.
be3 ccprnkm Ha ritaBy II MBI TOKa JTHAIIL TTOKA3aJId, 9TO J00as 3a/1a-
vga Korru nmeer e mHCTBEHHOE peIeHne CPeIn PeIlleHnii ceMeiCTBa.
OCTOPOXKHOCTH BBHICKA3BIBAHWIT BHI3BAHA JI€JIEHUEM HA Y B MPO-
1mecce mpeodpas3oBaHuili. DTOi onepanun MOXKHO n30exKaTh. Vcmosrs-
3yg MHOXKUTENb exp{—A(x)}, nepenuiiem ypaBHeHne B 9KBUBAJICHT-
Hoit bopme (exp{—A(m)}y)/ = 0, orkyna exp{—A(x)}y = C. Tax
aro dyukuusa y(x, C') neficTBUTENBHO IPEJCTABIIAET BCE PEIIeHUSI.
[lepeiizem Kk HEOAHOPOMHOMY JUHETHOMY ypaBHeHnio. V3moxum
HECKOJIbKO [IPUEMOB MHTEIPHPOBAHUsI, HAKAILINBAS UX apCEHAJ.

1°. Cuemaem 3aMeHy MepeMeHHBIX

(x,y) — (z,2), z=y—exp A(m)/exp{—A(az)} b(x) dx.

IIpenocrepexkenne i HAIMHAIONIMX: HE B3yMaiTe BHEIIHIOI YKC-
IIOHEHTY COKPATHUTh C IMOAbIHTErpabHOM. /I HOBOIT mcKoMoil (pyH-
Kuuu 2 = z(x) MOACTAHOBKA B ypaBHeHHe maer 2’ = a(r)z, Tak 4TO
obwsum pewenuem siigercs GyHKIu (ABYX HepeMeHHbIX)

y(z,C) = exp A(x) [C’ +/exp{—A(x)} b(x) dx}.

PopmMyia MO3BOJIAET YOIUTHCA B CYIECTBOBAHUN U IPOIOI2KIMO-
cru Ha [ pemennii 3amaun Kommu mpu jfoObIX HAaYaJIbHBIX JTAHHBIX
(zo,y0) € I xR. B knacce y(z, C) umeem u eguncrBerHoCTh. Jpyrux
pereHuii HeT, YTO HETPY/HO JIOKa3aTh OT HPOTUBHOIO, MOCKOJIbKY
Pa3HOCTDH JBYX pEIIeHHIl Ha OOIEeM IIPOMEXKYTKe CBOEro CyIIeCTBO-
BaHWA YI0BJIETBOpsET JUHEHHOMY OJHOPOJHOMY ypaBHeHHIO. B Ta-
KOM KPATKOM HU3JI0KEHUU 3aMEHa, HEePEMEHHBIX <«yTajaHay, mepeii-
JIeM K €€ KOHCTPYKTUBHOMY OOOCHOBAHWUIO.

2°. Memod Jlaepanotca (Bapuarumu mpou3BOIBLHON MOCTOSHHOI).
Jlamee yxke He 00CyXKIaeM CyIIeCTBOBAHUE-IIPOIOIKAMOCTb-€IIMH-
CTBEHHOCTb, a OCBamBaeM (pOpMaJjibHbIE IIPHEMbl WHTEIPUPOBAHUSI.
Bosbmem gBa npousBosibHBIX pemieHus y = pi(z), y = pa2(x),
[OJICTABIM B ypaBHEHHE W BBIYTEM W3 OJHOTO TOXKIECTBA JIPY-
roe. Pasnoctpb z(x) = ¢1(x) — w2(x) ymoBieTBOpsieT 0JHOPOIHOMY
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ypasaenuto z' = a(x)z, mosTomy obmee pemenue umem B hopme
y(x,C) = yu(x) + Cexp A(x), tae y. — Kakoe-n1ub0 GUKCUpOBaH-
HOe wacmHoe pewenue Ha nHTepBate I. B mopaake amamorum Mox-
HO BCIOMHHTH CTPYKTYPY MHOXKECTBA, PEIICHUIl CHCTeMbI JIMHEITHBIX
anrebpanueckux ypasuenuii Ar = b (x € R").

Cunenya Jlarpanzky, nmeM 4YaCTHOE pelleHue HEeOSHOPOIHOIO
ypasuenud B dopme y,(x) = C'(x) exp A(x), rae rIagkyio Ha THTEP-
Basie I dynkuuio C(z) nonsiraemcs nog06pars. OTCoia u Ha3BaHIe
METO/Ia, MOCKOJbKY IOCTOAHHYIO B OOIIEM PemeHHH OJXHOPOMLHOTO
ypaBHeHus 3aMeHmn Ha GyHrnuio (Bappupyem C).

ITogcrasum ¥, B ypasaenue: C’ exp A+Caexp A = aC exp A+D,

C'expA=10b, C(x)= /exp{—A(m)} b(x) dx.

3nech bukcupyeM JIr00yIo epBo0OPA3HYIO U HE IMHUINEM A IUTUBHYO
KOHCTaHTY, IIOCKOJIbKY HMCKAJIH OJHO YacTHOe pelrenne. VrTax,

y(z,C) = /exp{—A(m)} b(z)dx - exp A(x) + Cexp A(x), C € R.

3°. Memod Bepnyanu. VI3naraeM KOHCIIEKTUBHO, MTOCKOJIBKY ITO-
JyduM B TpeTuii pa3 omHy u Ty ke dopmyiay. Himem perenne B
dopme mpousseserus AByX (pyHKIHIL:

y=u(z)v(z), vv+w =auww+0b, (v —au)v+u’ =0>.

Bei6opom u(x) obuynum ckobky: u(x) = exp A(z). Torma
v'(z) exp A(z) = b(z), wv(z)= /exp{—A(m)} b(x)dx + C.

4°. Unmeepupyrowutld mmootcumerv. JJOMHOXKEM HCXOIHOE JIH-
HelHOe HEeOJHOPO/HOe ypaBHeHue Ha dyHKuuo exp{—A(z)}:

exp{—A(z)}y’ — exp{—A(x)}a(x)y = exp{—A(z)}b(x).

JleBag wacrp gaBisiercss npoussopuoit or exp{—A(x)ty(x). Hamee
HHTerpupyeM 00e 4YaCTH ypaBHEHHS U IOJyd9aeM TOT YK€ pe3yllb-
rar y(z,C). B cuty sKBUBaJIEHTHOCTH BCEX MpeobpPa30BAHUN 3/1€Ch
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MOZKeM YTBepKJIaTh, YTO JPyI'UX pellleHuil HeT, U 110 IpaBy Ha3BaThb
dbyukuuio y(z,C) obwyum pewenuem TUHEHHOIO ypaBHEHUSI.

Ecnam 3amaThcda menpo 3allcaTh PEHIeHne ¢ IIOMOMIBIO OIIPee-
JICHHOTO MHTErpaja M fBHO yKa3aTh 3aBHCHMOCTb OT HAYAJIbHBIX
JIAHHBIX, TO MOJIy4YnM obimee pernenne 8 gopme Kowiu:

y(z, xo,y0) = yo exp{A(z, zo)} + [Exexp{A(x, 1)} b(t) dt,

Al,w0) i= [ a(r)dr, (zo,m0) €T xR, € =0,

o
¥YpaBuenue Bepuysmiau. 1o auddepennuajibHoe ypaBHEHHIE

y =a(@)y+b(x)y™, a()b() € C(I), I =(a,p).

Cumraem b Z 0, m # 0, m # 1, unage ono JymHeitHOe. Orpanu-
ynmcad m € N. TpuuanbHoe pemenne y = 0 odeBuano. g monc-
Ka pelleHnii, He oOpaIaioIuxCcd B HYyJIb HA HEKOTOPOM HHTEpBaJe
(v, B) C I, mopesium ypasuenue ua y':

Yy =1 -m] "y = al@)y' " + b(a).

Bamena z = y' "

IPUBOJUT ypaBHEHHE K JUHEHAHOMY HEOIHOPO/I-
HOMY, KOTOPO€ MHTErPUPYeTCs B KBaJIpaTypax.

3a BHeIIHeil MPOCTOTOH TAaKOro MpeoOpa30BaHUS CKPBIBAIOTCS
cymecrBenHbie geraau. B cuny Teopemsl [lukapa V (zo,y0) € I X R
CyHIeCTBYeT pemenme 3amadn Kommu, onpeaeseHnoe Ha HEKOTOPOM
uHTepBase. ViMeeT MeCTO eIMHCTBEHHOCTb B CMBICJI€ PABEHCTBA Ha
IepecevIeHnn IIPOMEXKYTKOB olpenenennd. Kemm yg # 0, To perme-
HHe He oOpalnaercd B HyJlb B OKPECTHOCTH Ig. Iloka pemenme ompe-
nesero u y(x) # 0 npasomepHO paccMmarpuBarh z(I), B TO Bpe-
Mg Kak JuHeliHoe ypasaenue z' /(1 —m) = a(x)z + b(x) obmana-
er obmum pemeruem z(z, C'), ompeeneHHbIM g Bcex x € [ u
C € R. apiMu cjioBamMu, HCKOMBIE PEIIEHUS «COAEPKATCI» B POp-
myse yl =™ = z(z, C), Tpebyercs monoIHATEIbHbIH anaams3. Hampn-
Mep, 1Ipu M = 3 Hy>KHO CJIeJuTh 3a 3HakoM yukuuu z(x,C'), a upu
m = 2 yxKe g npocreiimrero ypasuenug ¥ = y2 ((z,y) € R?) pe-
IMeHnd HempoJOKuUMbBI Ha R: 2z = 1/y, 2/ = —1, 2(x,C) = —x + C
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(nysnb z obpaiaer y B 6ecKoHeYHOCTH). B npunnuie B kagecrse m
MO2KHO paccMaTpuBaTh J0boe BemecrserHoe ucio (# 0,1). He uc-
KJIFOYEHO MogBieHne ocobbix pemrenuii (y' = y™, m = 2/3, y = 0).
K ypasuenuio Bepuyiiu, ecrecrBenno, npumenum u memod bep-
nyaau. Umem pemenne B popme npousseenus y = u(z)v(x):
/ / / /
w4 w = auv + bu™v™, w4 ufv’ — av] = bumv™.
Boibupas v = exp A, A(x) := [a(z)dx, aTobsi [. ..| = 0, npuxogum K
YPABHEHUIO C PA3AEJIAIOIIUMEICS [IePEMEHHBIME Jijisd QyHKIMH U(T).
B mopsake 3amadn i CaMOCTOATEIHHOIO HCCIEIOBAHUS PAC-

CMOTPHM MOJIeJb JiBUKeHus renTpa macc JIA (cm. BBemenue). Orpa-
HUYMMCH YPaBHEHUAMU JIJid CKOPOCTHU U YIVIa K TOPU3OHTY:

b= —pv® — gsinb, v = —gcosh, p:= cSp/(2m).

Ycenosug mosnera JIA cumTaeM TAKOBBIMHU, 9TO MOXKHO IIPHHATH
p = const. B wacrHOCTH, IMAIa30H BHICOT HEBEJIUK U ILJIOTHOCTH
arMocdepbl p mpakTudecku mnocrosguaa. Oboznadnmm z = —gsin 6.
Monoronnoe yObiBaHue ¢ TedeHreM Bpemenu yria 0(t) B unTepBasie
(—7/2,7/2) m03BOJIET IPUHATD 2 33 HOBYIO IEPEMEHHYIO:

dv
b=—pi4z vi=¢"—2* = P (g% — 2%) = —pv® + vz
z
Ilonoxkum reneps v = 1/z, Boigenus apa srana: 0(t) € (0,7/2) —
noaveM, 0(t) € (—n/2,0) — cuyck. B mepemenHbIX u, v moiydaeMm
ypasrenne Beprymmm (¢ yaerom 1 — u?g? < 0):
dv D 3 1

- — 0.
2 Y u(l — u?g?) v

du 1 —u?g
¥YpaBHenue Pukkaru. llpaBag gactb KBaJpaTrudHa 1o y:

y = a(z)y® +b(x)y +c(z), zcI=(xp3), ab,cecC).

[Togpasymesaercsa a(z) Z 0, ¢(x) Z 0. B obrem ciydae ypaBHeHue
He HHTErpUpyeTcd B KBaJpaTypax, HO €CJIH H3BECTHO KaKOe-JIuOo
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4acTHOE perieHue Y, (), To 3aMeHoit y = y.(z) + 2z HpuxoauM K
ypaBHeHu0 BepHysuin s HOBOI uckomoit dbyHkuuu z(z):

2 = [2a(x)y«(x) + b(z)] 2 + a(x)z>.

YpaBuenue Pukkaru 9acro BCTpedaercs B IPUIOKEHUAX (KOra
«CKOPOCTH NPOHOPIMOHAIbHA IIPOU3BEIEHHUIO. . . » ). B Maremarnde-
CKOli Teopuu ynpasieHus GOJIBIIYIO POJIb UTPAET MAMPUUHOE YPas-
nenue Puxkxamu [7], xora cam Pukkaru (1676-1754), ecTecTBeHHO,
He MMeJI IPEJCTABJIEHNs] O COBDEMEHHON TEOPUU yIIPABJICHUS.

¥YpaBHeHnue B noJiHbix AuddepeHnuanax. PaccMorpum B 06-
mpacru I x J = (a,b) X (¢,d) ypaBHenue B cummerpudHoii gpopme:

P(z,y)dx + Q(x,y)dy =0, P,QeC(G), G=1Xx.J.

[Ipeamonaraem, aro omaoBpeMenHo P u () B Hy/Jb He 0DpaIlaioTcs,
TaK 9TO B obsractu (G 3371aHO 1I0JIe HAallpaBJIeHn U ypaBHEHNIE MOXK-
HO MHTEPIPETUPOBATH KaK IIapy ypPaBHEHHUII B HOPMaJIbHON (popme:

dy  Qzy) dx _ Pzy)

dv~ P(z,y) dy  Qlz,y)

YpaBHeHue mpeoOperaer yKa3aHHBI B 3ar0JI0OBKE THUTYJ, €CJAU Cy-
mecTByer muddepentupyemas B G byHKusa u(r,y) U3 ycaoBUd

(v = o(x), ©="1v(y)).

ou ou
du(z,y) = —dxr + —dy = P(z,y)dx + Q(x,y) dy.
(z,9) = 5~ oy W (z,y) Q(z,y) dy
B sTom ciydae pemrenns ypaBHEHUS OMpPeIeIAIOTCA COOTHOIIEHTEM
u(z,y) = C kak HesBuble pyHKImu. [I0CKOJIBKY B CHIly eIUHCTBEH-
noctu jguddepennuana Kak jguaeitnoit popmer ot dz, dy

ou ou
oy = P@w) 5o =Qy) (PP+@#0, (5.y) €G),

Ox
10 V (x0,Yy0) € G BBILIOJIHEHBI YCJIOBUS TEOPEMbI O HEsIBHON (DyHK-
muu u ypasaenue u(x,y) = C upu C = u(xg, yo) oupeiessier euH-
crBenHoe perenne 3aaun Komu B dhopme y = ¢(z) wmun x = Y(y).
DOyuxrua u(zr,y) dBiagercd uHTerpasoM B obsactu G (mocTogHHA
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Ha UHTErpajbHbIX KPHUBBIX), & cooTHomenue u(z,y) = C' — obmum
WHTErpasjoM (Comep:KuT B HesaBHOW ¢dopme pemenus 3amaan Ko-
mu Y (zo,y0) € G). Ocraerca BBIACHUTH YCJIOBHA CyIIECTBOBAHMUS
dbyuknum u (2, y) ¢ yKa3aHHBIMA CBOHCTBAMHI W MOCTPOUTD €E.

TEOPEMA. [Iycmv P,Q € CY(G), G =1 xJ, P2 +Q? # 0. Toeda
das cywecmsosanus Gynrkyuu u(x,y) Heobrodumo u docmamouro,
wmobvl 6 npamoyzosvrure G evinoanaiocs paserncmeo Oy P = 0,Q).

/loxasameavcmeo. Heobxogumocts cremyer us 0,u = P, Oyu = Q n
PABEHCTBA CMENIAHHBIX IIPOU3BOIHBIX Qﬁyu = 8§wu (HenpepbIBHBIX
B cuity BKJodeHnsa P, () € C’l). Ocraercs 1oKa3aThb JOCTATOYHOCTD.
IIycts Oy P = 0,Q). llposenem dopmampuble mocTpoenud. Pac-
cMoTpuM Tpedbyemoe paBeHCTBO O,u = P. EMy ymosimerBopsier

ule,y) = [ Play)de+uly), (o) €G.

31ech £y — IPOM3BOJIbHOE (DUKCHPOBAHHOE YMCJIO W3 MHTEpBaja [,
w(y) — nuddepennupyemast GyHKIMsA, KOTOPYIO YTOYHUM IIO3KeE.
[To mocrpoennto dbyuknus u auddepernupyema (BCIOMHIM TeOpe-
MBI 0 AuddepeHnnpPyeMOCTI IO IeEPEMEHHOMY BEPXHEMY IIpe/eTy 1
IIapaMeTpy 110/l 3HAKOM UHTErpaJia).

Temeps paccmoTpum ocrasieecda TpeboBanne Jyu = Q-

Oyu(z,y) = /::jayp(x,y) dr +w'(y) =
= /jaxQ(x, y) dx + w’(y) = Q(x’y) _ Q(CUO, y) + w’(y).

3/1ech MbI TaKK€ BOCIIOJIb30BAJIMCH BO3MOXKHOCTHIO juddepeniiu-
pOBAaHHA IO IApaMeTpy IIof 3HakoM mHTerpana (B cumy P € Cl) m
3amenoit Oy P Ha 0,(). Yciaosue Oyu = () IPUBOAUT K yPaBHEHUIO
w'(y) = Q(xo,y) (y € J), kKoTOpOe mmeeT pemenue B (pOPME HEPBO-

obpasznoii: w(y) = Z%Q(mo,y) dy, yo € J. OKOHYATEJBHO IOJIyIaeM

x y
u(z,y) :/x P(z,y)dx + ’ Q(xo,y) dy.
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Ilo nocrpoenuto dbyukuus auddepennupyema (1 jgaxe Hempe-
pbiBHO), mpudeM Jyu = P, Oyu = @, T.e. du = Pdx + Q dy. Torga
ypaBuenune P dx + () dy = 0 3anuceiBaercd B popme du = 0, oTKy-
na momydaem obmuit maTerpan u(z,y) = C. Yerosue P? + Q2 # 0
rapaHTUPYET eIUHCTBEHHOCTDb perleHus 3aa49u Komm Kak HesBHOI
Pymcum y = o(x) win v = ¥(y) w5 u(z,y) = ulzo,yo). Jpyrue
Takue (PyHKIUHN % OTIUYAIOTCA OT IOCTPOEHHON HA KOHCTAHTY. [

OrmernM, 4TO HcxomHoe AuddepennualbHOe ypaBHEHIE IKBH-
BaJleHTHO cooTHOmmeHnio u(x,y) = C u B 00IIeM cirydae HHTErpasb-
HYIO KPUBYIO MOXKHO HCKAaTh B apaMeTpUYecKoii opme:

z=o(t), y=1(t), @*+9>#0, u(p(t),Y(t)) = C, t € (t1,ta).

Teopema ocraHeTcss B CHJIe, €CJM BMECTO IIPAMOYTOJIbHUKA, PaC-
cMaTpuBaTh 00HOC8A3HY0 0bacTh (G, MHAYE TAPAHTUPYETCs JIUIITh
HeobxomuMocTh. O6pa3Ho roBopst, He JOJKHO ObITh «IbIp» (B G 3a-
MKHYTHIfl KOHTYD «CTATHBaeTCs» B TOYKY). B aToM ciydae 3amada
nocrpoenusi byHKuuu u(x,y) Pemaercs ¢ MOMOIIbI0 KPUBOJIUHEH-
HOT'O MHTerpaJa, KOTOpbIil B cuity ycnosud Oy P = 0,() ne 3aBucur
OT IIyTH UHTErPUPOBAHNS, COEIUHSIONIEr0 33 aHHbIE TOYKM.

Mozker oKa3aTbCd, 4YTO ypaBHEHHE He sBJIIETCA ypaBHEHHEM
B NOJIHBIX JAud pepennuanax, HO CTAHOBUTCH TAKOBBIM IIPH YMHO-
KEHUU Ha unmezpupyrowuts muootcumenv p(x,y) # 0. Kpurepwuii
Oy(P) = 0,(pnQ) B mpenmonozKeHnax IIagkocTu dyHKumit 1, P, Q
IPUBOJUT K JIMHEHHOMY YpaBHEHHIO B YACTHBIX IIPOM3BOIHBIX OTHO-
CUTEJIbHO fi. B 001eM ciiydae ero perieHrne He MeHee CJIOXKHAas 3a/1a-
ga. B okpecrnocTn neocoboit rouknu (P2 +Q? # 0) unrerpupyromuii
MHOXKHUTEJIb CYIIECTBYET, I B 9TOM CMBICIIE PACCMATPUBAEMBbIIl THII
ypaBHeHHil gByigercda odmum. /locTaTouHO MOIPOOHO Teopusd MHTE-
IPUPYIOIIEr0 MHOXKUTEJIsI U3JI02KeHa, HanpuMep, B [16,27].

Eciau npucMoTpuMces K BBIKJIQKAM [IPH UHTEIPUPOBAHUU yPaB-
HEHUI PacCMOTPEHHBIX THUIIOB, TO 3aMETHM aKTHBHOE HCIIOJIb30Ba-
HI€ HHTErpUpyoIuX MHOXKHUTe e, Tak 4To meieHne ypaBHeHU Ha
THIIBI YCJIOBHO, METO/Ibl HHTErPUPOBAHKUA MOI'YT OBITH PA3JIMIHBIMU.
Kpowme Toro, B iurepaType OAHU U T€ YKE TEPMHHBI HHOT1a HECKOJIb-
KO OTJIMYAIOTCS IO COMAEPXKAHUIO, IIOITOMY HEJIUIIHE YTOYHATD, 9TO,
HAIIPUMEp, TOHUMAETCs IO OOIMMM U JaKe YaCTHBIM PEIIeHHEM.
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3. BEKTOPHBIE I10JIsI HA IIJIOCKOCTH

[IpuBeseM reomMeTpuyYecKyio TPAKTOBKY MPOIIEHHOIO MarepuaJia,
ACIIONb3yd IIPH 3TOM MEXaHHYECKYI0 U IUAPOAUHAMHUIECKYIO Tep-
MuHosoruio. OCHOBHBIE IOHATHSA U OIpEeIeIeHnsd ODOOIIAIOTCA Ha,
n-MepHblii ciry4daii [19], Ho B kKoHTekcTe ruasbl | Gymem npumepxu-
BaTbCs ILUIOCKOCTU. Eciau durarens uHTEPECylOT (POPMAJIbHbBIE Me-
toapl uarerpuposanusg OJ1Y, To maparpad MOKHO HpPOIYCTHTD.
I11ockocTh BocupunumaeM Kak addurHOe (TOYeIHO-BEKTOPHOE )
eBKJIII0BO mpocTpancTBo E2. Ero sjeMeHTaMu SBISIOTCH TOUYKH,
KazK/ad apa TOYeK P, ¢ OIpeesseT BeKTOp pg (I3 P B ¢, €ro MOXKHO
0603HaYATH PA3HOCTHIO ¢—P), B INHEHHOM (aCCOIMUPOBAHHOM ) IIPO-
CTPAHCTBE BEKTOPOB OIIPEJIEJIEHO CKaJAPHOe IpousBeaenne. Pukcu-
pyem Touky O m OPTOHOPMUPOBAHHBIH Oa3mc BeKTOPOB e1.2. Coor-
BETCTBYIOIIHE IPAMOYTOJbHBIE JEKAPTOBbI KOOPAMHATEI TOYEK P Ha,
IJIOCKOCTU 0bO3Ha4YaeM (x,Yy): O_f) = xeq1 + yes. Bekroper u Tou-
KU OTOXKJECTBJIAEM C yHOPAAO0YEeHHBIMU HAaOOpaMU HX KOOPIMHAT:
V = viep + voes = (vi,ve), p = (z,y). HYrobbl dopmasnbHO 10-
YEePKHYTh pa3/Iidie TOYEeK U BEKTOPOB, MCIOJIb3yeM pa3Hbie 000-
sHavenna: {p = (z,y)} = R?, {¥ = (v1,v2)} = R%. B koopauraTax
CKaJIApHOE IIPOU3BEeJeHNe U JJINHA 3alMChIBAIOTCI CTaHIAPTHO:

—

(V,W) = V-W=viwi +vawy, |V|=VV V.

EBkanmoBo paccrosuue p(p,q) Mexky TOIKAME OIPeNeIdeTcs Kak
—> 2 —  —
p(p,q) = Ipdl, p*(p,q) =pq -pq.

BekTopHble mosas u riaaakue kKkpusble. Haunem ¢ dpopmasibHO-
ro ompejenenus. Bexmop 6 mouke p ¢ KoopauHaTamu (x,%y) eCTb
napa v = (p;v), rme v € R? (pmc.3.1). [na ynpomerns o603Ha-
4yeHuil cTpesouku omyckaem: v = V. Harjmgano v mpejcrabigerca
KaK HallPaBJIEHHBI OTPE30K V, IPUJIOKEHHBIH K p. DTO NPHUCYIIE,
HAIIPUMEP, CHJIE, KOTOpasd XapaKTEepPHU3yeTCsd He TOJbKO BEKTOPHOI
9acThio (BEJIMYUHON U HAIPABJIEHUEM), HO U TOYKOIl MPHUIOKEHHUS.
Bekropsl B ToUKe p 06pa3yrorT BEKTOPHOE (JMHEHHOE) HPOCTPAHCTBO
Rf, CO CJIOXKEHHMeM M yMHOXKEHHEeM Ha CKaJIgp 10 IpaBUjaM

(p;v) + (W) = (s v+w),  Alp;v) = (p; Av).
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Cii0keHUe BEKTOPOB B PA3JIMYHBIX TOYKAX HE OIPEEIeHO (KaK Jjisi
cus B 0bmiem ciydae). CkajisipHOe POU3BEJIEHNUE ONPEIesIAeTCs KakK

(v,iw)y=v-w=(p;v) - (p;w) =v-w=(V,W) = ViW] + VoWs.

Jmmua BekTopa v = (p;v) € R2 ecrp Bemmuuna [v| = /v -V =
VV -V = |v], a yroa mMexay aByMs BEKTOpAMHU B TOYKE p HEHyJe-
BOi juuebl v = (p;v) u w = (p;w) — 3ro gucio 0 € [0,7], mia
koroporo cosf = (v,w)/(|v||w|). Bexmopnoe noae V B obnacru
G C R? (c MeTpHKOil p) ecTh 0TOGpParKeHIe, CONOCTABIAIONee KaxK-
noii Touke p € G HekoTopslil BeKTOp B 310l Touke V (p) = (p; v(p)),
rie v: G — R2. B panbmeitnmiem obbrano cauraem, aro v € CH(Q)
(KOMIIOHEHTBI V1 o HenpepbiBHO auddepeniupyembl Kak QyHKIUT
koopauHar (x,y) = p € G), T.e. BeKTOpHOE Toe V 2aadkoe.

Ipumep. Jlubdepennupyemoit dyuknuu f: G — R, f = f(z,y),
COTIOCTABJIAETCA BEKTOPHOE I0JIE €€ I'PaJMeHTa;

(V)(p) = (pserad f(p)),  erad f(p) = (0.1 (p), 0, (p))-

Y e \&adfip)

Puc. 3.1. Bekropn! B Touke Puc. 3.2. Ilosepxnocru yposug

Samevarue 2. C TOUKH 3peHHS TEH30PHOrO aHann3a V f saBjser-
Cd HE BEKTOPHBIM, a KOBEKTOPHBLIM IIOJIEM: €r0 KOMIIOHEHTBHI IIPH
JIOIyCTUMOT 3aMeHe KOOPAUHAT IIPeodpPa3yoTcsd HHAYE, TeM KOMIIO-
HEHThI BEKTOPa CKOPOCTHU JIBHXKEHUS BJOJIb IJIajKoi kpusoii [19].
[Ipu HaIMYNN CKAJIAPHOrO IPOM3BEIEHUS IPAINEHT MOXKHO OIpeIe-
JINTH KaK BEKTOP, IPeACTABILIONINNA THHEHHYO YaCTh IPUPAIIEHIS
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f(p+h)—f(p) B bopme (grad f(p), k) (h € R?, |h| < €). llockombky
B JaJbHEHIIeM JOCTATOYHO OTPAHUMYNTHCH (DUKCHPOBAHHBIMU HPH-
MOYTOJIbHBIME JeKapTOBBIMI KOOPIMHATAMH, TO IPAJHEHT CIATAEM
BEKTOPOM C KOMIOHEHTAMHI N3 YaCTHBIX IPON3BOIHBIX.

¢lBHOE yKa3aHHe TOYKH IIPHJIOXKEHHd P yCIOXKHAeT 0003Hade-
HUsl, TI09TOMY yJOOHO CJI€UTHh TOJIbKO 33 BEKTOPHOI 4YacTbio V(D)
nosist 'V (p), nosaras, 9o p u3BeCTHA 10 KOHTEKCTY. VHBIME C10Ba-
MH, CIUTAEM, 9TO B CAMOM 0003HaUeHUU V(P) COAEPKUTCS yKAAHIE
TOYKH IIPUTIOXKEHUS U MOYXKHO OTOXKIAeCTBUTh V = (p;v) = v(p).

[Tponomxum onpenenenud. [lapamempusoeannas 2aa0Kas Kpu-
sasa B obmactu G — 3T0 0TOOpaKEHHe

o I — G7 I = (tlat2)7 € CI(I)

Heszaucumyto nepemennyio ¢ (¢t € I — ~(t) = (71(t),72(t)) € G)
HHTEPIIPETHPYEM KaK BpeMs JBHXKeHHs. B jajbHeiinneM Ipesmo-
JlaraeM BBIIMOJTHEHHBIM YCJIOBUE Pe2YAAPHOCMU: BEKTOP CKOPOCTH
() = (31(t),42(t)) memynesoit Vi € I (sror kacameavnwill eex-
mop upuioxkeHn K touke p = 7(t)). Perymspuocrs rapanTupyer,
q9TO KaxKJad TOUKa Hocumens kpupoit {y(t)|t € I} C G mexur
Ha ero YacTH, KOTOpad B JEKAPTOBBIX KOOPJAMHATAX (I,Y) MOXKET
ObiTh mpescTaBieHa rpadukoM rIagkoil dyHkuun y = @(x) win
r = 1(y) HA HEKOTOPOM WMHTEpBaJjie U3MEHEeHus aprymeHTa. Hcim,
Hanpumep, Y1 (to) # 0, To nokampHO t = t(z) u y = Y2(t) = ().
Hocurensb rimaakoii peryagpHoil mapaMeTpu30BaHHON KPUBOM KpaT-
KO Oy/em Ha3bIBaTh IJIAJAKOW Kpuboii B G m 0003HAYaTh TOH 2XKe
OykBoit v (HO yxke Ge3 ykazauusi napamerpa t). [lpu zeobxoumo-
ctu BMecTo mHTepBasia I = (t1,f2) MOXKHO pacCMaTpPUBATH MPOMe-
KYTOK (t1,t3), B ToM wumcie orpesok I = [t1,ts], ¢ orosopkoit 06
OJHOCTOPOHHMX IIPOM3BOAHBIX. JlIMHA KpuBOii Y HE 3aBHCUT OT ma-
paMeTpu3auu YKa3aHHOTO KJIaCCa M ONPEIEIIeTca KaK

()= [Thold (e

Ecan nomyckaTh OTKpBITBIE MHTEpBaJbl, B dacTHocTu I = R, TO
He uckiaodaercd £(y) = +00. OproroHaJbHOCTh IJIAJKAX KPHUBBIX
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B TOYKE [epPecedeHnsi 03HAYALT OPTOrOHAJBHOCTD KaCATEeIbHbBIX BEK-
TopoB. lloHATHE CKAIAPHOTO IPON3BEIEHN KACATEIbHBIX BEKTOPOB
JIE2KUT B ocHOBe nudepeHIuaibHOl TeOMEeTPHN.

IloBepxHOCTM YypPOBHsI U KacaTeJIbHOE NpPOCTpaHCTBO. llycTh
dbyukug f onpenesena B obsacTu (OTKPBITOE CBA3HOE MHOXKECTBO )
G CR? = Oxy, f: G — R. Orpanuunmcs rmaaxumu f kiaacca C1.
CsoficTBa (PyHKIUH TECHO CBA3aHBI C M€OMETPUYECKUMU XAPaKTe-
pucTHKaMu €€ mHoocecms yposha (puc. 3.2)

Sa = [T a) = {(z,y) € G| f(z,y) = a}.

Yucmo o Ha3bIBaETCA 6biCOMOT MHOXKECTBa YpoBHs: S, mpu o > 0
COCTOUT M3 TAaKHX To4eK obmactu (G, HaJ KOTOPBIMH Ipaduk

L(f) = {(z.y.2)|(x,y) € G, 2 = f(z,9)} CR’

HAaXOMUTCA Ha paccToguuu «. [Ipu o < 0 «Ha » MeHAeTCd Ha «IIO/».
[Iomo6HO TOMY KaK Tomorpaduieckad KapTa TaeT KapTUHY peibeda
MECTHOCTH, TaK M MHOXKECTBA yPOBHsI OIHUCHIBAIOT rpaduk (yHK-
nuu. PaccMaTpuBaeM TOJBKO Te BBICOTHI (v, JIJIsi KOTOPBIX S, # O.
Touka pg = (20, Yo) € So HA3BIBALTCHI HEOCOOOT TOIKONW MHOXKECTBA
ypoBHs Sy, ecau BoimosHeno grad f(pg) # 0 = (0,0), B mpoTuBHOM
caydae pg ocobas. OObEKTHI ¢ HYJI€BBIMU KOOPAUHATAMI ODO3HAYTA-
em oguuM cumosiom 0. Eciu grad f(po) # 0 Ha Sy, TO 110 TEOpEMe 0
HEBHOI (DYHKITUN JIOKAJIHLHO MHOXKECTBO yPOBHS IIPEICTAaBUMO I'pa-
dbukom rmankoit byukun y = @(z) nwan x = ¥(y). Torma B caydae
CBABHOCTHU S, MOXKHO TOBOPHUTH O IVIAJKON JIMHUK YPOBHs (HOBEPX-
vocru B G C R™ npu n = 3, runepuosepxuoctu upu 1 > 3). B 06-
IEeM CJIy9ae pacCMaTpPUBaeM KOMIIOHEHTHI CBI3HOCTHU S,.

IIycTts pg — HEocobas Touka S,. Bekrop v # 0, mpuao:KeHHbI
K Touke po (popmasbHO pedus uper o nape v = (po; v)), Ha3bIBAETCS
KacameavHwvim K S, B TOYKE Pg, €CJIM CYIIECTBYET TaKasd [JIaJKasi
nmapaMeTpu30BaHHas peryiaspHas kpusag t — (1) ([t| <€), aro

7(0) =po, Y(0) =v, v ={(t): [t| <e} S Sa.

Takue BEeKTOpPBI BMECTE C HyJIeM 00pa3yIOT KacameibHOe NpocmpaH-
cmeo Tp,S. K MHOXKeCTBY ypoBHA S, B Touke pg. Ha mmockocrn
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(po € Sa C G C R?) 310 KacarenbHas UpsMasg, a €Clld, HAIPUMED,
Sa — cdepa B R™, To kacaresnpuas runepiiockocts. Hedpopmasbuo
IpeacTaBiIgeM cebe NBUKEeHHE BIOJb TJIAJIKOH KpHBOI Ha IOBEpX-
Hoctu. CKOpPOCTh ABUKEHHS XapaKTepH3yeM TpeMs HapaMeTPaMU:
TEKyIIMM II0JIOZKEHUEeM, HAIPaBJIeHUeM U BeJIMYUHON. DTy mHQOP-
MaIMIO 3aluchiBaeM Kak v = (p;v). Jljs cokparienus mucbma omyc-
KaeM yKa3aHHe TOYKH P, €CJIH OHA IOAPA3yMeBAeTCd IO KOHTEKCTY.

B neocoboit Touke pg € S, BekTop grad f(pg) oproroHasnen S,:

grad f(po)L v, (grad f(po),v) =0Vv e Tp,Sq

(mpu dburcupoBaHHOIT TOUKe Py mosiaraeM v = v). JleiicTBuresnbHo,
IIOCKOJIBKY BBILOJIHZAETC TOXKAecTBO f(7(t)) = o = const, To

%)Of(’y(t)) = (grad f(po),v) = 0.

Brerancinm TEIIEPb IIPOU3BOJHYIO IIO HAIIPABJICHUIO:

d
Gl f o+ th) = (grad (o), ). h € R, |h| = 1.

CaenosarenbHo, 110 Hopmadsu h = grad f(po)/| grad f(po)| k MHOXKE-

cTBY ypoBHA S, hyHKIMA [ pacTeT HAXCKOPEHIIHM 06pa3oM.
Baech B adduHHON (TOYETHO-BEKTOPHOI) TEPMUHOJIOIHE Py U

po +th — rouku, a h u th (|t| < &) — BEKTOPBI, IPUIIOKEHHBIE K ](.

I'paguenTHBIE BEKTOPHBIE MOJIS. B ruapoauHaMUYecKOl Tep-
MUHOJIOTMH BEKTOPHOE II0JI€ YI00HO MHTEPIPETHPOBATH KaK IIOJIE
CKOPOCTEll yCTaHOBUBINErOCd MOTOKA KUAKOCTH. [Ipn dpukcuposan-
HOIl WM M3BECTHOW IO KOHTEKCTy Touke p € G C R? olepupyem
TOJIBKO BEKTOpPHOl cocTapisiomteit nona v(p) € R? (vi2 € CH(Q)).
C KaxKJIbIM TaKAM IOJIEM aCCOUUPYIOTCH Aunuy moka. [lycts oco-
obix Touek Her: v # 0 = (0,0) Vp € G. Unmeeparvhas kpusas moiist
V — 3TO mapaMeTpu30oBaHHas Kpubad t +— 7y(t) (yKazaHHOrO BbIIIe
KJ1acca), BJAOJIb KOTOPOH BbimosHgerca paseHcTsBo (t) = v(v(t)),
t € I = (t1,t2). KacaresbHble BEKTOPbI CKOPOCTH SIBJIAIOTCH BEK-
Topamu 101 (B Toukax 7(t)). I'eomerpuueckuit 06pa3 napamerpu-
30BaHHOl KpuBoii (eé mocuresns v = {7(t)} C G) Ha3biBaercs Tpa-
ekTopueil nBuxkeHud ¢ — y(t) U ABIAETCSI AHAJIOIOM JIMHUU TOKA.
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Ilycts mose rpamumentno: v(p) = grad f(p), f € CH(G). Taxoe
I0JI€ CUJI HA3BIBAETCA NOMEHUUAALHbM. ITOOBI HE OTCTymaTh OT
npemonoxennsa Cl-rmagxoctn moma, camraem f € C?(G). Pac-
CMOTPUM IIPOU3BOJIbHYIO HHTErpajbHyo Kpusyio t — (t). Torma

% (3(1)) = (grad £.v) = |gwad f[? > 0

u nomenyuaa — f(p) CTporo MOHOTOHHO yObIBaeT BJOJIb TPAEKTOPUH
~ ¢ pocToMm BpemeHH t. B ciydae camomepecedenns morydasach Obl
3aMKHyTasd TPAeKTOpUS — 4uk.a. llepecedenne «Iom yriaoM» HEBO3-
MOKHO, TaK KaK BEKTOD V KacaTeJbHbli. B rpaJuenTHOM moJie 1uK-
JIBL OTCYTCTBYIOT, TOCKOuBbKY f(Y(£)) cTporo MOHOTOHHO pacrer.

B 6o51ee obmmem caydae Touka pg € (G Ha3BIBaETCA HEOCOO0T MOY-
Kol 6€KMOPHO20 NOAA V, eClii BeKTOp-bYHKIUA V(p) HENPepBbIBHA
B okpectHocTu po u V(po) # 0. 3mecy 0 = (0,0), Hysnu JuHeiiHbIX
IPOCTPAHCTB IIPUHATO 0003HAYATH OJHUM CHMBOJIOM. B mpemamoJio-
xermu v € C1 ocraerca v(pg) # 0. Ocobvie mowkyu SBIAIOTC Hy-
AAMU NOAA, B HAX HE OIpPEIeIeHO HAIpAaBICHHEe BEKTOPA, V.

HAuddepennuanbubie ypaBHeHud. [locraBum ciremyromniuit Bo-
npoc. Kak HaiiTu uHTErpasbHble KPUBbIE M TPACKTOPUH JBUKEHUSI
(nmuaEE TOKA) rmazkoro noas v = v(p)? Tak kak ¥(t) = v(y(t)), To
nsukenue t — y(t), t € I = (t1,t2), gBusgercs pewenuem CUCTEMbI

i =vi(z,y), ¥ =va(z,y), (z,y) € G CR?

ay={yt)|t el} — dasosoti xpusot. Ocobbre TOIKH BEKTOPHOTO
nons (v(p) = 0) — nosostcenus pasrosecus: Hpa3oBas CKOPOCTb PAB-
Ha HYJII0, oTobpaxkenue t — p (t € R) asisiercs pernenueMm, a cama
TO4YKa P — a30Boit Kpunoii. [losiokeHnst paBHOBECHS 3aC/Iy2KUBAIOT
IPUCTAJIBLHOTO M3y9YeHUs, B UX OKPECTHOCTHU (TJIaKOE) TOJe MOXKET
pe3K0 MeHATh HampaBiieHme. B obmactu G UX MOXKET U He OBITb,
a s auddepeHuaibHbIX yPaBHEHUI HA ITOBEPXHOCTAX (IJIaJIKIX
MHOTO0Opa3nAX) UX CYIIeCTBOBAHIE MOYXKET OKa3aThCA HEM30eKHBIM
(mampumep, Ha nByMepHoit cdepe) [2,19].

B §2 paccmaTrpuBaoch ypaBHEHHE B CHUMMETPUIHON (hbopMme:

P(z,y)dz + Q(z,y)dy =0, P,Q € C'(G).
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Ero «kosddurments» P, Q onpenensior B obmactn G C R? rma-
Koe BekTOopHOe nojie v(p) = (vi,ve) = (P,Q), p = (x,y). lloso-
JKEeHUS PAaBHOBECUsI COOTBETCTBYIOT 0coObIM TouKaMm (P = @ = 0),
B KOTOPBLIX He 33aJaHO moJie HampabiaeHuii. OnpenenmmM Temepn co-
npastcennoe K v nojge w = (—@Q, P), KOTopoe OpTOrOHAJIbHO V:
(v,w) = =PQ + QP = 0. Ecim ¢t — ~(t) = (¢(t),¥(t)) rnankas
KpUBas, sBJSIONAsICA pelleHneM ypaBHeHus p = w(p) (cucrembr
CKaJIPHBIX ypaBHEHUN & = —(), ¥ = P), TO 10 OLpee/IeHuIo

p(t) = —Q(p(t), (1), ¥(t) = Plp(t),p(t)), tel.

B momenTbr Bpemenu t, xkorypa ¢(t) # 0, pasigenum BTOpPOe ypas-
HeHne Ha TepBoe (JeByIO YacTh Ha ¢, MpaBylo Ha —Q, ¢ = —Q)
u mpeoOpa3yeM pPaBeHCTBO JApOoOeii:

P(e(t), (1) £(t) + Q(p(t), ¥() (1) = 0.

Touno Takoe e paseHcTBo moimydaeM upu ¢(t) # 0. 3maunr, 310
TOXKJECTBO 110 t € I B CUJIy yC/IOBUA PETYIIPHOCTH TJIQKOI KPUBOit
¢? + 902 £ 0Vt € I. VIMeHHO TaK U OLpeesaiach HHTErPAIbHAL
KpuBas B mapaMeTpudeckoit popme aiig ypasuenus P dz+Q) dy = 0.

[Tycts G — npsamoyrombuuk 11 = (a,b) X (¢,d) u rmagkoe mose
v = (P, Q) rpaguentno: v = grad f, f € C*(II). Torma

df (x,y) = 0pfdx + 0y fdy = Pdz + Qdy

u ypasuenue Pdr + Qdy = 0 nepenucsiBaerca xak df (x,y) = 0,
orkyna f(z,y) = C. CnemoBarenbHo, f — WHTErpaJ, JUHAU YPOBHS
KOTOPOT'O COCTOAT M3 HHTErPAJIbHBIX KPUBbIX, €CJIH TOJbKO N30erarh
0CODOBIX TOYEK IOJIsi. ¥ TOUHUM (POPMYJIHPOBKY. 33/a€M [TPOU3BOJIb-
Hble HadaJbHbIE JaHHbIE (To,Yyp) € II. Ilycrs ara Touka Heocobas:
v(zo,y0) = grad f(zo,yo) # 0. Torma mo Teopeme o HegBHOI DyHK-
muu ypasuenue f(z,y) = f(xo,yo) oupenensger e uHCTBEHHOE perle-
uue 3anauan Ko B dhopme y = ¢(x) wim x = 1(y) Ha HEKOTOPOM
MHTEPBaJE apryMeHTa. Bompoc o npogo/zkuMocT Tpedyer OTae b-
Horo u3ydenns. OcoObIM TOYKAM COOTBETCTBYIOT MOJIOXKEHHS PaB-
HOBecus ypaBuenus p = v(p). B §2 ypasuenne Pdr + Qdy = 0
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¢ rpagueHTHbIM nojieM vV = (P, ()) Ha3bIBaJIOCh YDABHEHUEM B IOJI-
ubix guddepennmanax, npuiem u(x,y) = f(x,y) ¢ TOYHOCTHIO 11O
aIINTUBHON KOHCTaHTHI. HeobxommMoe u JOCTATOYHOE yCJIOBHE Cy-
mecTBoBanud norennuana: Oy P = 0,(). Orpanmuenne G = II mox-
HO OCJIa0UTh, 3aMEHUB MPAMOYTOJbHUK 00H0C8A3H0U obmacThio G
(6e3 «upip» ). Muaue rapanTupyercs juiib HeOOXoauMocTh. 1o Ka-
CaeTCd TEPMUHOJIOIAHN, TO B MEXAHUKE B CIydae IOJId CHJIBI TOBOPSIT
o noreHnuase — f, a, HAIPUMEP, B THJAPOJAMHAMUKE, KO/l V — I0JIe
CKOPOCTEl 9aCTHIL >KUJIKOCTH, IOTEHI[UAJIOM HA3bIBAIOT (PyHKIUIO f.
O moreHnmasax, H3y4aeMbIX B mepmoduHaMuKe, JTUIIb YIIOMSIHEM.

IIpunoxkenus. llpuseneM rugpoanHAMUYECKyI0 UHTEPIPETAIUIO.
[Tycts v = (P, Q) — moJte CKOpOCTeii III0CKOr0 YCTAHOBUBIIIETOCS Te-
YeHus XKUJKOCTH, a W = (—(Q, P) — coupsizKeHHOe IoJie B pacCMaT-
puBaemom upsmoyrosbauke G = II. YciaoBue moreHnuaibHOCTH V
(0yP = 0;Q), f — moreHIEAI CKOPOCTHU) BCJIEACTBHE H3BECTHOM U3
Kypca MaTeMaTHIeCKOro aHam3a ¢gpopmyasl ['puHa

jqudx+Qdy:// (0,P — 0,Q) dady

O3HaYaeT PaBeHCTBO HYMIIO UUPKYAAUUU CKOPOCTRU BIOIL 3aMKHY-
Toro KoHTypa (nose v 6essurpesoe). IloreHnuan g conpsizKeHHOTO
nosg w (korga 0, P = —0,() ) Ha3bIBaeTca Gyrkyuet moka, IpuieMm
BBLIIIOJIHAETCA ClIeyIolee SKBUBAJeHTHOe COOTHOIIEHHe:

—0yQ = 0, P & div(v) =0, P+ 0,Q = 0.

B momobHbIX ciydasx 3HAK TOXKIECTBA = HUMEET CMbBICJ PABEHCTBA
o ompeaenennio. PaBeHCTBO Hy/0 dusepzenyuy MO V XapaKTe-
pU3yeT HEeCXKUMAEMOCTD KuaKkocTr. COOTHOITEHN MEXKTy TOTEHIIH-
aJaMm

axfzayg (= P), 8yf:_ +9 (= Q)

ABIAAIOTCA ycaosuamu Kowu—Pumana: dyukmus f + g KOMILIEKC-
HO aHAJUTUYIECKas. DTHM OObICHIETCH IMINPOKOe MPUMEHEHHEe KOM-
IJIEKCHOI'O aHAJIN3a B IIJIOCKUX 33/1a49aX T'UAPOJUHAMUAKH. 3aMETHM
TakKe, 9T0 PyHKIUU f U g yIOBJIETBOPLAIOT ypasheHuro Jlanaaca

Au = 0%u + 85u =0, (z,y)ell,
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T. €. ABJAIOTCH 2apmonuveckumu. Omeparop Jlanmaca A — ogun u3
CaMbIX BOCTPeOOBAHHBIX B MATEMATUIECKON (pu3uke.

Jlpyroit mpumep: paccCMOTPUM SKCTPEMAJIBHYIO 3a1a9y
f—min, (z,9) €G, feCHQ).

Perienus (ecim OHU eCTh) HAXOAATCS CPEIH CTAMOHAPHBIX TOYEK.
Anturpamguentr — grad f # 0 yka3biBaeT HallpaBJIeHHE, BIIOJb KO-
TOporo (pyHKIUs yObIBAeT HAUCKOpeHIuM oOpa3oM: JOCTHIAETCS
MEHEMYM TIPOM3BOAHON 10 Hampasienuam h € R2) |h| = 1. Ecin
grad f = 0, To y2Ke HaxXOAUMCH B CTAI[MOHAPHOI TOYKe. KcTecTBeHHO
paccMorperh rpaguentHoe nose v(p) = — grad f(p) B obrmactu G u
BekTOpHOE nuddepennuanbuoe ypasuenune p = v(p). Ilpu ompeme-
JIEHHBIX OUPDAHUYCHUAX JBH2KEHHE BJOJIb TPACKTOPUU HIPHUBOAUT K
PEIIeHNIO UCXOIHON 3a1a9i ONTHMUBAIIIH.

Hduddepennuanpubie 1-popmbl. OmpenesnM B KaxKI0il TOUKe
obimactu G C R? xacameavnoe npocmpancmeo. BozbMeM riiagkyio
KkpuByio t — y(t) € G (\t| < v(0) = p) 7 BBIYHCJINM KaCATEeJIbHBIN
BekTOp cKopoctu v = (0) # 0 = (0,0). O6benunenne Bcex TaKuX
v ¢ mynem oboszuaunm TpG = R? u BocnpuHEMaeM 3TO MHOKECTBO
BEKTOPOB, MPUKPEIJIEHHBIX K TOYKe P, KAK KaCcaTeJbHOE MPOCTPaH-
ctBo. Bosee dopmansio T,G = {(p;v)|v € R%}. O6bemunag, mo-
myqaeM xacameavhoe paccaoenue |J TpG = G x R2.

Jlugpepenyuanvroti 1-gopmoti (nmm upocro 1-dopmoit) HazbI-
Baercs pyuknng w: G x R? — R, koropas npu bpEKCHPOBAHHOIN
p € G gaBnsgerca nuHeiiHoil pyHKIMeil KacaTeJIbHbIX BEKTOPOB, T. €.
UX BEKTOPHBIX cocTapisgiomux v € R2. IIpuseneM IpuMepsl.

1°. Ilycrs w(p) — BekropHoe nosie B obsactu G. Torma deoti-
cmeennas Kk w(p) 1-dopma onpezensercs ciepayomuM 06pa3om:

w(p,v) = (w(p),v), p€GCR? veR2

2°. Jlna rnankoit dyuknuu f: G — R omupegennm

B GHR =R df(p,y) = 3| F(p(0) = fgrad f(0), ),

riae p(0) = p, p(0) = v. Takas 1-bopma w = df nazpiBaercs gudde-
peanuanom dyaknun f. B ckanaprom ciaywae dy(z) =y (v)Axr —
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byHKIUA TOYKM T MU HpupalneHus Axr, KOTOPOe C y4eTOM 3HaKa,
MOKHO CYUTATh BEKTOPOM CMEIIEHUsI, OTJIOXKEHHBIM OT TOYKHU T.
3°. OnpenennM OOBITHBIM 00PA30M KOOpAMHATHBIE (DYHKITHI

:G—R, z(p)=z, y:G—-R, yp) =y, p=(Z,7).

Torma 1-cdbopmbl dz, dy mpOCTO BBIIEILAIOT MEPBYIO U BTOPYIO KOM-
IIOHEHTHI KACaATeJbHOrO BEKTOpa vV = (Vi,V3):

dz(p,v) = (gradz,v) = vi, dy(p,v) = (grady,v) = va.

YToObI He yCIOXKHATH 0003HAUEHNs, YaCTO UCIOJIb3YIOT OJHUA U Te
YK€ CHMBOJIBL JIJIsl PA3HBIX OOBEKTOB («OTOXKIECTB/AA» X ). Bpiie
T, Yy U KoopAuHarhl Touku; u Gyuxiuun r(t), y(t); u orobpakenus
G — R. Jludpdepennuaa MoxkeM 3aIucaTh B IPUBBITHON (hpopme

df(p7 V) = (gradf(p),v) = azzf(p) Vi + 8yf(p) Vo =
= 0. f(p) dx(v) + 8, f(p)dy(v), peG, veR?

umn kparko df = 0, f(p) dz + 0, f(p) dy = f(p) dz + f,(p) dy.

Bepremcsa k puddepennuaabHOMy ypPaBHEHUIO
P(z,y)dz + Q(z,y)dy =0, (z,y)€CG, P,QeCYq).
Bocupuaunmaem JieByro dacth Kak auddepennuaabayo 1-dpopmy:
w(p,v) = P(p)dz(v) + Q(p)dy(v), pe€G, veR™

Dro apoiicrBennas K mouto w(p) = (P,Q) 1-dopma, Tak Kak
w(p,v) = (w(p), v). Unrerpajibuoii juHuell sABJseTCd KpUBas

r=9(t), y=0v(t), (o), ¥(t) €G, tel=(t,ta),
C HEHYJIEBBIM BEKTOPOM CKOPOCTH V = (¢, 1)), B0/1b KOTOPOH w = 0:
w(p(t),v(t) = (P.Q) - (¢, 9) =
= P(p(t), (1) ¢(t) + Q(p(t), (1)) (t) =0, t € I.
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Dopma, KoTOpad siBasercd auddepeHnuaasom riaakoit pyukmun f,
HazbiBaercss mouwnot. Eciu G =11 = (a,b) X (¢,d) (mwan obnacrs G
OIIHOCBSI3HA), TO KpUTepuil TodnocTn u3secren: Oy P = 0,Q).

Nurerpan or auddepennuaibuoit popMbl w BIOJIb TJIAIKOM
kpuBoii t — y(t) = (¢(t),¥(t)), t € [a, 8] C (t1,1t2), onpenenserca
KaK

«

B
o= [ w0 v®)a v =50

WNuTterpas or TouHO# pOPMBI B/IOJIbH 3aMKHYTOT'O KOHTYPA PaBeH HY-
JIIO B CWJIy HE3ABUCUMOCTHU OT IyTH WHTETPUPOBAHUIL:

B B
[ar= [ arGavma= [~ Lr6m) = r60)-16).

Ecnu mapy dyukmnuii (P, ()) nHTEepIpeTnpoBaTh Kak 3aJIaHHOE BEK-
TOpHOEe 1oJIe CUJIbl F', TO B TEpMUHAX KPUBOJUHENHBIX HHTErDAJIOB
OJIy 9aeM

B .
/w:/ F-vdt:/F-dr, dr = (pdt, pdt).
v y

«

910 paboTa CUIIOBOTO TOJId BJIOJb myTn . Kean pabora B1oJb JII0-
boro (rmaskoro) 3aMKHYTOrO KOHTYpa HyJeBas, TO CHJIOBOE IOJIe
norennuanbno: F' = —grad f (9, P = 0,Q B upamoyrosbuuke 1I).

4. YPABHEHUSA F(x,y,y') =0,
HE PA3PEIIEHHBIE OTHOCUTEJIbHO IIPOU3BOJIHOM

[lepeitnem K usydenuio gaudpepeHuaabHOr0 ypaBHEHU S
F(z,y,y)=0, F:D—=R, DCR? FeCY(D). (4.1)

B R?® = E3 paccmarpmBaeM IpsMOYTOJBHYIO IEKAPTOBY CHCTE-
My KoopiuHar (z,y,p). Bosiee npuBbIYHbIM sBJIsIeTCS 0DO3HAUEHHE
(x,y,2), HO B KOHTEKCTEe IPEJCTABJIECHHOIO HUXKE METO/a BBEJEHUS
napaMerpa p = % obo3HadeHme z = p Oojee yHOTPEOHTENIBHO.
B pamkax obreit Teopun MHOKecTBO ) cumTaeM 00J1aCThIO.
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Ypasuenue F(z,y,p) = 0 onpenessier nogMHoxkecrso S obiia-
cru D. Yrobbr n30ekaTh BBIPOXKIEHUI, Oy1eM mpeamnoaaratb S # &
u grad I' = (0, F, 0, F,0,F) = (F,, I, I)) # 0 na S. llpu neobxo-
JMIUMOCTH Pa3ndaTh BEKTOP-CTPOKU M BEKTOP-CTOJIOIBI I'DAIUEHT
00BbIYHO 3anuchbiBatoT crosidnom. Ilpu ycaosun grad F' # 0 mHOXKe-
cTtBO S OyjeT riaajkoii MOBEPXHOCTbHIO, 3aauHol HesgBHO. [[ycTh

(z0,40,p0) €S (F(x0,y0.p0) = 0), Fy(x0,y0,p0) # 0.

[To Teopeme o HesiBHO dpyHKIMN HAWIETCS TPAMOYTOJIbBHIK
II: [z —xo| <e1, |y —wol <e2, [p—po| <e3, IIC D,

u dyuxnus f: Ug, (x9) X Usy(yo) — Usy(po) (Us — e-0KpecTHOCTD)
kmacca O, 171e KOTOPO# BBIMOMHAETCA TOXKIECTBO

F(z,y, f(z,y)) =0, (x,y) € W =Ug, (z0) X Uey(yo)-

HpI/I 9TOM HMeeT MeCTO e,II;I/IHCTBeHHOCTb B CMBICJIE
(z,y,p) €I, F =0 [(z,y,p) € SNII] & p= f(z,y).

KpaTko rosopsar, 4To CyIIecTBYeT OKpPECTHOCTb TOYKH (g, Yo, Do),
B KOoTOpOii ypasuenue F'(x,y,p) = 0 0JHO3HAYHO Pa3pPEIINMO OTHO-
curensno p: p = f(x,y), po = f(zo0,m0), f € CH(W).

AmanornarbiM 06pazom paccyzxaaem, korga F)(zo, yo,po) # 0
in Fé(wo,yo,po) # 0. JlokaJibHO MHOXKECTBO S TJIaJKUM 00pa3oM
3ajaeTcd B gBHOM Buje p = p(z,y) win x = x(y,p), y = y(x,p).
Unpivu croBamu, S — asyMepuoe Cl-mmozoobpasue.

Oyuknug y = p(z) (x € I = (a,b), ¢ € CH(I)) asnsgerca
pemennem ypasuenus (4.1), ecoim F(x, p(x),¢'(z)) = 0Vz € 1.
IIpu HEOOXOAMMOCTH B KOHKDPETHOI 3aJa9€ MOXKHO OCJIa0UTh Orpa-
HI9eHnd: He obgsaTenbno D obmacts n dbyskmmn F, ¢ kmacca C1
(mo ¢’ IV € (a,b)). B obmem ciydae 370 MOXKET IPUBECTU K CIOD-
npu3aM, B TOM 9YHCJIE U TOIOJOTMYIECKOr0 XapaKTepa, IMOITOMY, He
npecjaeays Iejb <«IpeAesbHO» 0OmHOoCTH, BCerga OymeM IIpeamo-
maraTh Kak MuEEMyM Cl-I7aJKoCTh U pelneHns paccMaTpPHBAThH HA
uHTepBajax (He IpUBJeKas OJHOCTOPOHHUE IIPOU3BOJIHBIE).
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3agaua Komu. [lepeiigem Kk mocraHOBKe HadaabHON 3amadn. Jlrs
ypaBHeHus B HOpMaJsbHOIT dopme y' = f(x,y) TpeboBasock no Ha-
YaJIbHBIM JAHHBIM (Z0,Yyo) Haiitu pemenue y = p(x) (z € I) us
yeioBus o(rg) = yo. B reomerpumueckux TepMHHAX: HAUTU MHTE-
IpajbHYyI0 KPUBYIO, IPOXOAANIYIO 9epe3 3aJaHHyI0 TOUKYy. IIpocreii-
mmit mpumep 4’2 = 1 nokasbiBaer, 4TO JAHHLIX (T, %o) JJlS OJHO-
3HAYHOTO OIIpejie/ieHns perieHus: ypaBuerus (4.1) HemoCTaTOYHO:
y = +2 + C, gepe3 Kaxayio To4Ky R? IPOXOAAT IBe IpsMbIE.
Jlyig ypaBHEHUS, HE Pa3pPEeIIeHHOro OTHOCUTEILHO IPOM3BOIHOI,
sagaga Komm paccMaTpuBaeTcd B CIeIyIOmeil MOCTAHOBKe. 3a1aeT-
ca Touka (xo,Yo,Po) € S u Tpebyercs HaifiTH pellleHne W3 yCIOBUIL
o(z0) = yo, ¢'(x0) = po. Unrerpanvuas xpusas { (z,¢(z))|z € I}
JIOJDKHA IPOXOJIUTH Yepe3 3a/laHHy 0 TOUKY (X, Yp) C 3a/JaHHBIM Ha-
KJIOHOM KacaTesibHoil (tg o = pg). B cBa3mu ¢ stum ymo6HO paccmar-
puBaTh rpadUKN B paCHIMPEHHOM mpocTpancTse {(x,y,p)}:

L(p) = { (=, o(x),p(x)) | p(x) = ¢'(x), z € I = (a,b)}.

VuTerpaibHble KPpUBbIE B TAKOM PACIIHPEHHOM CMBICJIE JIEXKAT Ha
nosepxuoctn S C D C R3 rne F = 0. B obueii Teopun yxe ne
oboiiTuck 0e3 auddepeHnnaJIbHON TeOMETPUN U TOIIOJIOTHN.

Hnga ypasuenus F(z,y,y’) = 0 cMIIKOM OrpaHAYUTETHHO PaC-
CMaTpHUBATh pelleHus B aBHOU dopme y = ¢(z). Pacmupum mowns-
THE peIeHus 0 MapaMeTPpUIecKu 33 aHHOrO:

ngp(t)a y:¢(t), teI:(t17t2)a Qpawecl(I)'

llomumo menpepsiBroil quddepennupyeMocTn napaMeTpu30BaHHON
KpUBOii IpeanoaraeM peryasapaocts: v(t) = (p(t), 9 (t)) #0,t € 1.
[nagkas (mapamerpusosannas) Kpusas ¢ — (&) = (¢(t),1(t))

KaK 0TOOparkeHne ABJISIeTCHA PeIeHrneM yPaBHEHUs (4.1), ecyn
F(p(t), (), () /p(t)) =0Vt €1,

nockonbky 4y’ = dy/dx = (ydt)/ (i dt) = 1 (t)/p(t). Ilpu sToM ecre-
CTBEHHO IPEJIII0IaraeTCs, 9TO BEKTOPHbBII apryMenT pyHkmuu F' He
BBIXOJIAT 3a IIpejesibl obsiactu D 3a1annd ypaBHeHud. B yacTHOCTH,
ICIOJIb30BaHne 0603HaUYeHNdA § HeABHO CyzKaeT KJIACC JOIYCTHMBIX
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kpusbix: §(t) # 0VE € I. ObbruHO, ucxoiga u3 cruenuduKu KOH-
KPETHOW 3a/a4u, JOIYyCTUMO PACCMATPUBATh HE TOJHKO ypPaBHEHUE
B bopme (4.1), HO U «COTTIACOBAHHBIE» C HUM ypPaBHEHUSI

Fy(z,y,xy) =0, Fy(v,y,dx,dy) =0,

B nepsoe u3 Hux MOXHO mojaCTABIATH Ty, = (1) /1(t) (xorma

¥(t) # 0), a Bo Bropoe — dx = ¢(t)dt, y = ¥ (t) dt, upeanonaras
JaJIbHellIee COKpalleHne MMpupaileHnss di He3aBUCHMOI IepeMeH-
Holi. B 0obImem ciiydae TPyQHO IIpPeayCcMOTPeTh BCe BapHAHTHL.
Hawubosiee ynorpeburebHbIM SABJIETCS BHIOOP HapamMeTpa Kpu-
Boit t =y’ (cM. masee), HO MOKA BEPHEMCS K UCXOJHOMY yPABHEHUIO
(4.1), orpaHuYuBasChH perreHuaMu B (popMe 3aBUCHMOCTH Y = ().

EnunncrBeHHOCTH. PaccmMorpuMm cHadasa ypaBHEHHE B HOPMaJlb-
noit popme y' = f(x,y), f: G — R. Kak MmuauMy™M npeamosaraem
HenpepbiBHOCTb dbyHKuu f B obsactu G. Touka (g, yo) € G Ha3bI-
BaeTcd Heocoboti, eCan depe3 KaxK Iyl TOYKY HEeKOTOPOIi eé OKpecT-
wocru U (xg,yp) HPOXOAUT €AMHCTBEHHAs] MHTErpajbHas KpHUBas
Y(p) = {(x,¢(x))} C G. Ocranbuble TOYKH CIUTAIOTCS 0COOBLLMU.
Ecnn naTerpansbHadg KpuBas IEJIHKOM COCTOUT U3 OCOOBIX TOYEK, TO
COOTBETCTBYIOIIEE PEHICHNe HA3BIBAETCI 0COObLM.

«IIpoxoxk ienne» uHTErpabHOIl KPUBOIl Yepe3 TouUKy (T, y) O3Ha-
9aer, 9YTO COOTBETCTBYIOIIEE pelleHne y = ¢(T) ¢ Ha4aJabHBIM yCJIO-
BueM @(ZT) = { OIpeIeNIeHO B HEKOTOPOil OKpecTHOCTH T. BKiiro-
genne f € C(G) rapaHTupyer s JIOOBIX HAYAJIbHBIX JAHHBIX
CyIIeCTBOBaHME pelreHns 3aaadn Komm, onpemeseHHOro Ha HEeKO-
ropoMm uHTepBasie (reopema lleano). Tpebosanue enuHCTBEHHOCTH
INOHUMAETCS JIOKAJIBHO: JB€ HHTErPAJbHBIC KPHBBIE, POXOIAIINE
Yepe3 TOUKY (Z,¥), COBIANAIOT B JOCTATOYHO MAaJoil €€ OKpecT-
nocru. Moxuo umers B Bugy e-okpecrnocru: U, (Z), U, ((Z,7))
(Je; > 0). Ecau nokajnbHast €MHCTBEHHOCTh UMEET MECTO JJIsl JIIO-
OBbIX HaYAJIbHBIX JAHHBIX U3 obsacTu G (Halmpumep, B YCJIOBUSIX TEO-
pemsr [uxapa f, f; € C), To popMyampOBKY MOXKHO YCHJTHTB: peliTe-
HUS Y = 1 2(2), paBHBIE IPU HEKOTOPOM 3HAYEHUU T, COBIAIYT HA
LepecedeHn IIPOMeXKyTKOB onpeseaennd. O6beuHeHne 3Tux Ipo-
MeXKYTKOB U IIPOIE/Lypa MPOJOJIKEeHN («CKICHBAHUS» ) JAIOT MaK-
CUMAJIbHBIN HHTEPBAJI CYIIECTBOBAHNUA (IIOJIHOTO) PEIIeHHUs .
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[Tepedpasupyem onpenenenuns aia ypasuenusa F(x,y,y’) = 0.
Touka My = (z0,%0,p0) € S (F = 0) HaszbiBaeTcs Heocobod, ecju
Jepe3 Kaxkayio Touky M = (T, ¥y, p) HeKoTopoii eé okpecraoctu Ug
HA, IIOBEPXHOCTH S IPOXOIUT eIMHCTBeHHAS MHTErpaIbHAd KPHBAd

L(p) = {(z,¢(z),¢'(z)) |z € U(z)} C S.

YTounum TepMmuHOIOTHIO. 1071 OKPEeCTHOCTHIO TOYKM HA S MOHIMA-
eTcs IepecedeHne OKPeCTHOCTH TOf TOUKE B R® ¢ MOBEPXHOCTDHIO S
(T.e. mozpasyMeBaeTCs UH/YIMPOBAHHAs TOMOJOrUs). FKauHcTBeH-
HOCTBH TPAKTyeTCs Caeayromum oopasom: ecian depe3 Touky M € Ug
IPOXOAAT ABe HHTerpasbHble Kpusble (¥ € U, .,(Z)) B pacmupes-
HOM CMBICJIe, TO OHI COBIAJAIOT B JIOCTATOYHO MaJIOi OKPECTHOCTHU
M. Ocobuvie Touku obpasyior gononnenue S \{My}. Pemenne, nus
KOTOPOTO BCE TOYKHU PACIIMPEHHON WHTErpaJibHON KPUBOIl OCOOBIE,
HA3BbIBAETCA 0co0biM peuweruem. IlycToe MHOXKeCTBO TOXKe SABJIIETCI
MHOXKECTBOM — OCOOBIX TOYEK MOXKET U He OBbITh.

Ecnu seinonneno ycnosue ) (xo,y0,p0) # 0, To Touka My =
(z0,Y0,p0) € S meocobas. [leiicTBUTEIHPHO, B yKa3aHHOM BBIIIIE
CMBICJIE YpaBHEHHE Pa3PelInMO OTHOCHTEJIbHO ITPOU3BOJIHOIN:

Y = flx,y), |o—x0| <er, |y —wol <eo,

f(xo,y0) = po, |f(x,y) —po| < e3.

Bribepem srobble HawasdbHble manublie (Z,y,p) € 1IN S. B cury
f € C"' no teopeme Ilukapa uMeeM eIMHCTBEHHOE PEIICHHE 3a,1a-
an Komm ¢/ = f(x,y), y(Z) = g. llo onpenenennto dbyuxnun f

(@,9,p) €I, F(Z,9,p) =0 = p= f(Z,9).

CueroBaresibHO, Yepe3 TO4KY (T, §, p) Hpoiijer equHCTBEeHHAS UHTe-
rpajbHas kpusas () B pacuupenrom npocrpancrse {(x,y,p)}.
Nrak, moaMHOKeCTBO S, OMUCHIBAEMOE CHCTEMOI ypaBHEHU

F(x,y,p) =0, Fy(z,y,p) =0, (x,y,p) € D,

COZeP2KUT BCe 0cobble Touku. B npoeknuu Ha miockocts { (z,y)} no-
Jyd9aeM HEeKOTopoe MHOxKecTBO K. YacTo OHO OnuChIBAE€TCHd B HEsB-
Hoit popme ypasuerueM 7(x,y) = 0 mocse UCKIIOYEHU TePEMEHHOIT
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P W3 CHUCTEMbI U ABJIsIeTCd O0beuHeHueM riaJknx Kpubbix. Cpe-
J HUX MOIYT OKa3aThCsl MHTErPaJbHble KPUBbIE (B TOM 4YUCJIE U B
napameTrpudeckoit (popme). Hro Kacaercsg TEPMHUHOJOTHH, TO MHO-
XKeCTBO R 0OBIYHO HA3BIBAIOT P-OJUCKPUMUHAHMHOU Kpusol (u3-3a
IPOLIE/LY Pbl UCKJIIOUEHHs IapaMeTpa p). 3/€eCh CJejyeT UMEeTh B BU-
Jy YCJIOBHOCTb TEPMUHA <«KpuUBag». B jmmTeparype MOXKHO BCTpPeE-
TUTHh pa3JNIHBbIE OIpeIe/IeHrs TOI WM WHOI «0CODOCTH», TaK UTO
3a 9TUM HYKHO CJIEJUTH B KaKJIOM KOHKPETHOM CJIy4ae.

B upusiokenusix (reomerpus, OITHKA) IIPEJICTABISIOT HHTEPEC
ocobObIe pelreHns, 00 AI0IIe CIeAYIONNM CBOWCTBOM: B KaKJIOM
TOYKe MHTEerpajbHON KpuBoii (Ha maockocTu (x,y)) eé KacaeTcs Ipy-
ras MHTErpaJjibHasg KPUBad, HE COBIAIAONIAs C UCXOAHON B CKOJIb
YTOJIHO MaJIOil OKPeCTHOCTU TO4YKH KacaHud. Ha sg3bike reomerpuun
pedb ujaer 0b ozubaroweti ceMeiicTBa KpuBbIX. Ha 3TOM ocTaHOBHM-
cs, obrag Teopust Tpebyer 6osee yriybaeHHOro u3noxenus [16,27).

Meroapl maTerpupoBanus. OOmuM IpHeMOM HHTETPHPOBAHUS
ypasHeHus (4.1) aBngercd BBeeHUe mapamMerpa p = ' W MOUCK pe-
menuit B mapamerpuyeckoii popme z(p), y(p). Jdocrarounsie ycio-
BUsI IIPABOMEPHOCTHU IMOC/IEAYIOIIUX TEXHUYECKUX BBIKJIAJI0K OTHO-
CHTEJIBHO CJIOXKHBI, IIO3TOMY OOBIYHO IIPHIEPKHUBAIOTC CJIELyOIeil
cxembl. IIpoBomggar dopmasibHbIe IIpeoOpa3oBaHusd, a 3aTeM IIPOBe-
psfor (HaUMHAsA C MOJACTAHOBKHM B yDAaBHEHHE), NefiCTBUTENLHO Jin
LOJIy4eHO TO pelleHne, KOTOpoe MCKaJd. B jJajabHeimux paccMor-
PeHHAX OOIIEero XapakKTepa OrPAHHYUMCH IEPBBIM JTAIIOM.
[TosicHUM TeoMeTpHYecKHii CMBICT BbIOOpa mapameTrpa p = 1.
Paccmorpum dbynkmmo f € C?(I) ma nHekoTopom mHTepBase I,
npejanosarasg, 9To Bropas npoussogHasa [’ (r) He MeHdeT 3HaK.
[Tycts g onpenmenennoctu f” > 0. Torma dyskmua y = f(x)
BBLIIIYKJIas, IPOM3BOAHad [ CTpOro MOHOTOHHO BO3pacTaeT Ha HH-
TepBaJie I, uMeeT MeCTO B3aMMHO-OJQHO3HAYHOE COOTBETCTBUE

v o fi(x), xel=(ab), {f(x)}=J=(cd).

SuaunT, BMECTO * € [ MOXKHO B34Th B KadeCTBe HE3aBUCUMOI
nepemenoit p € J. l'eomerpuueckn: BMeCTO aOCIHUCChI 3a IMapa-
MeTp MpUHUMaeM TAHTeHC YIJia HAKJOHA KAaCaTeIbHOU K rpaduky
I' = {(z, f(z))|x € I}. Bagauue p € J OAHO3HAYHO OLpEEIAET
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r = ¢(p) u rouky Ha rpacdure (y = ¥(p)). Yro kacaercs pere-
Huil ypaBaenus (4.1), TO, HIOCKOJIbKY OHUM HCKOMBbIE, TPY/HO 3apaHee
OIpeIeJINTh WHTEPBAJIbI BBIILYKJIOCTH WX BOTHYTOCTH. DTAIl AHAJIH-
3a pe3ysbTaTa (POPMAJTbHBIX IIpeoOpa30BaHUil HEOOXOIUM.

1°. Tlycrs ypasrenue me cogepxut x: F(y,y') = 0. Ecim yna-
ercs BbIpa3uTh §' = g(y), TO uMeeM ypaBHEHHUE ¢ Pa3IeIsIONUMEICA
nepeMeHHbIME. B ciygae paspemmumoctu B dpopme y = ¥ (y') BBO-
muM mapamerp p = y': y = ¥ (p). Ocramocek Haiitm © = ¢(p) ana
nostydeHns «kKaHaugaTa Ha pemenue» p — (¢(p), ¥ (p)). ponud-
dbepennupyem coornomenue y = 1)(p) o z, noapasymesas p = p(x):

dy d ¥y (p)

Ilo KOHTEKCTYy HMXKHHN MHIEKC P HE 03HAYAET YaCTHYIO ITPOM3BOJI-
myto: ¢ = Y(p) = ¢, = di/dp (aT0bBr oTIEUETE OT Y = dy/dzx).
[Tocie unTerpupoBanus moiydaeM 3apucumoctb z = @(p, C). Kak
YCJIOBUJINCh, HE OCTAHABJIMBAEMCH Ha JeTaJsdax: auddepeHiupye-
MocTh (pyHKIMU 1), nejieHue Ha p (npoBepka «pemenuss p = 0),. ..

2°. Ilycrp ypasuenue (4.1) ue comepxur y: F(z,y’) = 0. Bapu-
aaT y' = f(x) mpEBOIUT K MEpPBOOOPA3HBIM, PACCMOTPHM CJIydaii
z=p(p) (p=y' = dy/dz):

dy = pdx = pdx(p) = pe,(p)dp = y=v(p,0).

3°. Ilycrs dbyukuusa F(z,y,p) odnopodnas crenenu m (orpa-
HUYUMCS JIJisi TIPOCTOTBI TEJNBIME M € 7)) 1O MEepeMeHHBIM I, Y:
F(A\z,\y,p) = \"F(z,y,p). llogpasymeBaercsi, 470 HaOOPBI apry-
MeHTOoB (pyHKnum F' ciaeBa m crpaBa HaXOQATCA B IpeJeIax pac-
cmarpuBaemoii obsactu D. Ilycrs gonycrumer A = 1/z (x # 0),
manpumep, D = R? x (p1,p2). Torma mpuxoiuM X ypaBHEHHIIO
F(l,y/z,p) = 0 (z = 0). Ecau ero yganocp paspemurs OTHOCH-
TEJILHO P, TO TOJydaeM omHopoauoe ypasuenue y' = f(y/xz) (§2).

IIpeanonoxum y/x = ¢(p). Juddepennupyem y = xp(p) mo x:
/ dp dx @;(p)

y' ' =p =) +rp,D )dx = ?:mdp-



4. YpaBmenus F(X,Y,Y') =0 63

Unrerpupys, noayqaem = = ¥(p,C) (p # ¢(p)). Hanee ananmusn-
pyem dopmasbaoe upexacrasiaenue r = P(p,C), y = o(p)Y(p,C)
u caydail Haaudus KOpHeil ypaBHeHUd p = ¢(p) B 3aBUCUMOCTH OT
umeroIeiica nadopManuu 00 ICKOMOM PeIleHnH.

4°. Vpasuenue Kaepo (1713-1765). Paccmorpum ypaBHenue Ka-
carenpHOl: ¥y = yo + Y (zo)(x — x0) mm y = ax + b (a = y,
b = yo — woy(). Ecan pemarorca reomerpmueckue 3amaun, B KO-
TOPBIX TpeOyeTcd OIPEeINTh KPUBYIO IO 3aJaHHOMY CBOICTBY eé
KacaTeabHOll (He 3aBUCAIEMY OT TOYKU KAaCaHUA), TO IPUXOIAT K
COOTHONIEHHIO MeXy BesmduHamu a u b: F(y),yo — zoy,) = 0.
Huzknuil MHIEKC MOXKHO OIYCTHTb BBHJLY IPOU3BOJIBHOCTH TOYKH
ncKoMoii KpuBoii. Pazpemus coornomenne F' = (0 oTHOCUTETBHO
BTOPOr0 apryMeHTa, HoJydaeM ypaBHeHne Kiepo:

y=uay + f(v).

H3okaunvl, omnpejesigemMblie OJMHAKOBBIM HAKJIOHOM KAaCATEIbHBIX
(y) = const), asustorca npameivmm y = Cx + f(C). Toacranos-
KOi1 yOexkaeMcs, ITO 3TO pelnerus. Bce i 3To pemennsa’? Beomgum
napameTp p = 3 u auddepernupyemM ypaBHeHHe 110 IepeMeHHO T:

dp dp dp
/I . / / —
v =p=p+z—+fp)— = (@+ ) =0

Bapmant p.. = 0 gaer p = C' 1 yKe IIOJydeHHOE CEMENHCTBO MPAMBIX.
Ocraerca

z=—fop), y=-pL{)+ D)

JacTo UMEHHO TO IPEJICTABIEHNE JA€T UCKOMOE pelleHne, IPIIeM
ocoboe. KpaTko B KauecTBe mpuMepa pacCMOTPUM IIapy ypaBHEHU
Kuepo y = xy’ + ay' (1 + y'?)~'/2, omuceisatonmx kpussie co cie-
AYIOIKUM CBOMCTBOM: OTPE30K KaxK/I0 KacaTeJbHOM, 3aKJII0YeHHbII
MeXK/Iy KOODIMHATHBIMU OCAME, nMeeT (PUKCHPOBAHHYIO IJIAHY d.
VHTyUTUBHO SCHO, 9TO IOAXOIAT IpaMble. JleficTBuTenbHO, 3aMe-
Heod B ypaBHeHuu 3y Ha NPOU3BOJIbHYIO KOHCTaHTYy C', HOJIydaeM ce-
MeiCcTBO perieHuii (IIpoBepsieTcs MoJCTaHOBKOI). Meromom BBeje-
HUd HapaMeTpa p = 4 JOIOJHATEIHLHO HAXOAATCA orudarommue, 00-
pasyiomue acmpoudy (moxpobuee cu. 26, ¢. 109]): 2%/3+y2/3 = a2/3,
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Acrponga — 3TO He IPOCTO «KpacuBas» KyCOYHO-TJIAJKasl KPUBas
(cm.: Aproavd B. M. AcrpoupasibHasi reoMeTpusl TUHOIUKJIOW K
reCCUaHOBa TOIOJIOTHS THIIEPOOINIECKIX MHOCOYJIEHOB.

M.: MITHMO, 2001. 80 c.).

5°. Ypasnenue Jlaepanorca: y = xf(p) + g(p), p=1'.
Qopmasbao auddepennuaibHoe ypapHeHne Kitepo saBiasgercs dacT-
HBIM caydaeM: f(p) = p, HO B HCTOPUYECKOM KOHTEKCTE ypaBHEHUE
Jlarpanxka — o0o0menue ypasuenus Kiepo. luddepentupyem:
dy / dp /
— =p= +x — +
T =p=[f)+af(p) 7 +9,(p)
de  f)(p) 9p(p)
- = T+ .
dp p—flp)  p—fp)

[losyunnn nuHeliHOE ypaBHEHUE, KOTOPOE MHTErpPUPYeTCd B KBaJl-

ap
dx’

parypax: z = @(p,C). llogcraBisis B ucxojHoe ypaBHEHUE, UMeeM
y = ¥(p,C). Ecin y f umeercsa memomsukHas Touka p = f(p), TO
IIOJICTAHOBKOM yOexxmaemcs, aro y = xf(p) + g(p) — pemienue.

6°. OpmozonasvHrvie mpaexkmopuu. 33 aHO MAPAMETPUIECKOE Ce-
meiicTBo Kpusbix B dopme f(x,y,C) = 0. Tpebyerca naiitu Tpa-
eKTOpHUH, IepeCeKalonue KpPUBbIe CeMeiCTBa IO IPSMBIM YIJIOM.
Hanpumep, o CHIIOBBIM JHHASAM HOTEHIUAJBLHOTO IOJIA CHI Tpedy-
eTCd IMOCTPOUTD SKBUIOTEHIMANbHbIEe quann. Cunrtas, ato iy = y(z),
nucdepennupyenm coornomenue f = 0 no z: f; + f;y = 0. Uckro-
uuB u3 aByX ypasHenuit C, mosyumm ypasuenue F'(xz,y,y’) = 0.
Ecnn 3y = tga (o — yron HakJIOHA KACATENBHON), TO y HCKOMOTO
oproroHajbHOro cemeiicrsa Y| = tg(a £ 7/2) = —1/y’. Ocraerca
pemuts quddepennuanbaoe ypasuenne F(x,y,—1/y") = 0.

5. IIOHUXXEHUE NMOPAAKA O/1Y

B 3zakiroueHne riaBbl U3JI02KUM HEKOTOpbIe (hOpPMaJibHbIE ITPUEMBI,
IO3BOJISIONINE IOHU3UTh TOPAT0K. OrpaHuauMcs i OIIpeIeIeHHO-
CTU YPABHEHUSMU BTOPOT'O MOPS/IKA, KOTOPbIE YaCTO BCTPEYAIOTCS B
npujioxkenngx. Hanomuum, 4ro npeobpa3oBanug 0€3 J0CTATOYHOIO
IIpeIBAPUTEIbHOTO 0O0CHOBAHUA TPeOYIOT MOCJIeAyIONIeil TPOBEepPKH
pe3yabTaTa; AefiCTBUTEIBHO JIH HAAEHO TpedyeMoe pelleHue.
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1°. Paccmorpum auHeitHoe omHOposHOE quddepeHimaibHoe ypar-
suenne 4y’ + p(z)y’ + q(x)y = 0. Ilycrs na unrepsane I = (a,b)
u3BecTHO 4YacTHOe pemienne Y, (x) # 0Va € I. Chemaem 3ameny
y(z) = y«(x)2(x), rue z(z) — HOBag uckomas dyuknusd. [lockombKy
y B = (y,2)F) = y*{k)z + ... IJle TPOeTOuHe CONEPKAT IIPOU3BOJI-
Hble (OYHKINN 2, TO OpHu z oymeT kosddumuent v + py. + qys = 0.
Ciie1oBaTebHO, ypaBHeHue s 2(X) He COAEPKUT 2 U MOACTAHOBKA,

2! = w npusogur x OJIY 1-ro nmopsaka orHOCHTENBHO W(X).

2°. Ognopoguoe ypasrernune y” +p(x)y' +q(z)y = 0 umeer TpuBu-
anpaOe pemenue y = 0. [lua pemennii, He 00palAIOMUXCA B HYJIb
Ha uHTepBase | (He 0OA3aTEIHHO 3a/IAHHOM 3apaHee), ONPEIesIuM
dbyukuuio z(x) =y (z)/y(x). llpencraBisa npousBosHble B (hopme

y =zy, Y =2yt =+ 2y,

IpUXOMUM K ypasHeHmo Pukkaru 2’ + p(r)z + 22 + g(z) = 0. Koc-
BEHHO 3aKJI0YaeM, 9TO B ODIIEM Cilydae He CJe/lyeT HaJeAThCd Ha
MHTEIPUPOBAHUE MCXOJHOIO JINHEHHOIO yPABHEHUsI B KBaJIpaTypax.

3°. Ecim ypasrernue F(z,y,y',y") = 0 e comepkut aBHO mepe-
MEHHYIO I WU Y, TO IMOPAJ0K MOXKHO HOHU3HUTH Ha, eaumHuiy. [leii-
CTBUTEJIBHO, €CJIM OTCYTCTBYeT Y, TO 3amensieM ' () = z(x). B coy-
qae F'= ®(y,y,y") = 0 genaem nmojcranosky z =y, nupejmnosaras
1Y B Ka4eCTBe HOBOI HE3aBUCHUMOW INEepeMeHHOI:

Y =z 4" =) =2, =2y, = 22, [y, 2 2,)=0.

Huxxuuit ungekc osuagaer guddepeHupoBanne Mo BbIOpaHHON 11e-
peMeHHO (3/1eCh He UJET Pedb O YaCTHBIX IIPOU3BOJAHBIX). B obuiem
cilydae IpeaBapUTeIbHO YCTAHOBUTD IIPABOMEPHOCTD M SKBUBAJICHT-
HOCTB IIOJIOOHBIX IpPeobpa3oBaHUil 3aTPYAHUTEIbHO. B dacTHOCTH,
HEesIBHO IIPU 3aMeHe He3aBHCHMOIi IIepEMEHHON T Ha Y MCKII0YAINCh
pemtenus y(x) = y = const (ecau ®(y,0,0) = 0). Ha 3axiounresnb-
HOM 3Talle, el yjaeTcda Haiftu pemrenne f(y, z,2,) = 0 B dopme
z = z(y,C), elle NpeJCTONT AHAJIU3UPOBATH OJHOIAPAMETPUIECKOE
ypaBHeHue ¢ paszensiiomumuca nepemerabivu y = z(y, C').

4°. Paccmorpum ypasuenue F(z,y,y',y”) = 0, KoTopoe 1moso-
JKITEJIBHO OJHOPOJHO II0 IepeMeHHBIM ¥, Y,y B cMbIciie paBeHCTBa,
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F(x,ty, ty , ty") = t"F(x,y,9y',y"), t > 0 (B npenenax obnacru pac-
cmorpenus nudepeHnmanbLHOro ypasaenns ). LlocienoBareababe
samennl y(z) = exp{z(x)}, 2/(z) = w(x) moHMKATOT TTOPAIOK:

y/ = exp{z}z/7 y// = exp{z}[2/2 + Z//], F(ZU, 1, w,w/ + w2) = 0.

Eciu siBrO He Bxomut = (F = ®(y,y',y")), To nenecoobpasno u3 mo-
JIy9€HHOTO ypaBHeHUs BhIpasuTh w' = ¢(w). Bo3amoxkHO, g permre-
HUsI KOHKPETHOMN 3a/a49i JIOCTATOYHO PACCMOTPETH JIMIIb YaCTHBIE
pemenus B dopme y = Cexp{ Az}, upu ycaosun ®(1,\, A\2) = 0.

B smmreparype MoxkKHO HaiiTu 6o0Jiee MOAPOOHOE W OOCTOATEH-
HOe HM3JIOXKEeHHEe TeMbl. B dacTHOCTH, IpeacTraBieHHbIE (OpMaib-
HbIe IPHEMbl HEMOCPEJICTBEHHO O0O0OIIAIOTCA Ha ypPaBHEHHUS N-T'0
nopsijika. B 3akirodeHue akineHTHpyeM BHUMaHHE Ha yPaBHEHUU
Z = f(x) — sro Bropoii 3akon HbioTOHA, KOTJa CUJIa OIPEeIeIsIeTcst
IOJIOXKEHHEM MaTepUaJIbHON TOYKM Ha mpaMoii. Ilomoxum & = z u
nepeiiieM K HOBOW HE3aBUCHMON mepeMeHHO x (Ha IPOMEeXyTKax
MOHOTOHHOCTH JABMKeHus): & = d(z)/dt = (dz/dx)z = f(x),

2% = 2f (z) dw, 2% — 2/f(a;) dr +C = (z,C), & = +/v(z,O).

Eme oxma kBagparypa HOPUBOAUT K <«sBHOI» (opmysie, KoTopas
OOBIYHO CJIy2KHUT JIUIIh HAYAJIOM ITOAPOOHOI0 aHAJIN3A JBUKEHUI.



I'nmaBa 11

CymmecrBoBaHNEe I € AMHCTBEHHOCTD
pemennii 3aaa4dn Kommn

B sroit riraBe npu m3ydenun obmux cpoiicts pemrennit OJ1Y, cie-
Ny OIpeJiesIeHHOil Tpaaunun, OyaeM HpUIep:KUBATbCI MeXaHUYIe-
ckoii TepmuHOJOTHU. HezaBucumyio mepemeHHYI0 obO3Ha4UaeM t u
unrepruperupyem Kak spems. Cucremy O/LY B Hopmasrvrol dopme

1= fi(zr,...,xpn), ooy Tn = fr(z1,.. ., 20)
3aIUCBIBAEM B BEKTOPHBIX 0003HAYEHUAX KAK
x = f(t,x), f:G—R"

Ddnementol R", cocrosdrnume u3 ymopsJI0deHHBIX HAOOpPOB 71 Bele-
CTBEHHBIX YUCEJI, CIUTAEM M TOYKAMHU M BEKTOpaMu (CO CTaHIapT-
HBIM CKaJIsiPHBIM [Ipou3BejieHneM). B ciaydae HeobxomumocTu pasiin-
9aTh BEKTOPBI-CTPOKU U BEKTOPBI-CTOJIOIBI KOMIIOHEHTHI 3aIIHChIBA-
eM cToabmoM: X = (z1...,2,)", f = (fi..., fn)". Paccmarpusaemoe
MHOXKecTBO (G oupejiesienust ypaBaenus (BekTop-gyukiun f) cau-
Taem obsacrbio B R Pewenuem naspiBaercs BekTOp-dyHKIMS
x = @(t), t € I = (t1,t2), obpamaromias ypaBHEHHE B TOXKJe-
crBo 1o t € I. Ilpu sroMm unmezpasvras kpusas (rpadux peunrenus
t— ) T ={(te(t))|t € I} nonxua Haxomurbea B npegenax G.
U3 cymecrBoBanus npousBoaHoil H(t) ciepyer eé HEIPEPHIBHOCTS,
IOCKOJIBKY [0 YMOJYAHUIO f KaK MHHUMYM HEIpepbIBHA:

p(t) = f(tplt) = peC'=C"(T—R").

Badaua Kowu (mauwaavras 3adawa) HOPMYIUPYETCs CJieLyOIIM
obpa30M: HaliTH pelleHne, OIpeeJeHHOe Ha HEKOTOPOM HHTEpPBAJIe
BpeMeHH [ U yIOBJIETBOPLIONIEe 3aJaHHOMY HAYaJIbHOMY YCJIOBHIO
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o(to) = xo (to € I, (to,x0) € G). l'eomerputecku 310 03HATAET, YTO
MHTerpaJjibHas Kpubas JOJI?KHA IIPOXOJUTh Yepe3 TouKy (to,Xp).

IloguepkHeM, uTo pemenuem sBisieTcss orobpaxkenue t — (1)
(mpu HEOOXOMUMOCTH MOXKHO PACCMATPUBATH U IPOMEXKYTKHU BpeMe-
uu t € (t1,12)), a nocuresnnb v = {p(t)|t € I} C R™ nasviBaerca ¢a-
30601 Kkpueotl. PazoBag KpUBasd ABJIAETCA OPTOIOHAJIBHON ITPOEKITH-
eil HHTerpaJbHON KPUBOM B hazosoe npocmpancmeo X = {x} C R"™.
®az0BOE MPOCTPAHCTBO 00PA3yIOT BO3MOXKHbBIE COCMOAHUA OOBHEKTA,
OIMCBIBAEMbIE B MOJEIM BEKTOPOM X = (x1...,x,). Hassanue X

CBHA3aHO C T€M, YTO (B IPOIILJIOM) COCTOSHUS HA3BIBAIUCH (Da3aMu.

Bekrop ckopocru ¢(t) siBisieTcs KacaTebHbIM K 7y B TO4YKe ¢(t),
T. €. IPUHAJTEIKHUT Kacamenvromy npocmpancmey T, qyy — Bocmp-
HuMaeM (t) kak BekTop u3 R", mpukpernsenusiii K Touke ¢(t). Ilo
onpenenenmio 0 € T ;y7y. Bexrop (1,¢(t)) € R™™ 5 rouxe (¢, ¢(t))
ABJIAETCA KaCaTeJIbHBIM K MHTErpaJbHOil Kpusoii I'. BekTopHoe mo-
e (t,x) — (1, f(t,x)) oupenenser nose nanpasaenut; B obmactu G,
CoCTOsIIee U3 MPAMBIX, IPOXOAANUX depe3 Touku (t,x) € G ¢ Ha-
npasssionum BekropoMm (1, f). VHTerpasbable KpuBble KacalOTCs
110JIsl HAIpaBJjIeHuil (IPAMbIX [OJIsE B KaxK 10 cBoeii Touke). O6pat-
HO, €CJIN HelpepbIiBHO auddepeHnupyeMad Kpupad t +— (t,go(t)),
¢ € CY(I), xacaerca nonsa manpasuenuit ((1,¢) = (1, f)), To 8
rpaduk {(¢,¢(t))} aBrgerca naTErpaIBbHOI KPUBOIL.

Hagmem ¢ mokasarenbCcTBa TEOPEMBI CYIIECTBOBAHUSA U €JIMH-
CTBEHHOCTH pelneHnd 3aaa49u Kommn /i1 cKaagapHoro auddepeniu-
aJibHOrO ypaBHeHnd. «(C HENPHUBBIYKI» JI0KA3ATEIbCTBO MOXKET II0-
Ka3aThCd JJIMHHBIM U CIOXKHBIM. Ero HeoOXOmMMO TepIemBO Ipo-
qecTb. B ciemyromem maparpade BBISCHAUTCSH, 9TO CXEMa, J0Ka3a-
TeJIbCTBA YHUBEPCAJIbHA U OTHOCUTEIbHO IMPOCTA, JIjIsd 3AIIOMUHAHNS,
HO CHAYaJIa HY2KeH ITOBOJI JIJIsd 00CYXKIeHNd aHAJOTHI 1 0000IIeHnii.

1. TEOPEMA IIUKAPA

[Tpusenem ycnosug 3amaqdn Komu (Haiitu pemenune x = ¢(t) ¢ Ha-
JaJIbHBIME JAHHBIMIE (t0,X0) € (G) KOMIIAKTHO, OTPAHIIUBIINACH IS
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YIPOIIEHNUs] TEXHUYECKUX BBIKJIQJIOK CKAJIAPHBIM ciydaem (n = 1):
= f(t,z), f:G—R, GCR? (1.1)
(t(),a?()) € G, €T = gp(t), tel = (tl,tz), gO(t()) = xy.

TEOPEMA 1. Ecau f, fi € C(G), mo daa amoboix nauaronox dam-
nox (to, xo) pewenue 3adavwu Kowu cywecmeyem u eduncmseenHo.

CymmecTBoBanme mpenoaaraer, 9To pemenune r = (t) ompesme-
JeHo Ha HeKoTopoMm mHTepBasie I, tg € [ u p(tg) = xp, T.e. uH-
terpasbHag kpusas I' = {(t,¢(t))|t € I} npoxomur uepes TOUKy
(to, xo). EauHcTBEHHOCTD MOHMMAETCH B JIOKAJIBHOM CMBICJIE: €CJIH
CYIIECTBYeT IpyToe PEelIeHre 3TOI ¥Ke 3aJa9H, TO PEIIeHUs COBIA-
JAI0OT B HEKOTOPOM £-OKPECTHOCTH HAYAJIBHOIO MOMEHTA BPEMEHN 1.

/loxazameavcmeo. Ero ynobHO pa3duUTh HA HECKOJIBKO 3TAIOB.

. Unrerpanbuoe ypapuenme. llycrs pemenne x = ¢(t) 3ama4n
Kommu cymecrsyer. [logcrasum ero B ypasuenune (1.1) u npounre-
IPUPYEM IIOJIy9eHHOE TOXKIECTBO IO BPEMEHH OT tg 10 t:

@(t) —x0 = /ttf(T,QD(T)) dr, teI.

O6parno, nycrs Haiijgeno pemtenue ¢ € C(I) uHTErpaJbHOIO ypaB-
HEHUsI

x(t) = xo + ttf(T,x(T)) dr, t €I, (1.2)

T. e. nojacraHoBka (-) = ¢(-) maer Toxuecrso mo t € I. Ilog unre-
I'PajOM OKazKeTCs HenpepblBHAA (PYHKIUA KAK KOMIIO3UIUS HEIpe-
PBIBHBIX, TaK 9TO MHTErPaJ C IEPEMEHHBIM BEPXHUM IIPEIEIOM €CTh
bynxnua xracca C. Orciona ¢ € CHI) u o = f(t, ), p(ty) = zo.
VTax, mOMCK HEIPEPHIBHOTO PEINeHUs MHTErPAJbHOrO ypPaBHEHHS
9KBHUBAJIEHTEH PEIICHUIO MCXOMHOW 3amadu. DBymeMm mckarh perie-
ame (1.2) B kmacce C(I), I = [t1,ts], to € I = (t1,1t2).
I1. IlocnemoBarenpubie npubmxenns. OupeaeanM UTEPAIUN:

t
wo(t) = xo, @ry1(t) = 0+ t f(ryen(r))dr, k>0 (1.3)
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Cymectsyer i orpesok I (to € I), ma koropom Bee by @y, (t)
oupejeiienbl? PaccMoTpuM JiBa IPAMOYTOJIbHIKA':

II=A{(t,z): |t —to| <a, |t —x0| <b} C G, Iy CII,

rae Il; ornmuaerca or II numms mepasencrBoMm |t — fo] < 0 < a.
Hucso § > 0 yrod4HHM O XOAy JO0KA3ATENbCTBA.

O6osraaum Lo := sup |f| = max |f|, (t,x) € II. B cuny mempe-
poiBrOCTH |f| 1 KoMnakrHOCTH I Makcumym cymecrByer (1o Teo-
peme Beiiepmrpacca). CupaseminBa cieayomas OleHKa:

|Pr11(t) — o] _‘ f T, k) dT ‘/ |f|dT Lo|t — to| < Lo,

ecan ToubKO |t — to| < 0 u (¢, pk(t)) € Ils. Boibepem & u3 ycaosus
Lod < b. Torma us o(t) = xo, (¢, 0(t)) = (t,x0) € I, |t — to] <0
mocyIe1oBaTeabHO HoaydaeM | (t) —xo| < bVt € I = [tg— 0, tg+ 4],
k > 1. Vtak, Ha JOCTATOYHO MAJIOM OTPe3Ke | IOCIIeI0BATEIbHOCTD
bynxnmit oy, (t) onpenenena. Ilo mocrpoenuto ¢ € C(I), k > 0.

ITI. Cxommmocth. Jlokazkem Temepb PaBHOMEPHYIO CXOINMOCTD
v = @ € C(I). st 51010 ONEHUM PA3HOCTb:

forna(0) = oul0)] = | [ (7)) = frna ()} b <

t
<|[ I dr| < Lusmaxiontt) - g (0], € 1 k> 1.
0

3/1eCb MBI BOCIIOJIB30BAJIUCH (POPMYJION KOHEYHBIX TPUPAIIEHUIT
Jlarpam»ka 1o BTOpoMy apryMeHTy (pYHKIHHU f:

| f(t, or(t) = f(t, op—1(t)] = |fo(t, &) (er(t) — pr—1(1))] <
< Lilpr(t) — op—1(t)], Li:= mrfliX|fg/c(75,37)|-
Bpewms t canTaercs bUKCHPOBAHHBIM (HO IPOU3BOJILHBIM U3 I ), TOU-

Ka & = £(t) mexur B MHTepBajie MeXy duciamu pi_1(t) u pg(t).
Ecnu Bapyr ¢k_1(t) = ¢r(t), TO HEpaBEHCTBO COXpAHSIETCS.
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B oboznadenusx [|¢x — @s|| := max |k (t) —@s(t)| (t € I) nmeem

lor+1 — ekl < qllok —ep—1ll, k=1, ¢:= Lié.

CXO,ZLI/IMOCT]':) mocjIe 10BATCJIbHOCTHU 9KBUBAJICHTHA CXOAMMOCTHU DA

wo + (o1 — o) + (w2 — 1) +..., t €I =[tg—d,ty + 4],

B TOM CMbIC/Ie, 9TO (DYHKIUS , PaBHA YACTUIHOU CyMme Spii
Toro pgzaa. [losydeHHble OIEHKHU IO3BOJIAIOT IIPOMAXKOPUPOBATH
PpyHKIMOHAIBHBIN PSJT CJIEYIOMIUM Y9UCIOBBIM PSIOM:

|x0|+r+rq+r2q+... = |:co|~|—r(1+q+q2~|—...), r = |lp1 — @ol|-

B ckobkax, eciiu JOIOJHUTENIBHO YMEHbIIUTD (IIPU HEOOXOMMOCTH )
napamerp ¢ Tak, 4Tobbl BbinoHsI0Ch 0 < ¢ = L16 < 1, momydaem
CXOIAILYIOCS TeOMETPUIECKyIo mporpeccuto. Ilo nmpusnaky Beiiep-
mrpacca GyHKITOHAJbHBIH sl pABHOMEPHO CXOAUTCA HA OTPE3KE
spemenu [. U3 ¢, € C(I) n o, = ¢ caenyer sxmouenne o € C(I).
IIposepum, uro dyukius x = ¢(t) saBisgeTcs pelieHrneM HHTe-
rpaibHoro ypashenns (1.2) wa I. OneHnM pasHOCTH WHTErPAJIOB:

t t
| | F(rp(r) dr — | f(7,(7)) dr| < Ludllp = ¢l

3/ech CHOBa, BOCIOJIb30BAJIMCH (DOPMYJIOH KOHEYHBIX MPUPAIIEHUN
Jlarpamxka. U3 |p(t)—zo| < bu v =2 ¢ crenyer |o(t)—zo| < b, Tax
aro rpabuk {(¢,¢(t))} me nokumaer npamoyronsuuk 115 C II npu
[t—1to| < 0. PaBHOMEpHAs CXOAUMOCTD Q) =3 ¢ HOCJIEA0BATEIHHOCTH
HEeIPepbIBHLIX (DYHKIMH Ha oTpeske | SKBUBAJEHTHA CXOAMMOCTH
JICIIOBOII MOCIeI0BATENBLHOCTH ||pf — || K Hys0. Tak 9T0 pasHocThb
FHTErpaoB PABHOMEPHO Ha OTPEe3Ke BpeMeHH | CTpeMHTCA K HyJTo.
Ocraerca B coornomenuu (1.3) nepeiitu k npegeny upu k — +oo.
HenpepbiBaas dynkiuus © = ¢(t) yH0BI€TBOPSET MHTErPAILHOMY
ypasaermio (1.2) ma orpeske I = [tg — d,ty + 6] u Ha HHETepBase
I = (to — 6,9 +06) aBngerca Cl-pemrenmen nexommoit 3amau Kormm.

IV. EamacrBernocTts. llycTh mMeeTcs Apyroe peleHune 33 a9l
x = 1(t). Boibepem 6 > 0 HACTOJIBKO MaJIbIM, 9TOOBI 00a perreHust
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ObLIn onpejesenbl upu |t — to| < 0 U BBINOJHSAJIUCH OrPAHUYEHHUS,
ompeaeseHable gokaszareabcrsom: Lod < b, L10 = q < 1. Toruna

() — () = | fw r)dr — [ (r, (7)) dr| <

< \/town ?) = f(r )l dr| < alle = v

Crpasa 4ucio, He 3apucamee or ¢ € I, Tak 9TO g MaKCHMyMa
nesoit gactu nmoxydaeM ||¢ — || < ¢l —¢||. [Hockonbky 0 < g < 1,
To || — || = 0, orkyma ¢(t) = 1(t), t € I. Teopema nokazana. [

2. OBOBIIEHUA U KOMMEHTAPUN

HenonBu>kuble ToOuKu. 3amnuineM nHTerpaabHOe ypasuenue (1.2)
B KOMIIAKTHOH dopme. /[jis1 3TOr0 npeBapuTesibHO 0003HAUNM

»(t) = xo + ttf(T,go(T)) dr, tel=1Ity—0d,to+35. (2.1)

Baecs © = @(t) (t € I) ne obs3arenbHo pemenne 3anaun Kormu.
DT0 Ipom3BOIbHAS HellpepbiBHAA (YHKIHA Ha OTpe3Ke BpeMeHH I,
rpaduK KOTOpOil HaXOAUTCd B mpejenax npaMmoyrosabauka 115 C II.
Obo3znaunm MHOXKECTBO Takux (ynkiuit depes M. Hukakux orpa-
Hudenuii Ha 0 > 0, kpome Iy C II C G, noka He paccMaTpUBaEM.
[Tockompky Il C G, TO ompeneneHa MOABIHTErpaabHas (DYHKIHSI,
a sHaanT, 1 T = (t), ¢ € CH(I). Utak, kaxoit byrknmm @ € M
nocrasiaena B coorsercrsue ynkmua ¢ € N = CY(I). Tosopsr,
410 Ha MHOXKecTBe M 3asan onepamop, orobpaxkatomuit M B N.
Ob6o3uaunM ompeiesieHHbIl paBeHcTBOM (2.1) omeparop 4depe3 A:

A:M — N, o=, Ap =1

HauGosee «umomnoit» ssnsiacy 6b1 3amuce A(p(+)) = ¥(-) (Touka
BHYTPH CKOOOK IOYEPKHUBAET, UTO OOBEKT PACCMATPUBAETCI KaK
dbyHKIUA «B 1ETOM» ), HO nasee OyaeM HCIOIb30BaTh Hosee JaKo-
HuYHbIE BapuaHThl. OOBITHO IO KOHTEKCTY HMOHATHO, YTO O3HAYAET



2. O606uieHusT ¥ KOMMEHTAPUU 73

samuch f(z) — bynknuto f( = f(-)) uam eé 3HaueHue B TOUKE .
®opmanbro 3amuck A(p(t)) = 1)(t) Gblta 6b1 HenpasuabHOR (ec-
M 3apaHee He TOTOBOPHUTHCA 00 0003HAYEHUSAX ), IIOCKOJIBKY TOJBKO
0 OfiHOMY 4HCIy ¢(t) He omnpesensercsd 3Hadenne (1) — Tpebyercs
muo)KecTBO 3Hadenuit {p(7)} cormacuo dopmyie (2.1). B oneparop-
HBIX 0003HAYEHUAX WHTErPaJbHOE ypaBHEHUe 3amunierca B ¢popme

r=Az, z()=Ax(:), xz==z()e M.

9To 3ama9a 0 Henodsuschol mouke: TpedyeTcs HaTH TaKOil 3Je-
MEHT, KOTOPBI 10/ JeficTBueM oneparopa A He u3aMeHuTCs.

B mpomecce nmokaszarenbcTrBa Teopembl IInkapa mokaszaHo, UTO
V (to, z0) € G npu mocrarouno Maubix 0 € (0,dp) CylecTByeT eauH-
CTBeHHasd HenojsuxKHas Todka x(-) = ¢(-) omeparopa A: M — N.

Meto mocieoBaTeibHBIX NpUOIMKeHnt Yrpt+1 = App — 9T0
AHAJIOT METO/A NPoCcmol UMepayuy, PeIleHns CKaJIdpHOTO ypaBHe-
uug © = f(x). Pemenne x, = f(x,) onpenengerca abcuccoit mepe-
ceuenus rpadukos byukuuit y = x u y = f(zr). B obmem ciaydae
urepanuu Ty = f(T) MOryT PaCXOAUTHCH, HEMOJABUAKHON TOYKH
T4 HET WIN OHA He eamHCcTBeHHA. Ha puc. 2.1, 2.2 npuBeieHbl WIIO-
CTpaIK METOA MOCIe0BATENIbHBIX TPUOIIMKEHUIA.

y X
=S (%) Y=x

N 1

L N 1 xo

I | —0

| | - - ! |

1 1 | | ! |

| I

Do C

| | 2 _ L |

| | G
| s NTorT T ' Do = {(,9(0))}
Ko X X4 Xs X3 X X 14y t
Puc. 2.1. TIpocrbie nrepanun Puc. 2.2. Tlpubnavxkenus o

Hopmuposanusie npocrpancrBa. Obosnauenue |- || BBegeno e

caydaiiHo. 9To HOpMa, 0000IIeHne MOHATHA MOMY/Id ducia. Kpar-
KO IpHUBesieM onpejenenns. Ha akcnomax JimHeiiHOro (BEKTOPHOrO)
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IIPOCTPAHCTBA HE OCTAHABJIUBAEMCs, OTPAHUYIUMCS BEIIECTBEHHBIM

caydaem (Hag nosem R), Hysu 0603HAYAEM OJHUM CHMBOJIOM.
JluneiiHoe mpocTpaHCTBO B3 HA3BIBAETC HOPMUPOSAHHbIM, €CIII

B HEM 3aJaHa Hopma — oTobpaxkenue ||-||: B — R co cBoiicrBamu:

D [Ix| =0, [x]| =0 & x=0; 2)[[Ax] = [N [[x[[ VA € R;
3) [|lx +yl| < |Ix]| + |ly]| (repaBencrBo TpeyrombHuKa).

1o akcuombl Moy |x|, x € R. IlpuBesem HECKOIBKO IpUMeEpOB.

1°. B R™ 00bI9HO 1MOJIB3YIOTCH CJIEYIONUMI HOPMaMMT:

x|l = max [a], %[5 = (x,%), [xlls = |z1| + ... + |znl,
1<i<n

rae X = (x1,...,,) . Bropas HopMa HasbiBaeTca eskaudocoti, OHa
OLPEJIEJISIeTC CKAJISPHBIM IIPOU3BeeHneM (X, X)pn U 00O3HAYAET-
ca |x|. [lepBas u TpeTbss HOPMBI HA3BIBAIOTCS COOTBETCTBEHHO KYOU-
weckotl U 0Kkmasdpuyeckoti. ITO CBA3AHO C TEM, YTO B ODIIEil Teopun
HOPMHPOBAHHBIX IPOCTPAHCTB MHOXKeCTBO {X : [|x — a|| < r} Ha-
3BIBAETCs MIAPOM. B eBKJIm10BOi (cdepuyeckoii) HOpMe 110y daeM
IPUBBIYHBINA IIap, a B ABYX Apyrux — Kyb u okTasap. Ha mmockocTu
(n = 2) 3T0 COOTBETCTBEHHO KPYT, KBaJpaT u pomo.

Hopwma nossouister BBectu paccrosinue p(X,y) = ||x—y||, rak 4ro
||x|| — paccrosinme or ssemenTa X 10 Hyss. Jlajee MOXKHO cTpOUTH
«IPUBBIYHBIA» MaTeMaTudecKuii aHaaun3. OrpaHHYeHHOCTb MHOXKE-
crBa M C B osmauaer ||x|| < C' = const Vx € M; OTKpBITOCTb:
Vx € M 3e > 0, nus koroporo {y: ||y —x|| < e} € M; cxogumocTs
nocieoBaresbHocTH X' — X: [|x" — X[| — 0, n — +o0o0. Bsepxy
y smemenTa x* HOMep, a He CTeIleHb, HIJKHHE HHIEKChI COXPAHIEM
JIUIS. HyMepaIiil KOMIOHEHT BEKTOPOB (B KOHEYHOMEPHOM CJIYdae).

CxomumocTts 1o HOpMe B B = R™ 3KBHBaJI€HTHA ITOKOMIIOHEHT-
HOIl CXOAMMOCTH T — Zj, 1 < ¢ < M, TaK 4TO IpeJebHbIe IIePexo-
bl MOXKHO JiejiaTh B j1t0060it Hopme. HopMmer B R” sxeusansenmmvr B
cmprcne cql-[li < - |l; < call - |l¢, mampmyep, [[- |1 <[]+ [[2 < v/l |1
Boibop HOpMBI JTUKTYeTCHS KOHKPETHOMN 3a/a4eii.

2°. Ilycre R™ "™ — jiuHeiiHOe NPOCTPAHCTBO BEINECTBEHHBIX MaT-
pury A = {a;;}] pa3smeproctu n X n. na mampuunoir wopm mo-
basssitor Tpebosanue ||AB| < [|A]l-||B|| (akcmomy 4). Marpuunas
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Hopma A coesaacosana ¢ Hopmoii BekTopa, ecau ||[Ax| < ||A|l-[x]|
Vx € R™. Cpean corjtacOBaHHBIX JIjIsi TOYHOCTU OIEHOK BBIOMPAIOT
Hanmenbinyto (cpeau ancen || A||): [|A]| = max || Ax||, ||x|| = 1. Takasa
MaTpHYHAS HOPMA HA3BIBAETCH UHOIYYUPOSAHHOT UITH NOOYUHEHHOT
HopMe BekTopa. OHa onpejenena KOPPEKTHO, TAK KaK OTODPAXKEHIe
X — AX HenpepbIBHO, a eauHu4YHAs cepa KomnakTHa. |loguanaen-
HbIME HOpMaM ||-||1,3 B R™ aBisrorca:

n n
Al = max Y7 Jal, Al = max 37 oyl

2 n — T
Hnsa || All2 cnpasepnusa onenxka [|Allz < 32054 aw Tr(A'A). 3ua-
genue ||A||2 onpenenserca B TepMuHAX COOCTBEHHBIX YHCEJT, BBIUUC-
JIeHHe KOTOPbIX Hempocras 3ajada. llogpobHocTu MOXKHO HaliTu B
KHUTaX 110 Teopun Marpur,. B raubHeiimem norpebyercs JIUIb OeH-

ka ||Ax||1 < ||A|1]||x||1, Tak aTO yOemuMcsa B eé cipaBeITHBOCTH:

|(Ax);| = \Z;Zlaijxj\ < Z;:1|aij|'|xj| <

n
<lxla D eyl < Il Al = Ax]s < ([l

3°. B mpocrpanctse Cla, b|] Bcex HelmpepbIBHBIX Ha OTpe3Ke [a, b]
dbyukuuit f(z) upunara cieyias HopMa;

1= [[flle = max|f(z)], € la,b].

CxomumMocTh B HOPME ||-||, — 9T0 paBHOMepHAs CXOAUMOCTB Ha [a, b].
Owna siBisieTcst aHaIoroM Kybugeckoit HopMmsl ||-||1 8 R™, Tosbko posib
uH7EKca (HoMepa KOMIIOHEHTHI BEKTOpa) UrpaeT IepeMeHHAsd .
Mo2kHO BBeCTH aHAJIOr €BKJIMIOBON HOPMBI, 3aMeHsIsi CyMMY KO-
HEYHOI'O YHCJIa CIaraeMbIX HHTEIPAJIOM IO «HHJIEKCY» T € [a, b]:

/
11 =151, =V Fra /f yda]

Paccrognue ||f — g||, o3Hawaer MakCHMaIbHOE 110 MOMLYJIIO yKJIOHE-

Hue Jpyr ot Apyra yukuuit f u g, a [|f —g|[,, — cpennexsazxpa-
Tu4HOe yKionenue (|||, onpenenser crodumocmy 6 cpednem).
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[lepeiinem k BaxkHelIIEMY TOHATUIO TOAHOM b, HOPMUPOBAHHOTO
npocrpancrsa B. ITocienosarensrocts x* € B HasbiBaercs dyrda-
menmanvrot, ecan lim [|x* — x| = 0, k,s — +o0, T.e.

Ve>03N: k,s>N = |xf—x°|| <e.

[IpocTpancTBo B Ha3BIBAETCA NOAHbLIM, €CIH KaxKaad (pyHIaMeH-
TaJIbHAA II0C/IeI0BATEIbHOCTD ABJIdeTcd cxondmeiica. Takue HopMu-
pPOBaHHBIE IIPOCTPAHCTBA, HA3BIBAIOTCA TaK¥XKe 0AHATOGHIMU B 9€CTh
Credana Banaxa (1892-1945), ommoro m3 ocHOBaTeseil Teopumu.
[Tpocrpancrea R™, R"*"™ Cla,b] momubie (C' — B cuiy Kpurepus
Ko paBHOMEPHO# CXOAMMOCTHU 11OCJIE0BATENbHOCTH (DYHKIHIA).

Cxomumocts paga x' 4+ ... +x* 4+ ... (x¥ € B) onpenengerca
KaK CXOAMMOCTb YACTUYHBLIX CyMM. Kak u B Kypce MaTeMaTHIecKo-
ro aHaJu3a JOKA3bIBAETCH, YTO €CIU PAJ, CXOAUTCH B DaHAXOBOM
IIPOCTPAHCTBE 110 HOPME (T. €. CXOAUTCH MaKOPUPYIONIHUil YUCIOBOMI
PsIJ] U3 HOPM JIEMEHTOB), TO W CaM PsIJI CXOIUTCH.

IIpuBejieHHbBIE CBE/IEHNS 1 TEXHUKA OIEHOK 110 HOpMe ((hopMasib-
HO KaK 110 MOJLYJIO) II03BOJISIIOT KOMIIAKTHO MPEJICTABUTH (1 OTHOCHU-
TeJILHO JIEFKO 3aI0OMHHUTE) CXeMY JI0Ka3areabcTBa TeopeMsr [lukapa.

IIpuniun cxkmMmamonux orobparkenuii. Paccmorpum B OaHa-
XOBOM IIPOCTPAHCTBe [3 3ajady O HEIOJABIKHOI Touke: ¢ = Ap.
MmenHO K 5TOl 3aJa4e CBOAUTCH PEIIeHre MHTErPAJIbHOIO ypaBHe-
uus (1.2). Merox nociiegoBarenbabix npubiuzkennii (IpoCThIX uTe-
paruii) ompesesnsieTcss Hada IbHbIM MpUOJIMKeHneM ¢y € 3 u reHe-
panueii mocaeIoBaTeIbHOCTH Wi 1 = Apk, k > 0. 3amaga cocrour
B 000CHOBAHHHU CXOAUMOCTH {) }7° | K HEIOABUAKHON TOUKe.
Omneparop A: M C B — B, ma3biBaerca corcamuem M, eciu:

DA: M — M; 2) ||Ax - Ay|| < q|x - y[[Vx,y e M, 0 < g < 1.

Cxkumaromuii omeparop (Kopode, cxKarue) 0TOOPaXkKaeT MOJAMHOKe-
ctBO M B cebs U yMEHBINAET PAcCCTOSHHE MeXKIy dmemenTamu M.

TEOPEMA 2 (UpUHIUI CKUMAIOIUX 0TOOpaXkKeHuit). Fceau nodmmo-
otcecmeo M C B samxnymo u onepamop A asasemcs corcamuem M,
mo nenodsuotchan mouxa 6 M cywecmeyem u eduncmeenna.
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Cpa3zy oroBopuMcs, 9TO UMeeTCs DOJIBIIOe KOJINIECTBO 0000IIEeHn .
BaMkHyTOCTH MHOXKECTBa M O3HAYaeT, 9TO eMy NPUHAJIEKAT BCE
ero mpejesbHble TOUKH. To4uka X € B aBigercd npejenbroit aua M,
ecJiu B JII00OM £-OKPECTHOCTH X COZep:KaTcad TOUKu y € M,y # X.

Zloxaszamenvcmseo. BribepeM Ipou3BOJIbHOE HAYAJIbHOE IMPHUOIHKe-
Hue g € M u onpemennM MOCIeI0BATENBHOCTD Y11 = Apg, k = 0.
Iockombky ¢g € M u A: M — M, 1o {pi}32y € M. Ecau Bapyr
Ha KaKOI-TO UTEPALUU Psi]1 = Ps, TO HAXOAUMCA B HEIOABUKHOMN
TOYKE U Cpa3y MepexonM K J0Ka3aTeIbCTBY €INHCTBEHHOCTH.
JlokaxkeM CXOIUMOCTD IIOCTEI0BATEIbHOCTH, WU, YTO SKBUBA-
JeHTHO, paga wo + (o1 — o) + - .. + (Pkr1 — @) + - .. [lockoabky

|2 — @1l = [l A1 — Apol| < qller — wolls - -
ki1 — erll < gllok — er-1ll < ... < d¥|lo1 — woll

(370 HETpPYAHO (DOPMATM30BATH METOIOM MATEMATHIECKON HHIYK-
IMK), TO MOJTY4YaeM MaKOPUPYIOIIHil YUCIOBOI st

loll + o1 — woll(L+ g+ *+ ...+ 4" +...),

cxomgamiuiica B cuny 0 < g < 1. CnenoBarenbho, ¢ — @ € B,
BCE 9JIEMEHTBI (O}, PA3JINYHbI (HET «IUKJIOB» ) U 110 IIPEIIOJI0KEHIIO
3aMKHyTOCTH MHOXKecTBa M mMeem BKiIouenme @ € M.

Quiement ¢ mHenoasuken. Cuadvasa mokaxem, aro Ap, — Ayp:

| Apr — Agll < gllex — ¢l — 0, k — +oo.
OCTaeTCH HepeﬁTH B OHpe,D;eJIeHI/II/I HOCJIe,D;OBa,TeJIbHOCTI/I 9JIEMEHTOB
vr+1 = Agi K npegeny no k ciaesa u cupasa: ¢ = Agp.

EnnacTBEHHOCTH JOKa3bIBaeTcd OT mporuBHOro. Ilycts v € M
TOXKe HemoaBmkHag Touka: ¥ = AY. Torma momydaem

19 =l = [[AY — Apl| < qlly — ¢l = ¢ =
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[ToMuMO mOKa3aTEIHCTBA yTBEPKACHIA MOXKHO IIOJLyYUTh U OIE-
HKY CKOPOCTH CXOAMMOCTH IpHOMKeHuil K pemennio. OueHum 1mo
HOPME Pa3HOCTb Q) s — Pk, UCIOJIb3ys HEPABEHCTBO TPEYTOJbHUKA,
dbopmyny gyt cymmbr mporpeccun u 3uadenue r = |1 — @o|:

|Pk+s = rll < |Prkts — Prps—tll + -+ [[@r+1 — @l <

qk_qk—i—s k
<(qk+s_1+...+qk)7“:17_q7“< 1_q

Orcroma, Kcraru, cienyer (yHIAMEHTAJIbHOCTb IOCIEI0BATEHHO-
ctu {pr} m cxomumocth @ — ¢ € M, tak Kak B momno u M
3aMKHYTO. |lepexois Kk npemeny npu § — 400, MOLy4aeM OLEHKY
ckopoctu cxomumoctu: |l — il < rgf/(1— q).

[lo mpouTennn sToro MaTepuaJa KejlaTeJIbHO BEPHYTbCA K IIPU-
BEJIEHHOMY J0Ka3aTe/bCTBY TeopeMbl [lukapa u ybeauTbcs B «Ipo-
3pavHOCTU» KazKJIOTO U3 ITAIOB PACCYZKIEHUIA.

Teopema Ilukapa (Vn). B Bekropubix 06o3nauenusx hopmyJiu-
POBKa TeopeMbl ocraercd 0e3 m3menenuii: ecau f, fx € C(G), mo
V (to,x0) € G pewenue 3adavwu Kowu x = f(t,x), x(tg) = xo cy-
wecmeyem u edurcmeenno. Popmasibaasg 3anuchk f, fy € C' o3naga-
eT HeIPEepPbIBHOCTh KOMIIOHEHT f; BeKTOp-PYHKINH [ U 3JIeMEHTOB
Ofi/Ox; marpunpl fAkobu fy (pasmepHocTu n X n).
JlokazareibCTBO YCIOKHAETCS JIMITh B TEXHUYIECKOM Ii1aHe. VH-
TerpajbHOE ypaBHEHUE HE MEHSIETCs, TOJHbKO CTAHOBUTCS BEKTOP-
HBIM. BmecTo MoOmysid y/mnoOHO HCIOJIB30BAaTh KyOMYECKYI0 HOPMY
|1l = |l -|l1, Tak aTo mpu ompenenenun npsmoyroibaukos 11, Il
IPUHAMAETCS HEPABEHCTBO || X—Xo|| = max |z;—x0| < b (1 < i < n).
B kagecrBe HaHaxoBa HpOCTPAHCTBA [3 BO3bMEM MHOXKECTBO HEIIpe-
PBIBHBIX BeKTOp-byHKIumit Ha oTpeske | = [ty — J,tg + 0] ¢ HOpMOi

Ix()lle = max max i (t)] = meax |[x(t)[wn, ¢ € I

Muoxectso M C B = C,(I) = C(I — R™) oxapakrepusyem mpu-
HA/JIE2KHOCTBIO IpauKOB BEKTOP-(PYHKIUN HTpaMOyroabHuKY 5.
Bribop mapamerpa § omnpemensercd yCI0BUEM CXKATHUSI.
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Jlyist cymecTBoBaHus perenus 3a1a49u Kormu 1ocraTodHo Herpe-
poiBHocTu f (reopema lleano). Jlonosuurenbuoe yciaosue fy € C
rapaHTHPYeT eIUHCTBEHHOCTb. DTO OTpAHUYEHNE MOXKHO OCTabUTh.
JleiicTBUTEIEHO, B IPUBEIEHHOM JIOKA3ATEIHCTBE HA CAMOM JIeJie J0-
crarouno Hepaseucrsa |f(t,z) — f(t,y)| < L|lx — y| (L = const)
B paccMmarpuBaemMoM mnpamoyrosibauke II. D10 Tak HazbiBaemMoe
ycaosue Jlunwuya: roBopar, aro dyuknus f(t,x) aunwuyesa mo
z B II. Bkutouenne f, € C' Bieder JUIIIUIEBOCTb: B KAYECTBE KOH-
cranThl Jlunmuna MoxkHO B3aTh L = max |fL(t,x)|, (t,x) € II.

[lepeiinem x cucreme OJ1Y B HOpMasmbHON dopme X = f(t,X).
BekTop-dbyukiua f: G — R’ Ha3biBaeTcd JOKAJbHO JIHUIIIUIE-
BOiT 110 (ba30BbIM [EPEMEHHBIM — KOMIIOHEHTAM BEKTOPA COCTOS-
ausg X = (21,...,2,) , ecan y Kaxkaoit Toukn (tg,Xo) € G Haitmer-
Csl OKPECTHOCTH (MOYKHO OTPAHUIUTHCS JOCTATOYHO MAJIBIM IIPSMO-
yrosbHuKOM II), B KOTOpPOIi crpaBeinBa OleHKa

| f(t,x)— f(t,y)| < L||lx—y||, L = const.

Bri6op mopMel B R™ u3MmeHuTt paspe Jjmuib 3Hadenue L. Hempeprnis-
HOCTHh MATPHIBI fy (T.e€. 9acTHBIX Hpou3BOAHbIX Of;/0x;) ABIdercs
6osiee cusbabiM orpanuuenuem: fy € C' = f € locLip,(G).

Wrak, ajis cynecTBOBaHUS U €JIMHCTBEHHOCTH DEIIeHus 33/1a91
Kormu B o6nactu G gocrarouno Bkiatouenns f € C'(G)NlocLip, (G).
BaMHTEPECOBAHHOMY YUTATENIO XKEIATEJbHO He OrPAHUIATHCS IIPH-
BEJEHHBIMU OOIIMMHI COOOPaKEHUSAMU, a H3Yy9IUTh JOKA3ATE]IbCTBO
CO BCEMH TEXHHYECKUMU IMOJAPOOHOCTAME (HAIPHUMEDP, MO KHHUTaM
[13, 16,21, 23,29]). B nopsiike KoMIIe€HCAIIUN MPOIYIIEHHOTO JOKa-
3aTe/IbCTBA BEKTOPHOI Teopembl |lukapa 6Gojiee mompobHO HA TeX-
HUKE OIEHOK II0 HOPME OCTAHOBHMCH B maparpade, IMOCBAIEHHOM
HAYAJIbHOI 3a/1a4e /il JTUHEHHBIX U YIPABIAEMbIX CHCTEM.

KommenTapun. 1°. B ycioBugax Teopemsl [Iukapa e IMHCTBEHHOCTD
pertennsd 3aa49u Ko nveeT MeCTO B CJIeLyOEeM 0oJiee CUIbHOM
CMBICJIE: JBA PEIeHHUs] COBHAJAIOT HA IEPEeCeYeHUH ITPOMEXKYTKOB
cBoero ompesnenenus. 1lomoOHbIe pacCyXIeHHs y2Ke IPOBOIUINCH
B riase I. PaccMorpuMm aBa pelreHnd HadaJabHON 3aJa49M:

{o, (t1,t2) }s {0, (ts,ta) s to € (ta,t2) N (E3,t4), @(to) = ¥(to).
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Ob6osunadum S = (t1,t2) N (t3,t4), Tomosorus ungynupoBana u3 R
(oKpecTHOCTH TOYKH B S — 9TO 1epecedeHus ¢ S OKPeCTHOCTEl HTOoii
touku B R). Muoxkecrso R = {t € S| ¢(t) = 9(t)} orkpsiTO B 5,
TakK Kak eciau t, € R, To Haiinerca unrepsBan (t, — 0,t. + 0), Ha
koTopoM ¢(t) = 1(t): Touxy (t4, p(t+)) NpUHEMAEM 32 HAYAIBHYIO
(to,x0) € G. B nepecedennn ¢ S mojaydum OTKPHITYIO OKPECTHOCTD
t, B S, npunajgnexamyio R. Bmecte ¢ Tem R 3aMKHYTO B S:

ti€R, t; —t€S = ¢(t;) =), pt) =9(t) = t€R.

[Tonyuaercs, uro R 0gHOBPEMEHHO U OTKPBITO U 3aMKHYTO B CBS3-
Hom mHOXKecTBe S. Torma smbo R = S, mubo R = &, vo R # @
(to € R), nosromy p(t) = 1(t) amsa Beex t € S = (t1,t2) N (t3, t4).

2°. Pe3ysbraT €CTeCTBEHHBIM 00PA30M MEPEHOCHTCS Ha 3a1a9y
Ko jyist ypaBHeHUsT N-T0 MOPSIKA B HOPMAALHOU (hopme:

() = g(t,a:,:i:, o ,x(n_l)), z(to) = x10y - - -, w(n_l)(to) = Ino.

JleiicTBUTE/IBHO, B IEPEMEHHBIX T] = L, T2 = T,..., Tpn = (1)
mosydaeM cucteMy audpepeHInaabHbIX YPaBHeHN 1-ro mopgaka:

:i?l = X9, $2:$3,..., jcn:g(t,:cl,...,xn).

3°. YrTBepxK/eHue TeopeMbl HOCUT JIOKAJIbHBIH Xapakrep (mpu
JIOCTATOYHO MaJjioM 0 . . . ). Boupoc o npojomkumocTu periexuii Bbi-
JeJISIeTCs B CAMOCTOATEeNIbHYI0 3a1ady. C TeopeMaMu O IPOIOJIZKH-
MOCTH MOXKHO O3HAKOMHThCs, Hampumep, B [3, 13, 23]. B wacrHo-
cru, 4Tobbl perienue @: (t1,ts) — R™ 6bLIO IPOJOIKUMO BIPABO,
HEeOOXO/[MMO ¥ JIOCTATOYHO CyIIecTBOBaHusd npenena z = p(to — 0)
u BKIOYeHHd (t2,z) € (. Jlng mpomosizKeHHs TOCTATOYHO Iepe-
obosnaunTh (t2,z) = (tp,Xg) U BOCIOIB30BaThCs Teopemoii [luka-
pa. AHAJIOrMYHO PAacCMaTPUBAETCH IIPOAOJIKUMOCTH BJieBo. Kak u
B CKaJISIPHOM CJIydae, OLPEEJEHO HOJHOE PEIIeHHe, KOTOPOEe HeJlb-
3 IPOJOJIKUTH HU BJIEBO, HU BIpaBo. llporeaypa mpomosizKeHus
IPUBOAUT K MAKCHMAJIbHOMY UHTEPBAJY CYIIECTBOBAHUS PEIICHUSI.
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3. BABUCUMOCTb PEIHIEHUM OT IIAPAMETPOB

HenpepbiBHAs 3aBECHMOCTH penienns 3aga4n Komu oT Ha9abHbIX
JAHHBIX U IapaMeTpoB, BKJOYad (DYHKIMOHAJILHBIE BO3MYINEHUS
IpaBOil YaCTH, TPAKTYeTCd KaK KOPPEKTHOCTh MOCTAHOBKH 33aJ1a-
91, TMOCKOJIbKY B HPUJIOKEHUAX IMOTPENIHOCTU PEeATU3aIMH MOIEIN
Hem30exxHbI. B maparpade npusesenbl JIumb HEKOTOPhIE HAYAJIbHBIE
CBeJIeHNd, /i OoJiee yruryOJeHHOrO U CUCTeMATHIeCKOTO U3ydeHUs]
TeMbI Ciiejyer obpaTuThecs K KHuraMm [3,13,23,28 29).

I'nagkocrs o Bpemenn. /jig ynpouieHns TeXHUYECKUX BBIKJIA-
JOK OIPAHUYUMCH CKaJsSPHbIM ypasHeruem (n = 1)

&= f(t,z), f:G—-R, GCR?

B npeanosoxkenusx teopembl llukapa (f, f, € C(G)). Pemenns
x = @(t) Ha unTepBase cBoero oupejesnenus I = (t1,ty) ABIAIOT-
ca byskmuamu Kracca C1(I). A 9To ecam mMeeT MecTO BKIOUICHHE
f € CP(GQ), p > 17 Torma roxmaecrso o(t) = f(t, ¢(t)) MoxHO HpO-
nuddepenmuposaTh 110 t, TOCKOABbKY crpasa dynkmus uz C1(I):

G(t) = fi(t, (b)) + fo(t,0(t)(t), t e 1.

B kauectse ciemcrsug noydaeM ¢ € C?(I). Ilpogomxas maudde-
PEHIUPOBATH, OKA, IIO3BOJIFET IJIAJKOCTh (PYHKIMK f, 3aKIH09aeM,
aro f € CP(G) = ¢ € CPTL(I). C pocTon Tr1aKoCTH TpaBoil 9acTh
YPaBHEHHS B HOPMAJIBHOI (popMe pacTeT W INIAJKOCTh PEHIeHH.
st cucrem (n > 1) pesysbrar ocraercs 6e3 uzmenenuii. Tosbko
B BEKTOPHBIX 0D03HAYEHUAX, B YACTHOCTU, BMECTO YaCTHOI HMPOU3-
BofHOM f] Oymer marpuma Axobu fy = {0f;/0x;}, 1 <i,j < n.

HenpepbiBHOCTH 110 napamerpy. Maremarudeckue MOAEIH CO-

JIep:KaT pa3ImdHble HapaMeTpbl, KodddumueHTsl. IIx onenka u 3a-

MaHde Ha MPaKTHKe BO3MOXKHBI JIUIIL C OMPeIeeHHON TOYHOCTHIO.

MaJjible OTKJIOHEHHUsI B 3HAYEHUSX IaPAMETPOB MOIEIH TOJIKHBI

IPUBOANTH K MaJIbIM H3MEHEHUAM PeIleHuil, T.e. pedb UJIeT O TPe-

OOBaHNHU HEIIPEPBIBHON 3aBHCUMOCTH PEIeHni OT MapaMeTpOB.
Paccmorpum muddepenimanbuoe ypaBHEHHE

i=f(t,z,u), f:D—R, DCR®
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B obaactu D cuamraem dbysknum f u f, HENPEPHIBHBIME. 3a/aHbI
HadaJbHble jaHHble (fo, o) U GUKCUPOBAHO (<«Hj€adbHOEY ) 3HAYE-
Hue o. [lo ykazauHol mpuydnHe HAC WHTEPECYeT OKPECTHOCTH [i(,
TakK 4TO peleHue 3aaa4u Kommu OyaeT 3aBuCeTh OT mMapamMeTpa fi.

TEOPEMA 3. /[as npouseoavrozo nabopa snavenudt (to, To, po) € D
pewenue r = @(t, 1) ¢ Havarvrom yeaosuem p(ty) = xo onpedeaero
6 HeKomopom npamoyeosvruke |t —to| < 9§, |p — po| < ¢ u nenpe-
PULEHO 8 IMOT, 00AACTNU MO COBOKYNHOCTNU NEPEMEHHDLT.

/loxaszameavcmeo. Heckonmbko Momudumnumpyem mpuBeaeHHOEe B §1
JIoKa3aTeabcTBO TeopeMbl [lukapa. Omupenennm IpsaMOyroabHUKA

II: [t —to] < a, |[x—ax0| <b, |p— po| <e,
Is: [t —to| <d<a,..., Is ST C D,

u orpanmanmca t € [ = [ty — 0,tg + 6], p € J = [po — ¢, po + ¢l.
[TockoNbKY pellleHre ¢ HAYAJIbHBIMA JaHHBIME (fo,T() 3aBUCAT OT
mapameTpa [, TO HHTerpaJbHOE yPABHEHUE IIPIMET BUJL

' o
z(t,p) =xo+ | f(ryx(r,pw),pw)dr, (t,p) el xJ.
to

Oupesiesum HadaiabHOe npudsiukenue @o(t, 1) = To u urepanuu

t
SOIH_l(t,,M) =T +/t f(Ta Spk(T7 :U’)nu’) dT) k = 0.
0

Jasee cxema j10Ka3arenbCTBa MPAKTUYECKU HE MeHsieTcs. T0JIbKo
BMECTO OJ[HOi mnepemeHHOit umeem unapy (t,u). Ilpu mocrarouno
masom § € (0,dp) mosydaem pelleHne UHTErpaJbHOTO ypaBHEHUs
o(t, 1) (p(to, 1) = o, |o(t, 1) — 20| < ), onpenenennoe B 3aMKHY-
ToM npsmoyroibauke I X J. ITo coBokymnoCT: HepeMeHHbIX (yHK-
IUs © HEIpepbIBHA, MOCKOJIbKY 110 mocTpoennio see ¢ € C(I x J)
1 CXOJUMOCTD HOCJIE0BATEIBHOCTH { (P} K (0 paBHOMEpHAs HA KOM-
naxre I x .J. JIpyrux HeIpepLIBHLIX pemrenuil (HemoIBIKHEIX TOTeK
B C(I x J)) mer. Ilpu kaxaom dbuxcuposantom i € J byHKIuA
o(-,p) : I — R upexacrasasier perienne 3aga4un Komm. Yro kaca-
eTcsd JpyruX pemleHuil, To B CIIy eIUMHCTBEHHOCTH OHU (POPMAIHHO
OTJMYAIOTCA OT (p(+, f4) JIUIIb IIPOMEXKYTKAMHU OIIPEIeIeHNU. O
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Bonee mogpodbHO OCcTaHOBHMCS Ha OOOCHOBAHUU BKJIFOYEHUST
o € C(I x J). Dukcupyem npousBOJIbHYIO (DYHKIUIO P U3 YCIOBUI
peC( xJ),|gt,pu) —xo| <b. Oupenenum

bl =0+ [ glrm)dr, gl i= F(6 500 0), 1)

Oynxnua g = g(t, u) wenpepsisua na I x J, ¥(-, ) € CH(I). lpu-
MeHsg (pOpMyJly KOHEIHBIX IIPHPAINEHHIl, MOJydaeM OUEHKY

|ih(t1, p) — h(ta, p)| = |0y (&, p)(t1 — t2)| =
= l9(& )| - [tr = t2| < Clty = tof, €' = max|[f].

Urax, dyrkmusa 1 = 1)(t, 1) HenpepbiBHa 10 t € | paBHOMEPHO
mo 4 € J m HempepbIBHA 1O [t € J TPH KaxKI0M (bUKCHPOBAHHOM
t € I (Do TeopeMe O HENPePHIBHOCTH HMHTErpAJa IO IApaMeTpy).
Caenosarensro (cum., nanpumep, [12][c. 136]), ona nenpeprpisna 10
COBOKYMHOCTH MepeMeHHbIX Ha Kommakre I x J: ¢ € C(I x J). dro
BJIEUET PABHOMEPHYIO HEIIPEPBIBHOCTD U, KAK CJIEJICTBUE, HEIIPEPhIB-
HocTh 10 41 € J pasHOMepHyio mo t € I. ITo BriGopy & € (0,d0)
coxpansiercss HepaseHCTBO |Y(t, 1) — xo| < b. Ocraerca 3ameruTs,
YTO HA4YAJbHOE HPUOJIMKEHUE g YIOBIETBOPAET TPeOOBAHUAM K (.

Cdopmynupyem oboOITIeHne HA BEKTOPHBIH CIIydaii
:f(t7X7,LL)7 f: DHR”) D gRl—i—n—Fm.

Ecm f € CP(D), p > 1, to V(tg,x0, o) € D pemienue 3amaqn
Kommu x = ¢(t, n), p(to,t) = Xp, OUpeIeIeHO B ITOCTATOYHO Ma-
JIoM mpsiMoyrosibHuKe |t — to| < 6, || — pol] = max|p; — piol < ¢
(1 < i < m) u aBigerca BekTop-pynknueit knacca CP B 310it 00-
nacru. /g wenpepeiBHOCcTH mocrarouno f, fi € C(D). Uccneno-
BaHME 3aBHCHMOCTH OT HAYAJIbHBIX JAHHBIX IIPOBOIUTCA (POPMAIID-
HOI 3aMEHOI IIepeMeHHBIX t=1t-— to, X = X — Xq. Bemmuunsr g,
X0 CTAHOBATCHA JOIOJHUTEIbLHBIME IapaMeTPaMu B IMPABOM 4acTH
ypasrenug dx/dt = f(t+to,X + X, it), & HAYATbHBIE TAHHBIE HEH3-
mennbl: X9 = 0. [Tonpobubie mokazarenbcTBa n3JI0KeHb B [3,13,23].
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Meton majsioro mapamerpa. Paccmorpum ypaBHeHHE
&= f(t,x,pn), f:D—R, DCR
B obnactu D cauraem dynknuu f, fi u f/: HernpepbiBHEBIMEA. [[ycTh
D =G x (—gg,60), G CR% pe(—ep,e0), 0<ep < 1.

[Tocnespee HEPABEHCTBO CUMBOJIMYECKH O3HAYAET, UTO MOAPa3yMe-
BAIOTCH MaJIble OTKJIOHEHUS MAPAMETPa OT «HJIeaJbHOI0» 3HAYCHUS
p = 0. llpu dpukcupoBanHbIX HaYAIBHBIX JaHHBIX (to, o) € G pere-
nue 3agaun Komu z = p(t, 1) (¢(to, ) = x¢) OLpeaeneHo B HEKO-
TopoM mpaMoyroibHuKe P: |t — to| < 6, |u] < € (0 < € < &p).
Nmes B Bujly penieHue MHTErpPaJbHOIO YDABHEHUS, CUUTAEM O W €
Takumu, 9T0 DyHKIUs O(t, /1) 3aJaHa M HENPEPbIBHA Ha 3aMblKa-
aun P. Ilyqok unterpambubix kpusbix {(t,¢(t))|t € I,|u| < &}
(I = [to — §,to + 8]) maxonurca B npesenax obmactu G. [pu p = 0
nojtygaeM Hegoamyusernoe pemenne r = p(t,0) = ¢o(t):

¢o(t) = f(t,@o(t),0), t €I = (to—0,t0 +0), @ol(to) = o.

ITocTaBum 3amady Beramciaenns dyHknun ¢i1(t) = 0p/0u|u—o,
9ITOOBI OIEHUTHh CKOPOCTh U3MEHEHHd pelleHud mo mapamerpy. s
IIOMCKA COOTHOIIeHus i (yukmun @1(t) upoguddepennupyem
roxecrso Oyp(t, u) = f(t,¢(t, 1), ;1) 1O nepemenuoit pu:

0 0 0 af o

—£Ei+i-£ (tel,|ul <e).

op 0t  Ou  Oxr Ou
[lomensiem B JIeBO# 9acTU ITOrO TOXKIECTBA MOPAIOK AucdepeHifu-
poBaHug 10 t, ;1 nojoxkum p = 0:

gbl(t) = A(t)gol(t) + bl(t), ng(t()) =0,tel,

A(t) == fr(t,¢o(t),0), b1(t) := f,(...). llomygennoe mumeiinoe qud-
(bepeHnmANIbHOE ypaBHEHNE HA3BIBACTCA YPAGHEHUEM 6 8APUALUAL.
Oyukuun A(t), by (t) mHenpepoiBabI Ha [, pemntenne gaeTcs GOPMyYIIOit

1(t) = /ttexp{a(t,T)} bi(r)dr, a(t,7):= /:A(s) ds.

0
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IlennocTs pesysbraTa B TOM, 9TO JJId aHAJIU33A, TJIABHON JIMHEHHON
gacru npupaienus (auddepennuana, Bapualun)

o(t, 1) — po(t) = p1(t)u, tel, |ul <e,

HeT HeOOXOJMMOCTH B OlpejesieHnn 3aBucumoctu o(t, ).

Samevanue 1. IlpeobpazoBanust mpoBemseHbl 0€3 JOIKHOTO 0OOCHO-
Banud. B npunareix orpannyenusx ¢ € C1(P) [3,13,23], orkyna

o(t, 1) = @o(t) +p1(t)p+o(w), @1 = 0uplu=0, ¥1(to) = 0.

CymecrBoBaHne 1 HEIPEPLIBHOCTD CMEIIAHHBIX TPOU3BOAHBIX 00,
0,0; |23] nmosBosnger MenaTh mopanok Auddepenuposanud. Tem
CaMBbIM IpHUBe/eHHbIE (popMaIbHBIE IPeoOpa30BaHUs IPABOMEDHBI.

Hecmorps Ha 3aMedanne, COmepKalnee JIMIb CChIJIKA Ha, J0Ka3a-
TeIbCTBa, GyHKIU ¢1(t) onpenenena aBHONH GHOPMYIIOR. ITO TO3-
BOJIZET B TEPMUHAX HEBA3KH IMPUIATH CMBIC AIIIPOKCAMAINN

p(t, p) = &t p) == ol(t) + e1(O)u, tel, |u| <e,

HOJCTAHOBKON B MCXOJHOE YpaBHEHHE. Y MEHBIINM, €CJIH HeOOXOIH-
MO, IIPAMOYTOJIbHUK P (J10CTaTOYHO YMEHBIIUTD ) HACTOJIBKO, YTO-
Obl B JIeBYIO 4acTh ypaBHenud & — f(t, x, ) = 0, Koropomy yiuoBJie-
TBOPSIET TOXKJIECTBEHHO perienne x = ¢(t, (1), MOXKHO OBbLIO MOJCTa-
BuTh npubmmxkenne x = £(t,p) (t € I, |p| < €). Ouennm HeBA3KY,
BOCIIOJIb30BaBIIKCH Juid f dopmyioit Teitmopa B popme Ileano:

QbO(t) + H‘;bl(t) o f(t7 f(t, :u)7 :u) =

_,9f
P T R g

= ¢0(t) = flu=o + p[e1(t) = A()pr(t) = bo(t)] + v(t, ) = v(t, ).

. . of
—%00+M901—f|u:0—u%‘u Tv=

Urax, mureiinag mo napamerpy u dyrkmua E(t, 1) = @o(t) +¢1(t)p
(&(to, 1) = o) aBasierca pemenunem ypasrenud @ = f(t,x, u) ¢ 1o-
rpemuocTeio V(t, p). B cuny menpepwisnoctu f, fp u f,, dymxims
v(t, ;1) HempepbIBHA B IpsiMoyTosbauke P u v = o(u)V t. Bosee Toro,
veC(P)= v(t,u)/u — 0 (u — 0) paBHOMepHO 10 t € I,
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3/1eCb MBI BOCIIOJIb30BAJIUCH CJIEAYIOIUM PEe3YJIbTaTOM: €CJIu
dbyukuus f(z,y) HenpepbiBHA Ha NPAMOYTOJbHUKE |a,b] X [c,d], To
OHA PaBHOMEPHO HempepbiBHA U VYo € [c,d] umeer mecTo paBHO-
MepHag 1o € [a,b] cxomumocts f(z,y) = f(x,y0) mpu y — o
(cm.: Kydpasues JI. /[. Kparkuii Kypc MareMarndecKoro aHaJiu3a.
M.: @uzmariaut, 2005. T. 2. C. 257).

[pubanxkenne @(t, 1) ~ po(t) + 1(t)p mo3BoIsIeT 10 KOIDDU-
IUEHTY (1 CYJIUTHh O YyBCTBUTEJbHOCTHU PEIIEeHUs K MaJIOMy BO3MY-
IIEHUIO apaMeTpa ji. B NPUIOXKEHUIX YaCTO ITOrO JOCTATOYHO.

Anasormuno ompemensorca u kKodddunuents: opu pF, k > 1
(p2 = 32@(t,0)/2, ...), Korga f pocraro4no roajkas. llpu stom B
YPaBHEHUU B BapHAlUsX MEHSeTCH TOJbKO HEOJHOPOIHOCTH by (t).
B n-meprom ciayuae A(t) — n X n-marpuna, a bg(t) € R™. Bosee
CJIOXKHAs TEOPUS CUHYAAPHBIT 803MYyu,eHuli, KOra MaJblii Hapa-
MeTp IIpU CTapliieil IIPOu3BOIHOMN, u3jioxkeHa B [28,29].

3aBUCUMOCTD peIlleHus OT AJAUTUBHOIO BO3MYIIEHU f.
PaccmorpuMm m1Ba BeKTOPHBIX JuddepeHInaaIbHbIX YPaBHEHU T

x=f(t,x), y=f(ty)+gty).

Bekrop-dyukiuu f, g cauraem HenpepbIBHBIME U JIMIIIUIEBBIME 110
bazoBbim mepemenubiM (f ¢ m3BecTHOI KOHCTaHTON L) B 3aaHHOM
obmactn G C R, @uxcupyem nagampube mammbie (tg,Xo) € G n
paccmorpuM pertenus 3aua4 Ko wa unrepsase [ = (t1,t2):

x= o(t) (p(t) =x0), ¥ = $(t) ($(to) =x0), fo € I.

B nponecce nemkenust o Bexrop-gyuxuuu ¢(t, 1 (t)) m3secTHa gumsb
orneHka |g| < o = const. 3yech u Jajee UCHOJIb3YeTCs €BKJIUIOBA
HopMa ||-||2 = |-|. Tpebyerca onenuts Bemmauny |p(t)—(t)|. 3amata
MHTEIPETHPYETCs CIEAYIONMM 00pa30M: CIaraeMoe g — BO3MYIIe-
HUE IPABON YACTH, M3BECTHOE JIUIIb B ONEHOYHOM ILIaHe (HeydITeH-
HbIE, HO BJIMATE/bHBIE CUJIbI, HOIPABKA HA «BETED>» ), Tpebyerca ore-
HUTb BEJMYUHY «PACCOTTIACOBAHNA» TPACKTOPUil JBUKEHHUS.
O6osuauum z(t) = x(t) — y(t). Torma

z=f(t,x) = f(t,y) —g(t,y), z(to) = 0.
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JIOMHOXKWM 3TO COOTHOIIIEHUE CKAJIAPHO HA BEKTOP Z U BOCIOJIb3Y-
eMcd HepaBeHCTBOM Komun—-byHakoBCKOro:

<Z7Z> = <f(t7X) - f(taY)aZ> - <g,Z>,

1d 1d, , d|z|
5 7 =57 = |z2|— < |J(t,x) = f(Z, <
) = L = W < ) - £+ Lol
d
< Lx —y||z| + o|z| = L|z|* + o]z], % < L|z| + o, L = const.

IIpounTrerpupyem 1ociiejiHee HEPABEHCTBO HA OTPE3Ke BpeMeHnu |to, t]
C HOMOIIBIO HHTErPUPYIONEro MHOXKHUTeNs exp{ — Lt }:
dz|

exp{—Lt}E — exp{—Lt}|z| < exp{—Lt}o,

%[exp{—LtHzﬂ < exp{—Lt}o, |z| < oL [exp{L(t —to)} — 1].

Ecnu nobasuts 3navenus t < tg, To (t — tp) 3amenurca Ha |t — to.
[ToMuMO KOJIMYECTBEHHOI ONEHKH IOJIy9aeM U KadeCTBEHHbIN Bbl-
BOJ: Ha JiI06OM oTpe3ke Bpemenu [t3,t4] C (t1,t2) paccornacoBanme
neukennii z(t) = x(t) — y(t) 6yier paBHOMEPHO CKOJIb YTOJTHO MAJIO
IIPU TOCTATOYHO MAJIOM 3HA4YeHUH o. VIMeeT MecTo HelmpepbIBHOCTD
0 QJIUTUBHOMY (DYHKIMOHAJIHHOMY BO3MYIIEHUIO IPABON YaCTH.

Samevwanue 2. BepHemcs K MeToay MaJjioro mapamerpa. B yka-
3aHHOM JIOCTATOYHO MaJIOM IpsiMoyrosibuuke P dyuknus f(t, x, p)
qunmunesa no r (ciaemyer u3 GopMysibl KOHEYHBIX HPUPAIIEHHI) 1

IvComll = lIvCmllom = max vt p)] = o(u) = op).

Bocnonb3yemcs ornenkoii paccornacoBanus |z(t)|:
p=fltg ), €= F& ) +u(tp), vl =olu),

= |p(t, p) — £(t, 1) < o ()L™ [exp{L|t — to|} — 1].

CremoBarensHo, moMumo npubmmxkenus (b, u) ~ £(t, 1) mo HeBd3-
Ke ypaBHenust © — f = 0 ¢ norpemHsocTbio o(p), aJjisi HOCTPOEHHOI
dbopmanbro dyurmun p;(t) umeem (paBaomepso mo t € I)

o(t, 1) = wo(t) + p1(t)p + o(p) = 1 = Iuplu=0, ¥1(to) =0.
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4. TEOPEMA KoIllx O TOJIOMOP®HOM PEIIIEHUU

Meton nHTErpupoBaHUd OOBIKHOBEHHBIX JUMdepeHnnabHbIX ypaB-
HEHHIl C TOMOIIBIO CTEIMEHHBIX PsiaoB BocxoauT K HeroTony. Cxomnu-
MOCTH PsJ/IOB B aHAJUTHIECKOM ciaydae gokazaHa Komm. Popmy-
JIUPOBKA U JI0KA3aTEeJIbCTBO PA3PENINMOCTH HAYAJIBHONW 3a1a9d JIJIsd
IIIPOKOr0 KJIAcCa ypaBHEHUil Takyke npunajyiexkar Komm. [lozza-
HEE ero MeTOJ IOCJIeI0BAaTeIbHbIX MpuOJmKeHnii B odmeir popme
paspaboran [lukapom. Kparkuit ucropudeckuii ouepk cm. B [27].
Paccyorpum B obmactu G C R? ypasaenue

&= f(t,x), f:G—R (4.1)

[lycts [ aBigerca sewecmsennoti anasumuyveckot: f € C¥. dro
O3HA4aeT, YTO Kaxjas Touka (fo,zo) € G 06JaJaeT OKPEeCTHOCTHIO
U ([t —to] < a, |z — x| < b), B KOTOpPOIt byHKIUA [ HpescTaBIMA
CXOISAIIMAMCA CTEIeHHBIM PAIOM:

flte) =320 ai (t—to)' (@ —zo), (t,2) € Un CG.

be3 orpanndenusa oOITHOCTH JijId YIIPOIIeHUd OO03HAYEHUI MOXKHO
canrarb tg = 0, xg = 0 (umepenoc nagasa orcuera). [lo Teopeme
Abens U3 CXOAMMOCTH CTeNeHHOTrO pana . ajit'z! B Touke (,7T)
(t #0,% # 0) ciaemyer ero CXOAUMOCTb B KOMILIEKCHOM NOAUKDY2€
P = {(t,x) € C?: |t| < t,|z| < z}. Tak 9TO f MOXKHO TpPOJO-
XKUThb B HeKoTopyio obmacts D C C? (¢ coxpanenmeMm 3HaYeHMit
B BemecTsennoit obmactu G = D N R?). B okpecTHOCTH Kax10it
TouKH D) KOMILTeKCHO3Ha4YHAsd (PYHKIHS [ KOMILIEKCHBIX apryMeH-
TOB t, T TIPEICTABUMA, CXOSIINMCA CTEIIEHHBIM psaoM. Takne pyHK-
AW HA3BIBAIOTCA 2040MOPpPHuMY B obmactu D. JIuddepennnaiib-
Hble YpaBHEHHS B KOMILJIEKCHON 00JIaCTH — TpeaMeT aHaAuUmuye-
ckotl meopuu muddepeHnaabHbIX ypaBHeHuii. /lajgee ucnonabsyem
TOJIbKO CaMble HEOOXOIMMBbIE CBeJIeHUsl U3 KOMILJIEKCHOTO aHAJIM3a,
KaCAOIIMeCs JINIIb CTENEeHHbIX PsioB. Hamomuamm, B 9acTHOCTH, 9TO
BHYTPH HOJHUKPYTa CXOAMMOCTU CTEIMEHHON P CXOMUTCS abCOIOT-
HO (CJIeI0BATEIbHO, CYMMa He 3aBUCHT OT MOPSIIKA CyMMUPOBAHNS ),
ero MOXKHO IOWIeHHO audPepeHnupoBaTh I HHTEIPUPOBATh.
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TEOPEMA 4 (reopema Komm o rosomopdaOM periennn).

Eeau f € C¥(G), mo dasa mobur navarvuor dannux (to,To) 6 06-
aacmu G pewenue 3adauu Kowu cywecmeyem. Pewenue edun-
CMBENHHO U ABAACTNCA 20A0MOPPHBIM 6 HeKomopol okpecmuocmu to.

JlokazarenbcTBy ImpeanorrieM KomMmenTapun. B cuny C¥ C C
CIIpaBejInBa, JoKa3aHHas Bbile TeopeMa [lukapa. CymecrBoBanue
pemenus 3ana4u Komm moHuMaercs B CaeAyIOmeM CMbICTIE:

x=(t), t e I=(t1,t2) 3to, p € C'(I), ¢ = f(t, ), ¢(to) = .

JIoKasibHAs €IMHCTBEHHOCTD: /B PEIeHNs TOXKJIECTBEHHBI B HEKO-
Topoit e-okpecrroctu to. Ciencrsue: pernenus ypasuenus (4.1),
paBHbIE B HEKOTOPBIi MOMEHT BpPEMEHHU, COBIIQJAIOT Ha IIepece-
YeHHH [POMEXKYTKOB CBOero ompejesenus. CynecTBEHHO HOBBIM
SIBJISIETCA TO, 9TO B YCJIIOBUSAX TEOPEMBbI pelleHune 3ajadn Kormm
MOXKHO IPEJCTABUTD CXOJSIIMMCH CTEIIEHHBIM P#AJIOM B HEKOTOPOI
d-okpectHOCTH to. Psim Oymer cxomuTbCsd W NpW KOMILIEKCHBIX
|t — to| < §. Ilpu mocrarouno mamom § > 0 cymma psga Gymer
pelieHneM KOMILIEKCHOTO ypaBHenus 2z = f(t,z), f: D — C. 3aech
YMECTHO HAIIOMHUTBL meopemy eduHCmEeHHOCMmU: eciu jaBe (pyHK-
nuu rosjomopdubr B obmactu U C C" u coBmamaloT Ha OTKPBITOM
noaMmuozkecTtBe U, TO OHH TOXK1eCTBeHHBI B U.

[ToguepKHEM JIOKAJBHOCTH YTBEPXKJIEHUS IIPOCTBIM MPUMEPOM:
y = —2x(y +1)2, y(0) = 0. Pemernme y = —1 + 1/(1 + 2?) xmacca
C*°(R) sroit HaYaIBHOI 3312491 PA3JIATAETCs B CTEHEHHO sl JIUIIb
B Kpyre || < 1 (u3-3a MHUMOI{i €JUHUIIbI).

Zlokazameavcmeso. JlokazarenabcTBO Teopembl Komm pa3odbem Ha

HECKOJIbKO 3TanoB. Jljisg yupouienus 0603Ha4eHuil CMEHUM HAYAJIO0
koopauHat: (to, o) = (0,0). Ilo ycaoBuio TeopeMsr

ft,x) = Z;X;:O ait'e?, |t < a, |x| <b. (4.2)

Q@opmasbHOe pererne. Bynem uckarb periernune B popme

x=p(t) = ZZO Bit', (4.3)
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HEe 33/]aBasiCh IIOKA BOIPOCOM O CXOJIMMOCTHU CTENEeHHOTO psjga. V3
HYJIEBBIX HAYaJIbHBIX HaHHbIX nostydaeMm ¢(0) = 0 = [y = 0, tax
YTO CYMMHPOBaHIE MOXKHO HAaUYMHATH C ¢ = 1.

[TogcraBum popmasbHbiii psi B ypasHernue (4.1) u npupaBHsieMm
KO3 PUIMEHTHI IPU OJIMHAKOBBIX CTENEHdX | CJI€BAa U CIPABA:

Q(t) = f(t,o(t) = ZZOII kBith ! =
= Z:IO ijt" ( > 5ktk>],

% B =ago, t': 262 = a1 +an b, (4.4)
t2: 38y = asy + 1P + 1101 + a7, ...

['poM0O3AKOCTH BhIparXKeHUii OBICTPO HAPACTAET, HO MOXKHO 3aMETHUTh,
410 OGECKOHEUHAas CHCTeMa ypaBHEHHN OTHOCHTETbHO MCKOMBIX KO-
s dunuenTos (3; pemaeTcsd IOCIe0BATEIbHO OJHO3HATHBIM 00pa-
3oMm. MTak, ecan rosiomopdHoe perrenne 3aga9u Ko cymecrsyer,
TO OHO OIIPEJE/IAeTCH eINHCTBEHHBIM 00pa30M, TaK KaK JIjIsd CXOJId-
IIIIXCA CTEIEeHHBIX Ps/IOB IIPO/Ie/IaHHbIE OIEPAINHE 3aKOHHEI.
Cxomumocts. Iloctpoum wmastcopanmmoe ypaBuerue. Paccmor-
pum pan (4.2) gaa dyaknun f. Bosemenm t € (0,a), € (0,b). U3
abCOTIOTHOM CXOMMOCTH CJIeyeT OTPAHUYEHHOCTDh YJIEHOB PIAIA:

|Oéijfjt_i| < M = |Oéij| < ONéij = M(fj{i)_l.
Torma B nommkpyre |t| < t, |x| < T cupaBemymsa onenka

I D Nl [t al < D dij ftf' ol =

s [ ) - - -

31ech IPOCYMMHPOBAHO MPOU3BEIEHIE IBYX T€OMETPHICCKHIX IPO-
rpeccuii co sHaMeHarenamu ¢ = [t|/t <1lu ¢ = |z|/T < 1.
Paccmorpum Tenepb B noqmkpyre [t| < ¢, |x| < & ypaBHenue

b= g(t,x) =3 aytial = M(ll - 2_] [1 - %D_l. (4.5)
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910 muddepeHnuaabHOe ypaBHEHNE C PAa3Ie/IIOMUMUCS TepeMeH-
HBIMH, OHO MHTEIPUPYETCS B 3JIEMEHTAPHbIX (DYHKIIHAX:

ry 2
{1_2}@:_}”_’5&, x___anP_i} 0.
T t—t 2% t

WuTerpupoBanue mpoBOIUIOCH € y4eTOM HadaabHbIX manubiX (0,0),
KOTOPBIE K TOMY K€ BBIJEJSIOT OJINH KOPEHb KBaJPATHOTO ypaBHe-
HUS 110 T. DTO pelteHne & = G(t) pacKIaablBaeTCs B CTEHEHHO Psiji
B okpectHocTH tg = 0 (Jt| < r) ¢ kosdppummenTamu F;, i > 1.

B nopsijike ynparkHeHusi pEKOMEH/IyeTCsl BbINUCATD BbIPaXKEeHNUe
ms G(t) u ykazars > 0 (3Hadenns (; HAXOAUTH He 0GA3ATEIBHO).

IloncranoBka * = $(t) B makopauTHOe ypasHenue (4.5) maer
TOK1ecTBO 110 t. Ko dunmenTor BZ I (vjj OTIHYAI0TCA OT KoapPu-
IIUEeHTOB B mpescrasiennax (4.2), (4.3) mums tunbzamu B 0603Ha-
genusx. CiienoBaTe/IbHO, MOJYUYUM Ty Ke cucreMy ypasHeruii (4.4)
(TosibkO «BosIHHCTYIO ). [loKaxkem, 4o cxomsimuiics psiy

m s ) ~
Yo Bt =), |t <
ABJIIETCS. MAXKOPUPYIOmuUM it GopMaabHOro psaja (4.3):

81 = ago = |61 = |aoo| < doo = B,

2|3a| = |aor| + |aor]|B1] < Go1 + Go1f1 = 282 = |B2] < Bo, ...

CrenoBarensno, psan (4.3) cxomured upu [t| < 7 u gBisiercs uc-
KOMBIM pentenuem 3anadn Komm. JIpyrux pemrenuit, romoMmopdHbIx
UM TJIaJKHX, KOTOpble Obl HE COBIAJATH B CKOJIb YTOIHO MAJIOi
okpectrHoctu tg = 0 ¢ dyukumeit ¢(t), He CyIecTByer. H

Teopema 1mo3BoIsIeT OOOCHOBAHHO IOJIb30BATHCSI METOI0M HEOII-
pe/ieJIeHHBIX KO PUIUEHTOB, BBIYUC/IsAA JJisi TPUOINKEHHOTO Pe-
IIEeHUs HECKOJIBKO KOd(ddunuenTos cxonsinerocs psjaa (4.3). loka-
3aTeIbCTBO (6€3 yIpoIeHns pacCyKIeHul TPOETOUNIAME) B BEKTOP-
HOM CJIydae CM., HaIpuMep, B y4ebHbIX mocobugax [3,10].
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Ocobbre Toukn. B 3a1a9ax MexaHuKn U MaTeMaTHIeCKOl pusn-
KU 9aCTO BCTPEYAIOTCS JIMHEHHbIE YPABHEHUSI BTOPOIO MOPSIKA,

az(2)y" () + a1 (2)y'(z) + ao(z)y(z) = 0,
a;i(z) = Z;X;l aij o, |z| < R.

[Ipu mpuBegeHUH K HOPMAJBbHOMY BHJY (pa3pemieHHOMY OTHOCH-
TeJIbHO CTapIeil TPOM3BOIHON) /eleHneM Ha, G2(Z) MOTYT MOSIBUTD-
cd 0cobvle TOYKM, B KOTOPBIX 1O Kpafineit mepe ojHa u3 (pyHKIUH
ai/ag, ap/ay obpamaerca B GeCKOHEYHOCTh. B HEKOTOPBIX Ciiyda-
4X yJaeTcd HAlTHA yJaYHYI0 3aMeHy He3aBUCUMOIl IIepeMeHHOl, KaK,
HAIIPUMED, B YpasHeHuy Juirepa:

z%y (2) + axy'(x) + by(x) =0, a,b= const.

Samena r = expt upu x > 0 IpUBOIUT K yPABHEHUIO C MOCTOSHHBI-
mu Kodbdunumertamu (r < 0 = x = —expt). B apyrux ciaydaax
yIaeTCd CTPOUTH perneHns B popme 0000IIEHHBIX CTEIIEHHBIX PSJI0B,
KaK JJIst ypashenus bBecceas:

2y (x) + zy/ (z) + (2% — ) y(z) =0, y(z) =2 Z;OZO ypr”.

B obmem ciydae v, A\ komiuiekcubie. OrpanudnBasgch x > 0, 1mo-
naraeM 1o ompezerenmio z = exp{Alnz}. Pemenus, koropsie
Ha3BIBAIOTCA PyHKyuAMU Becceas, OTHOCATCA K TaK HA3BIBAEMBIM
CNEeYUAALHUM PYHKUUAM MaTeMaTHIecKoll dusuku. VM mocssiie-
Ha OOmUpHas MaTeMaTudecKas jureparypa. Vsydenume penrenmit
B OKPECTHOCTH OCOOBIX TOYEK — HPEJMET GHAAUMUYECKOT Meopul

dupppepernyuarvhur ypasuenud (cm. |3,15,29]).

5. JIMHEVMHBIE U YIIPABJISSIEMBIE CUCTEMBI

PaccMmoTpuM smHeltHOe BEKTOpHOE YpaBHEHHE
x=A(t)x+q(t), tel=]t,ts]. (5.1)

B ckasgpuoit popme 3TO cucrema n JIMHEHHbIX YPABHEHU 11EPBOTO
IOPAJIKA:

. n .

= ai(t)r +at), 1<i<n.
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Marpuna A = {a;;j} u Bexrop-pynkIUa ¢ = {¢;} HenpepbIBHLI
Ha orpeske spemenn [. VIubiMu ciosamu, oTobpaxkenus t — a;j,
t +— ¢; — 3 kmacca C(I). IlpousBoaHble B TOYKAX t1,2 IOHIMAIOT-
cd KaK OJIHOCTOpPOHHUe. 3aluCh JinHeiiHoi cucrembl B dhopme (5.1)
IIPEJIIIOJIAraeT, YTO BEKTOP (a30BbIX MEPEMEHHBIX X = {T1,...,Zn}
CYUTAETCS BEKTOPOM-CTOJIONOM: X = (1, . .. ,xn)T € R".

Hapsany c (5.1) paccMoTpum ynpasasemyro cucmemy

x=A(t)x+ B(t)u, teto,T]CI. (5.2)
Heonuoponuocts ¢(t) umeer crenuajibHyio CTPYKTYPY:
q(t) = B(tyu, B = {bij} = Bpxr, u=(us,...,u;) €R".

[TapameTper wu; gBngroTCcda ynpasienuamu. Hampumep, B Momenn
(mpaBia, HEJIMHEHHOMN ) JBUKEHUS EHTPA MACC JIETATEIHHOTO Allla-
para (JIA), npeacraBieHHOIl BO BBEJJEHUH, 9TO TATA JIBUTATEJIS, yTOJI
aTaku, MUJeJeBo cedeHue. JIuHeiiHble cucTeMbl, KaK IPaBUIIO, dAB-
JFAIOTCA Pe3yJIbTATOM JINHEeAPH3AINN yPABHEHNTIT IBUKeHIT 00HEKTa,
(byHKIIMOHUPOBAHUSA TEXHOJIOTUIECKOTO MPOIEcca ...) B OKPeCcT-
HOCTHU 33JIaHHOIO pexkuMa. BbiOop ylpaB/eHuii 1103B0oJIgeT MeHSAThb
TPAeKTOPHUIO IBMKeHHA. MOXKHO CTaBUTh 3aJady O BBIOOpe Ham-
JIYYIIero, onmumaabHo2o yupabieHnd. Maremarmueckas dopma-
au3anud TpedyeT TOYHOIO OIPENEJICHUS MHONCECTNEA JONYCTNUMbLT
ynpasaernut U = {u(-)} u kpumepus onmumasvrocmu J = J(u(-)).
Kpurepuaymu onTHMAIBHOCTH B YHOMAHYTOH 3a1a49€ O JBHZKCHHIN
neaTpa Macc JIA MoryT OBITH: paccTOSHHE 10 3aJaHHOH TOYKH Ha,
LOBEPXHOCTH, MaKCHUMaJ/bHad BbICOTA I0JIeTa, KUHEeTU4YecKad dHep-
rus Opy HojjleTe K 3aJaHHOi TOYKe IIPOCTPAHCTBA, BPeMd II0Ia 13-
HUA B IeJib (3a7ada ObicTposeiicTBus). B obmieit (hopme craBurcs
3871094 0 MUHHEMH3AINA GYHKUUOHAAL KAYECTEA:
T
J(u) = F(x(T)) + t fo(m,x(7),u(r))dT — min.
0

Hauasbubie mannbie (fg,Xg) 3agaHbl JUOO MOJIMHEHbI ONPEIEJIeH~
HBIM orpaHudeHusM. He 6ynem yriybidarbcda B T€OPUIO yIIpaB/IeHNd,
a COCPeIOTOYNMCS HA OINMCAHUK MHOXKECTBA ({ W yTOYHEHHWH IIOHS-
Tug pemenns cucreMsl (5.2) B coorBercrBuu ¢ neiaamu Kypca OJ1Y.
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B rexHuke pacupocTpaHeHbl Pa3JHYHOIO POJA HEePEKJIYaTen,
TaK 9TO JOIYCTUMBIMU CYUTAEM KYCOYHO HEIpPepbIBHbIE (DYHKIUU
Ha OTpe3Ke ympasienus [tg,T']: KOMOOHEHTHI u; = u;(t) UMET Ko-
HEYHOe UHCJIO Pa3pPbIBOB IEPBOro poma. Kpome Toro, BO3MOXKHOCTH
yupasjenus orpanuderbl. OObIYHO 33/[a€TCsi MHOXKECTBO JIOIYCTHU-
MbIx 3Hadennit: u(t) € U C R", t € [tp,T]|. PopMasbHO He UCKIIOYast
U = R", MHOKECTBOM JIOITYCTUMBIX yIPABJIEHUN CUUTAEM

U = {u()| u; € KC[to, T), u(t) € U CR"}. (5.3)

Yro moHMMATH MOJ perreHueM cucTeMbl (5.2) MpU JOMYCTHMOM
YIIPaBJIEHUH, €CJIU B MPABOil YaCTU BO3MOXKHBI Pa3PBIBbI (CKAIKM)?

ONPEAENEHUE 1. HempepoiBHyro BekTOp-yHEIMUIO X = (1),
ompeseneHHy0 Ha mpoMexxyTke Bpemenn («, 3) C [to,T], HazoBeMm
pemennem cucremsr (5.2) (Ha TOM HIPOMEXKYTKE), €CJIH IPU JI000M
¢urcupopannom s € (a, 3) cupaBesIIBO PABEHCTBO

p(t) = p(s) + /: {A(M)e(7) + B(r)u(r)}dr, t € (o, 8).  (54)

Takum 06pa3oM, 32 OCHOBY NMPUHSATA SKBUBAJEHTHOCTH 3324

t

i = f(t,2), x(t)) = z0, (t) :x0+/t £ (r,a(r))dr,
0
KOTOpas MCIOJIb30BaJaCh IPU J0Ka3aTeJbCTBe Teopembl llukapa
(npu ycnosum menpepbiBaocTH GyHkuumit f, f1).
B nasbHeiiniem vac Oyy T nHTEpECOBATH PellleHust CUCTEMBI (5.2)
Ha BCEM OTPE3Ke yIPaBJICHUS HPH 3aJaHHBIX HAYAJbHBIX JAaHHBIX
(to,x0) (x(tg) = xo € R™). CornacHo ompeJeNeHno, TaKoe pere-
HIHe X = (t) ABJIIeTCS HENPEPBIBHBIM HA OTpe3Ke BpemeHu |[to,T]
pelIeHneM HHTerPAJIbHOTO ypPaBHEHUsI

x(t) =xo + tt {A(T)x(T) + B(T)u(r) }dr, t € [to,T). (5.5)

HawampHoe ycinoBue ¢(tg) = X, 04€BUIHO, BbIMOJHsAeTCs. Ecmu nc-
KJIIOYUTh TOYKUA pa3pblBa yIlpaBjieHUd i1, ...,1r, TO HA MHOXKECTBE
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[to, T)\{t:} umeem pasencrso ¢ = Ay + Bu. Tak 4ro 3amaga Komn
C HaYaJbHBIMU JaHHbIME (T, X() Ay ypaBHeHus (5.2) 9KBUBAJEHT-
Ha B 9TOM CMBICJe HHTerpajbHoMy ypasaenuto (5.5). Ilpu t = t;
TPAEKTOPHUs JBUKEHUsI (HEIIPEPBHIBHOIO) MOXKET UCIBITHIBATH CKAd-
KH [POM3BOJHOI (u3si0Mbl). V3MeHeHue 1mojbIHTerpajJbHOil (pyHK-
muu B (5.5) B Komeynom umcsie touek (C {¢;}) He u3meHuT nHTe-
rpaja, II03TOMYy 0e3 OrpaHHYeHHs OOIIHOCTH MOXKHO IPOH3BOJILHO
nepeonpeeauTsb 3uaderus u(t;). OObIYHO OONPEIENIAIOT yIIPaBIIe-
HUsl 110 HEIPEPBIBHOCTH (CJIeBa WJIM CIIPABA), HAIIPUMED,

u(t) =u(t+0), telto,T), u(l)=u(T—0). (5.6)

IIpu rakoii norosopennocru cuurtaem t; € (to,T) (1 < i < k) u, ec-
JIM HE UCKJII0YaTh U3 PACCMOTPEHUSA OJHOCTOPOHHHE IIPOU3BOLHBIE
(cupasa npu t € [0,T) u creBa B MoMeHT BpeMenu 1), B cuiy (5.5)
nmeeM X = Ax + Bu Vt € [tg,T]. Uurerpanbuas dopma omnpesmere-
HIS PEIIeHns M03BOoJIseT 0000IaTh Teoputo Ha Oojiee O0IIIe KIACChl
JIOIyCTUMbBIX YIPABJIEHUI, COXpaHsasd, HAIPUMED, JIUIIb TpeOoBaHmIe
abCOJIFOTHON HENPEPBIBHOCTHU PEIIeHUs ( W BBIIIOJHEHUS PABEHCTBA
¢ = Ay + Bu moduru BCIOLy Ha OTpe3Ke yupasienus [to,T].
O0600muM 331249y HA HEJIMHEHHbIE CHCTEMBbI:

x = f(t,x,u), f:Q=/[te,T] xR" xU — R". (5.7)

Orpesok yupasienus [ty,T] dbukcuposan, BeKTop-byHKIHd f Kak
MuHEMYM HenpepbiBHa. Orpanudenuil Ha (a30BbIii BEKTOD X HeT,
sasanune dasosbix orpanmdenuit x(t) € X(¢) C R™ cymecrBenHo
YCIIOXKHSIET 3a]a4dy yupasieHus. MHOXKeCTBO JOMYCTHMBIX yIIPaB-
neumit U = {u(-)} xapakrepusyerca TpeboBaHIEM

u(-) € KC([to,T] — U CR")

¥ JIOOIpeieJIeHIeM 3HaUYeHUil B TOYKaX pa3pbiBa [EPBOro Poja B CO-
orsercrBuu ¢ coryamenueM (5.6). Ocraercs pasBe JIHIIb KOHEYHOE
9HCJIO TOYEK paspbiBa ynpasienns t; € (to,T) (t1 < ... < tg).
IIpezkie 4eM cTaBUTH U PEIIATh 3334y yIIPAaBJIEHUs HA OTPE3Ke
[to, T|, HEOOXOMMMO YOEaUThCs, 9TO pemeHns cucteMsl (5.7) cyrme-
creytor. [lox pemenuem ypasuenus (5.7) ¢ Ha9aJIbHBIME JAHHBIMU
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(to,x0) Ha orpe3ke [tp,T] MOHUMAEM TaKyl0 HENPEPLIBHYIO BEKTOD-
dbyukmo X = (t), 9TO BBIIOJIHIETCH TOXKJIECTBO 110 ¢

o(t) =x0 + /tf(T,go(T),u(T))dT, t € [to, T]. (5.8)

to
[Tpu HeobxomumocTu muiyT X = ¢(t; to, Xg, U), ITOOBI OTPA3UTH 3a-
BHCHMOCTB OT HA4aJIbHBIX JAaHHBIX (t0,X0) € [to,T] X R™ u ynpasie-
uust u(-) € U. Ha muoxecrse [tg, T]\{t;} BbImOIHSETCS TOXKIECTBO
o = f(t,p,u). Hna t; € (ty,T) paBeHCTBO COXpaHSETCs, €CIH IIPO-
W3BOJHYIO () MOHUMATH IIPABOCTOPOHHElH (Ipu HEOOXOAMMOCTH).

Ha orpeskax Bpemenu [t;,t;+1] (to < t1 < ... <ty <tgy1:=T)
MOXKHO paccMaTpuBarh ypasaenus X = ¢(t,x) = f(¢,x, u(t)), ubira-
SCh «CKJIEUTh» U3 JTOKAJIbHBIX [VI00AIbHOE PEelleHne Ha BCEM OTPE3Ke
Bpemenu [tg,T]. B obmem ciaydae 31ech BO3HHKaeT mpobiieMa Ipo-
JIOJIZKAMOCTH JIOKAJIbHBIX pentenuii. [IpuBemem mocraTodnbie ycio-
BUsl, IPH BBIIOJHEHNN KOTOPBIX rapaHTHPYIOTCA CyIIECTBOBAHHUE U
eINHCTBEHHOCTDb IJ100aJIbHOIO pelleHus 3aaa4un Ko,

TEOPEMA 5. [Iycmo f € C(Q) u f € Lip,(2):

1f(t,x,u) = f(t,y, W] < Llx =y, (5.9)
Y (t,x,u), (t,y,u) € Q= [tg,T] x R" x U, L = const.

Toeda Vxg € R™, Yu(-) € U cywecmeyem pewenue 3adauu Kowu
x = @(t;to,x0,u) (p(to) = x0), onpedeaennoe na ompesxe [to,T].
Jlas arwbozo dpyzozo pewenus x = P(t) ¢ HAYAADHOIM YCAOBUEM
X(to) = xo (t € [to, B), ¥(to) = x0) umeem @(t) = Y(t), t € [to, 3).
/loxazameavcmeo. Oupenennm urepannoHHbIi mpomecc: k > 0,

t

wo(t) = xo, gokH = Agok, g0k+1 = xg + t f(r, gok,u)dT. (5.10)
0

3nech t € [tg, T| u B cuiry oTcyTCcTBHS (DA3OBBIX OrPAHUYEHHI TOCTe-
JIOBATEIbHOCTH HEIPEPBIBHBIX BEKTOP-(DYHKIUIT KOPPEKTHO OIIpeie-
JieHa (BepXHUil WHIEKC — HOMEep, HUXKHUN — Jijisi KOMIIOHEHT):

() = (Phs i) ¢ € Clto, T] = Culto, T) = C([to. T), R™).
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OcraeTcs JOKa3aTh CXoauMocTh ©F — ¢ 1o Hopme mpocrpancTsa C,
T. €. PABHOMEPHYIO CXOIUMOCTb Ha oTpeske [to, 7] (¢* = ).
Paccmorpum coreyromnmuii pyHKIMOHATBHBIA pa: t € [to, T,

P+ =)+ G =) L S ="
Jls onenok (<) Hopmy B R™ yno6HO BBIOpATh KyOW4YeCKOI:

Il = max |zal, ¥l = max - max [4:(6)]

Ouerm wremst paza [[¢0]) = [xol, [l — ¢l == @,

620 - 'l = [ (et ) = £l )| <
<AgHﬂnw%w—fﬁw%wHwT<L@a—mx

%) = * O <L | l¢*(7) — ' ()] dr <

t t—t 2
< 12Q [ (r—to)dr = 2@ 10" 5 0)
to

MetoioM MaTeMaTUYeCKON WHIYKIMU JTOKA3bIBAETCH OIEHKA

t—to)k
||g0k+1(t) - gok(t)H < LkQ %’ k>1, 1€ [thT]'

[lonyunnn cxoadmuiicss 9UCIOBON MaXKOPUPYIOMIHI P
(T — to)k
k!
= ||xol| + Q(1 + L(T — to) + ...) = [|xo|| + Qexp{(T — to)L}.

Ixol| + Q + LQ(T — to) + ... + LFQ +...=

ClIe10BaTeIbHO, MMEeT MECTO CXOAUMOCTh pF = ¢ € C.
JlokarkeM paBHOMEPHYIO CXOIUMOCTH HHTETPAJIOB:

H tof 7, ", w)dr — tjf(T,go,u)dTH <

< Ll — pllo(T — to) = 0, k — +oo.
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Ilepexons k npenesy B oupegesnerun (5.10), noaydaem HEIOIBUK-
uyio T0o4ky ¢©(-) = Ap(-), T.e. pemenne x = ¢(t;to, X0, u) 3a4a49H
Koum (p(ty) = x0). Ono onpezeseno Ha Bcem orpeske [to, T].

EMHCTBEHHOCTD JOKAXKeM OT IIPOTUBHOIO: IIyCTh HA IPOMEXKYT-
ke [to, ) oupenesneno apyroe pemenue X = (t), ¥ (ty) = xo. o-
oupezeaum 3nadenue () (ecau [tg, B) = [to, 3)), 10J0XKUB B OLpe-
nemnennn pemtennd (5.8) (mpu 3amene ¢ — 1)) cupasa t = B uH-
rerpaje (popmasibao 3Hadenue Y (7) upu T = [ 1O MHTErPAIOM
MOYKHO c4uTaTh JaI00bM). Oboznaanm P = || — ||, C = Clto, f],
1 BBINOJIHUM IOCJIEJI0BATEIBHO OlleHKH npu ¢ € [tg, 3]:

lip(t) wﬁV{fT% )~ Flrwu)dr| <
L/Hw (Dl dr < LP(t = to),

o)) = w0l < L[ LP(r — t0)ar = £2p L00L,
to

[lo unyKIuu moJiydaercsd OIeHKa
ﬁk

ot - wio)] < prE L=l < prr g

B urore p(t) = (t), t € [to, B) (B € (to,T]). O

Pesynbrar He HM3MEHHTCH, €CJIM BMECTO HAYAJbHBIX JIAHHBIX
(to,x0) B3sTb HAOOP (L4, Xs) upu pukcupoBanuoM t, € (to,T].
s muneiinbix cucrem yciaosue Jlummmumna (5.9) BBIIOIHEHO:
1f(tx,u) = fty, vl = [[A®) (x = )|l < . A -l =yl

Hopmy maTpuribl 6epem coryiacOBaHHOII ¢ HOPMOil BEKTOpa:

n
Il = max fail = A = max 77 Jay|.
B nuneitapix cucremax OJ1Y Bce pereHns mpoaoKHMBI Ha BECh
IIPOMEXKYTOK BpeMeHu, Ha Koropom marpuia A(t) menpepbiBHa,
a HEOIHOPOAHOCTH ¢(t) MMeeT KOHEYHOEe YHUCJO Pa3pbIBOB IIEPBOIO
poza (mpu HEeOOXOMMOCTH 3TU OTPAHUYEHUs] MOXKHO OCJTaOUTh).
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JImnaeitabie auddepeHimaIbHbIe
ypaBHEHUS

[Tpumem WHIYKTUBHYIO CXEMY HU3JIOXKEHUS, MUCIOJIb3ys TPaIAIHNOH-
HYIO MeXaHH4YecKyro TepMuHOoJoruio. OOINyi0 TeopHuio IpenMyIie-
CTBEHHO OymeM m3JiaraTh Jijis ypPaBHEHHII BTOPOrO MOP/IKa, OPUEH-
TUPYACh HA BTOPOil 3aK0H HbI0TOHA, N3BECTHBIN U3 MIKOJBHOTO KYP-
ca ¢usuku. C ApyruMu HpuaoKeHusiMEu (TeIIONPOBOJHOCTD, -
dbysus . .. ) duraresnb 03HAKOMUTCSI B Kypce MaTeMaTuIecKoil (pusu-
Ku. /g muHelHbIX auddepeHnuaabHbIX YPaBHEHI N-T0 MOPSIKa
TEeXHUYIECKNEe BBIKJIAJIKH AHAJOTUIHBI.

1. JIMHEAHBIE OJHOPOJHbIE YPABHEHUSI

OcHoBHbIE TIOHATUS U ODO3HAYEHUS. Y PAaBHEHNE BUJIA
2™ a1 ()" + . +ag(t)z =0 (1.1)

HA3bIBAETCA AUHEUHM 00HOPOOHBIM JupdepernuuasvbHvim YypasHe-
Huem n-20 nopadka. B TuHeHOM «OHOPOILHOM» HPUOJINKEHUU BTO-
poit 3akon Heiorona mi = F(t,x, &) 3anumierca B (popme

#(t) + a1 (t)E () + ao(t)z(t) = 0. (1.2)

HeszaBucumyto nepemennyio t € I = (t1,t2) uHTepupeTUpyeM Kak
Bpems. Kosddunuentsr a;(t) canraem HenpepsiBabivu: a; € C(I).
[Ipu HEOOXOAUMOCTH C IpHUBJIeYEHHEM ITOHATHS OJITHOCTOPOHHEIl IIpo-
U3BOHOI BMeCTO MHTepBaJia [ MOXKHO pacCMaTPUBATH TPOMEYKYTOK
Bpemenu (t1,12), B wacTHOCTH, OTPe30K I = [t1,1s].

CrangaprHoii 3aMeHOl x1 = z, X9 = & (mepexomx K ha30BBIM
IIepEMEHHBIM «II0JIOKEHNEe-CKOPOCTh» ) YPaBHEHNE CBOJUTCH K HOP-
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MaJIbHO¥ (pa3pereHHoNl OTHOCUTENbHO IPOU3BOIHBIX) CUCTEME JIU-
HeltHbIX i epeHIuaibHbIX YPABHEHUI IEPBOTO MOPSIKA

.fl = X9, x'z = —ao(t)acl - al(t)xz.

O6muit mopsiioK cucremMbl paseH JasyMm. B riasel mnpesgcrasiens
METO/Ibl HHTEIPUPOBAHNUS CKAJIAPHBIX YPABHEHUI [IEPBOrO MOPsIKA,
TaK 9TO Ie1eco00pPa3HO PacCMOTPETh BOMPOC O HOHUKEHUU HOPSJI-
Ka. Jljis pemiennii, He IPUHUMAIOIIUX HYJIEBBIX 3HAYEHUN (HA HEKO-
TopoM 1poMexxyTke (v, 3) C I), MOXKHO cjie1aTh 3aMeHy Yy = &/x.
Torpma ¢ = i /x—(i/2)? = & /r—y? n nocne nenerns (1.2) Ha = momy-
gaeM ypasHenne Pukxarn +y°%+a1(t)y+ao(t) = 0. 1o ckanaprOe
nuddepeniuaabHOe ypaBHEHUE TEPBOTO MOPsi/IKA, HO HEJIMHEIHOE U
B 00I1IEM CJlydae B KBaJpaTypax He uarerpupyercs. lopsaok ncxo-
HOIO YpaBHEHUsS MOXKHO TaKyKe HOHU3HUTb, €CJU U3BECTHO YaCTHOE
pemrerne Z(t) # 0 (t € (o, 3)). 3amena x = Z(t)z TpuBOAUT K OHO-
poHOMY JinHeiHOMY ypaBHenuto Buja Z +a(t)Z = 0. HoBas 3amena
W = Z IMOHMXKAET MOPSIOK, U YPABHEHUE MHTEIPUPYETCH.
[Ipu mpOM3BOIBHBIX BEIECTBEHHBIX HAYAJIBHBIX YCIOBHAX

z(to) = zo =Y, (to) =vg =23 (to €1)

cooTBeTCTBYyIOIIEe perenue 3agadu Komum = = ¢(t) cymecrsyer,
eIMHCTBEHHO U IIPOJOJIKAMO Ha Bech mHTepBaJ . B mambreiimem
110/ pelleHneM MOHUMaeM IpOJIOJIzKeHHOe Ha [ (IIOJIHOE) pelleHwue.
U3 cymecrBoBanus npousBogHON P(t) ciemyer eé HEenpPePbIBHOCTD:

P(t) = —a1()p(t) — ao(t)o(t), ai € C(I) = ¢ € C*(I).

Ob6obrmenne Ha cayvail IpOU3BOJIBHOIO 1 > 2:

.o—app, a;€C()=¢peC"(I).

[Ipu mocrpoenun obiielt TeOpUU HEAOCTATOYHO OIPAHUYUTHCH
pyHKIUAMEI C BEIECTBEHHBIMU 3HAYEHUSIMHE, TOITOMY J1aJIee 0TIy C-
KaeM KOMIIJIeKCHO3Ha4HOCTh byHknuil a;: I — C. Hesasucumasa
mepeMeHHas ¢ ocTaeTcs BemmecTBeHHOI. Paspurue ma ciaywait t € C
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COCTABJIAET IPEJIMET GHAAUMUYECKOT meopuy JuddepeHnuaibHbIX
ypaBHenuii. lloHgTna mpom3BOJHONI M WMHTErpaJia OT KOMILJIEKCHO-
sHaqHoll dyukun x(t) = u(t) + iv(t) (u = Rex, v = Im ) Berme-
CTBEHHOT'O apryMeHTa OIPEeNeIdi0TCd eCTeCTBEHHBIM 00pa30M:

(1) = a(t) + io(t), / (1) dt = / w(t) dt + i / o(t) dt.

B obmem ciayuae, korpa koaddunuenrst a; € C(I — C) u magans-

mpre mammpre 5D (tg) = 20 € C (1 < s < n), pemenne ypapme-

ung (1.1) takxke kommaekcuozuaduo: ¢ € C"(I — C). Kommrekc-

HOe ypaBHEHHEe CBOJUTCS K JIByM BemiecTBeHHbIM. Jljist 9T0ro coemy-

er BblIeauTh BemecrBenuble (Re) u muumbie (Im) gactu dyukimii

a;(t), (t) u mpupaBuaTh K Hymo Re u Im seBoit qacTu ypaBHeHus.
[IpuBeseM yka3aHHBIE BBHIKJIAJKU DU N = 2

E+a(t)t +ap(t)r =0, z=u+iv, aj =0a;+16; =
i+ i + (a1 +i61) (0 +i0) + (oo + i60)(u + iv) =0 =
i(t) + aqu(t) — B1o(t) + cou(t) — Bov(t) =0
b(t) + Bra(t) + aq10(t) + Pou(t) + apu(t) = 0,

up = u(t), ug = u(t), vi =v(t), vo =0(t) =

ul 0 0 1 0 Ul
dlw| [0 o o 1 |[|u
dt [ug| |—a0 Bo —ou (i (5
V2 —Bo —ap —f1 —ai) \v2

W3naraemble HUKe OOIINE MOJIOXKEHUS TEOPUU JTUHEWHBIX YpPaB-
HEHWl CIpaBeINBBI KAK B BEIIECTBEHHOM, TaK U B KOMILJIEKCHOM
caydasx (HO He3aBucumas nepementas t € R). [lo ymosuanuro mog-
pasymeBaeM OOIUiT KOMIIJIEKCHO3HAYHBIN cirydaii, a R-yrounenus
OyZleM IPUBOJIUTH II0 Mepe HeOOXOIMMOCTH.

[TepeiineM K JaKOHWYIHON onepamoproti popMe 3alucu ypas-
wernus (1.1). Jna sToro BBemem cumsoa D = d/dt. Ero moxHO
paccmarpuBaTh Kak orobpaxkenue (omeparop). Jluddepennupye-
Moit dyukiun (t) cTaBUTCS B COOTBETCTBUE €€ IPOU3BO/HAL:

D:p 1, DY =1 ((DP)(t) = (1), teT).
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Crenenp omeparopa amddepeHnnpoOBaHus ONPeae/IgeTcd KaK KOM-
nosumusi: D¥F = Do...oD = dk/dtk. Ilpu srom D° = id — epunma-
HBIH omeparop, misg Koroporo D% = 1. Cumson D° B BbIKITaIKAX
OOBIYHO OIYyCKAIOT. JTOT YA00HBIH (pOpMATU3M IIO3BOJISET IepeIn-
carb ypasHenue (1.1) B KOMIAKTHOM BHJE:

L(D)x =0, L(D):=D"+a,_1D" 1 +...+a. (1.3)

YTouHuM, Kak cieayer moHumarTh ypasHenue (1.3). Ecaum n pas
nuddepennupyemast GyHkips @(t) saBisgercs penieHueM (IIOJIHBIM )
ypasuenus (1.1), ro o € C™(I). B cBsi3u ¢ 9ruM orpanndum 00/1acThb
onpeesenns oneparopa L£(D) kiaccom n pa3 HempepbiBHO mudde-
pernupyembix ¢yukimii. Takum obpazom, L(D): C™(I) — C(I),

e C™(I) = LD =™ + ap_ 10D + .+ agyp € C(I).

DyHKIW ) HOHUMAETCs KAK JIeMEHT (PYHKIIMOHAJIBHOIO IPOCTPAH-
crBa. Korma 3T0 HEOOXOAUMO IOTYEPKHYTh, UCIOJb3yeTcd 0OO3Ha-
genne 1)(-), 9700l OTANINTH (DYHKIMIO OT ducia (t) — 3HadeHus:

dbyukuuu v = YP(-) B rouke t € I. Jludbdepennuanibuoe ypashe-
aue (1.3) MOXKHO BOCHPUHUMATH KaK OLEPATOPHOE:

LD)a() = a™ () + an1 ()" V() + ..+ ao(-)a() = 0.

Ilox ero pemennem nornmmaercs snement ¢ € C™(I), KOTOpHIi e~
pesojurcs oneparopom L(D) B Hysnb. Hynu sinHeiinbix npocrpancTs
0b03HaYaeM OJHUM CHMBOJIOM. Tak 4TO Hy/Ib B IPaBOil YaCTH ypaB-
wernng (1.3) o3Hadaer PYyHKIUIO, TOXKIECTBEHHO PABHYIO HYJIO Ha
paccmarpusaemom unrepsaie spemenn I (0 € C(I)). B Gosee no-
apo6uoii samucu [L(D)z(-)](t) =0 (¢ € I), no B nanbHeiimem Gyaem
n30eraTh M3IUIIHEH JAeTaan3anui B 0003HAYEHUAX.

IIpocrpancrBo permnenuii. MHOXKeCTBO pelleHnil OTHOPOIHOIO
ypasuenust L(D)z = 0 obpa3yer jmHeiHOe IPOCTPAHCTBO, T. €. JIU-
HeliHas KOMOMHAIMS PEIIeHn ABISeTCS PEIIeHneM. DTO CIeayeT n3
JuHeiiHocTu omneparopa auddepennupoBannsa. PopmaabHO

L(D)(Ap1 + pp2) = AL(D)¢p1 + pL(D)pz = 0.
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3mech @12 — NPOH3BOJIbHBIE DEIIEHUHA, & A, [l — IIPOU3BOJIbHBIE

ancia. PaccmarpuBaeMm komiutekcueiit caydait: a;j € C(I — C),

pj: I — C, A\, u € C, R-epcuio yTBepxK/eHuil IpuBeeM IO3Ke.
Urak, {¢p} asngerca muueitnpiM moxnpocrpanctsoM C"(1).

ONPEJAENEHUE 1. Qynakuuu ¢1(t),. .., Yy (t) HasbBatOTCH AUNET-
HO HE3ABUCUMDIMUYU HA HHTEepBaJe I, eCJihd CIIpaBEaJINBO CJIE/ICTBHE

ai(t)+ ...+ enm(t) =0t el)=c1=...=c¢y,=0.

Jluneitnast komMOuHarus (QYyHKIUNE TOXKIECTBEHHO PaBHA HYJIIO
Ha [ TOIBKO TOrJa, KOIJla PaBHbI HYJIO BCe KO3(DUIMEHTH C;
(koTopble B ompejeseHnu mojapasdymeBarorcs Koucrantamu us C).
B nporusrOM cityuae byHKmun 1); Aumeldno 3asucumss (IO OIpe-
JIeJIEHUIO) HA PacCMaTpUBaeMOM MHTepBaJse Bpemenu. llpu srom 1o
KpaiiHeil Mepe onHy n3 (DYHKIHIi 1); MOXKHO IpeJCTaBUTh JIMHefi-
HOII KOMOMHAIENR OCTAJIbHBIX. DTHU IOHATHS AHAJOTHYHBI JINHEHHOI
HE3aBUCUMOCTH (3aBUCHMOCTH) BEKTOPOB U3 KypCa JMHEHHON ajreb-
pol. IIpocrpancrso C™(I) kak JuHeiiHOe GECKOHEYHOMEPHO: MOXK-
HO yKa3aThb J000e KOJIUYIEeCTBO JUHEHHO HE3aBHUCHUMBIX 3JIEMEHTOB.
B kadecTBe mpuMepa ykaxkeM cremenusre ¢yuknnn t¢, k € N. Ec-
JIN IPUPABHSTH K HYJIIO JIMHEHHYIO KOMOUHAIUIO JIFIOOOTO KOHEIHOTO
qrcsa Takux QYHKIWIA, TO MOJLy9UM, 9TO y IOJUHOMA (p) uMeercs
KOHTHHYYM Pa3JudHbIX KopHeit ¢t € I. B caygae 3¢, # 0 (p Z 0) ux
MOXKeT OBITh TOJIBKO KOHETHOE YHCJI0, OTKYAA 3aKJIF0UaeM, ITO BCe
YUCJIOBbIe KOI(DPUIMEHTH! JUuHEHHOT KOMOWHAIMY PABHBI HYJIIO.

Bomkarimast mejib — n0Ka3aTh, YTO JUHEWHOE IO IIIPOCTPAHCTBO
S = {p} C C™(I) pemennit omnopogHOro nuddepeHnuaIbHOrO
ypaBHEHUS KOHEYHOMEPHO (TOYHEe, N-MEepHO).

TEOPEMA 1. B mmnoocecmse pewenuts S MooHcHo 6bibpamsv n Au-
HETUHO HE3ABUCUMBLT IAEMEHMOB 1, . . ., Pn, MAKUT, ¥MO A1000€ pe-
wenue p € S npedcmasumo ur AuHetHotl KomMOuHayuel:

o(t) =cro1(t) + ...+ enipn(t), te€I, ¢;eC.  (1.4)

Zlokazameavcmeo. C 1eibio yupolenus 0003HaYEeHUN OrpaHmInM-
ca n = 2. Qukcupyem Ipou3BOJIbHBIE JMHEHHO HE3aBUCHUMbBIE BEK-
toper b',b? € C? u mauasbHBIT MOMEHT BpeMeHH tg € I. Bepxuuit
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nHseKc osHadaer Homep: b = (b],b%)". Onpenenum pemenns ¢1, @2
C HAYAJbHBIMU JaHHBIME b, b?: (¢;(to), p(to)) = (b{, b%)

ITokazkeM, 9TO 9TH pellleHus JUHeHO He3aBUCHMbI Ha HHTepBa-
ne coero ompenesnennda I. CocTaBuUM B COOTBETCTBHHU C OIpe/eJie-
HEEM JIMHEeHyI0 KOMOUHAIIIO U IIPUPABHAEM €€ HYIIIO:

c1p1(t) + capa(t) =0, tel, c; € C.
Huddepernupys 1o Toxkaectso (1o ¢t € I) B Touke t = to, HOLyIUM

c191(to) + capa(to) =0, c1¢1(to) + cap2(to) = 0.

B BexTOpHO-MATPpUYHOIT 3amUCcH TMeEeM

e1(to), a(to)\ (e _ (b1, b3\ (@ 0

@1(to), @a(to) ) \e2) — \ b3, b3) \co 0

CToJIO1BbI MATPHUIIBI COCTOST U3 KOMIIOHEHT OA3UCHBIX B C? BEKTOPOB
b!, b?. CieoBaTeIbHO, MATPHIA HEOCODAS I PELIEHIeM OIHOPOIHOM
CHCTEeMbI JUHEHHBIX aJreOpamvdecKnX ypaBHEHHUI SIBJISETCHA TOJBKO
TPUBHAJIbHBIN HAOOP ¢; = co = 0.

[Tokaxxem Tenepb, 9YTO pelieHus @1, 2 00pa3yoT ba3uc JuHeil-
HOTO mpocTpaHcTBa S. JIuHeiiHas HE3aBHCHMOCTDH JIOKa3aHa, OCTa-
ercsd J0Ka3aTh IPEICTABUMOCTD JIIOOOTO PpeIleHnsd WX JHHEeHHOI
koMOuHarueii. PaccmMorpuM mpon3BoJibHOE pelreHne ¢ ypaBHEHUS
L(D)x = 0. ludbdepennupyem @ B MOMEHT BpeMeHH ty 1 obpasyem
BeKTOp b ¢ KommonenTamu by = ¢(tg), ba = p(tg). Pukcupyem Ko-
s dunuenTsl ¢; pasioxkenud b 1o 6azucy: b = c; bl +cob?. DynxIus
Y(t) = c11(t) + capa(t) aBasierca pemenuem auddepeHuaIbHOr0
ypaBHEeHHUs KakK JIMHeiHas KomOuHaius pemiennii. 11lo mocrpoenuio
BEKTOPOM HAYaJIbHBIX JaHHBIX Ipu t = tg Oyzaer b:

1# =cC1 S{?l + o ?2 :Clb1—|—62b2 =b (t:to).

(8 $1 P2

Cute1oBaTEILHO, Y pEIIeHUil ¢ U 1) OJMHAKOBBIE HadYaJbHbIE JAH-
ubie. [lo Teopeme equmHCTBEHHOCTH 3aKJ049aeM, 9To ¢(t) = 1 (t) Ha
uHTepBasie I, T.e. BeImosHEHO mpejcrasienue (1.4). O
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JlokazaresbCTBO I MPOU3BOJIBHOTO 1 > 2 CJIOXKHEE JIUIIb B
obosuagenusix. Bmecro b, b2 Gepem 6asuc b', ..., 0" € C". Basuc-
HBIE PeIeHnsd ©1, ..., P, € S onpenensdeM HAYaIbHBIMHU YCIOBHSIMA

(st(tO)a Sbs(tO)a ceey CPgn_l) (to))T =0°, 1 <s<n.

OTu peleHnd JUHEHHO HEe3aBUCHMBI, U UX JHHEiIHbIe KOMOUHAIIAH
obpazyior MmHOXKecTBO S. TeMm caMbIM JIHHETHOE IPOCTPAHCTBO pe-
IIEeHUil OJTHOPOHOIO ypaBHeHusi n-mepHo: dim S = n.

Bazuc nuneitnoro npocrpancrsa S Ha3bIBaeTCHd GYHIAMEHMAND-
ot cucmemoti pewernud. VI3 moKka3aTesbCcTBa TEOPEMBI CJIEyeT, YTO
dpyHIaMEHTAJIbHBIX CUCTEM 0€CKOHEYHO MHOr0. DyHKITHS

r=cro1(t) + ... +cppn(t) (tel)

Ha3bIBAETCA 00U UM PEWEHUEM TTHEHHOTO OTHOPOIHOTO aud depeH-
nmasbaoro ypasaenus L£(D)r = 0: npu maobbix ¢; € C nomygaem
pelenne, u J000e pelleHne MpeIcTaBUMO B Takoir dopme. Apry-
MEHTOM ODIIEero penreHns sIBjsgeTcs Habop MepeMeHHbIX ¢, C1, . .., Cy.

Marpunia Bpouckoro (1776-1853). VccienoBanue jmHeirHOI
HE3aBUCUMOCTH (3aBUCUMOCTH) PELIeHU ¢, .. ., P, Ha UHTEpPBAJe
BpeMeHH yI00HO MPOBOIUTH C MOMOIILIO Mampuub, Bponckozo

win=|"." T . | tel

gOgn—l) N Spgbn—l)
Omnpenemurens w(t) = det W(t) = |W(t)| marpuusr Bponckoro
HA3BIBAETCS BPOHCKUAHOM. Lcim pemennsi ; 3aBHCHMBI, TO BBI-
nosiasiercs ToxaectBo w(t) = 0. [eiicrBurensro, quddepennupys
cre1(t) + ... Fepon(t) =0 (t € I, e, # 0) (n — 1) pas, mouy-
waeM B MaTpuunoii 3amucu W (t)e = 0, tme ¢ = (c1,...,¢,) # 0.
Caenosarenbno, croabupt W (t) nuneitno 3aBucumbr u w(t) = 0.
DTOoT pe3yabrar 0000IaeTcd Ha J1I0Obie (DYHKINHN, HE 00A3aTe b~
HO perenus nauddepennuaabaoro ypapuenusd (1.1) (numrb 661 MaT-
puna W (t) 6euta omnpesenena). Eciu ke @1,. .., @, pelieHusd, TO
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CIpaBeJyInBO 0OpaTHOE YTBEpPXKJIEHNe U JIAXKEe ero yCHJIeHHe: eCJIH
x0T Obl 1pu OJHOM { = {j BPOHCKHAH PaBEH HYJIO, TO PeIleHus:
JMUHERHO 3aBucuMbl (1 Torma Kak ciencrsue w(t) = 0).

Jokaxem yrBepkienue: o1, ...,p, € S,w(ty) =0= w(t) =0.
Yeaobue w(ty) = 0 o3Ha4aer JMHEHHYIO 3aBUCUMOCTH CTOJIONOB
marpunsl W (tp) (u eé crpok). Paccmorpum cTosbIisr Kak BEKTOPBHI
HAYAJIbHBIX JAHHBIX IS PEmIeHuit ¢1, . . . , @, upu t = tg. [lockob-
Ky B cuiry 3aBucumoctu crosibuos W (tg)e = 0 mjis HEKOTOPOro HeHy-
JIEBOTO BEKTOpa ¢ = (C, .. . ,cn)T, TO pereHue @ = c1p1+...+cppn
MMeeT HYyJIeBOH BEKTOpP HAdYaJbHBIX JAaHHBIX mpu ¢t = tg. JleiicrBu-
TeJIbHO, IIoCJIeloBaTeIbHoe auddepeHnupoBanne JIHeiHO KoMOu-
HaMA C1P1 + ... + Cppp IO t JaeT B MATPUYHON 3almCu BEKTOP
W (t)c. llpu t = tp nmosyuaem HysieBble HaYaJIbHBIE JAHHbBIE JJIS Q.
ToxtecTBeHHO paBHOE HYJIIO pellleHue, eCTeCTBEHHO, TOXKe 00J1a 1a-
er takuM cBoiicrBoM. [To Teopeme emumucTBeHHOCTH W(t) = 0, T. €.
pelieHust Q1, ..., P, JuHeiHo 3aBucuMbl (3¢, # 0).

[TonBeieM HEKOTOPBIN UTOT TEKYIIUX paccyxXkjieHuii. JInHeitHyto
HE3aBUCUMOCTH (3aBUCUMOCTH) HabOpa 7 DPEMIEHUH MOXKHO yCTa-
HOBHUTb, BLIYUCJIMB BPDOHCKHMAH B IIPOU3BOJIbHBI MOMEHT BPEMEHN
t. € It w(ty) # 0 o3magaer HezaBUCUMOCTH, W(ty) = 0 — 3aBUCH-
mocThb. Cucrema @1, ..., o, € S dyHmamentagbua (6a3uc perieHmii)
TOrJa M TOJBKO TOLJA, KOIJa OHA JIMHEHHO He3apucuma. PyHia-
MEHTAJIbHOCTD 110 OIPEAEICHUIO BIedeT He3aBUCUMOCTh. Hesapucu-
MocTh Jaet w(ty) # 0, 9To 03HAYAET HE3ABUCHMOCTD CTOJIOIOB MAT-
punbt W (tg). Dt cronbupl cyTh HAOOPHI HAYAJIBHBIX JAHHBIX JIJIs
perenuil ¢; B MOMEHT BPEMEHH t(, II09TOMY PeIIeHHs ©j 00pa3yior
basuc S (cM. gmokasarenbcrBo Hpezcrasienus (1.4)).

®opmyna JInmyBunaas. Paccmorpum ciemyonyo oOpaTHyO 3a1a-
ay. IlycTsb 3amanel Takue dbyHKIIN 01, 03 € C?(I), 9T0 BpoHCKHAH
w(t) # 0Vt € I. MoxXHO i HOCTPOUTH JINHEHHOE OSHOPOIHOE
nuddepeniuaabHOe ypaBHEHHE, /IJIT KOTOPOTO Mapa 1, Y 00pasy-
er yHmamenTanbayo cucremy pemennii? [lockonbky dimS = n,
TO OrpaHUYMMCH ypaBHeHueM Broporo mnopsika (1.2). Ilogcraiss
byHKIHT 1, P2, TOJIYUYUM JUHEHHYIO aJredpamdecKyio CUCTEMY
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ypaBHEHU Jiid onpejiesieHus: KO3 puimenTon ag, ay:

a1$1 + app1 = —¥1 e 1 ap) _ — 1
a1p2 + app2 = —P2 v2, 2/ \1 R
Marpuiia cucremMbl — TPAHCIOHHUPOBAHHAA MATPUIA BpOHCKOro

W (t), Tax 9TO €€ OIpesenTeNlb COBIAJAET ¢ BPOHCKHaHOM w(t).
[To dopmymam Kpamepa (paborocnocobHbIM Mpu HEOOTBINUX 1) UC-
KOMBbIe KO3 (DUITHMEHTHI OIPeIeadi0TCsI e UHCTBEHHBIM 00pa30M:
ap=w ! %1’ 9?1 . oap=w ! oL Qfl . a; € C(I).
—¥2, P2 ¥2, =2
ODTH COOTHOIIEHNUsI, B 9aCTHOCTH, MOXKHO PAaCCMATPUBATh KaK CBA3b
MEXK/Iy Pa3JIuIHbIME (PYHIAMEHTAJIBHBIME CHCTEMAMM.
Omupegennresb MaTPUAIBI UMEET NeOMETPUIECKU CMBIC/I OPHUEH-
THPOBAHHOrO OObeMa MmapaJuresienuiena (pu n = 2 — +IIIomEAIh
apaJsiesiorpaMMa), HaTaHYyTOrO Ha BEKTOPbI-cTos0mbI. CToabiamu
MaTpuibl BpoHckoro sBigiorca ¢pa3oBbie BeKTOphbl. C MPUKJIIATHOIM],
«THJAPOANHAMUAIECKON », TOUKI 3PEHNs BayKE€H BOIPOC 00 N3MEHEHNN
dazoBoro obbemMa ¢ TedeHneM BpeMeHH. BhIumcmB CKOpOCThb U3Me-
HeHNd BPOHCKHAHA W = Q1P — Y201, 3aMedaeM, ITO W = —ajw.
NuterpupoBanne 3TOro JUHEHHOrO ypaBHEHHS IAET

w(t) = w(to)exp { - [

to

tal(T) dT}, tel (1.5)

(to € I mpomsBosibHOE (DUKCHUPOBAHHOE). DTO U ecTh (opmya Jlu-
yBwLid. K eé obobienuto 1yid n > 2 BepHEMCd B CJIeayIOIIeil ria-
Be. TpynoeMKyIo onepanuio BeducjieHus onpeesnress (npu 60sb-
UX 7) JOCTATOYHO BBINOJHUTH JIHIIL eAuHOXKbl. 3 dbopmyiibt
creyet, aro aubo w(t) = 0, mubo w(t) # 0Vt € I.

OcranoBumcs Ha 9acTHOM ciydvae, korma ai(t) = 0. B mexa-
HUYECKON TEePMUHOJIOTMU: CUJION TPEHUd, 3aBUCAIIENH OT CKOPOCTHU
2, MOKHO tpenebOpedb. Torma mo dpopmysie JInyBuiiig BbIIOJTHSET-
ca paBercrBo w(t) = C' = const, t € I. IlycTs u3BecTHO perienue
x=p1(t) #0Vtel (wmt € («,F3) C I). Torma
=C = @2—ﬂ902:£-

¥1 ¥1

Y1, P2
D1, P2
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Nurerpupyst 910 JIMHEHHOE OTHOCUTENBHO (Y2 YPABHEHHE IEPBOIO
IOPSA/IKA, [OJydYaeM OTJIMYHOE OT (0] YaCTHOE DEIIeHHe HCXOHOIO
ypasuenud &+ ag(t)r = 0 (mposepsercsa moxcranoBkoii mpu C' = 1):

erlt) = 1(0) [ o) dr, €T (1€ (0, 5).

Wurerpas He paBeH KOHCTAHTE, TaK KaK €ro Ipou3BojHas (10 BepX-
nemy npegeny) pasua 1/¢3 > 0. CiemoBaTesibHo, napa @1, Qg Jn-
HEIHO He3aBHCHUMa U 00pa3yeT (DYHIAMEHTAJIbHYIO CHCTEMY.

B zakisrouenne maparpada 0CTaHOBUMCS HA, BEIIIECTBEHHOM CJIY-
vae. B nmpusenenubIx Boimie paccyxkaenusx cremudura C (mo cpas-
HeHHIO ¢ R) He HCIOJB30BaaCh, IMOITOMY MHOXKECTBO pPelleHuit
JIMHEHTHOTO OJHOPOIHOTO AuddepeHIuaaIbHOTO YPABHEHUS C Bellle-
CTBEHHBIMU KO (PUIMEeHTAMI 1 BEIECTBEHHBIME HAYAJIbHBIMA JTaH-
HBIMH SIBJISETCSA BEIIEeCTBEHHBIM 7-MEPHBIM JIHHEHHBIM IIPOCTpPaH-
crBoM. DyHIAMEHTAJBHYIO CHCTEMY OOpa3yloT JIIOOble N JIUHEITHO
He3aBuCcUMbIX perienuii (Ha nosem R, ¢; € R). Jlocrarouno 3amarh
7 BEKTOPOB HAYAJIbHBIX JAHHBIX (B IIPOU3BOJIbHBII MOMEHT BPEMEHU
to € I), koropeie obpadyror Oasuc R". Jluneiinas He3aBUCHMOCTH
N-MEePHBIX BEKTOPOB-cTONONOB (p(t), $(t),... )" a1a 6asucHBIX pe-
menuit coxpangerca u npu ¢ # to (w(t) 0Vt e I).

2. JIMHEMHBIE HEOJ{HOPO/JHbIE YPABHEHUSI

[TepefifeM K u3y4eHUIO HEOMHOPOJHOTO JIMHEHHOTO ypaBHEHUA
LD)x=f, ajfecCU—C). (2.1)
B 6osee moapobHoil 3amucu:
2™ 4 4 ™Y+ ag(t)r = f(t), tel=(t1,t).

[logcraBum JBa MPOM3BOJILHBIX pelleHus @1, 2 B (2.1) u BbraTeMm
omuo ypasHenue u3 gapyroro. [lonyanm L£(D)(p1 —p2) = 0, T. e. pas-
HOCTD IBYX PelIeHHii HeOJHOPOIHOIO YPABHEHUS ABJISETCH PelleHN -
eM OJIHOPOJIHOTO, IO9TOMY MHOXKeCTBO perienuii (2.1) onucbiBaercs
dbopmyaoit (0bwum pewernuem)

T =x.(t) +crp1(t)+ ...+ on(t), tel, ¢jeC.
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31ech T, — NpousBOJIbHOE (DUKCUPOBAHHOE (YaCTHOE) pEIleHue, a
©1,...,0n — (QyHIaMeHTaJbHAs CHUCTEMa PEIIeHUl OIHOPOIHOIO
ypasuenusg L(D)r = 0. AprymeHTamu OOINEro peIieHus sBJIsSOT-
cg BpeMd ! U IPOU3BOJIbHBIE LIOCTOAHHBIE ¢;. HauasabHble IaHHBIE
z(ty) = 29,..., 2 V(ty) = 2¥ onmosmauno ompenensor 3Hade-
g c;j. /leficrBurensHo, nocnenosarenabHo auddepennupysa obmee
pemenne (n — 1) pa3 mpu t = tg, mosydaeM CHCTEMY JHHEHHBIX
aJIredpamvecKux ypaBHEHHI OTHOCHUTEJIbHO Ci,...,C,. Marpumeit
CUCTEMBbI sIBJISIETCH HEBBIPOXKJeHHasd marpuna Bpouckoro W (tp):
W (tg)e = 2°. 3amenas B obmeM pemreHHH BEeKTOp IIPOM3BOIbHBIX
IOCTOSHHBIX ¢ = (c1,...,¢,)! Ha ero Bolpazkenue ¢ = W 1(ty)z?
yepe3 HadaJibHbIE JAHHBIE, [OJIydaeM IIPeJCcTaBaeHne o0IIero pe-
menusd 6 ¢popme Kowu. B gactHOCTH, eciiu Oa3uCHbIE pPeIeHust
(¢j ONpeeNuTh Hada bHbIME BekTopamu e = (0,...,1,. ..0)", o
W (ty) = Epxn 1 BEKTOP MPOU3BOJIBHBIX MIOCTOAHHBIX ¢ UMEET CMBICIT
BEKTOPa Ha4YaJbHbBIX JAHHBIX IIpU t = 1.

B pamxax maparpada cumraem, 9To (; u3BecTHbl. Torma ocra-
eTCs NPEeJJIOKUTh CIIOCOD MOMCKA KAKOTO-JIM00 Y4aCTHOI'O PeIleHMUs .

Merton Jlarpan»>ka (Bapuainuu IPOU3BOJIBHBIX TOCTOSHHBIX ).
B Boikmagkax orpanmunmcd n = 2. OOmuM pelmeHneM OHOPOIHO-
ro ypaBHeHHUs sBJeTCsd JinHeiinag koMmOunanus c1¢1(t) + copa(t).
«Packpenocrunmy KOHCTaHTBI ¢; 1 OygeM HCKATh YaCTHOE PeIleHHe
B hopme
zi(t) = c1(t)p1(t) + ca(t)pa(t), tel.

Jlig mocyetyromnieit mo/ICTAHOBKY B ypaBHEHNE BbIYUCIIM ITPOU3BO/I-
HYTO:
Ty = C1P1 + Ca2 + C1P1 + C2P2.

Janbreiimee nuddepennupopanne nNpusefeT K IOABIEHHIO Cj, YTO
COOTBETCTBYET IOPAIKY WHCXOAHOIO ypaBHeHHsd. UToObI 3TOro He
IIPOM3OIILIO, IPUMEM OIPaHUYeHne Ha BBIOOD ¢;j(t): ¢1p1 + Capa = 0.
Takasg «BOJBHOCTH» JOMYCTHMA, HOCKOJIbKY HINEM OIHO PEHICHHUE
I MOXKEM PaCIOpAKATHCA JABYMs IIOKA IPOU3BOILHBIMU (DYHKIIU-
Mu ¢;j(t). Borauciaum Tenepb BTOPYIO IPOU3BOJHYIO:

Ty = €101 + Cop2 + C1P1 + capa, ,t € 1.
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[lToxcraBisieMm Ty, T4, Ly B UCXOAHOE ypaBHEHHE X + a1 + agxr = f:

C1p1 + Capa + 191 + caat
+ ai(c191 + ca2) + ag(crpr + capa) = f.

3ameruM, 4TO CyMMa CIaraeMbIX B JI€BON YacTU, HAYHHAS C TPETbe-
ro, npenacrasuma B opme ¢1 L( D)1 + caL(D)pa2. DTa KOMOUHAIIA
paBHA HYJIIO, HOCKOJBKY (p; — PeIIeHHs OJHOPOIHOIO ypPaBHEHMS
L(D)x = 0. Ocraerca coorHomenue ¢1¢1 + é2pa = f. Bmecre ¢
YKa3aHHBIM BBIIIE OPAHHYEHUEM [OJIy9aeM CUCTEMY JTHHEeHHBIX aJi-
rebpam<IecKux ypaBHEHHN OTHOCHTEIBHO IPOU3BOAHBIX ¢;(t):

C1p1 + Capp2 =0 : 0
~ (TP ) = () (22
Marpurna cucremsr — marpuna Bporckoro W (t). Ilockonbky ¢; —
JIMHEHO HEe3aBUCUMBIE PEIleHus OJHOPOLHOIO YPABHEHHUS, TO BPOH-

ckuat w(t) = det W(t) # 0Vt € I. CienoBarensro, byuxmuu ¢;(t)
OIIpeJIeIAITCA OMHO3HATHO, HanpuMep, 1o dbopmyaam Kpamepa:

0, p2
fv 9b2

-1 _f%02 g = w L

)
w

cl =w

P00 for
Sblaf w

Tak KaK HAC MHTEpPECYeT YaCTHOE pelleHue, TO B Kadecrse ci(t),

c2(t) MOXKHO B34Th HHTEIPAJIbI C IIEPEMEHHBIM BEPXHUM HPEIEJIOM ¢

OT IpaBbIX YacTeil paBeHcTB. HukHwmit npemen ¢pukcupyem mpomns-

BoJibHBIM (tg € I). B mrore momydaem ciemyroinee mpecTaBiIeHne

o0I1Iero perrenns HeOTHOPOIHOTO T DepeHInaIbHOrO yPaBHEHUS:
Lf(T)ea(T) Lf(m)ei(7)

xr=—pi(t) t WdT—I—goz(t) t Wd7+

+er1p1(t) + capa(t), tel, c; € C. (2.3)

OOmumit cioy4gait n > 2 paccMarpuBaercd aHAJOTHIHO. Mmewm
JaCcTHOE perenne B (popme

zi(t) = c1(D)e1(t) + ... + cn(t)on(t), t € 1.
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[TocnemoBarenbao muddepeHnupyeM, IPUPABHUBALA CYMMYy CJarae-
MBIX, COIEP2KAIIUX IPOU3BOJHBIE ¢;, K Hym0. [lockobky mCKOMBIX
dbyuxuuit ¢;(t) n mwryk, To guddepernupyem (n — 1) pa3 (umeercs
HCXO/IHOEe ypaBHeHHue, HyKHO eme (n — 1)). Amagoruyano (2.2) mosy-
4aeM CHCTEeMY JIHHEHHBIX ajaredpandecKux ypaBHeHUil mjis ¢;(1):

e1(t) - en)\ [é 0

@1(t) .. @nlt) | | é2 :
— ||, ter

: : : 0

gpgn—l) o Spgbn—l) Cn f

Onpenenurens w(t) = det W(t) # 0, rak aro ynkmnun ¢é;(t) onpe-
NeJIAI0TC OJIHO3HAYHO. [10C/Ie X MATEerpupOBAHUS MOy 9a€M HCKO-
Mble K03 UIueHTs! ¢;j(t) u YacTHOe pelreHne Ty (1).

Metroa Koinu. PaccMoTpuM 1y AMHEHAHOrO OJHOPOIHOTO ypaBHe-
Hus & + a1 + apx = 0 Hagasbubie yciaosus x(7) = 0, (1) = 1.
Snecy 7 € I cuuraeM mapaMeTpoM, HI'PAIOIUM POJIb ITEePEMEHHO-
0 MOMEHTa BpeMeHH t(y, B KOTOPbIil 331al0TCd HadaJbHbIE JaHHBIE.
EcrecTBenno, pemrenne 3ama4dun Koru Oyger 3aBuceTb OT 3TOTO IMa-
pamerpa: x = @(t, 7). g onpenesnenus: nmocrosivabix (10 OTHOIIE-
HUIO K IIEPEMEHHOM ¢) B OOIIEM PElIeHU: [HOJLyYaeM CHCTEMY

c191(7) + cap2(1) =0 ©1, o2\ (c1) _ (O (2.4)

Cl(,bl(’r) + 02(,'02(7') =1 1, P2 2 1) -
OHa OZHO3HAYHO pa3pemInMa OTHOCHUTEIBHO ¢j = ¢;(T), Tak 4TO
B urore nosiydaeM @(t,7) = c1(7)p1(t) + ca(7)p2(t). Pukcupyem

mpou3BoJibHOE ty € [ m ybeaumcd B TOM, UTO YaCTHOE peIleHHne
HeomHOpoaHOTO ypaBhenus L(D)x = f MoxkHO 3a1aTh HOPMYIIOi

¢
T (t) = / ot 7) () dr, tel. (2.5)
to
Ilo mocrpoennto (-, 7) € C?(I) xax nuHeiitHas KoMOUHAIAS Derre-
uuit p1(t), w2(t) upu dbuxkcuposanunom 7. llpu kaxmom ¢t byskUs
¢(t,-) xkmacca C! mo 7 € I (TOCTATOYHO ABHO BHINHCATDL pPEIIeHMe
¢;j(1) cucremer (2.4) no dopmynam Kpamepa), mosromy suHeitHasd
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kombunanus o(t,7) = c1(7)p1(t) + ca(7)p2(t) menpepsiBHO nud-
depeHIUpyeMa 0 COBOKYIIHOCTHU IEpPeMeHHBbIX B KBajapare [ X I.
DTO Ke OTHOCUTCA U K YaCTHON mpou3BojHOil Oy /0t, KoTopyio Oy-
nem obo3uadaTh Q(t, 7) (ToUYKM Kak cuMBOJIbI AuddepeHIupoBa s
OyzieM oTHOCUTDH K 1epBoMy aprymenry). Ilo nocrpoenuto

Pt ) = P(6,) = ... =0, G(tt) = p(C.C)=... = 1.

Ykazanuble cBoiicTBa (pyHKIUU (¢, T) MOCTATOYHBI /s CIHPaBE]I-
JINBOCTH MPUBOJMMBIX HU2Ke BbIKJIa0K. OOpaTuM BHUMAaHUE HA TO,
4TO IepeMeHHad t, MO0 KOTOPOi#l Oymer mpoBoauThcsd auddepen-
[UPOBAHNE, ABJIAETCS MMEPEMEHHBIM BEPXHHUM IIPEIEIOM U BXOIUT
B [OJIBIHTErpasIbHy0 (yHKIWO npeacrasienus (2.5). [logxonsmas
dopmyna u3 Kypca MaTeMaTHIeCKOrO aHAJIM3a:

d B

Sade= [ ey des
- T,Y)axr = r,Yy)ax
dy Ja(y) ay) "’

+£(BW),y) 6 (y) — flaly),y)' (y).

Tereps poBeieM IMOJCTAHOBKY MHTErpaJia B MCXOJHOE ypaBHe-
uue L(D)x = f, upeaBapuresbHO BHIYUCIUB IPOU3BO/HbIE:

t

8.(0) = p(t,01(O) + [ G dr, plt0) =0,

to
t

B(0) = (6010 + [ @670 dm, p(t.1) =1,

to

t t ¢

to

:ﬂw+/ﬁ¢+m¢+%ﬂfw:f@.

to
KsajparHas ckoOKa paBHA HYJIO, HOCKOJBKY (0 — DEIIEHHEe OJHO-
pozHOro ypasHeHud. VTak, HEMOCPEICTBEHHO YOEIUINCh, 9TO Xy ()
gaByIgeTcd JacTHBIM penterneM. [lpu stom x.(tg) = 0, Z.(tp) = 0.
B obuiem ciayuae n > 2 dbyukuus o(t, 7) oupejeisiercs 3aaadeit

2™ 4 a1 ()2 4+ ag(t)z =0, tel,

o(r)=...=2" () =0, V() =1, 7€
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Dopmyiia (2.5), onpeessionias 9aCTHOE PEIleHne ¢ HyJeBbIMU Ha-
YaJbHBIMU JAHHBIME 1IPU T = 1o, OocTaeTcd 0€3 n3MeHeHuil.

®opmasibao Meton Komm BbirigauT 0ojiee TPOMO3IKHM, IIO-
CKOJIbKY HAYaJIbHYIO 33/1a9y HY?KHO PeIlaTbh C KOHTHHYaJbHBIM IIa-
pamerpom 7 € I. B npmiaoxkeHunsx dacto f mMeeT CMBICI BHENTHEN
cusbl (HArpy3Ku). Kciau mpuxourcs HOCTOSHHO PACCYUTHIBATH OJHY
I Ty 2Ke KOHCTPYKIIHIO, HO IIPH IIOCTOSHHO MEHSIONNXCA BHEITHUX
BO3JefiCTBUsAX, TO y100HO HaiiTu ¢(f,T) «pa3 u HABCErja», UCIOJIb-
3ys 3areM dopmyiy (2.5) mjist 4aCTHOTO pelIeHus.

[IpuBeeHHbIE BBIIIE PACCYK/IEHUS U BBHIKIAIKN HE HYXKIAOTCI
B yrouHeHnn R-Bepcun, HIKAKHX CYIIECTBEHHBIX H3MEHEHHIl.

3. YPABHEHUSA
C NMMOCTOSAHHBIMU KOD®PPUIIMEHTAMMUN

Kak obws1uHO, HaUHEM C N = 2:
L(D)r = f(t), L(D)=D*+a1D+ag, a; €C, fec C(I). (3.1)

Opauoponnoe ypasuenmue. [lomaraem f = 0, I = R. Tpebyerca

MOCTPOUTH (DYH/IAMEHTAJBHYIO CUCTEMY perteHuit o1, 2. OOmmm
pemienuem Oyzer nuHeliHas KombuHarusa c11(t) + capa(t) ¢ mpo-
u3BosbHbIME nocTogHHBIME ¢; € C. Crenya Ditnepy, umeM perire-
e B dopme p(t) = exp{At}. Ilocie nomcranoBku B ypaBHeHue
L(D)x = 0 u cokpalieHusi Ha SKCIOHEHTY, [0JIYYaeM:

L(D)eM = (D* + a1D 4 ag)e™ = (A2 4 a1\ + ag)e™ =
=LNeMN=0,tel = L) =X +aX+ay=0.

Urak, dyuxmus ¢(t) = exp{At} Oyaer pemenneMm JuHEHHOro OJ-
HOPOAHOIO JudPEePeHInaIbHOIO YPABHEHNS, €CJIU IUCI0 A ABJISAET-
cd KOpHEM zapakmepucmuyeckozo nosunoma L(N). [lomurom L(A)
dbopmanbHO HoTyUIaeTcd 3amenoit B omepatope L([D) mpou3BOIHBIX
D wa crenens A\*. [Ipoanannsupyem BO3MOXKHbBIE BAPHAHTHI.

1°. IlycTth KOpHE A1, A9 XapaKTE€PHCTHIECKOIO IOJUHOMA Pa3-
numanel. Torma umeem gBa pemenus ¢;(t) = exp{A;t}. IIpoBepum,
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9TO OHU JINHEHO HE3aBUCHMBI. ILJIH 9TOrI'0 BbIMHUCJIMM BPOHCKHAH:

At Aot
_ € , € (Aot
w(t) = det (Aleht, /\26)‘2t> — citA2)

CaemoBarebHO, 0bIee pernreHne gaeTcd (popMyIoil

1,1

Y R

2(t) = creMt + cpe™!, te I =R, ¢; €C.

2°. Ilycrs kopenb Kparbiii: A1 = Ao = i, L(A\) = (A — p)2.
3aMeTuM, 9TO HEIIOCPEJACTBEHHO IPOBEPAEMOe PABEHCTBO

L(D)eM = L(N)eM, teR, AeC, (3.2)

SIBJIIETCSL TOXKJIECTBOM 110 1epeMeHHbIM (, ). CMermanHbie mpous-
BOJIHBIE J1I000r0 HOpsKa OT exp{At} HempepbIBHBI U He 3aBUCAT
oT mopanka muddepennupoanud. Jluddepernupyem TOXKIECTBO
(3.2) mo A\, MeHsisi IPOU3BOJHBIE 110 t U A\ MECTaMK B JIEBON 4aCTH:

L(D)teM = L'(N)eM + L(\)te, teR, e C. (3.3)

[Tockonbky A = p — KparHbIil KopeHb mosmHoMa L(A), TO B cuity
L'(N) = 2(\ — p) aucmno p 6yner u kopuem L'(N). Torma us (3.3) 3a-
kiodaeM, 410 L(D)[texp{ut}] =0 (¢t € R), 1. e. momumo yHknuu
¢1(t) = exp{put} pemennem saBisiercs u po(t) = texp{ut}.

Jlna nokasarenbcTba 0a3MCHOCTU (; COCTABUM JIMHEHHYIO KOM-
OWHAIUIO U MpUpaBHAEM e€ K Hyo: c1 exp ut + cotexp ut = 0. Co-
Kpallas SKCIHOHEHTY, mojy4daem ¢ + cot = 0 = ¢ = co = 0. Urax,
obIriee perieHne B Cilydae KPaTHOIO KOPHSI UMEeT B/

z(t) = creM + cotel, te€R, ¢; € C.

Heonuopoanoe ypaBuenwue. llpu f # 0 obmiee pemienue wmme-
er Bug, ¢ = Tx(t) + c191(t) + capa(t). Bmech x4 (t) — kakoe-iubO
JaCTHOE peIleHue, (1, (o — JNHEHHO HEe3aBUCHUMbIE PEIeHus OJl-
HOPOJIHOTO YpaBHEHWd, C1,Co — IPOU3BOJIbHBIE MOCTOAHHBIE. Fcim
I C R, ro ¢; 6ynyr 6asucom u ma I. /I moucka x, IpUEMEHUMBI 00-
e MeToibl Jlarpanxka u Komu. /lonosiruM sToT apcenas MeToiomMm
HeompeiesieHHbIX KodddumnumenTos, Korga f(t) xeazunosumnom:

f&) =pm@®e + ... +ps(t)e”t, teI=R, o;€C.
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Oynkiuu p;(t) aBnsrorca moaunomamu. s muHeRHbIX ypaBHeHNMIT
CIIpaBEJJINB NpuHyun cynepnosuyuu. Kcin HaiineHnsl pemennd v
ypasreruit L(D)x = f; (1 < j < s),T0 ux cymma ¢ = 1 + ... + 9
Oyner pemenuem ypasuenus L(D)r = f1 + ...+ fs. B mexanude-
CKHX TE€PMHUHAX: B JMHEHHOM HPHUOJMKEHHU CyMMe BHEIIHUX CHJI
COOTBETCTBYET CyMMa JBUKEHUI. DTO MO3BOJISET COCPEIOTOUUTHCS
Ha BapHaHTe TOJIBKO ojHoro ciaaraemoro f(t) = p(t)exp{ot}.

Buauasie pasbepem nepezonanchul ciaydaii, korma L(o) # O:
[OKa3aTeNlb SKCIIOHEHTHI B [ He fBJISETCA KOPHEM XapaKTepHCTHIe-
CKoro nojumHoMa. IlpumaeM 37eCch pe30HAHC BBIICHUTCA 9yTh MO32KE
[IPU U3JI0’KEHUU OCHOB TEOPUU KOJIeOaHMIA.

Byaem uckarbh yacrHoe pemenue T, (t) B TaKOM Ke BUJE, U9TO U
f(t): z«(t) = q(t)exp{ot}, q(t) — nonmuuom. llocie noacranoBku B
ypasuenne L(D)r = f u cokpaleHusi SKCIIOHEHTHI, Oy daeM

G+ 20+ a1]qg+ [0 + a0+ aglg = G+ L' (0)§ + L(o)g = p. (3.4)

Bamernm, uro koaddurumenrom npu ¢(t) cayxur L(o) # 0. Bo3b-
MeM 1oJuHOM ¢(t) ¢ HeompeesieHHbIME KO dunmenTamu Toii xe
crenenn, 4ro u p(t): degq = degp = m. Crapmuii Koadpduryent
(m OTIIHYAETCs Juilb MHOXKHUTeneM L(o) or crapiimero Kosdduiu-
€HTa P, U HAXOAUTCI OJHO3HAYHO. Jlajee ydrem, 4TO IpPOM3BOJI-
Has MMOHWKAET CTENEeHb IOJMHOMA, «IIepedpachiBasgy KO3 umeH-
THI K MeHbIIHM crenenaMm t. CjemoBaTesbHO, IIPH U3BECTHOM Yy2Ke
¢m, TPUPABHABASA BhIpazkeHns mpu t™ ! B coorHomenmuu (3.4), mo-
AyIuM Gr—1L(0) = Pm—1+7(qm). HeiicrBys mocienosaTenbao, Ha-
XOAMM W3 JMHEHHBIX COOTHOIIEHUH Bce KOI(MD(PUIMEHTHI IIOJTHHOMA,
q(t). Urak, B Hepesonancuom ciay4dae (L(o) # 0) gacTHOe pelieHue
MOXKHO HAHTH METOI0M HeOIlpelesIeHHBIX KO3 (DUIUEeHTOB B TOM 2Ke
dbopme, aTo u f: x.(t) = q(t) exp{ot}, degq = degp.

[lepeiimem kK pesonancromy ciaydato, Kormaa L(o) = 0. Ecan ko-
penb o He Kparabii, To L'(0) # 0. I3 ypasrernusa (3.4) ayia onpeme-
senus ¢(t) BUIHO, 9TO Jijisl PEATU3AIIE YKA3aHHOTO BbIIIE aJIrOPUT-
Ma, OIIpeieieHnst KO3 PUIMEHTOB «CBEPXY BHU3» JOCTATOIHO B3ATh
q(t) B dopwme tqi(t), degqr = degp. Ecnu ke KOpeHb o OKazxKeTCst
kpaTHocTH 2 (0 = ), TOo mosydaeMm § = p. ZlcHO, 9TO MOCTATOYHO
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B3aTh q(t) = t2q2(t), deg g2 = deg p, 4TOGBI OIHOZHAMHO OIPEJIEJIUT
KO3 PUIMEHTHI MOJIMHOMA, ¢2, HAYUHAS CO CTAPIIETO.

BeniecTBennbie perieHus. B npuoxkenusax o0brdHO K03hduiim-
eHThI YpaBHEHHS BEIIECTBEHHBI, I II0 IIOCTAHOBKE 33,129 TPebyeTcs
HaiiTH BemecTBeHHbIE perneHns. OCTaHOBUMCH Ha 3TOM IIOIpOOHEe.
Urax, L(D)x = f, a;j € R, f € C(I — R). Bragare paccmor-
pum oxuoposuoe ypasuenue (f = 0). Koaddunuenrsr xapakrepu-
cruaeckoro mommaoMa £ = A2 4+ a1\ + a¢ BellecTBEeHHBI. SHAYMT,
KOPHH A1, Ao JIHOO BeIlleCTBEeHHEIE, JIHOO KOMILIEKCHO COIPAKEHHBIE:
Al = 4, A2 = [i. DTO OJ[HA U3 HPUYUHH, IO KOTOPOI MbI C CAMOTO Ha-
JaJia, Mepernuin K KOMILUIEKCHO3HAaYHbIM (hYyHKIUsIM. B mepBom ciy-
qae dbyHIaMeHTaIbHbIe cucTeMbl pernennii exp{At}, exp{ Aot} win
exp{Ait},texp{Ait} (ectm A\; = A2) BemectBennsr. Obmee Berre-
CTBEHHOE peIlleHne CyTh JUHEHHbIe KOMOMHAIINN JIEMEHTOB Da3uca
C BEIECTBEHHBIMU IPOU3BOJIbHBIME IOCTOSHHBIMU C1, C2.

IIycte My = p = a+1i83, A\a = p = a — i3. [lockombky A1 # Ao,
TO OOIIMM KOMILTEKCHBIM pPeIeHueM OyaeT

z(t) = cre! + cpeft, t eR, c; € C.

Kak BbigesinTs B 3100 opMyJie TOJIHKO BEIIECTBEHHBIE PEIIeHUS !
BemecTBennble qncia XxapakKTepusyoTcd ycaoBueM z = z. OTcoaa

z(t) = z(t) = cre + coelt = e1ef + cyet,

BceueacrBue suHeiiHON HE3aBUCUMOCTH KCIOHEHT (4 F# [i) TOJLy-
9aeM €] = Co, T. €. KO3 (MUIUEHTHI IPH CONPAXKEHHBIX 9KCIIOHEHTAX
JIOJIZKHBI OBITH CONPSI?KEHHBIME. DTO HO3BOJILET 3alIUCaTh 0bIee pe-
meHne 6e3 UCIoJb30BaHNA KOMILIEKCHO3HAYHBIX (DyHKITHI:

z(t) = ce' + ce = (a + ib)e™ (cos Bt + isin Bt)+
+ (a — ib)e™(cos Bt — isin Bt) = c1e™ cos Bt + c1e™ sin ft.

31ech ¢ = 2a, co = —2b gBAAIOTCA Tpou3BOJbHBIMEI u3 R.
Oyuxnuu exp{at} sin 5t, exp{at} cos [t auneiiHO HE3aBUCUMBI.
JleificTBUTE/IBHO, €CJIN HPUPABHITD UX JIMHEHHY IO KOMOMHAIMIO K Hy-
o (t € R), ro, monmarag t = 0u t = 7/(20), ybexgaemcs, 9T0 KO-
durmenTs! HyaeBble. OcTaHOBUMCH HA 3TUX (PYHKIHUAX IOIPOOHEE.
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3 nurefiHOCTH ypaBHEHNd U BEIIECTBEHHOCTH @ CIIEJyeT, 9TO Be-
IIECTBEHHAs] U MHUMAsl 9aCTU PEIIeHNs ABJISIOTCS PEIIeHUsIMU: J10-
CTATOYHO IpuMeHHUTH oneparunu Re, Im K obenm qacTaMm ypaBHEHU.
B paccmarpuBaemMoMm ciydae

et — {e® cos Bt, e sin Bt} = { Reel’, Tmet'},
et — {e* cos Bt, —e“ sin Bt} = { Reel, Im el }.

Cpenu oy YeHHBIX YeThIpeX pelleHnii TOJbKO 1B JINHEIHO He3aBH-
cumbix. OHE 1 cOCTABIAIOT (PYHIAMEHTAJIBHYIO CUCTEMY PEIIEHUI.
Samerum 37ech 00mylo Kapruny. B komiiekcHoM Oa3nce Be-
IIIECTBEHHOT'O OJHOPOIHOTO JuddepeHInaJIbHOTO yPABHEHUS UMeeM
dyHKINT 1 = p = u+1iv U Yo = @ = u—1iv. PellleHusaMn gaBIgdioTCI
nuu = Reyp, v = Im . [lokaxkem, aro napa u,v obpasyer dpyHa-
MEHTAJIbHYIO CHCTEMY BeIleCTBEHHbIX pereHnit. OcTajaoch J0Ka3aTh
uX JUHEHHYI0 He3aBUCHMOCTDb HaJl mojeM R:
c1 — 1Co c1 + ico
2 YT

(c1 —icyg = c1 +icy = 0 B cuily HE3aBUCUMOCTH PELIEHUi ¢, P).

cru+cv=0,c e R= p=0=1¢=0

Yo Kacaercs HEOJHOPOJHOIO yPaBHEHHsi, TO IIPU BEIIECTBEH-
HbIX aj, f(t), ¢;(t) anropmrmer Jlarpanmika, Komm u Heompesne-
JIEHHBIX KO3()(PUIUEHTOB MPUBEAYT K MOCTPOEHHIO BEIECTBEHHOIO
9aCTHOIO penteHus &y (t). 3aech nuib JoOaBUM [OJIE3HbIH Ha IPAK-
TUKE [IPUEM, HA3bIBAEMbIN METOIOM KOMNACKCHHIT AMNAUMYO.

Ilycte a; € R, f(t) = p(t)cos(Bt + v), p(t) — mommuom. 3a-
mernM, uto f(t) = Reg(t), tme g(t) = q(t)exp{ot}, o = i,
q(t) = p(t) exp{ir} € C. Paccmorpum KOMIJIEKCHOE ypaBHEHEE

Z4+a1z2+apz =g(t), z:R—C,

U MOCTPOMM €ro d9acHOe peIleHune z,(f) MeToIoM HeoIlpeeleH-
HBIX KO3 purnuenTos. Torma g MCXOMHOTO ypaBHEHUS HAXOIUM
z4(t) = Rez«(t). HasBanue merojga cBs3aHO C TeM, 9TO B CjLydae
p(t) = A € R voBas «ammurynas ¢(t) = Aexp{iv} xkommiekcuas.

YpaBHeHue n-ro nopgaka. V3/moxunm rermepb KOHCIEKTHBHO 0000-
IIIEHNE MPOWAEHHOI0 MATEPHUAJIA JIjIsi yPABHEHMS

L(D)x = f(t), LD)=D"+...+a1D+ap, a; €C, feC(I).
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HeomropogaocTs B jrajibHeiiliieM OrpaHuYuM KJIaCCOM KBA3UIIOJIU-
momoB, I = R. Iloka cuamraem f = 0. Umem pemenne B popme
©(t) = exp{At}. lloncraBnaa B ypasuenne L(D)x = 0, momydaewm,
YTO YUCIO A JOJIZKHO OBITH KOPHEM XapaKTEePHUCTUIECKOrO IIOJHHO-
ma L(A) = A"+ a,—1 A"+ ... +ap. Jlaxe eciu Bee a; € R, kopenb
A y2Ke B OOIIEM CJIydae KOMILJIEKCHBIIA.

1°. Ilycte KOpHE A1,..., A\, pa3aumdubl. VmeeMm n pa3aumTIHBIX
pemtennit ;(t) = exp{\;t}. Beraucium Bporckuas:

A1t Ant
eMt ..., en 1, ..., 1
A1t Ant
ettt o et ZA’t Al ., ooy An
w(t) = det _ . =e=~"7"| :
n—1_X\it —1_Ant n—1 —1
APt an—le AP A

[Tony4nnn n3BeCcTHBIA onpeenuTeNb BaHaepMOHIa, KOTOPBIA Ync-
nenno pasen [[;;(A; — A;) # 0. Caenosarensro, {¢;}7 — dynna-
MeHTaJIbHAsI CHCTEeMa U O0Iee pelieHne onpeaenraercda (popmysroi

z(t) = c1eM + .. cpe’t, teR, c; € C.

2°. B cinydae KpaTHBIX KOpHeil 0003HAYUM pa3jindHble KOPHU
qepe3 Ai, ..., \s, ©X KPATHOCTH PABHBI M1, ..., Ms. LOraa

LON)=A=A)"™ .- A=X)™, mi+...+mgs=n.
Ecau m; > 1, To \; 6yner kopaem u npomssonuoii L£'(\) B cury
LN = ((A=2)™L.]) =mih = )™+ = A)™ . )
[Ipomomxkasa nuddepennupoBanne, yoex aeMcd, ITO

LOG) =L'(N) =...=Lm=D(\) =0.
HenocpeacTBeHHOIT TOACTAHOBKOM IIPOBEPAEM TOXKJIECTBO
L(D)eM = DM + a,_1 D" LN + 4 age’ = L(N)eM

o nepemensbiM (6, \) € R x C. Jluddepennupys ToxKmecTBo mo A
(MeHsIs TIOPSOK MPOU3BOAHBIX MO ¢ U \), HOTydaeM

L(D)teN = L'(N)eM + L(NteM, teR, AeC.
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Korma m; > 1, mosyaum, 9to npu A = \; CIpaBa HYyJIb, T.€. BMe-
cre ¢ exp{A;t} pemenuem Oyner u byukuus texp{\;t}. Paccyxuas
AHAJIOTMYHBIM 00pa30M, MOJIy9IUM CHCTEMY 7 pelleHnit

e/\lt, teAlt,..., tml_le/\lt,

Jlokaxkem MX JIMHEHHYI0 HE3aBHCHMOCTB. JIjis 9TOro cocraBuM Jin-
HEWHYIO0 KOMOWHAIWIO U MPUPABHIAEM €€ K HYJIIO:
ZS it —
. lpz(t)e =0, degp2<m1_17 teR.
1=
Hy»xHO nokazarb, 410 Bce KO3MUIueHThl MoJuHOMOB p;(t) paBHbI

uymo. [Ipeamonoxkum nmporusuoe: py(t) Z 0 (Tak mpoHyMepoBaJn).
JloMHOKUM TOXKIECTBO 1O t Ha exp{ —Ast}:

pr(t)e A 4 p g (B)ePe 1A 4p(8) = 0.
Juddepennupyem 1o ¢ mg pa3, 9T0ObI «uCUE3» MOJUHOM Pg(t):
pr)et=At 5 (e =0 teR.

Ormerum, 910 B cuity A1 —Ag 7# 0 umeem deg p; = deg p;. Teneps j10-
MHOXKUM Ha exPq{ (As — As—1)t} u quddepennupyem ms_1 pas. [Ipo-
JOJIKasg 3TOT mporiecc, B urore noixydum ¢(t) = 0, degq = degp,
uo Torma pi(t) = 0. IIporusopedne.

Vrak, obuum perreHueM OJHOPOIHOIO yPaBHEHHUS SIBJIAETCS

S .
T = Zizlpi(t)e/\’ta degp; < m; — 1,

rje m; Ko3ppuiuenToB KaxK10ro mosuHoma, p;(t) aBIg0TCH TPOU3-
BOJIbHBIMU ITOCTOSTHHBIMU (HX 00Ifee KOJMIECTBO PABHO 7).

3°. Paccmorpum HeomHOpOIHOE ypaBHeHue, Korjaa f (1) KBa3uio-
auHOM. B cusy npuHnuna cyneprosurun (CjeacTBUe JIMHEHHOCTH)
JOCTATOYHO OIPAHUYUThCs oHUM cjaraembiM: f(t) = p(t) exp{ot}.
Ecmu L(0) # 0 (0 # \;, Hepe30HAHCHBIT CIydail), TO YACTHOE PeliIe-
HIIE T4 (1) MOXKHO HAflTH METOIOM HeOIpe IeIeHHBIX KO3 DUIIEHTOB
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B dopme z,(t) = q(t) exp{ot}, degq = degp. Eciu 0 — kopenb xa-
pakrepucrudeckoro nojgunoma L(A) kparuocru k, To ciaemyer 6paTh
q(t) = tFq(t), degqr = degp. Kosdpdumuenrer momunomos q(t),
q1(t) HAXOmATCA W3 JIMHEHHBIX AJreOpAMIecKuX COOTHOIIEHHI, KO-
TOPBIE TOJLy9aIOTCs IOCJIE TIOJCTAHOBKU T (f) B ypaBHEHUE ¥ IIPU-
PAaBHUBAHUA CJI€BA U CIIPaBa BbIpakeHnuit npu yuxusx t; exp{ot}.

4°, Yro KacaeTcd BeIIECTBEHHOTO CJIy4as, TO IIO IIOCTPOEHHO-
My BbIlle KOMILUIEKCHOMY 6asucy pemtenuit o;; = t'exp{\;t} o
HOPOJHOI'O ypaBHEHUS HETPYAHO IOCTPOUTH BEIIEeCTBEHHBIH. Fcim
Aj € R, To ocraBigem ¢;; B Oasnce. Ecam xopeHb \; KOMILIEKC-
HBIIl, TO 0043aTe/IbHO €CTh COIPAXKEHHOEe pelleHne ;.. BMmecTo ma-
PbL { i, Pik } U3 KOMILJIEKCHOIO 6a3uca B BeIIeCTBEHHbLI BKIIOYaeM
{Re;j,Im ¢;;}. Obmiee BemecTBeHHOE PEIIeHNE — CyMMa, 9aCTHOTO
as*(t) 1 JIMHEHON KOMOWHAIIMK BEIEeCTBEHHBIX OA3MCHBIX PENTeHHit
OJTHOPOHOTO yPaBHEHHUS C BENMECTBEHHBIME KO3 DUIIIEeHTAMI.

IIpuBonumbie ypaBHeHus. llockonabKy JimHEHBIE OIHOPOIHBIE
ypaBHEHUs C MOCTOAHHBIMU KO3 PUIMEHTAMA HUHTEIPUPYIOTCI B
97eMeHTAPHbIX (DYHKIUIX, TO €CTECTBEHHO BO3HUKAET CJIEIYIONTni
Boripoc. MoxKHO Jin JJaHHOE ypaBHEHUE C repeMeHHbIMU KO3 durim-
eHTaMu a; = a;(t) CBECTH K CJIydato a; = CONst ¢ HOMOIIbIO 3aMEHbI
HE3aBUCUMOIl mepeMeHHOi u (1) MCKOMON (DYHKITHH !

M3y4unm BO3MOXKHOCTH 3aMEHBI HE3ABUCUMOI ITepeMeHHOit
T = s(t) (s € C*(I), $(t) # 0) B ypaBHEHHEH BTOPOTO MOPHAIKA

L(D)r =i+ a1(t)t + ao(t)r =0, a; € C(I). (3.5)

JList mpaBOMEPHOCTH CJIEAYIONINX BBIKJIAI0K JOTOJHUTEIHHO IIPeI-
nonaraem ag € CH(I) u ag(t) # 0. [ns onpenenennoctu ag(t) > 0.
[Tpeobpasyem mpousBojHbie (10 7 0003HAYAEM HX MITPUXOM):

de _dedr _ .

it drdt 0%

dx  d sdz d, ,. dz’ . .

7= alg) = g9 = e+as
dx’ dr

] e /-2 ) .
= — —/S rsS=x S T S.
dr dt + +
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[logcraBigaa B ypaBHeHUE, MOy IUM

2”5+ (54 az8) +apr =0, 7€ s(I).
Baecy * = x(7), a B Boipaxkenusx $(t), §(t), a;(t) cnesana 3amena
t = s71(7). Ilogenus ma $2, momy4aeM mpu x Kosdbdument ag/s2,
KOTOPBIH T0JI2KEeH OBITh IIOJIOXKUTEIbHOII KoHcTaHTol. Torma

Zg((;) 1 const = § = cy/ag = s(t) = c/\/a_odt. (3.6)

c2

KoncranTa ¢ nonoxurenbHa, eciu § > 0, unade ¢ < 0. [Tockonabky
MBI He CJIeJHIN 3a K03 PUIUEeHTOM IpH Z’, TO HOJydeHHOe yCIOBHe
IPUBOAUMOCTH ABJIAETCS JIMIb HeoOXomuMbIM. VTak, eciam mckomas
3ameHa T = $(t) cymecrByer, TO oHa oupejeisiercsa Gpopmyioii (3.6).

[Toce BBImONTHEHHS 3aMmeHbl T = S(t) B coorBercTBHE C (3.6)
mosydaeM audgepeHnuaabHOe YpaBHEHNE

1 do aq 1
x”~|——{ ~|——}x'+c—2x:O, T € s(I). (3.7)

3aecy B Bbipaxkenusx ag(t), ai(t), ao(t) upeamosaraercs 3ameHa
t = s~ (7). Yenosume {...} = const (B mepemenHoil t) @BIAETCA
JOMOJTHUTEIbHBIM OrpaHudeHneM Ha Koddduruentsr ag(t), aq(t).

s npumepa paccmorpum ypasherue HYeovwésa (1821-1894):
(1 —t3)i — ti +nz =0, (3.8)

B kaxmom u3 unrepsasios (—oo, —1), (—1,1), (1,400) BBIIOJHEHBI
YCJIOBHS TEOPEMBI CYIIeCTBOBAHUS U €INHCTBEHHOCTH PEIIeHN 3a-
naun Komu. Ilocrpoum obmee pertenne pus [ = (—1.1), n € N,
Bamena 7 = s(t) mo dopmyrne (3.6) maer T = arccost, t = cosT.
[Tpu sTom BBIOEpaeM ¢ = —1/n u omycKaeM KOHCTAHTY B HEOIIpeJIe-
nennoM uHTerpaste. [locie 3amenst momydaem {...} =0 B (3.7):

' +n’r =0, 7€ (0,7) = x(7) = ¢ cosnT + sinnr.
Torma obium perierneM ypapHeHusi debbimésa Oyaer

x(t) = ¢y cos(narccost) + cosin(narccost), tel=(-1,1).
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Pemienue T, = cos(n arccost) na3piBaercsd noauromom debwwésa.
Ilokaxem, uro dyukuus Tp,(t) peiicrBurenbro nojmuom. Ompe-
menum To(t) = 1. VI3 ToxkmecTBa

cos(n + 1) = 2cos pcosny — cos(n — 1)p,

noJjiarast (¢ = arccost, B coorBeTcTBum C onpejenenuneMm 1, (t) mosy-
4aeM peKyppPeHTHOe COOTHOIICHHUE

Tn+1(t) = QtTn(t) — Tn_l(t), neN, To=1, T =t.

Orcioma Th, = 2t2 — 1, Ty = 43 — 3t, Ty = 8t* — 82 + 1,
Ts = 16t° — 20t3 + 5t,...OrTMernM, 9TO H3HAYAIBHO HAMH IIPH-
HATO oupegenenue T, = cos(narccost), t € (—1,1), Ho u upu t > 1
dopmysia uMeeT CMBICII, TOJIBKO arccost Oyjer KOMILJIEKCHBIM [pU
|t| > 1 u Kocunyc Takoro umucia 6ymer Gosbiie 1. B urore mosrywu-
mau mosnuaoMbl 1, (t) (¢t € R), He umeromue 0COGEHHOCTH B 0COOBIX
roukax t + 1 nuddepennuanbuoro ypasuenus (3.8).

Ilpukiagnoe 3HaueHue OJUHOMOB UebObiméBa (3TO BBISICHUTCS,
B YaCTHOCTH, B KypCe YHCJIEHHBIX METOJOB) 3aK/II0UAeTCI B CJIEIy-
rommeM cpoiictse. Ilommaom T, (t) = 21777, (t) (n > 1) cpexn monu-
HOMOB N-# CTemeH:n CO cTapmuM KoddduumeHTom 1 mMeeT Ha OT-
peske [—1, 1] Haumenbiee 3HaYeHnE MAKCUMYMa, MOJLYyJIst (HAUMEHb-
1ee yKJIOHeHWe OT HyJis). VIHbIME ciroBaMu, Jjist JIF0OOTO HOJTMHOMA,
P,(t) =t" 4+ p,_1t"" ! 4 ... BBIIOIHAETCA HEPABEHCTBO

> T — 1—71,.
max | Pa ()] 2 max T (t)] = 2

4. DJIEMEHTHI TEOPUN KOJIEBAHUMN

PaccMoTpum MaTepraibHY 0 TOUKY MACCHI 171, ABHKYILYOCH MO MPsi-
moit (ocu Ox). [leficrByromue cuiibl B JIMHEHHOM [PUOJINKEHUHU:
cua «ynpyrocru» Fy = —agz, npurdaruBaiomag TOUYKy K HAYAIy
KOOD/IMHAT; CUJa CONPOTHBIEHHus cpeabl Fh = —aj&, mponopimo-
HaJIbHAs CKOpocTH; Bo3Mymaimas cusa F(t). Ilo Bropomy 3akony
Hetorona & = —a14& — apx + F(t), uiu B 6osiee ynobHOl 3amnucu

ai ao

F
¢+ 2k 2 =ft), k=—>0, w2=—>0, f="—.
T + x—J’_wa f( )7 m 7w0 m > ) f m
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AHaJIOPUYHBIM yPABHEHHEM OIUCHIBAIOTCH MaJible JIEKTPUYECKHIE
KoJsiebaHusl B KOHTYDE, COCTOAIIEM W3 €MKOCTHU, UH/YKTUBHOCTU U
conporusyienns (6e3 ydera BHemHero Bosueiicrsus f(t)).

1°. I'apmonwmgeckuii ocruiasTop. Ilpu orcyrcrBun BHEIHENR Cu-
Bl W TIpeHeOPeKIMO MaJIOM COIPOTHBJIEHHH HMeeM & + wiz = 0.
Haiinem obOiree BelieCTBEHHOE peIIeHNe B COOTBETCTBUH C MeXaHH-
YEeCKUM CMBICJIOM ypaBHEHUs. BbraucisemM KOpHU XapaKTePUCTHIe-
ckoro mommaoMa L£(\) = A2 + wd: A9 = Fiwy. Hamomamm, uro
xapakTepuctuieckoe ypasuenune L(A) = 0 mosydaercs B pe3ysbTa-
Te mojcTaHoBKU B ypaBHeHume r = exp{At}. [lockombky A; # Ao,

OOIIUM KOMIIJIEKCHBIM pereHuneM Oyier yHKIusd
T = ¢1e™0 4 e ol c; € C.

BemecrBennblie pemennsi xapakrepusylorcs yciaosuem x(t) = Z(t),
orkyzsa ¢; = ¢z (¢1 = a + b, cog = a — ib) u MONyUYaEM BbIpAKEHHE

x(t) = (a4 ib)(coswpt + isinwpt) + (a — ib)(cos wot — isinwpt) =
= 2a coswot — 2bsin wot = ¢1 coswpt + co sinwpt, ¢; € R.

[TponsBosibHBIE BeIECTBEHHBIE KOHCTAHTHI 24, —2b TPaJUIIOHHO
obozHadman Kak ¢; (HO yxke ¢; € R).

B obosnauenusx A = y/c} + c2, siny) = ¢ /A, costp = cy/A
nonydaemM = = Asin(wot + 1), T.e. mepmommueckoe KosebaHUe
c aMmmaTy0i A, HadaabHOU (Paz0il 1, 9acTOTON Wy U MEPUOIOM
27 Jwo. 3navenuss A, 1) OJHO3HAYHO ONPEIENAIOTCH 3aJAHUEM Ha-
JaJIbHBIX [OJIOXKEHNS U CKOPOCTH B IPOW3BOJBHBIN MOMEHT BpeMe-
uu: x(ty) = xo, ©(tg) = vo. HezaBucumocTh 9acTOTHI OT AMILTUTY/IbI
(usoxponmnocmsv) — cyiecTBeHHOE OTInYKe OT HoJiee TOYHbIX (6oJiee
aJIeKBATHBIX) HEJIMHEHHBIX MOJesieil KoiebaHuii.

2°. Aarapmonmdgeckme KoJebaHusi. Y 9T€M CHJIY COIPOTUBJIEHUS:
G4 2kt +wir =0, L) =\ +2k\+ wp.

Eciu k > wy (orHOCHTENBHO CUIBHOE COIPOTHUBJIEHUE CPEJIbI), TO

KOPHH A1 9 = —k £ \/k? — wg pa3JINYHbl U OTPUIATEIbHEI. JIBHKE-
uue x(t) = c1 exp{ it} + co exp{ Aot} anepuogmaecku 3aryxaer.
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Ecmn k < wg, 70 A1 2 = —k L iw, wy 1= \ wcz) — k2,

z(t) = c1e™Mt 4+ coe’?t = e K (¢ coswit + ¢o sin wit) =

= e MAsin(wit+1), A eR.

[Ipoucxongar Komebanus ¢ yobrBatorieit ammmutynoit. Caydait k = wy
[PE/JIATAeTCd B KQ9eCTBE YIIPAXKHEHUS.

3°. BimsHne BHeIIHerH mepuogndeckori cuibl. BHagame paccMoT-
puUM ypaBHeHHe 6e3 ydeTa CONPOTHUBJIEHHUS CPEJIbI:

T+ w%m = Gceoswt, G,w = const € R.

Bocmosibayemcs meToom KOMILIEKCHBIX amiinTyi. [lepeiizem c yde-
rom G coswt = Re G exp{iwt} K kommnekcaomy muddepeHnuaib-
HOMY ypaBHeHmO 3 + w3z = G exp{iwt}. Jlamee Bce 3aBHCAT OT CO-
OTHOIIIEHUS BHEITHEN 9aCTOThI W ¢ cOOCTBeHHOM wy. [IpaBas gacTs —
KBa3UIOJIMHOM. B Hepe3oHaHCHOM cilydae, KOTJa 0 = iw 7# A2 =
+iwg (w # wp), umem gactHoe pernenne z,(t) B dopme H exp{iwt},
H = const. Ilocie moacraHoBKY B ypaBHEHHE U COKPAIIEHUd SKCIIO-
HEHTBI HAXO/MM 4YaCTHOE 1 0DIee penieHns MCXO[HOTO yPABHEHUS:

G

2 _ 2’
wh —w

24(t) = Re z:(t) = Re He™' = H cos wt,

~Hw*+Hwj=G = H=

2(t) = —5—— coswt + Asin(wot + 7). (4.1)

B pesyibprare HaJIOXKEHUS TapMOHUYECKHX KOJeOaHU ¢ OJIU3KUMH
JaCTOTAMU MOTYT HaOJIOMAThCAI OueHus — CATHAJ IOOYUEPETHO YCH-
JuBaeTCsd u ocyiabigercd (paguoIoOnTeNn, eCI OHN eIlle CyIIeCTBY-
0T, XOPOIIIO 3HAKOMBI C 3TUM 3DDEKTOM).

[IepeiigeM K pe30HAHCHOM y CJyd4aio, KOrja w = wq. [Ipu aTom
0 =1iw = A\] = iwy # Ay = —iwp, T.€. 0 — KOPEeHb KPaTHOCTH 1.
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[osromy umem z,.(t) B dpopme tH exp{iwpt}:

G
2iwoH + wit — Hwit =G = H = —Z—,
2w0
Gt G
2(t) = _;70 et g, (t) = Rez(t) = Q—w()tSinth’
Gt :
x(t) = 5, Sin wot + Asin(wot + ). (4.2)
wo

QopmasibHO pa3Max KoJieDaHWil HEOTPAHUYEHHO BO3pPACTaeT C PO-
croMm Bpemenu t. C 3TuM 0OCTOATEILCTBOM U CBsA3aH TEPMHUH pe-
3oranc. Caeayer mMeTh B BHJLY, UTO JIMHEHHBIE MOJIEH Oy Iaf0T-
cs B pesyibrare JjiuHeapusanuu (jauHeiinHoro npubsvxkenus). Onu
aJIeKBaTHBI B MaJIOM W BBIBOJBI HE CjeayeT 0000marh «Ha OeckKo-
HEYHOCTb». PeasbHO HAbJIIOIaeTCd UMb yCUJIeHne Koebanuii. Dd-
¢deKT U3BECTEH C JIeTCTBA — JIOCTATOYHO BCIIOMHUTDH KadeJIu.

4°. Bimmsinume 1mepuoguIecKOl CHJIBI U COIPOTUBJIECHUS CPEIDI.
PaccvorpuMm nuHeitHOE HEOTHOPOIHOE ypaBHEHHE

i+ 2ki + wiz = Geoswt, G = const € R.

Ilycrs conporusienune Heeauko (k < wp). Perienusi ogaOpOo/-
HOTO ypaBHEHHH 3SKCIOHEHIMAJBbHO 3aTyXalT C IOKa3aTejleM —Kk.
Cray4ail Hepe30OHAHCHBIN, IOCKOIBKY 0 = iw # Ai2. Meromom
HEOIIPE/IeJIEHHBIX KOI(PPUITMEHTOB MOy YUM YACTHOE PEIIeHNe BUIA
z4(t) = Acoswt + Bsinwt. CieoBaTeibHO, C TEYEHHEM BPEMEHH
x(t) =~ x.(t). B3aumogeiicrBue mexay Tpenmem ( ciaraemoe 2ki)
U BHEIIHEN NepUuOJUYeCKON CUJION MPUBOAUT K YCTAHOBJIEHUIO KOJIe-
OaHUit, OJM3KAX K HEPUOAMIECKIM C IaCTOTON BHEIIHEH CHJIbI W.

5°. B 3akmouenne 3eMeHTAPHOTO («JIHHEAPU30BAHHOIO» ) IKC-
Kypca B TEOPHIO KOJebaHUil pacCMOTPUM OJMH M3 BOIPOCOB O KOP-
PEKTHOCTH MOJIEJIN: BbIIOJIHSETCS JIH DU W — W( IPEJIEIbHbIN 11e-
pexon (4.1)—(4.2)? @ukcupyem IpOU3BOJIbHBIE HAYAJIbHBIE TAHHBIE
z(0) = =g, ©(0) = vo. Torma u3 upexcrasmenns (4.1) momydaem
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obriee perenne B (popme Korru:

G
33(0) = Xo, x(O) = = Tro = 272 + ASln ¢7 Vo — CUOA COS ¢7
wO — W

G
x(t) = 3 coswt + A sinwyt cos 1) + cos wot sin ] =
0

vy .
— 72 D) (coswt — coswot) + — sinwpt + ¢ cos wot.
wi — w wo

Anasiornunbie npeobpasoBanus dhopmydbt (4.2):

xo = Asin, vy = wpA cosy =

t . vy
x(t) = %o sin wot + o sin wgt + xo cos wot.

CpaBHuBas JBa OOIUX pelleHns, YTOIHAEeM [TOCTABJIEHHBIN BOIPOC:

cos wt — cos wot Gt

G — sin wot (w — wg) ?
w3 — w? 2wy ( )

Yb6ex1aeMcsi B CIPABEIJIMBOCTUH 3TONO LPEJEIBHOIO Lepexo/a Mo
9acTOTe W NpH (PUKCHPOBAHHOM f, PACKPbIBAas HEOIPEIEIEHHOCTh
cieBa (tuna 0/0 npu w — wy) no mpasmiy Jlonnras:

(coswt — —tsinwpt, (Wi —w?)’ = —2wp.

ol |
)W w=wq wlw=wq

[IpenenbHBII TEepexo He ABIAeTCAd PABHOMEPHBIM 10 ¢ = (), TaK KakK
MO/IeJIbHOE PE30HAHCHOE peNleHue IIPU W = Wy HEOTPAHUIEHO.

5. )-OYHKIUA U EE ONPUMEHEHUE

Monenu onepupyior ujaeaan3upoBaHHbBIMU 00beKTaMmu. Pu3nKu uc-
OJIB3YIOT IMOHSTHUS ILJIOTHOCTH MACChl, 3apda U B TO 2Ke BpeMs
rOBOPLAT O TOYEYHOI Macce, ToUedHOM 3apsize. Kak maremarntde-
cku (popMaIm30BaTh BO3HUKIIEE KA3aJI0Ch Obl mporuBopedne? Bemnb
ecan eIMHUYHAS MACcCa Ha BEIEeCTBEHHOW IPSIMOIl COCpPEIOTOYeHa
B HadaJle KOOPJMHAT, TO JIJid JIOTHOCTH p(T) CJIeIyeT HAIKMCATH

1:/€p(x)dx:/00p(x)d:c, e > 0.

—& —00
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B 1o ke Bpems Bbimosnsierca p(z) = 0 npu z # 0. D10 He cO-
rJIaCyeTCd ¢ PaABEHCTBOM €MHUIIE ONPEJIEJIEHHOrO0 WHTEerpaJia. Bbi-
XOJ COCTOUT B pacinupeHunn mouarus pyuknun. CucremMarunieckKoe
IpuMeHeHre 0000IEeHHBIX (DYHKINN B TEOPEeTUIeCKOil (pU3UKe CBd-
3ano ¢ umeneM llons Jlupaka (1902-1984) (d-pynkuusa /lupaka).
Panee «mmmnysbcuasiy dyHKIMg paccmaTpuBajach B paborax Ko-
mu (1789-1857), Ilyaccoma (1781-1840), Kupxroda (1824-1887),
aKTUBHO MCIOJIb30Basiach Xesucaitgom (1850-1925). Cospemennas
MaTeMaTHIecKas Teopust 0000IeHHHbIX (hyHKIII chOPMUPOBAIACH
nozke B paborax Cobosea (1908-1989) u [Isapma (1915-2002).
[IpuBeaem HEKOTOpPBIE HABOILAIIE COOOpaKeHns. 1ouka — mare-
MaTHYeCKas WUJIeAJU3ANNA PTeOMETPUIECKOIO 00bEKTa, HE MMEIOIAs
pa3mMepos. /1o cux mop mMbl paccMaTpuBaIn (PpYHKIUT, 33 IAHHBIE T10-
rouedno: f(x), x € X, HO KaKOW <«TOYHBIl» CMBICJT BBICKA3bIBa-
HId O 3HAYEHUHU, HAIIPUMep, TeMIEPATypPhl B 3aJaHHONI TOYKe Tesa’
JI1o6oit namepurenbHblii 1puOOP (B JAHHOM Cilydae «I'PajlyCHUK )
JIACT JIAIIb YCPEIHEHHbI WHTErpPaJIbHBIN MMOKA3aTeIb B OKPECTHO-
CTH «TOYKH IpHUJIOKeHud». Ha camom jesie MbI OOBIYHO HMeeM Jie-
70 ¢ pyuaknuonasamu. Hudero crpalrHoro, ecin yKa3aHHas BBIIIE
«HenpaBuiibHas» QyHKIWsA p(r) Gurypupyer B IPOMENKYTOYHBIX
BBIKJIA/IKAX, JINIIHh Obl B UTOr'e OHA OKA3aJIaCh IO HHTEIPAJIOM.

O60061mennbie pyukmun. Cragasa npuseeM (popMaJibHbIE OIpe-
nesieHns. BBesieM mpocTpaHcTBO ocHosHbix (npobHnux) dyukmit K.
I[To ompenenennio ¢ € K, ecmu ¢ € C°(R) u dbyukius ¢ buHUTHA.
[locneanee o3nagaer, uTo cymecrByer oTpe3ok [a,b] C R, Bue koro-
poro ¢(t) = 0. ¥V kaxJoii ¢ cBoit [a,b]. Oupegennum cxoauMOCTh B
mpocTpancTee K: {g@}é’il C K, ¢; — ¢ € K npu j — +00, ecnn

1) 3a,b]: ¢;(t) = ¢(t) = 0Vt & [a, 0],V j;

2) 0; = o, ¢V T P™MVneN, j - +oo.
Ilynkr 1) o3nadaer, 94T0 ecTb OOLIMIT OTPE30K, BHE KOTOPOIO BCE
YWIEHbI [OCJIe[OBATEILHOCTH U IpejesbHasg (DYHKIUS PaBHLI Hy-
mo. B myHkTe 2) pedb 0 paBHOMEPHOW CXOAUMOCTH HA OTPE3Ke
la,b] dbymknuit ¢;(t) 1 IpPOU3BOTHBIX gog-n)(t). CxoxuMoCTh 1103-
BOJIeT COPMYIUPOBATH IOHATHE HenpepblBHOCTH. DyHKIMOHA
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J: K — R nenpepsiBen B Touke ¢ € K, ecin
pj = = Jpj) = J(p), J— +oc.

[lepBasi cTpesiouka — O3HAYAET CXOJMMOCTH B IHpoCTpaHcTBe K,
a BTOpasd — CXOAMMOCTDb UHCJIOBOIl mmocjemoBaTeabHOCTH B R.

OINPEJE/IIEHUE 2. Ob6obwennoli pynkyuet, Ha3bIBACTCI JUHEHHDIH
HenpepbIBHBIH (pyHKIMOHAT J Ha mpocrpaHcTBe K.

JImneitHOCTH O3HAYAET, YTO
J(A1p1 + Aap2) = MJ(p1) + A2 (p2), Vi € K, VA € R.

Ha4unem HaOIHATDH COAEpKaAHUEM 3TO IIOKa, CJIUIIKOM abCTPaKT-
Hoe nonsrtue. Paccmorpum obbrunyto dyukmuo f(t) ma R. s
OIPEJIEJIEHHOCTH CYUTAEM €€ HeIIPEPBIBHOI (J0CTATOYHO JIOKAJIbHOM
unrerpupyemocrtu). Torna dpopmysia

o) = o) = [ I0pdt, pe K. (51)

omnpejienser 0600meHHyl0 dyHKImio. VHTerpaa mnwuimerca HecoO-
CTBEHHBIM, HO (DAKTHYECKH WHTErPUPOBAHUE ITPOBOIUTCA HA HEKO-
Topom orpeske [a, b] (V). Urak, ornocuresbHo 00bI9HO# DyHKIIN
f m3BecTHO, KaK OHA «IefCTByeT» Ha KaKJIyIO IPOOHYIO .
O6parHo, 110 3T0i mHMOPMAINKT BOCCTAHABINBAETCI CaMa, f:

f,9 € C(R), / fedt = / gpdt Vo € K = f(t) = g(1).
[Tpenmomoxkum nporusHoe: f(tg) # ¢(to), g OmpeIeIeHHOCTH
f(to) — g(to) > 0. Bosbmem 1pobuyto ¢yHKIHIO

p(t) =exp{(t” —*) 7'}, te (—ee), ©=0, Jt| >

DTO KOJIOKOJI000pa3ubIil BCIieCK B £-okpecTtHoCTH to. [Ipm Takom

BeIOOpPE ¥ U £ K 1 umeem (f, ) — (g,¢) = (f — g,¢) > 0. [Iporn-
Bopeune ozHadaeT f(t) = g(t). Eciu 6paTh KycOYHO HempepbIBHBIE
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dbyukuun f(t), TO OHU BOCCTAHABJIUBAKTCI C TOYHOCTBHIO JIO 3HA-
JeHuil B TOYKax paspbiBa. [10 yMoa4aHUIO yCIOBUMCS HEPEOIpPeie-
JIATh 3TH 3HAYEHHUs 110 HEIIPEPBIBHOCTH CIIpaBa, COXpaHIsd TeM Ca-
MBIM €JMHCTBEHHOCTh BOCCTaHOBJIEHHd MOoTO4YedHO. CuTryarus aHa-
JIOTUIHA BOCCTAHOBJIEHUIO BEKTOPa IO HAOOPY MpOeKmuil Ha Oa3mc-
Hble dj1eMeHThl. OIHO3HAYHOCTD [03BOJIAET OTOXKJIECTBUTH BEKTOP
¢ HabopoMm KoopauHAT. B obmux TepMuHAX KaxKIblil 00bEKT OIHO-
3HATHO OIPEJIe/IgeTCs HaDOPOM B3aMMOJIEHCTBUI C APYTrUMEU O0bEK-
TaMu («CKaXKu MHE, KTO TBOU JIPY3bsi, U s CKaxXKy, KTO ThI» ).

Vrak, B yKa3aHHOM CMBICJIE MOXKHO OTOXKJIECTBUTDH KYCOYHO Hell-
pepeiBHble byukuuu f(t) ¢ dynknmonamamu J(¢) = (f, ) (c HA-
bopom «mpoeknuii» Ha smementhl K ). He misa Besikoit 06061enHOM
dbyukuun J wHaiinerca dyukuus f uz yciaosusa J(¢) = (f, ), HO
bopMasIbHO HPUHATO COXPAHATH UHTErpasbHoe obo3Hadenue (5.1).

[Io ompenenenuto o-dpynknumeit Ha3biBaeTca 0000IEHHAS DYHK-
s, feiictBytomas no npasuiy J(p) = ¢(0)Ve € K. Ilpobuoit
(byHKIMU cTaBUTCA B COOTBETCTBUE €€ 3HadeHue B HyJie. [Ipu srom
COXpaHSEeTCs HHTerpaibHoe 0bos3nauenue (5.1):

3(e) = (6¢) = [ o0e(t)dr

O6061mennyt0 Gyukuo J(¢) 06o3nauarom «obbranoi» 6(t).

Temepb yTOYHUM, B KaKOM CMBICJIE IJIOTHOCTH p(Z) TOYEdHO
eIMHIYHON MAaCcChl MOXKHO cuuTaTh paBHOU J(x). Paccmorpum Ky-
COYHO HeNpepbIBHYIO YHKIHO g (1):

o.(x) = (26)7Y, x| <&, O.(x) =0, x| >e>0.

DTy CTYIEHbKY BBICOTOH 2¢ Ha OTpe3Ke [—&,€| cuumraem npu Ma-
JIBIX 3HAYEHUX € anmnpokcumanueii p(z). Bmecro Toukn equumanast
Macca «paccpesioToYeHay Ha MAaJIOM OTpe3Ke |—¢&, &

5g(af)dx:/ de(x) dx = 1.

Uurynrusuo . (z) — d(z) = p(x) npu € — +0. OcTanoch yToIHUTDH
MaTEMaTUIeCKU, KaK CJIE/LyeT IIOHUMATh STOT IIPeIeJIbHBIN IIePEXO,
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Ilokaxkem, 4ro 6. — § B 060bImenHOM CcMbIcie: O:(¢) — d(p) (B R)
V¢ € K. B TpaiuiinoOHHbIX UHTEIPAJIbHBIX 0003HAYEHUSX:

/_0:055(33)%0($) dx — /_O;é(m)go(a:) de Vo € K, ¢ — +0.

Boraucanm nHTErpast cieBa ¢ 00bIYHON (DYHKIHER g (1):

[sorie= L [ soria=L(f~[).

Fle) = /0 “pdz = F(0) + F'(0)e + o(e) = 0+ 0(0)e + o(c),

/_O:oéggpdx - 2_15["0(0)5 — ¢(0)(=€) +0(e)] = ¥(0) + O(e).

Ozcioma (0, ) — ©(0) = (4, ¢) V¢ € K upu € — +0.

Yxazkem anasornio. Cxogumocts Marpur A; — A MOXKHO ompe-
JeJNTh C HOMOIIBIO MarpudaHoil HOpMBI: ||A; — Al — 0. Crabas
CXOAUMOCTH oupenensercsa Kak |Ajx — Azx| — 0Vz € R". s
MAaTpPHI] 3TH MOHATUS SKBUBAJEHTHBI. J[j19 0000mIeHHbIX DyHKITHIT
cxomuMocThb Oz (x) — () mOHMMAETCs MMEHHO B CJ1abOM CMBICIIE:
(0c, ) = (6,0) Vo € K.

OmnpegennM moHSTHE TPOU3BOAHON OT 0000IIEHHONW (DYyHKIINAH.
Hna f € CY(R) unrerpuposanmueM 1o 4acTsM I0JIydaeM

[ fwewa=- [T sopwaveoe k. 62)

BuennrerpanbHasg pasHOCTb ¢ f |f£ paBHA HYJIO BCjejcTBue hu-
HUTHOCTH . Bo3bMeM 3TO COOTHOIIEHHE 3a OCHOBY OIIPE/IEJICHHU .
Ob6obiiennas dyHkuus ¢, 3aganHasg Ha K paseHCTBOM (g, ) =
—(f,¥) ¥V, Ha3pIBaeTCsd NpPOU3BOIHOI 0000mmeHHON yHKIUN f.
[TogpasymeBaercs (mo ompenenenuio) ¢g(¢) = —f(¢), HO mpuHg-
Ta, TPaJMIMOHHAs WHTerpaJjibHas 3anuch (5.2), kak 6yaro f u g —
obpraubie pynkiun. Ob0o3HAUYEHNE § = f COXPaHseTCsd, JaKe eCJiu
B 0ObraHOM cMbicte dyukuuii f(1) u g(t) = f(t) me cymecrsyer.
AHAJIOPTYIHO OIpeJIeaOTCA BBICIINE IIPOU3BOIHBIE, HALIPUMED,

(g.0) = {f,§) Vo e K = g:=f: K > R.
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Buauenue (f, )V onpenemserca quciaom (f,P). Jluneitnocrs Ta-
KM 00pa3oM 3aJ[aHHOTO (PyHKIMOHAJA [ OYeBU/IHA, HEIMPEPbIB-
HOCTH CJIe/IyeT U3 OIIPe/e/IeHUs CXOAUMOCTH B MpOCTpaHCcTBe K:

wi — o= (f.0) = {f,¢;) = (£,8) = (f,9).

AHnajiornaabIM 00PA30M ONPEIENIAeTC IPOU3BOIHA JIFOOOTO MO~
PsIKA OT MPOU3BOJILHON 0000menHoit dyukmun. V ara npousBogHas
sABJIgeTCs 0000menHo# pyHKnueii. B paMkax MeXxaHUIecKOil TepMu-
HOJIOTUU HE3aBUCHUMYIO [IEPEMEHHYI0 0003Ha"YaeM ¢ i Ha3bIBaeM Bpe-
meneM. [lpousBosnbie (HEBBICOKOrO HOpPsijKa) 00O3HAYAIOTCS TOY-
kamu cBepxy. /[lasee mrsa axienTa oOOOIIEHHBIE MPOU3BOIHBIE IIH-
mem co mrpuxamu: [/, f”. B cumy dopmynsr (5.2), eciu cymecTBy-
eT oObIMHAS HEIpepbIBHAS IPOH3BOLHAL [ (t), To f = f' B cumpicTe
IPUHATOIO OTOXKJIECTBJICHNUs HenpepbiBHON (yukmu h(t) ¢ dyHk-
monasioM (h, @) (HabOPOM «IpoeKImity Ha jeMeHTbl ¢ € K).

B kagecTBe mpumepa BbIUHCIEHHA OOOOIIEHHBIX IIPOM3BOIHBIX
paccMOTpUM cTymeHYaTyio dynknuio Xesucaiina 6(t): 0(t) = 0 upn
t<O0wu 0(t) =1, t> 0. Boraucaum npasyto dacrs (5.2) mpusa f = 0:

oo

0.0) = [ owpwyar= [0 d -
— ¢l = —pl0) =~ (.00 =~ [ s0p(t)dt Vg € K

Cnenosaresbro, mo ompenernenuto 0 (t) = §(t) ((0,¢) = —(0,¢)).
B obbrarom cmbicie dyuknus 0(t) venuddepennupyema B HyJIe.

IIpumenenne B teopum OJLY. llocie HavaIbHOrO 3HAKOMCTBA
c 06001eHHbIME (DYHKITUSIMEU BEpHEMCH K JindDepeHnuabHbIM ypa-
BHeHusiM. OrpaHuYnMCs MTPUMEPOM MEXAHUIECKOTO COJEPIKAHUS:

2" +a1(t)x +ag(t)r =Vt —ti), a; € C(R), V>0. (53)
[IpaBast 9aCTh HHTEPIPETUPYETCS KAK COCPEIOTOYEHHAS B MOMEHT
BpeMeHH 1, CHMjla ¢ KOHEYHBIM MMITYTbCOM (MIHOBEHHBIH yaap):

t«te

/ Vet —t)di=V [ S(t—t)dt=V, > 0.

te—e
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Bue Touku t = t, Ha mHTepBasax (—00,ty), (tx, +00) ypaBHeHUE AB-
JI€TCsl OOBIYHBIM JINHEHHBIM OJTHOPOJHBIM BTOPOrO HOpsIKa. B me-
oM (#a R) B ypasuennu (5.3) umeercs B BUy paBEHCTBO 0D0OIIEH-
HbIX (DyHKIMi: (JleBag 9acTh, @) = Vo(t.) Vo € K.

[Tonpobuerit anamn3 mokasbIBaeT [29], ITO JBIKEHUE HEIPEPHIB-
HO, 2 B MOMEHT BpPeMeHHU t = t, IPOUCXOJUT CKAYOK IIPOU3BOILHOMN
&(ts +0) — &(tx — 0) = V (u3s10M TpaekTopuu u3-3a TOJIYKA).

OTOT Ke Ppe3yJabTaT MOXKHO IOJYYUTh, OCTABAACh B PAMKaX
obbrunbix yukiuit. Paccmorpum ypasaenue ¢ nmapamerpom € > 0:

i+ ai(D)i +ao(t)r = Vo-(t—t.), a; € C[R), V>0. (5.4)

Omnpeneneno cemeiictBo pemenuii x(t). Ilpu sTom B Kiraccuue-
CKOM CMBICJIE YPABHEHHE PACcCMATPUBAETCS HA MWHTEPBAJIAX BpeMe-
Hu (—00,tx — €), (tx — &,tx + €), (tx + €,+00) U UX 3aMBIKAHUSIX.
B Toukax t = +¢ paspbiBa IpaBoil YaCTU PELIEHUs CKJIEHBAIOTCS 110
HerpepbIBHOCTH (1) u & (t), HOCKOIBKY, €CITH CTAaHIAPTHO MEePEeHTH K
cucTeMe ypasHeHHI nepBoro nopsaxa, dasossiit Bexrop (x(t), z(t))
(pelienne MHTErpaJIbHOIO ypaBHeHuUs) OyieT HelPePbIBHBIM B CHJLY
KyCOYHOI HENPEepPbIBHOCTU IIPABON YaCTU CUCTEMBI.

Ilpenenbnas byuknua xr = limz. (¢ — +0) Oyger orpaxarb
PeaKInio CUCTeMBbI Ha ymap. Anmapar o0600meHHbIX (DYHKIUH 103-
BoJIgeT m30eraTh KazKJblil pa3 IOJ00HOIO IMPEeeIbHOTO IIEPexoa.
[Toxpobuo Teopusi 0OOOIEHHBIX (DYHKIUN H3JI02KEHA B CIEIUAJIb-
Hoit siureparype (cm.: leavgand U. M., llunros I'. E. O6061menHbIE
dbyukmun u peiicrug vHag Humu. M.: @usmaraut, 1959).

HpI/IBe,I[eM YKa3aHHbI€ TEXHHYIECCKHNE BLIKJIAQAKH [JJId «TapMOHH-
JECKOT'O OCIHUJLIATOPA» IIO BO3,I[€ﬁCTBH€M CANHNIHOI'O UMIIYJIbCa:

2" (t) + wix(t) = 6(t), x(t) =0, t <O. (5.5)

ITo Tpagunun 3amuceiBaeM auddepeHnuabHOe ypaBHEHHE B OOBIY-
HBIX (DYHKIUAX, XOTd JJId UCKOMOiIl 0000ImeHHOil (DyHKIUN T yKa-
3aHue aprymenta t (Kak u Jyisd O-pyHKIMH) HOCUT YCJIOBHBIN Xa-
pakrep. Vimeercs B Buy (1eBas 4acTsb, @) = (npaBas 4acrb, @) V .
[Ipunumas BoO BHEMaHUE OIIpeje/ieHre BTOPOil IPOU3BOIHON paBeH-
creom (2, ¢) = (z,¢) (ve. 2"(p) = 2(P) V¢ € K), upuxomum K



5. 0-yHKIUS U €6 npuMeHeHue 133

caeayromei popMaaIn30BaHHON ITOCTAHOBKE 33/1a41: TpedyeTcs Haii-
T 0000menny0 ynkmuo r: K — R u3 ycmoBuit

(@, ¢ +wip) =p(0)Vp € K, (5.6)
(x,) =0V ¢: [a,b] C {t <0}. (5.7)

Coorromenne (5.6) gBigercd <«TOYHON» 3amuchio auddepeHy-
asbHOrO ypasaenus B (5.5), a (5.7) upejcraBiser ycjioBue MOKOs

z(t) = 0 (t < 0) mo MOMeHTa UMILyJIbCHOTO BO3/eiicTBus. Orpe-
30K [a,b] coorBercTByer ompenenenuto mpocrpancTsa K: ¢(t) = 0
BHE [a,b] = [a,b],. Banuce (z,-) o3nagaer z(-), HO dbopManIbHO HC-

MOJIb3YIOTCsl WHTErpaJibHble 0003HAYECHUS .
[lepeitmem Kk 0OBIYHOMY ypaBHEHHIO ¢ mapameTrpom £ > 0:

B(t) +wiz(t) = 6:-(1), x(t) =0, t < —e.

Ha npomexyrkax (—oo, —¢], [—¢,¢], [€, +00) oupejeiens perienus

! 5 + Asin(wot + ), x(t) = Bsin(wpt + 3).

z(t) =0, z(t) = 2ew?

[Tapamerpsr A, a, B, = const BbIOMpalOTCA U3 YCJIOBHA CKJIEHKH
pemtennit mo x u & upu t = +e. Haunem ¢ t = —e:

0_

5 + Asin(—woe + a), 0 = Awg cos(—woe + )

26w
= + .A SN
—weta=-, A=——
0 2 2ew?
1
z(t) = —=[1 — sin(wot + woe + 7/2)], t € [—¢,¢].
2ewg

Bapuaur 7/2 — —7/2 npuseger k A — —A u K TOMy K€ OKOHYA-
TesibHOMY pesyibrary. lIpomoskaem ckieiiky pemenuii (t = ¢):

1
5e? [1 —sin(2wpe + m/2)] = Bsin(wpe + 3),
0

— w02 cos(2wope + m/2) = woB cos(wpe + B).
2ewy
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Orcroma mas ammanTyabl B n HagaapHOR (a3bl [ mojydaem

1 — sin(2woe + 7/2) _ —cos(2woe +7/2)
cos(2woe +7/2) T 2ewd cos(woe + )

tg(woe + 3) =

Boraucaum npu € — +0 mpegensr § = lim G(e) u B = lim B(e),
npuMeHss IpaBuio Jlomuraaa pacKpbITHS HEOIIPEIeJeHHOCTH:

2w cos(2wpe + /2)
tg(B) = —0=p=0,
8(0) 2w sin(2woe + m/2) le=0 &
B _ cos(2woe + 7/2) 2w sin(2woe + 7/2) 1
B 2ewdcos0  le=0 2w3 e=0  wp
Urak, nocse npegenbHoro nepexona € — +0 Haxomum
I o(t) .
z(t) = —sinwpt (t 2 0) = z(t) = —=sinwpt (t € R).  (5.8)
wo wo

Jlpuzxenne Ha R mempepsiBHO (kmacca C¥ C C*° mpu t < 0 u
t > 0), Ho B MOMeHT BpeMeHu t = () IPOUCXOAUT CKAYOK MTPOU3BOJI-
noii: ©(+0) — (—0) = 1. [IpoBepum HENOCPEACTBEHHON 110ICTAHOB-
KOIil, 4T0 HenpepbiBHasg dyHkuus x(t), 3amanuas dopmyioit (5.8),
ompeiesger GyHKIMOHAT (X, ), KOTOPBIN ABJIIETCS PelleHneM 3a-
magn (5.5) B Kigacce obobmmeHHbXx byHKumi. as sToro ciemyer
npoBeputh coorroinenue (5.6):

o
(@6 -+ ) = —— [ sinwot[5(0) + ()] dt = o(0).
31ech HHTErpaj ¢ (9 BBIYUCILEM II0 9aCTAM C y9eTOM (PUHUTHOCTH
dbyukmuit ¢ (mpu 3roM mHTErpast (sinwot, ) COKpaTUTCH).

Komreuno, eme ocraercsa TeOpeTUIECKN BOPOC: a HET JIU Y 3a/1a-
an (5.5) apyroro pemienus B Kjacce 0600menubix dbyHkuuii? s
Pa3HOCTH BO3MOXKHBIX PEIIeHHi IIOJydaeM JIUHEeHHOe OIHOPOIHOEe
ypaBHeHHe C TocTogHHBIME Kodddmmmentamu (2" + wiz = 0). Ta-
K€ ypaBHEHUS He UMEIOT HHBIX peleHuil B 00001meHHbIX (PYHKIUIX,
KPOMe KJIaCCu4IecKux (cM. ynomsuyTyio Kuury lenabdanna u [luso-
Ba, c. 60). Kiaccugyeckoe rpuBnasibaoe perrenne oueBugaao (z = 0),
TaK 4TO JPYyrux 0O60OIIeHHbIX perreruii 3aga4du (5.5) Her.
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6. OIIEPAIIMOHHBIA METO/

OnepalioHHOe HCYUCIEHNE [IEPBOHAYAIBHO BO3HHUKJIO B 3JIEKTPO-
texunke (O. Xesucaiin). MaTemaruieckoe 0OOCHOBaHEE ITOSIBILIOCH
no3xke. MHTeHCHBHOE pa3BUTHE ONEPAIMOHHOIO UCYHCIeHHs (CHM-
BOJIMYECKUX METOJ0B) HAILIO MIMPOKOE HPUMEHEHHE B HPUKJIAIHOMN
MaremMaTuKe, (PU3NKe U MHIKEHEPHBIX JUCIUILINHAX.

OcHoBHbBIE onpenesieHusi. B npujioKeHnsx peako BCTPEUAIOTCS
dyuKIIUM, pacTyime MO MOJYJII0 ObICTpee SKCIOHEHTHI, HOITOMY
OrPaHUYUMCS KJIACCOM 0PU2UHAA08, cocTodmuM u3 dbyHkumii f(t)
C IIepevYnCJIeHHbIMHU HUXKe CBOWCTBAMU.

1) Ha momyocu ¢t > 0 mMeeTcs JIHIIb KOHEYHOE THCIO TOYEK pas3-
pbIBa LIEPBOrO poja. B aTux TOuYkax ompejessdeM 3HAUYeHUdA f
o uenpepsiBaoctu cupasa: f(t) = f(t + 0). [lockoubky Hac
nHTepecyer «byyiiee Bpems», To moiaraem f(t) = 0,t < 0.

2) Mouysb pacrer He ObICTpee SKCIOHEHTHI:

Vf3a,M €R:|f(t)] < Me™.

Jluneiinast KOMOUHAIINS OPUTUHAJIOB SIBJIIETCS OPUIHHAIIOM, TaK
410 MHOXKecTBO { f} — mmmeiiHoe npocrpancrso. Ilpn Trakux ecre-
CTBEHHBIX [|JIs TEOPUH JINHEHHBIX AuddepeHnnalbHbIX ypaBHEeHHI
OrpaHHYEHUAX KOPPEKTHO OIpeJesieHo npeobpasosarue Jlanaaca:

L@ = Fp) = [ e fd, pec. ()

DyuKIMs KOMIIEKCHOrO 1iepeMerHoro F(p) HasbiBaeTcs u3obpastce-
Huem. I1peobpazoBanne opurnHaJa B n300pazkeHne 3alIucbiBaeM KaK
f(t) — F(p) (BcTpeuarorcs u apyrue 0O03HAUEHS).

AbGcoroTHas CXOAUMOCTh HECOOCTBEHHOI'O MHTErpaJia B OIpee-
aenun (6.1) ciaemyer u3 oneHKH

e P f ()] = le™ P e R F(#)] < Mem(Repmal,

Jlamee orpanndmBaeMcd 3HAUYEHUIMU P, Jid KOTOpbIX Rep > a. Ilo-
nymiockocTb Rep > a B C onpenensgercs KOHKPETHBIM OPUTAHAJIOM.
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Ecau B paccMOTpEHUAX y9acTBYyeT HECKOJIBKO OPUTHHAJIOB, TO CHUH-
taior Re p mocrarodso 00bIinM, yTOYHSS JUIIb 10 Mepe HeoOX0o -
MocTH. B Teopun pyHKIUA KOMILIEKCHOTO IIEPEMEHHOrO JT0KA3bIBa-
ercs, aro F(p) B monyminockoctu Rep > a gBisieTcs ogHO3HAYHOI
aHasurudeckoii gyukueii. Kak ciencrsue, F(p) moxuo maudde-
PEHIUPOBATH JII000E KOJUIECTBO Pas.

U3 onpenenenus (6.1) caemyer, uro npeobpasosanue Jlamiaca
saBasgeTcd JuHeiinbiM omeparopom: f; — F;, \; € C, Rep > a; =

LA f1(t) + Aafa(t)) = ML(f1) + A2L(f2) = M Fi(p) + AaFa(p).

Omneparop L obparmm: 1m0 m300paKEHUIO OPHUTHHAJ BOCCTAHABJIH-
BAETCsI OJHO3HAYHO. 3/1eCh HE OyaeM Ha 3TOM OCTaHaBIMBaTbcdA. Ha
IPAKTHUKE /IS TUIIOBBIX PACIETOB MOJIb3YIOTCA TAOJIUIAMEA OPUTHHA-
JIOB 1 m3o0pazkenuii. /g pemenns muHeiiHbIX AuddepeHnnaIbHbIX
yPaBHEHHUI C HOCTOAHHBIME KO3 puimeHTaM U MpaBoil 4acTbio B
BHJIE KBA3UIIOJMHOMA BIIOJIHE JOCTATOYHO Ipeodpa3oBaHusd

0o |
fre= M / Nt g — " e NU{0), AeC.
e N ; e TESVEE n {0}

B wactHOCTH, U3 MOJIydeHHO# (POPMYJIBI, HCIOIb3Ys BbIPAKEHUA

e + e =2cost, e —e ™ =2isint, naxomum

w
cos wt — %, sinwt — ———, (6.2)
Pt w Pt w
p? — w? ) 2pw
tcoswt — —5——, tsinwl — —5——5.
(p? +w?) (p? +w?)

OTMmeTnM, 9TO MOXKHO IIpeoOpPa30BBIBATH U 0000IEeHHbIE (DYHKITHH.
Tonbko, HapuMep, /i ONpeaeeHHO B IpeablayIneM maparpade
0-pyHKIME HHTErPUPOBATh HYKHO B mpejesnax or t = —(0 g0 400
U3-33 «UCKyCTBEHHOro ycedenusi» f(t) =0, t < 0:

5(t) — /_ J;me_pté(t) dt — / T ety dt = 1.

—00
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N3zobpaxenne npouszsoanpix. B koutekcre kypca OY neobxo-
auMa, popMyIIa JJid TPeodPa30BaHUs TPOU3BOIHOMN:

fo - Te Pty dt = e P 4 p / TP f () dt = pF(p) — £(0).

31ech UpU WHTErPUPOBAHUU IO YaCTAM y4TEHO, 4TO Rep mocra-
TOYHO BeJUKO, 4T00bl exp{—pt}f(t) — 0 mpu t — +oo. B cury
upezasapureabnoro corsamenus f(0) = f(40). o unmykuun

F @) — p"Fp) — "V F(0) — ... — F7D(0).

I[loxpasymesaercs, uro npoussoxuse f () (t) upunajgexar mpo-
crpancrey opuruaanos, fF)(t) = fF)(t + 0). [dnsa npumepa mpu-
BeJieM ITOIpOOHBIE BHIKJIAJIKHA JJId BTOPOI IIPOM3BOMIHOIL:

Fy = [Ter iy = e p [ e e dt -
= —f(0) + p(pF(p) — £(0)) = p*F(p) — pf(0) — f(0).

Ocobenno mpocta GopMysia IpH HYJIEBBIX HAYAIbHBIX JAHHBIX:
F0) = f(0) =...= f7D(0) = fM(t) — p"F(p).

B sToM nmpuTsrarebHOCTD OMEPAMOHHOTO METOJIA: Onepalus aud-
depennupoBanuns 3aMmeHsieTcd aJredpandeckoil onepaueit yMHOXKe-
Hus Ha p. B KadecTBe ympakKHEHUS MpeiaraeTcsa JT0Ka3aTh

56—~ F@) = [ 7r)dr - L F().

Pemntenne 3amaun Kormu. Paccvorpum HadaabHYO 331249y

L(D)x = f(t), L(D)=D"4a, D"V 4+ . +ay (6.3)

2(0) =29, ©(0) =23, ..., 2"V 0) =20, a; € R(C).

[TpaByto gacth f(t) camTaemM KBa3UMHOrOWIeHOM (B 0OIIeM CiIydae
KOMIIJIEKCHO3HAYHBIM ), Ha4aJbHBI MOMeHT Bpemenu to # 0 3ame-
HOIT HavaJia orcyera 1peobpasyerca B tg = 0. IlockosibKy Hac mHTE-
pecyer 6ymyiee (¢t > 0, nnade 3amenuM t — —t), TO Bce paccMar-
puBaeMble (DYHKIUU OyaeM JToonpenendaTh HyiaeM mpu t < 0.



138 I'masa I1I. Jluueitabre qucepennnaipabie ypaBHEHUST

[Tpumengs mpeobpasosanue Jlammaca, muneitnoe guddepeniim-
asbHOe ypasHeHue (6.3) npeobpasyeM B ajrebpandeckoe:

f(t) = F(p), x(t) — X(p),

2W(t) = p"X(p) —p" Tl — . —pal_y —al =

[P"X(p) —p" 12l —. =20 a1 [PV X (p) — 2]+
+ar[pX (p) — 29] + a0 X (p) = F(p),  L(p)X(p) +G(p) = F(p).

Bamernm, 9T0 MHOXKHUTENb npu X (p) — XapaKTepUCTUIECKIil TOJIH-
HOM

1

L(p)=p"+apn_1p" "+ ...+ ao.

Ecnn dyakiua f KBa3UIIOJIMHOM, TO U peIleHHe BMECTe C IIPOU3-
BOJIHBIMU TOXK€ KBA3WUIIOJIMHOMBI, TaK YTO BCE yHACTBYIOIINE B IIPe-
oOpa3oBaHugX (DYHKINH BPEMEHH SIBJIAIOTCA OPUTTHAJJIAMA.
[lepeiimem K pereHnio ypaBHEHHUS B HPOCTPAHCTBE U300parke-
Huii (ecau nBe apudMeTHIECKHEe ONEPAIN HA3BATh PEIIeHIeM):

G(p) — Xo(p)
L(p) ’

Smech a € R GepeM HACTOJBKO OOJIBIINM, 9TOOBI B IOJIYILTOCKO-
ctu Rep > a me ObLI0 KOpHEHl XapaKTepUCTHYIECKOrO MOJHHOMA,
okazasierocs B 3Hamenarese. Crenenp nonmuaoma Xo(p) He Bbliie
n — 1. Ormerum, aro Xo(p) omnpenensgercsa HAYAJIbHBIMU JAHHBIMI
¥ = (29,...,22), xoToprre aBHO dburypupytor B orBeTe X (p). DTO

yIo0Hee, YeM B MEpPEeMeHHO# { HaXO[AuTh CHadaJa 00Iee perieHne ¢

X(p) = Rep > a. (6.4)

POU3BOJIbHBIMU MOCTOAHHBIME, & 3aTE€M UX yTOYHATH MO HAYAJb-
HbIM maHHbIM. Jlasee npobb B Bhipaxkenuu (6.4) mpeobpasyercs B
CyMMy TakK, YTOOBI CjlaraeMble OKAa3aJHCh B TaDJHIAX M300pazKe-
auit. Opurunasn x(t) BOCCTaHABIMBAETCS OHO3HAYTHO.

IIpumep. IlpuBenem pelieHne omeparmmOHHBIM METOIOM 339N
O BJAUSHUN HA TAPMOHUYECKUIT OCIUJIATOP MEPUOIUIECKON CHUJIBI:

i+ wir = Geoswt, x(0)=0, ©(0) =0.
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Hac maTepecyer mosyoch Bpemernu t > 0. Ilepexonga Kk m300pakeHn-
sIM, TIOJIy9aeM PEITeHne

Gp

) = @A

Ecmu w # wp (Hepe3oHAHCHBI cirydaii), TO

G p p
X(p) = _ ,
(p) wd —w? [P +w?  p? 4w

u mo (opmyie (6.2) HAXOMUM OPUTUHAI
_ 2 271
z(t) = Glwg — w”] ~ (coswt — coswpt).

B peszonancHOM ciaydae (w = wp) mOIydaeM

Gp = z(t) = Gt sin wot
(p? + wd)? 2w o

X(p) =
KommenTapwuii. Qopmyiia (6.4) yupom@aercst B 9aCTHOM CJIy4dae Hy-
JIeBBIX HATATBHBIX mamubx: 10 =0 = Xo(p) = 0,

Oyuknuio Z(p) HaszbBaOT nepedamounoti gynryued. [Ipusesem mn-
Tepuperanuio B ¢pusndeckux repmunax. Jlo Hadasa orcuera Bpeme-
Hu tg = 0 cucrema nokomstack, x(t) = 0. Hauunas ¢ tg = 0 (20 = 0)
neiicrByer Bo3mymamomas cuiaa f(t). OTKIMKOM CHCTEMBI siBJISET-
ca z(t) (t > 0): f — Bxom, * — BBIXOJ. B nm300paxKeHUIX BBIXOT
IIOJTy9aeTCsl YMHOYKEHIEeM BXOJa Ha MepesiaTouHyo dbyHKImo Z(p)
(orcrona u HazBanue). B npuiioXKeHusix 9acTo HHTEPECYIOTCs OTKJIN-
KOM Ha rapMmonmueckoe Bozgueiictue f(t) = exp{iwt} (t > 0).

Cwmbic mpoobpasa z(t) mepemarounoit dyunknun Z(p) (kak ve-
MeHTa IPOCTPAHCTBA M300parKeHuil) WHTEPIPETHPYeTCs B TePMHU-
Hax obobmenubrx bynkumit: Z(p) = X (p) upn 2° = 0 u F(p) = 1.
CaenoBarenbHo, z(t) upeicrasisier coboil OTKJIMK CUCTEMBbI, TOKOsI-
1efics 10 Ha4aJIbHOrO MOMEHTa BPEMEHU, Ha BHEIIHee BO3JeficTBue
d(t) — eIMHUYIHBIA UMIYIbC B MOMEHT to = 0.
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7. KPAEBAS 3A/ZTAYA

Jlo cux mop paccMaTpuBaJIUCh PENIEHUd, Y/IOBJIETBOPLAIOININE 33/ aH-
HBIM HAYAJIbHBIM yCjaoBuAM. KpaeBble 3a/adm XapaKTepHU3yIOTCH
TeM, 9TO mHMOpMaIEd 00 UCKOMOM PeNIeHnH 3aJAeTCAd B pa3jInd-
Hble MOMEHTHI BpeMeHu. PemuTh KpaeByio 3a/1ady B 00IEeM cirydae
TpyaHee, yeM 3asa4y Komu. Cucremarndecku uccjieoBaHue Kpa-
eBBIX 33JaY MIPOBOJUTCA B Kypce MaTeMaTudecKoil dpusuku. 3/1ech
mumrb KpaTko (craeays [10]) ocranoBuMca HA MeTOIE IPOTOHKH, KO-
TOPBII ABJIIETCH OAHUM U3 HanboJsiee 3PPHEKTUBHBIX C yIETOM BJIH-
AHUY [IOIPEIIHOCTENl BbIYUCJICHUIA.

O6uas cxema. Paccmorpum Ha orpeske t € [0, 7] kpaeByto 3a1a4y

&= f(t,z,%), @(xo,v0) =0, Y(x,,v,)=0, (7.1)

rae o = x(0), vg = ©(0), v, = x(T), v, = &(T). lloguepruem, uro
caMu 3Ha4YeHUsd T, Vo, L, , v, HemsBecTHbL. llycrs pernenne x = y(t)
331091 CYIIECTBYeT U €IMHCTBEHHO. B 3TOM Bompoce momoraer me-
XaHI4IeCcKoe, (PU3UYIecKoe. .. comepKaHne 3aaa49i. 31ech Ha obImei
TEeOpUH KPaeBbIX 3aJa4 He ocTaHaBauBaeMcd. IlocTaBum npakrude-
CKYIO 1I€JIb: yKa3arb mpoueaypy Borauciaenus y(t), t € [0,7].

HamoMHuM, 9TO MHTErpaJoM ypaBHEHHs HasblBaeTcs (DyHKIUS
(B JAHHOM CJIydYae Tpex MepeMeHHbIX &, T, V), KOTopas COXpaHseT Mo-
CTOSIHHOE 3HA4YeHue BJOJb peleHuii (mocie mojgcranoBru x = x(t),
v = &(t)). Jdas comepKaTeapbHOCTH HCCIeIOBAHUN HHTEPECyIOTCS
MHTErpajaMu, KOTOPble He BBIPOXKIAIOTCA B KOHCTAHTBI, JAaKe JIO-
KasabHO. llpemmonaraerca riIaJKoCTh, 9TOOBI B BBIKJIAJKAX MOZKHO
obL10 mudphepeHupoBaTh HEOOXOANMOE KOJIUIECTBO Pas.

Oupesengomum it uHTErpaiaoB u = u(t,z,v) sABiIgeTCd Jiu-
HellHOe ypaBHEHHE B YaCTHBIX IIPOM3BOIHBIX

ou Ou ou

—+ — v+ — f(t,x,v) = 0. 7.2

ot Oz ov A ) (7.2)
Wurerpassr y2ke paccMaTpUBAJINCH B TyIaBe |, MbI e11ie K HUM BEpHEM-
ca B rmaBe V. 3ech mpoKoMMeHTupyeM ypaBHeHue (7.2) KOHCIeK-

TUBHO. Y paBHEHWE BTOPOro Mopsiika B 3ajade (7.1) SKBUBaJICHTHO
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cucreMe AByX AuddepeHnuaibHbIX ypaBHEeHHIT IepBOro HOpsIKa
t=v, 0= f(t,x,v), telDI[0,T], (z,v) €U,

rne I C R, U C R? — paccmaTpuBaeMble (J0IIyCTHMEIE) HHTEPBAJ
BpeMeHH u obyiacTh u3MeHenus $ha30Boro Bekropa (zr, 7). bes Heob-
XOAMMOCTH He Pa3JINYae€M BEKTOPBI-CTPOKH M BEKTOPBI-CTOJIOIDL.
Cunraem f € CH(I x U), 410661 0Ka3aThCd B YCJIOBHAX TEOPEMBI
[Iukapa. Ilyctb w — rmaakwuit muaTerpas B oonactu I X U. [Ina mpo-
M3BOJIbHON TOUKM (t, x,v) € I x U Bo3bMeM pemrenne z(T) ¢ HAIaTb-
ubiMu ganubivu z(t) = x, ©(t) = v (7 € (t—e,t+¢)). duddepennn-
pys B MOMEHT BpeMeHu 7 = t Toxzaectso u(7,x(7), (7)) = const,
nomygaem (7.2). O6patno, eciu B pemenne v € C! ypaprerns (7.2)
IOJCTABATh MHTErPaIbHYI0 KPUBYIO, TO IMOJIYYHUM, YTO IOJHAS IIPO-
usBopHad 1o t or u(t,z(t),i(t)) paBHa HymO, OTKy#a u = const.
B zaBucumocTu or 3agauu unrerpan u = u(t,r,v) MOXKHO HCKATH
He BO Bceitl obsactu [ X U, a Iuillb B HEKOTOPOI MMOI00/1aCTH.

[Tycts g(t, x,v), h(t,x,v) — TaKwe UHTErpaJbI, 9TO
9(0,z,v) = p(x,v), h(T,z,v) =¢Y(z,v), (x,v)eU.

B cuity rpanuunbix yesosuii B (7.1) Ha nHTEpECyOIEM HAC PEIIEHIN
soinosasiercs ¢(y(0),9(0)) =0, ¥ (y(T),y(T)) = 0, orkyna

g(t,y(t),y(t)) =0, h(t,y(t),y(t)) =0, te]l0,T]. (7.3)

[TogBgeTca BO3MOXKHOCTH CBECTH KpPaeByIo 3aJady K HA9aJIbHOI,
OIpeJiesisds 3HAYeHUs X, vy (WIa T, U, ) U3 COOTHOIIEHN

90(3307U0) =0, h(07$07U0) =0 (¢($Tva) =0, g(T’xva) = O)'

O6paszno rosops, unrerpasust ¢(t,z,v), h(t,x,v) nossougaor muepe-
HOCHUTD 33JaHHbIE 'PAHNYHBIE YCIOBAA B TpeOyeMble MOMEHTHI Bpe-
menu. [leecoobpastee HemocpencTBEHHO HCKATh pemienne T = y(t)
u3 ypasrenuii (7.3) uckiouenunem nepemenuoit y(t), t € [0,7].

TpeboBanus MOXkKHO ocaabuTh. VIHTErpasbl HOCTATOYHO OIIpe-
JEJUTh B M0A00/1aCTH, 3aBEJ0MO COJEpKalleil NHTerpaJbHyI0 Kpu-
By {(t,y(t),y(t))} uckomoro pemenus. Bosee cymecTBeHHbIM AB-
JIsIeTCA UCTONB30BAHNe, HAPA/Y C ypaBHeHueM (7.2) g HHTerpasa
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u=yg(9(0,) = ¢), nuddepennuanbuoro ypasuenus ¢(t,z,z) = 0
(monosauTenbHoi cBazu ¢(t,z,v) = 0). [lapamerpuyeckoe cemeii-
CTBO peIIeHnit 5TOro ypaBHeHus (B 00IIeM ciiydae He pa3pelieHHOro
OTHOCHTEJIbHO [POU3BOJIHOl) YIOBJIETBOPAET TPAHUYHOMY YCJIOBHIO
upu t = 0 B cuay ¢(0,-) = ¢. Ocraerca u3 3Toro cemeicrsa Bble-
aurh takoe pemenue, 4o ) (x(T), (7)) = 0. AHanoruaHO UCIONb-
3yercd mHTErpaj h, TOIbKO «B obpaTHOM Bpemenu»: h(t,x, 1) = 0,
¢(x(0),4(0)) = 0. Eciin yxasauuble cemeiicTsa pemennii 1ocraTod-
HO «IIPEeJICTABUTEJIbHbBI», TO CPEeJIU HUX Haiijgercs uckomoe x = y(t).
Ero moxuO mosmyunts u3 cuctemsl (7.3) uckiaodenneM y(t).
Obmue pacCyKJIeHns JIeTAJIU3UPYyeM B YaCTHOM CIIydae.

JIuueitHast 3aga4va. OcTaHOBUMCH HA JIMHEHHOM CJIydae:
Z+a1(t)t +ap(t)r =q(t), ai,qe C[0,T], (7.4)
(0) = apz(0) + fo, #(T) = a1z(T) + f1, o405 € R (7.5)

OrpannvuBasich orpeskoMm Bpemenu [0, 7], mpou3BoaHbIE B IPAHUY-
HBIX TOYKaX IMOHUMaeM KaK OTHOCTOpPOHHHIE. B 001ux o003HaueHIIX

f(t,x,v) = —ai1(t)v —ap(t)x + q(t), t€][0,T],

o(x,v) =v — apx — fo, Y(x,v) =v—aixz—B1, (z,v)€R?

©(x0,v9) = vo — pro — PBo =0, Y(x,,v,.) =v, —ayx, — 1 =0.

Orpanndunmcs JuHEHHBIME 110 (DA30BBIM ITE€PEMEHHBIM (DYHKITHIMU
u(t,z,v) =v—a(t)z — Bt), o, BecCH0,T], (x,v) € R%

C yuerom rpanudnbix yciosuii (7.5) dukcupyem upu t = 0 3Ha-
genus «(0) = ag, 6(0) = [p. CoorBercrByomy0 DYHKIUO U,
KOTOPYIO 9yTh IO32K€ IIPOJOJIKHM KOHKPETH3HPOBATH, 0003HAYIM
u = g(t,x,v). Anamorununo, nonaras o(T) = a1, B(T) = p1, bukcu-
pyem u = h(t,z,v) (noka sro kiacc dyukumit). [lo nocrpoenuro

9(0,z,v) = p(x,v), h(T,z,v)=1(z,v), (z,v)€ R?,

u Juis uckomoro pemienuss ¢ = y(t) kpaesoit 3amaun (7.4), (7.5)

BeIONTHSIOTCA paseHcTsa ¢(0,z,v9) = 0, h(T,z,,v,) = 0 mocie

nogcranoBku zo = y(0), vo = y(0), x, = y(T), v, = y(T).
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CuadaJia npusesieM (pOpMaJIbHBIN BbIBOJ, yPABHEHUN it PyHK-
nuit at), 6(t). llogcraBum v = v — o(t)r — B(t) B ypaBuenue (7.2):

—a(t)r — B(t) — a(t)v — a1 (t)v — ap(t)x + q(t) = 0. (7.6)

OaHOro ypaBHEHUs st OLpejeJIeHus JBYX (DYHKIWII HEeJ10CTaToq-
HO, [MO9TOMY, OPUEHTUPYSCh HAa JIMHEHHble I'DAHUYHBIE YCIOBHA W
pasercrBa g = 0, h = 0 Ha uckomom pemierun x = y(t), mobaBum
JuHelHyIo ¢Bs3b v = ax + (. llogcrasiss B (7.6) u nupupaBHuBas
k03 dunuerTsr pu x u 1 ciieBa u CIpasa, MOJLydaeM:

x[—ada— o —ay(t)a — ao(t)] — B—af — a1 ()8 + q(t) =0,
a+a®+at)a+ap(t) =0, B+ (alt)+ai()B=q(t). (7.7)

Ilepoe OJLY s dynknuu aft) — ypaBuenue Pukkaru, Bropoe
(mocue onpeenennst ot)) sBugercs nuaeitabiv o 3(t). llpusenen-
HbIe TIOCTPOEHNs OIPAB/BIBAIOTCS CJIELYIONIUM Pe3yIbTaTOM.
IIpoBepum, aro eciu byuxiuu «(t), 5(t) (t € [0,T]) — pemenune
cucrembr (7.7), To nroboe pemtenme ypasuenus 2 = «(t)z + ((t)
VZIOBJIETBOPSIET MCXOJHOMY yPaBHEHHUIO BTOPOro mnopsaka (7.4):

t=az+0B=Z2—dcz—az— =0,
(- [—a®—aia—aplz —alaz+ B+ [a+a1]f —q=0,
Z+aifaz+ O] +aoz —q=Z2+ai(t)z + ap(t)z — q(t) = 0.

Urak, eciau dukcupoBano kakoe-nubo pemenue cucrembl (7.7)
{a, B}, onpenenennoe ua orpeske Bpemenu [0, 7|, To juneiinoe ypas-
wernue Z = «(t)z + [(t) 3amaer onnomapamerpudeckoe (z(tg) = 2p)
ceMeiicTBO pemeHuit ucxonuoro ypasaenus (7.4). Ha srux perenu-
ax dysknusa u(t,z,v) = v — a(t)r — B(t) (x = z(t), v = 2(t))
IPUHUMAET [OCTOsiHHOe 3HaveHue 1pu t € [0,T], paBHOE HyIIIO.

O6o03naqnm gepes a(t), °(t) — pemenne cucremsr (7.7) ¢ Ha-
gampabME HarEBIME (0) = ap, 3(0) = B9, a wepes al(t), B1(t) —
pemtenue ¢ yciaosusmu «(T) = «y, B(T) = (1. Paccmorpum jsa
auHeiHbIX auddepeHnualbHbIX YPaBHeHI IepBOro HOPSIKa:

g=a"(ty+0°t), §=a'(t)y+ 6. (7.8)
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[To mocTpoenuto Bce peleHns MEPBOTO 0OPA3YIOT OJIHOIAPAMETPU-
YeCcKOe CeMEeWCTBO pelleHnil MCXOJHOTO ypPaBHEHUsS BTOPOI'O MOPSI-
Ka (7.4), ymoBierBopsOMux rpaHndaoMy yciaoputo mnpu t = (. Ana-
JIOTUYHO, BTOPOE ypaBHEHHE JaeT pelleHud C ycaoBueMm npu t = T.

Uckomoe pemenne r = y(t) HAOIKHO YHOBJIETBOPATH 0OOUM
yCIoBHAM. BO3HHKaeT HECKOJIBKO BO3MOXKHBIX BAPHAHTOB. llepBbIit
COCTOWT B CBEeJICHHN TPAHUYHON 33241 K HAYAJbHON B CHITY

9(0) = aoy(0) + Bo,  9(0) = &' (0)y(0) + 51(0).

AHaJIOrMYHO MOXKHO «IeperHarb» K t = T nepsoe ycjosue B (7.5):

§(1) = o (T)y(T) + AAT),  §(T) = any(T) + B

Cuaeftyer, 0iHAKO, UMETh B BHJLY, YTO U3 BBIYUCJIUTEIBHBIX COODpa-
JKeHUI CBOJUTD /J1€JI0 K HAa4YaJIbHOU 3aJa4e JJjid UCXOJHOI'0 ypaBHEe-
HHs BTOPOTO HOPAIKa B 00IIEM Ciiydae He PEKOMEH TyeTC.

Bropoit BapuanT: uckmodasa §(t) u3 cucreMsl (7.8), Haxomum

y(t) = [6'(t) = B°B)]la’ (t) — a”(O)] 7, t € [0,7].

HeBbIpoK IeHHOCTh TaKOii IIPOIEAyphbl CBs3aHa HE TOJBKO C IPO-
JOJDKUMOCTBIO perienuii ypaBHenusi Pukkaru B cucreme (7.7) na
orpesok spemenn [0, 7], Ho u ¢ mepasencrsom o' (t) # a(t).

Tperuit BapuanT: mocie npamot npozonku (onpenenenus QyHK-
nmit o, 3°) me mckarh mporoounsie koaddumuents o (t) w B1(t),
a IPOBOJUTH 00PAMHYI0 NPO2OHKY, T. €. PEIlaTh 3a1ady

g=a’(t)y+B°(t), §(T)=oay(T)+ B, t €[0,T].

B JaHHOM WU3JI0’KEHHU CXEMbl BBIYHUCJIEHUIN HE [PUBEJIEHBI JI0-
CTaTOYHbIE YCJIOBUsI [IPABOMEPHOCTH BCEX TEXHUYECKHUX [peobpa-
30BaHUil, HAUUHAS C [PEIOIOKEHNT O CYNECTBOBAHUU PeIleHIs
KpaeBoil 3aJa49i 1 HAJUYINH JHHeHo# muddepeHnaJ b0l cBI31
nepsoro nopsika §(t) = a(t)y(t) + F(t). B Takoit curyanuun obasa-
TEeJIbHBIM 3JIEMEHTOM DEIIeHHs 339l JOJ2KHA CIY2KUTh IPOBEPKA
nosty1eHHoit dbyHKuuu y(t) HOACTAHOBKOW B MCXOIHBIE yDABHEHHS.
Ilockonbky ypaBaenue Pukkaru B 001ieM cirydae He HHTErPUPYETCs
B KBaJIpaTypax, TO pedb UJET O YUCJIEHHON peajiu3aiuu ajaropuTMa.
Kpaszminneiinas kpaeBad 3aa4a ucciaenosana B [10].
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JImuaeitapie cucrembr O/1Y

OcHoBHbBIE mpeaIioaoXKeHus. B BekTopHoit hopme cucrema Jiu-
HEWHBIX OOBIKHOBEHHBIX /T pepeHInaabHbIX YPABHEHUI HIMEET BU/L

= Ax+ f(t), A, feC), I=(t,t2) CR.

Bmecy A = Apyn = {aij}, f=(f1,..., f)". B cxkanapmoii dhopme
T; = Zj:l aij(t)xj + fi(t), 1<e<n.

Bamucy A, f € C(I) o3Ha4aer, 4TO 3/I€MEHTHI a;j MATpHIBl A
KOMIIOHEHTHI f; BeKTOp-pyHKIUHN [ HEIPePBIBHLI Ha MHTepBase 1.
C oroBopkoii 06 OJITHOCTOPOHHUX TPOU3BOIHBIX BMECTO I MOYXKHO pac-
CMaTpHUBaTh IPOMEXKYTOK (t1,t2), B 9aCTHOCTH OTpe3oK I = [t1,ts].
Pemennem nHasbiBaeTcs BeKTOp-byHKIMA * = @(t), KOoTOpad
muddepeniupyema Ha HEKOTOpoM npomexyTke (o, ) C [ u upu
moacTtanoBke B BekTopHoe OJIY maer ToxmectBo mo t. M3 Toxke-
CTBa CJIeJIyeT, 4TO IPOU3BOAHAA PEIleHnd HelpepbiBHA. g mo0bIx
HAYaJIbHBIX JaHHBIX tg € [, X9 = (zo1,... ,xOn)T € R" pemenne
sagaun Komn x = ¢(t) (¢(tg) = Xo) CymecrByer, eMHCTBEHHO 1
poao/KUMO Ha uHTepBad I (mpomexyTok (t1,t2)). lanee paccmar-
pHBaeM TOJBKO MOJIHbIE ([IPOooKeHHbIe) pertennd. Kak u npu u3y-
YeHUH JUHEHHBIX ypaBHEHHUI n-ro mopsaika, JOIYyCKaeM KOMILIEKC-
HO3ZHAYHOCTH (DYHKIHMIT BEIIECTBEHHON II€PeMeHHOM (BpeMeHu t):

T 1
aij, fj € C(I = C), x0 €C", o= (p1,...,0n) €C (I —=C").
KomnekcHas cucreMa CBOIUTCS K BEHIECTBEHHOI IMOPAAKa 27
x=u-+1i, u=Rex: I - R", v=Imx: I — R",

% =1+ i0 = (ARe + 1A ) (U + i) + fre + i.fim =
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d (u ARe _AIm u fRe
= — = + :
dt \v Alm ARe v flm
CaemoBaTeibHO, OOIIE Pe3yJIbTaThl TEOPUN BEIECTBEHHBIX JINHET -
Hbix cucrem OJLY mepeHocsaTcs Ha KOMILIEKCHO3HAYHBIN CJIydaii.

1. JIMHEMHBIE OJHOPOJAHBIE CUCTEMBI

B mpenenax maparpada cantaem f = 0: x = A(t)x. MuOXKeCTBO pe-
mennii {¢} obpazyer JuHENHHOEe IIPOCTPAHCTBO (TMHEHAS KOMOMHA-
1y pereHuii cHoBa perienue). B obuiem ciydae pedb uier o JuHeii-
HOM npocrpancTse (Hax nojgeM C) KOMILUIEKCHO3HAYHBIX (DYHKIWIA,
R-Bepcust yTBep:KIeHHIT yTOYHAETCS JIUIIb 10 Mepe HEOOXOIMMOCTH.
B u3noxkennn ciexyem cxeme riasbl [1I. BekTop-dyukmun nymepy-
€M BEPXHHMH MHIEKCAMHU, OCTABJIAA HUXKHIE JJId KOMIIOHEHT.

JInueiinas (He)3aBUCUMOCTb BEKTOP-(YHKIIMIA

ONPEAEJEHUE 1. Bexrop-pymkmmm p7: I — C" (1 < j < m)
HA3BIBAIOTCA AUHETHO HE3A6UCUMbLMY HA HHTepBaJe I, ecian

)+ . e ™M) =0(tel) =1 =...=cp=0.

Takum 06pa3oM, paBHas TOXKAECTBEHHO Hy0 (10 t € 1) nuneiinas
KOMOUHAIMS BEKTOP-(MPYHKINI C MOCTOAHHBIMU KO3 pUIimeHTaMu
c; € C BosmoxkHa TONMBKO 1pH ¢; = 0V j. B mporusHOM cirydae
rOBOPAT 0 aurelinoli 3asucumocmu. Ecian 17 juHeiiHO 3aBHCHMSBI,
10 Vt9 € I mumeitno 3aBucuMbl BekTOphI U7 (tg) € C". O6parHoe
HEBEPHO: B 00IIEM ciiydae KO3 PUIUEHTHI 3aBUCHMOCTU BEKTOPOB
Y7 (tg) MOTyT 3aBHCETH OT g, UTO He JOIyCKaeT oIpejeaeHne. B ob-
et Teopun JIEMEHTHI JIMHEHHBIX MPOCTPAHCTB HA3BIBAIOTCS BEKTO-
pamu, HyJan 0003HAYAIOTCS OJHUM CHMBOJIOM. B 3T0if TepMHHOJIO-
I'MU TIPUBEJIEHO ODBIYHOE OlpejiesieHne (He)3aBUCHMOCTH BEKTOPOB
(B manHOM cirydae BekTOp-dyHKuii). [Ipu HEobxomumocTu wHTEpP-
Basl I 3aMeHsieTcs Ha NPOMEXYTOK (t1,t2).

[IpuBenem kpurepnii juHeiinoit HezaBucumoctu. B C" ompeme-
JIEHO CKaJIsipHOE MMPOU3BeIeHNe BEKTOPOB U HOPMa, (JJINHA) BEKTOPA:

<XaY> =T1Y1 + ... + XpYn, |X| = <X7 X>'
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Yepra obozunagaer conpsizkenne. Paccmorpum m Bektopos O € C.
Mampuua ['pama cocTaBiiseTcss U3 CKaJAPHBIX IPOU3BEJIEHUI:

N T

BB, L (™)

YrBepxkaenne: BekTopbl B uHeiino He3aBucumbl < det I' # 0.
JleiicTBuTEILHO, €C/ii BEKTOPbHI Y JIMHEHO 3aBUCUMBI, TO

Elc:(cl,...,cm)T#OECm: bt + .. 4 e, bm=0¢eC"

Jomuoxkag j-10 cTpoky I' Ha ¢; u cKIaaplBasg CTPOKH, HOTYyYUM

((h,b"), .. (R, b)) = (0,...,0), h:=> ¢t/

SHaunt, crpoku MaTpunbl ' muHeitHO 3aBucuMbl 1 det I' = 0.

Ob6parro. Ecim det ' = 0, To cTpoKu MaTpHILI JTHHEHHO 3aBH-
cumbr: ((h,b1), ..., (h,b™)) = (0,...,0) (¢, # 0). Jlomuoxag j-it
9JIEMEHT ITOM KOM6I/IH&HI/II/I CTPOK Ha C; U CKJIaJblBad, IIOJIydaeM
(h,h) = |h|? =0, orkyma h = 0, . e. BekTOpbI b’ 3aBUCHMBL.

[Tepeitnem ot BekTOpoB b € C" K KOMIIJIEKCHO3HAYHBIM BEKTOP-
dbyukuusam ¢ € C[ty, to]. Ilo ananorun oupepenum Besuduny

Wty = [Mlit+ = Mo o)

Ceituac maxke He OyJeM HA3bIBATH 3TO CKAJAPHBIM IIPOU3BEICHIEM
(aToOBI He MpoOBepATH aKCHOMBI). JIjisg HAmUX Teseil TOoCTaTOYHO,
4TO KpUTEpUil JUHEeNHON He3aBUCUMOCTU Ha OTPE3Ke I HeIIpepbIB-
HbIx BekTOp-byHkmmi Y, ... "™: [ — C" B TepMHHAX MATPHUIBI
I'pama coxpauserca: det (1!, ... ™) # 0. Jlna nokasaTenbcrsa
JTOCTATOYHO 3aHOBO MPOCMOTPETh IPUBEIEHHBIE BHIKIaAK. [Ipo-
KOMMEHTHPYEM TOJIbKO 3aKJjrounTesbhblii stan (h,h) = 0= h = 0:

ht) =3 () /<h () di = 0.
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Ilox unrerpaaom neorpunarenbaas dynaxuus [hy (t)[2+. . .+ |hm(t)]%
Ecau |h, (7)| # 0 upu HEKOTOPBIX V U T, TO 110 HEIPEPBIBHOCTHU HEPA-
BEHCTBO COXPAHHUTCH B OKPECTHOCTU T U MHTErpaJj OKaXKeTCs IOJIO-
x)ureabHbiM. CiieoBaTesibHO, UMeeT MecTo TOoxkecTtBo h(t) = 0,
9TO NPH HAJIMYIUY ¢, 7 0 O3HAYAET JIMHEHHYO0 3aBUCUMOCTb BEKTOP-
bynkmmit ', ..., 1™ Ha oTpeske 1.

Ecin paccmarpuBaTh KOHEUHBIH MPOMEXKYTOK (t1,to) W Hempe-
PBIBHBIE BEKTOP-(DYHKIMU, [POJOJIZKUMbIE (M IIPOJOJIZKEHHBIE) 110
HenpepbiBHOCTH Ha I = [t1,12], TO MHTerpaibHbIH Kpurepuil Ju-
HeitHO#l He3aBucuMocTH det F(zpl,...,wm) % (0 ocraercd B CHIe.

R-Bepcusg 3akirogaercsa nunib B orpanundenun ¢(t) € R”, ¢; € R.

Ob6iniee perrtenue. Pemenus ¢ ognopomuoit cucrembr OJIY as-
JIAIOTCA dJIeMEHTaMu OeCKOHEIHOMEPHOTO JIMHEHOTO HPOCTPAHCTBA,
Cl(I — C"). BeckOoHEYHOMEPHOCTh O3HAYAET, YTO MOXKHO yKa-
3aTh JIO00E YHCJIO JIMHEHHO HEe3aBUCHMBIX 3JIEMEHTOB (I0CTaTOY-
HO, HAIIpUMEP, B Ka4eCTBe MEPBOH KOMIIOHEHTHI BEKTOP-(yHKIH
6parsb t¥). Biamxaiimas ueab — J0OKa3aTh KOHEYHOMEPHOCTH BEK-
TOPHOI'O IIPOCTPAHCTBA, PereHuii {¢} 0HOPOJHOrO ypaBHEHUS.

TEOPEMA 1. Jlunetinoe npocmparncmeo pewenutd {p} n-mepro.

/loxasameavcmeo. Bozbmem n jimHENHO HE3ABUCUMBIX BEKTOPOB b/,
obpasytomux 6a3uc C". ukcupyem MOMeHT BpeMeHn tg € I u ompe-
nenum pemennd ¢’ @ [ — C" Ha4aJIbHBIMU YCIOBUSIMU

1 (to) bl
Plo)=b ~ | + |=|:] 1<i<n
i (to) b,
OTH pelreHns JUHEHHO He3aBUCUMbI Ha nHTEepBaJe I. /lelicTBure ib-
HO, €CJII COCTAaBUTD UX JINHEHHYI0O KOMOUHAIHNIO C KO3 pUuImeHTraMu
cj = const u npupaBHATDH €€ K Hymro Ha [, To npu t = to mosy4dum

b+ .. 4" =0eC" = ¢ =0V

[Tokaxxem, aro npousBosibaOe pemtenne @: [ — C™ ognopoHoi
CHCTEMBI X = A(t)x MOKHO IIPEICTABATH JUHEHHOW KOMOMHAIE:

o(t) = a1 () + ...+ eag™t), ¢ €C, tel.  (L1)
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Jlas aroro BekTop b = (ty) pasmoxkum 1o G6asucy v m dukcupy-
eM II0JIy4eHHbI Habop KoaddumumenTos c;. JInneitnag komOnHaIIa
Y = c1p! + ...+ cpp" apngerca pemennen, npuaaeM 1) (tg) = b 1o
nocrpoennto. [lo Teopeme equucrsennoctu ) (t) = (t), t € I. O

CosoxymHoCcTh Gasucubix ssementos ¢’/ (1 < j < n) nuneit-
HOTO mpocTpaHcTBa pernennii {¢} HaszbiBaercs @pyrdamenmanrvrot
cucmemoti pewenut. Jloobag cucrema n JTUHEHHO HE3ABUCUMBIX pe-
nieHnii pyHIaMeHTaJbHa, TaKUX CHUCTeM OECKOHEYHO MHOIO: B JIO-
Ka3aTeJbCTBe (PUKCHPOBAJINCH Hpou3BojbHbIE tg € [ u Oaszuc C".
BekTop-dyukius B nmpaBoii qactu dopmysnsl (1.1) HaszbiBaercs 06-
WUM peuweruem OIHOPOJHOIO BEKTOPHOTO ypaBHeHus X = A(t)x.
AprymenTtamu obmmero pemenus (npu dbukcnposamnom 6asuce {p’ })
aBJgIoTCA BpeMs ¢ € I u npoussosbHble nocrosauuble ¢; € C. Ha3sa-
HUe CBA3aHO C TeM, 4TO V {¢;} moiydaeM pelleHue u j000e perie-
uue npejacraBumo B popme (1.1). Ecom marpuna A(t) BemecrBenHa
U HAC MHTEPECYIOT JIUIIb BellecTBeHHble pemenus (X9 € R™), To
IpU HOCTPOEHUN (PYHIAMEHTAJbHON CUCTEMbI OIPAHHYMMC Oa3u-
com {’} B R™ u cuuTaem npousBOJBHBIME HOCTOSHHBIMU ¢; € R,

Bekropuas dopma X = A(f)x 3ammcu CUCTEMBI 7. JIMHEHHBIX
yPaBHEHHI EPBOTO MOPSIIKA IMO3BOJIIET 0e3 TPy/1a mepeiTn K 0000-
MEHNIO — MATpUIHOMY JAuddepeHnnajibHOMy yPABHEHUIO

X=AWX, AecC), X =Xnxm. (1.2)

9Ty 3allUChb B COOTBETCTBUH C IIPAaBUJIOM II€PEMHOXKEHNA MaTPHIL II0-

HIMaeM KaK COBOKYITHOCTD 117 BEKTOPHBIX YpaBHeHUil /171 N-MepHbIX
crosibnos X7 marpumpr X = (X1,..., X™):

(X1, X™) = (AXY . AX™) ~ XT = A(H) XY

s kBagparHbix Marpur (n = m) oupeaeanrensb w(t) = det X (t)
Ha3bIBaeTCA onpedeaumenem Bponckozo uim 6ponckuanom. JTo mo-
HATHE yKe BCTPEYAJIOCh [IPH U3yUYE€HHU YPABHEHUS N-T0 HOPSIKA

LD)r = 2™ + ap_1 ()2 + .+ ag(t)z =0, a; € C(I).

Hamomunm, 4to marpuna BpoHckoro m BpoHCKHaH s pelleHuii
©1(t), ..., vn(t) onropomuoro ypasuerus L(D)x = 0 oupenenaancs
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KaK
pi(t) - enl(t)
o1(t) ... on(t)
Wty =| . | w(t) = det W(t).
@gn_l) QDgln_l)
[lepeiigem cTanIapTHON 3aMeHOil K CHCTeMe ypaBHEHHI IepBoOro Io-
PAIKA: T =T, Tp =&, ..., Tn =" D, x = (21,...,2,)",
0 1 0 ... 0
k:A(t)X, A= : 0
0 Cee e 1
—ap —ai ... ... —Qp-1

Kaxkxnomy pemennio © = ¢(t) CKaAIgpHOrO ypaBHEHUS COOTBETCTBY-
eT B HOBBIX TIePEMEeHHbBIX BEKTOPHOE permenue X = (¢, @, ..., ")
JIroboe pemrenue x(t) umeer rakoii Buz. Takum obpaszom, omnpeesie-
e w(t) = det X (t) coruacyercs ¢ oupexnenennem w(t) = det W(t)
JIJISL CKQJIAPHOTO JIMHEITHOTO OJHOPOJHOTO YPaBHEHHA N-TO IOPIKA.

Bepremcs K mcxoHOil oHOpOsHOi cucreme X = A(t)x, t € 1.
IIycts (1), ..., " (t) Kakme-mu60 n pemrennii. CocTaBEM MaTpPHILY,
pacnosioxkuB BeKTOp-pyukiuu ¢’ : I — C" no croybram:

Ot) = (p',...,0"), ®=Dun, ®= A1)

TEOPEMA 2. Caedyrowue ymeeporclenus IKk6UEANEHIMHDL:
1) w(t) =det®(t) =0Vt e l; 2)Itge I: w(ty) = 0;
3) pewenus o', ..., " aunetino sasucumo, na I.

Jlokazamenvcmeo. Crencrsue 1)=-2) oueBugno. lokaxewm 2)=3).
Ecan w(ty) = 0, To cronbusr marpunst P (to) TUHERHO 3aBUCHMBIL:

Fe=(c1,..., )" #0: c10 (to) + ... + cap"(to) = 0 € C™.

QuKcupyeM 3TOT HETPHBHAJIBHBINA HAOOP YHUCIOBBIX KO3 UIHeH-
toB {c;} (3¢, # 0). Torna pemenne ¥ = cip' + ...+ c,¢" obpa-
maeTcsa B HyJb npu t = g, Kak U TpuBHaJbHOe pemieHne ¢ = ().
Ilo emmucTBeHHOCTH ) = 0, T.€. pemerus @', ..., " IuHEHHO 3a-
sucuMbl Ha I. B gactrocrn, Vt € I BekTopH @' (t),..., 0" (t) € C"
nuHelHo 3aBucuMbl u Torma w(t) =0, 3)=1). ]
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Eci !, ..., 0" — dyHgaMenTaibHasg CHCTEM3 PEIIeHHH, To
d(t) = (¢l...,9") maswBaerca @dyndamenmanvroti mampuye.
[Tpu sTom m3 Teopembl ciemyer, uro w(t) = det ®(t) # 0Vt € I.
Obi1mee peleHre B BEKTOPHO-MATPHIHOI (hOpMe 3aIUCBIBAETCA KaK

X =c10(t) + ...+ ca™(t) = ®(t)c, c € C™.

Ecnu nepeiiTu K 9BHOI 3aBUCUMOCTHU OT HAYAJbHBIX JTAHHBIX B MO-
MeHT Bpemenu tg € I, To nmoiydum obinee perenne B popme Korru:

x(tg) = xo = x0 = ®(tg)e, ¢ = P (tg)x0, x = P(t)® ' (to)x0.

DynmameHTasbHasg mMarpura co cpoiictrsom P(tg) = F (E — enu-
HUYHAsS MATPHULA 7 X 1) HA3bIBAETCs HOPMUPOBAHHOI tpu t = t.
Ilo eé cToabmanM pacIOIOKeHbI Pemerns ©', ..., ¢" ¢ Had4aIbHBIMA
nanapMz @ (tg) = el = (0,...,1,...,0)" (eaunmna Ha j-M Mecte).

TEOPEMA 3. Ilycmo . (t) — Purcuposannas pyndamernmanvras
mampuya. Tozda mmorcecmeo ecer GYHOAMEHMAALHOIT MAMPUL,
onucweaemcs gopmyasoti P(t) = . (t)B, 2de B — npouseosvhas
HEBBIPOHCOEHHAA NOCTNOAHHAA MAMPUYA T X N.

Jlokasameavcmeo. Ilycrs marpuna P(t) dynmamenrtambhas. [lo-
CKOJIbKY €€ CTOJIOIBI ABJISIOTCS PEIMIEHUsIMU, TO OHU PACKJIA,IbIBAIOT-
ca 1o 6azucy {pl,..., ©"}, obpasyromemy cToabipl MaTpuip P, (1):

¢ =cor . el = (.00 (e, ) 1< i<

Buaqut, j-ii cromben marpunbl B obpasyer nabop kosdduiuen-
T0B (},. 110 cBOliCTBY OUpenenuTeNeil MOMyTaeM CieACTBHE:

det ®(t) = det @, (t) det B = det B # 0.

O6parno: ¢ = ¢, B = AD,B = AD, det B# 0= det ® #0Vt € I.

Takum obpazom, marpuia P (t) asiaserca dyHgamenTanbuoii. [

Cormnpsizkennoe ypasHenue. [lycts ¢ — dyrnamenTaabHas MaT-
pumna. Kakomy ypaBHeHnIo ynosiaersopsgeT obpaTaasg Marpuia 17



152 I'masa IV. Jluneitapie cucrembr OJ1Y

Juddepennupys 1o t roxaecrso ®~1(t)®(t) = E, nomyuunm:
Dy(®71®) = DY@ HO + D71 = 0,0, P = AD
= Dy(® 1) = —d7TA, D@ = —AF (@

Baece Dy = d/dt — oneparop nuddepennupoBanus 10 BpeMeHU
(kak u Touka cBepxy). llpaBuio nuddepennupoBanus HpousBee-
HUs MATPHIl uMeeT oObIvHbIi Bua (uv) = u'v+uv’, aro nposepser-
s MOKOMIIOHEHTHO. 3Be3/1049Ka 0003HAYAET CONPIKEHHY O MATPHUILY:
MCXOAHASA MATPHUIA TPAHCIOHUPYETCS, M 3JEMEHTHI 3aMEHAIOTCA Ha,
KOMILJIEKCHO COIIPS?KeHHbIE 9ncia. B BemecTBeHHOM ciaydae * = 1.

Ypasuenue y = —A*(t)y Ha3bIBaeTCA CONPAHCEHHBIM TIO OTHO-
meHno K ucxomaomy X = A(t)x. B kauecrBe dynmameHTaIbHOMN
MOxKHO B3aTh Marpmiy (®~1)*. Torma mpomssombHas byHIaMeH-
rasbHasd Marpuna V(t) CONpsKEeHHON cucTeMbl 3anuinercs B (popme
U (t) = (®71)*B ¢ mocroannoit marputeit B, det B # 0. Orciona

y=U(t)d, deC", V*=DB*d 1 U*t)d(t) = B*,
(x(t),y(t)) =y (t)x(t) = (Vd)*Pc = d*B*c = const.

CxajgpHOe IpOU3BE/IeHNE PEIeHn T COPAXKEHHBIX CUCTEM HE 3aBH-
cur or t (¢,d € C"). Cuenosarenbno, dynkuun u(t,x) = y*(t)x
SIBJIAIOTCS WHTEerpajaMu cucreMbl X = A(t)X. DTu uHTErpaJbl Jin-
HellHBI 0 (PA30BBIM IEPEMEHHBIM, W CPEIN HUX TOJBKO 70 JTUHEWHO
nezaBucuMbix B [ X C™. B BerecTBEHHOM CjIydae * 3aMeHseTCs Ha | .

Popmysa JInysuis. [lycrs X (t) — perienne MaTpuaHOrO ypaB-
Henust X = A)X, t € I, X = Xpxpn. Borauciaum npoussopnyio
sporckuana w(t) = det X(¢). Ilo croabuam X (t) pacmnosioxenbt
(bazoBbIe BEKTOpHI pellieHnii, TaK 9TO HAC HHTEPECYeT H3MEHEHHe
OPHEHTHPOBAHHOTO OObeMa IapaJsuleselnie/ a, HAaTaHyTOr0 Ha 3TH
BEKTODHI (suHamuKa Gazosoro obbema). Beseacrsue quddepennn-
pyemocru X (&) sammmem X (t+ h) = X (t) + X (t)h 4+ o(h) (h — 0).
31ech KaxKoe claraeMoe dBJIgeTcs MATPUIel n X n, B TOM JHCIIe
o(h) — Marpuna 3 <0 Majbix». Samensas X ma AX, momydmm:

w(t + h) = det X (t + h) = det [X(t) + hAH)X (t) + o(h)] =

= det [X + hAX + o(h)X ' X] = det [E + hA + o(h)] det X.
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Pacemorpum nogpobree onpenenurens det [E + hA + o(h)]:

1+ hai1 +o0, hap+o(h), ..., hay, +o(h)
has; +o(h), 14 hasa+o0, ..., haz, +o(h)
hani +o(h), hapna+o(h), ..., 14 hap, +o0

=1+ h[all(t) —+ ... —I—ann(t)} +O(h), tel = (tl,tg).

Baecy Bce o(h) ckanspable. FaumHuna BbiaesuTcs B pe3ysibrare
YMHOXKEHUs [MarOHAJbHBIX JJIEMEHTOB, KaK M KBaJpaTHas CKOO-
ka. /Ipyrue ciaraembie B 3ToM mpousseenun sapisiorcs o(h). Ana-
JIOTUYHO, J1I060€ «OTCTYIJIEHHe» OT [UATOHAJM HPUBOAUT K CJara-
embiM nopsizika 0(h). CyMma JMaroHaJbHBIX JEMEHTOB MATPHIbL
Ha3bIBaeTcd €€ caedom n obosnadaerca Kak TrA(t) (mam SpA(t)).
Urak, momygaeM cieayoliee aCAMITOTHYIECKOE BbIPAYKEHUe:

w(t+ h) = [1+ hTrA(t) + o(h)|w(t) =
w(t+ h) —w(t) = hw(t)TrA(t) + o(h).

Baeck yureno, uro o(h)w(t) = o(h) upu dukcupoBanuom t € I. Paz-
nenuB Ha h u nmepexonad K npeaery mpu h — 0, mojaydaeM JuHeiiHOoe
omaOponHoe ypasuenue w(t) = w(t)TrA(t), orkyma HaxouM

t
w(t) =w(to)exp { [ TrA(r)dr}, tel. (1.3)
to
1o m ectb Popmyaa Jluysuasrs. VI3 Hee HEMOCPEICTBEHHO CJIELy-
et, uro b0 w(ty) = 0 mpm HEKOTOpPOM 3HadYeHHUH t( (IPOU3BOJIb-
HOM bukcupoBanHoMm) u rtorma w(t) = 0, mubo w(t) # 0Vt € I.
B nociepnem ciyuae marpuna (t) meBbIpOXKIEHA, 110 €€ CTOJIO-
IIaM PAaCIIOJIOXKEHBI pPelleHns, oopasyiomue (PyHIAMEHTAIbHYIO CH-
CTeMy pemieHuil OHOPOAHOTO ypaBHeHusa X = A(t)x. Obparum BHU-
MaHHe Ha TO, 9TO IIOJ MHTErpajioM TOJILKO CyMMa IHArOHAJbHBIX
seMmenToB Marpunbl A. Kak ciencrsue, s CKaaspHOrO OXHOPOJI-
HOrO ypaBHEHHS N-TO MOPAIKA IIOCJIE ero CTAaHJAPTHOTO CBEICHHS
K JIMHENHHOI cucreMe ypaBHeHHUil mepBoro nopska B dopmyse (1.3)
nonydaem TrA(t) = —ap—1(t).
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2. HEOJIHOPO/IHBIE JINHENHBIE CUCTEMBbI

®opmyna Kommu. PaccMorpum Tenepb HEOIHOPOHYIO CUCTEMY
nuaeiiabpix OJ1Y mepBoro mopsiika B HOpMaJbHOI dopme:

%= A{t)x+ f(t), A feC(I), I=(t,t)CR. (2.1)

IlomcraBuM aBa TTPOU3BOILHBIX pemennsa ¢, @2 € CHI — C7)
W BBIYTEM M3 OJHOTO TOXKJECTBA MO ¢ JAPyToe:

Dy(p'(t) — @*(t)) = At) (' (t) — ¥* (1)) (D¢ = d/dt).

PasnocTs 1ByX pellleHmii ecTh peIlleHrne OJHOPOIHOTO ypPaBHEHUS.
CaenoBaresibHO, 0DIIlee pelleHre NMeeT CTPYKTYPY

X = x(t) + 1t (t) + ... Fenp”(t), tel, ¢j€C

Bnech x.(t) — dbukcuposanHoe wacTHOE pemenme, {@’'} — byn-
JAMEHTAJbHAS CHCTEMA peIIeHnil OJHOPOJHOIO yPAaBHEHUS, Cj —
IIPOU3BOJIbHBIE BapbupyeMble nocrosauble. C moMompio dbyH1aMeH-
ranpHOM Marpuupr O(t) = (¢',...,¢")  obmee pemenne 3anuch-
Baercs bosiee KommakTHO: X = P(t)c, ¢ € C™. Byaem upejmnosnararhb
6asuc {¢’} mspecrmpiM. Torma ocraerca ykKasaTh CHOCOD HAXOXK-
JleHnsl Kakoro-ubo dacraoro pemtenus. Ciexys MeTOLy Bapuaiun
IIPOU3BOJIBHBIX HOCTOAHHBIX, UIEM X (t) B bopme

x.(t) = ®()e(t), ¢(-) € CHI — C™).
BekTop-dyHukius ¢(t) onpemensgercsd MOACTAHOBKOM X, (t) B (2.1):
Pe+ Dé= ADc+ f, D= AP = P =,

E=071f ct) = Ttq)_l(T)f(T) dr, te .

to

31ech ty — MpOU3BOJIbHBIN (DUKCHPOBAHHBIII MOMEHT BpeMEHH U3
paccMaTpuBaeMoro mHTepBaJjia I. KoHcTaHTYy MHTerpupoBaHHUS He
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nuieM, HOCKOJIbKY HAaC MHTepecyeT OJIHO YacTHOe pelieHue. YKa-
3aHHOMY BBIOODY ¢(t) COOTBETCTBYET X4 (1) C HAYAIBHBIME JAHHBIMU
X«(tg) = 0 € C". @opmysa 0bIIEro perieHnsi TPUHUMAET BU/T

x(t) = ®(t) [c + tq)_l(T)f(T) dT}, ceC".

to

Ecnu ty) — madanpHbIl MOMEHT BpemeHnu u X(tp) = Xg, TO

Xg = (I)(to)c = c= @_l(to)Xo,

x(t) = K(t,to)xo + tK(t,T)f(T) dr, te I. (2.2)

to

3nech BBegeHO obosHauenme K (t,s) = ®(t)®~1(s). Yaobmo 6parh
HOPMUPOBaHHYIO 1pu ¢ = ty (DyHIAMEHTAIbHYI0 MaTPHILy, TOIJA
K(t, tg) = ©(t). Popmyna (2.2) masbiBaercs gopmyaot Kowu.
Urak, eciu uzBecTHa (yHIaMeHTaIbHAS CUCTEMA PEIIeHUi JIu-
HETHOrO OJHOPOJHOTO BeKTOPHOro MuddepeHnuaIbHoro ypaBHe-
HUsl, TO 0DIIee peleHne HeOIHOPOIHOIO HAXOAUTCH KBaJIPATy POii.

MuoxkectBo nocruxknmoctu. Popmysnna Komu nokassiBaer, 4To
{x(t)} = C"Vt € I, korma HadaibHbIe JaHHbIE X «1Ipoberatory C".
B BemecrBennom ciydae {x(t)|xop € R"} = R"™. B reopun ymupas-
JeHUs uU3ydaeTcd cieayiomasa 3anada. llycts xg — dbuxcupoBan-
HBIA BEeKTOD (IPOU3BOJIbHBII), & U3MEHSETCs B OLPEJIEJIEHHBIX IIPe-
nesax HeogHopogHocTh f. Tpebyerca ommcarb mHOXKecTBO {X(t)}
upu t # tg. YTo4HIM 3a4ady. PaccMOTpuM yIpaBisgeMyio CHCTEMY

x=A(t)x+ B(t)u, xo€R" tel=10,T]. (2.3)

DuiemeHThl MATPUI] Ajy 1y U By« CIMTAEM BEIIECTBEHHBIMU U HEIIPe-
pBIBHBIMU HA OoTpe3ke ynpasienus [0, 7]. B HadanbubIil MOMEHT Bpe-
Menu tg = 0 ¢pazoBoe cocTosgHEe 33/1aeTcsd BeKTopoM Xg € R". Jlomy-
CTHUMBIMH YIIPABIEHUAMU CUYUTAEM KYCOYHO HENPEPBIBHBIE BEKTOP-
dyukiun Bpemenu co 3uadeHusimu B R”. [lockoiabky B cumity uH-
TerpajbHoro xapakrepa dopmysbl Komwu 3uavenuss u(t) B TOY-
KaX pas3pbiBa t; (MX KOHEYHOE YHCJIO W [epBOTO pOja) HE BIIUs-
10T Ha JBuxKeHue x(t), To ymobHO moompeensaTh 3HadeHud u(t;) mo
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HEIPEPBIBHOCTU CHpaBa (JJIg ONMPEJEJeHHOCTH ), 3a HMCKJIIOYeHneM
u(T) = u(T —0). Kparkoe onucanue J0IyCTUMbBIX yIIpaBjieHui u(-):

weld =KC(0,7] = R"), u(t) =u(t+0), t <T, u(T) = u(T—0).
Tpebyercs onucaTh MHOHCECTE0 JOCTNUNCUMOCTIU
Dy (x0) = {x(7)[x(0) = xo0, u(-) € U}.

B wacTHOCTH, Ba)KHO BBISICHUTBH, MOXKHO JIM 33 BpeMsi T mepeBecTn
(mpousBoJibHOE) (ha30BOE COCTOsIHME X( B JIIOOOE JIPYroe COCTOSHUE
x(T) € R™ ¢ momompio momyctumoro yupasienus u(t), ¢ € [0,T].
Takoe CBOHCTBO HA3BIBAETCS NoAHOU ynpasasemocmuio. [lepeitmem
K IIOUCKY COOTBETCTBYIONIETO KPUTEPUS.

CemeMm 3a/a9y K aHAJIN3Y HHTErPAJbHOTO YpaBHEHUS OTHOCH-
TesbHO U(-). Beibepem dbyHIaMeHTATBHY IO MATPHILY OTHOPOIHOM CH-
CTeMBl HOpMEpPOBaHHOH B Hylxe: ® = A(t)®, ®(0) = E, t € [0,7).
Bceaencrsue dbopmyasr Koru

T
«(T) = B(T)xo + /0 B(T)d ! (7)B(r)u(7) dr,
T
Q_I(T)X(T) — X0 = /0 <I>_1(7')B(7')u(7') dr.

O6osnasus z = ®HT)x(T) —xo m Q(t) = ®~1(¢)B(t), momyamm
JIMHEIHOE MHTErpajbHOEe COOTHOIICHHE

T
- /0 Q(r)u(r)dr, u()) €U. (2.4)

[Tpex e yem aHATU3UPOBATH OTOOParKeHUe u(-) — z, IPUBEJEM
eme oauH BbIBOJ (2.4) HezaBucumo or dopmysbl Komu, He camoit
JIETKON g 3amomuHanug. [lo-BuamMomy, jierde 3allOMHUTH WHTE-
rpUPYIOMUH MHOKHTenb P~ I HCXOAHOTO ypaBHeHHd. IIpenBa-
purenbHo auddepennuposanner Toxaectsa ¢ (1) P(t) = E ybe-
amvcst, ato npomssopnaa Dy (®~1) paswa —® 1A (Dy = d/dt):

Di(H® + P 71D =0y, D= AP = Dy(d7!) = -0 1A
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Jomuoxkum ypasrenne (2.3) ciaesa ma Marpuiy @ 1(t):
d % — &t Ax = &' Bu= Di(® 'x) = Qu.

Wurerpupys, mosydaem auneiinoe mo u(-) ypaBuenue (2.4).

[Tonuas ynpasigemocts (D, (xg) = R™) cucremsr (2.3) sksu-
BasieHTHa ycoBmio {z|u(-) € U} = R"™. Boipaxkenne mpasoit wa-
cru (2.4) mMOKa3bIBAET, YTO 3TO CBOWCTBO HE 3ABUCHUT OT X().

TEOPEMA 4. Cucmema (2.3) noanocmwio ynpasasema mozda u
moavko mozda, xozda cmpoxu mampuyvt Q(t) = ®~H(t)B(t) aumnet-
no nesasucumve wa ompesxe [0,T]. B mepmunaxr mampuyv ['pama:

D. —R" & detT £0, T — /O omaTma.  25)

[Tpex e wem nepeiitu K J0Ka3aTEJbCTBY, OTMETHM, YTO OIIPE-
JleJIeHne JINHEeHHO# (He)3aBUCHUMOCTH BEKTOP-(DYHKIMA-CTPOK HHU-
9eM He OTIMYAETC OT OIpPeIeIeHus i BeKTOp-(yHKINH-CTOIOI0B
(max mosmem R B koHTekcTe 3aj;adn). HeszaBucumocTh cTpoK @
(«aymHbly T) MaTpPHUIbL Q) x, HA OTpe3ke Bpemenu [0, 1] o3Hadaer:

ClQl(t) + ... —{—CnQn(t) = O1xr, ¢ € R, te [O,T] = Cj = 0V 7.

DJieMeHTaMu MaTpHUIbI FpaMa ABJIAIOTCA MHTETr'PaAJIbl

T
Ly =(QuQ) = [ Qoa@jvd, 1<ij<n

[TonpiaTerpanbuas (pyHKIUA paBHA MIPOU3BEIEHUIO CTPOKHT HA CTOJI-
Oer o mpaBWJIAM MATPUYHOIO YMHOXKEHHUS WU CKAJIAPHOMY ITPO-
wssesennio B R” pexropa-cronbua Q) (t) ma cronGen Qj(t). Jxpusa-
JIEHTHOCTH JINHEHHOW HE3aBUCUMOCTU BEKTOP-(PYHKIMH U yCJIOBUS
det I' # 0 ma coorBercTByIOMeil Marpunpb! ['pama mokaszana B § 1.

Jlokaszameavcmso. Ilycts det’ # 0. @urcupyem 10060 BEKTOP
x(T) € R™ u soramcinm 2z = @7 1(7)x(T) — x¢. VinTerpansuoe ypas-
nenue (2.4) permaem Beibopom u(t) = Q'(t)c, c € R™:

T T
z:/ Q(t)u(t)dt:/ QH)Q (1) dtc =Te= c =Tz,
0 0
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O6patHo, eciiu cTpoku marpuibl (Q)(t) JUHEHHO 3aBUCHUMbBI Ha
orpeske spemenu [0, T](det ' = 0), To Haligercs HeHyIeBOH BEKTOD
c € R" u3 ycnosug c'Q(t) = 01x,, t € [0,7]. JloMHONKAS CKATAPHO

HA 3TOT BeKTOp ypasHenue (2.4), momyaum c'z = 0. D10 ypapHeHHIe
runepiiockoctu B R™, moiHO#t yupaB/igeMocT HeT. O]

He cnenyer nymaTh, 9TO «3a/Ja49a MMOJHOCTHIO peleHay. B pam-
kax kypca OJIY He ocTaHaBIMBAEMCH HA AJTOPUTMUYECKONW M BBI-
YHUCJINTEIBHON CTOPOHE IIPOOJIEMBI YIIPABIAEMOCTH.

MHo>xkeCcTBO ynpaBJIS€eMOCTH. B mpujiokeHudax cucremMa yIpas-
nenusi (2.3) OOBIYHO HOABJIAETCS B Pe3yJbTare JIMHEAPU3ALUU B
OKPECTHOCTH 3aJaHHOTO pexkuMa. BekTop x(f) mMeeT CMBICT OTKJIO-
HeHndA. PaccMoTpnM 3a7ady IepeBo/ia HAYAJIBHOTO COCTOAHUA X( B
rouky x(7') = 0 BbiGopoM momycrumoro yupasienus u(-) € U [11].
B nesoit wactu (2.4) nomyqaem z = ®~H(T)x(T) — x9 = —xo.
Korma det ' # 0 3amaga pemaerca seibopon u(t) = Q' (t)c:

T
—X0 = / Qudt =Tc= c=—T"'xg, u(t) = —Q'(t)x.
0

Kak npaBuio, HeOOXOIMMO yUUTHIBATH OIPAHUYEHUs HA 3HAUE-
ung yupasmienns: u(t) € U C R". Hanpmwvep, |u;(t)| < @, 1 <@ < r.
Basada onmcaHus MHOXKeCTBa gocrmkumoctu D, (Xg) u mHoowce-
cmea ynpasasemocmy, R, = {xg € R"|x(T) = 0} ycnoxusercs.

OrpasudnMcs pacCMOTPEHHEM HHTErPAIbHOTO HEPABEHCTBA,

(u, ) = /0 T yu(t) dt = /0 Tz;l 20 dt <R, (2.6)

KOTOPOe MHTEPIPETUPYETCd KAK <«OTPAHWYEHUEe IO SHEePTuu». BbI-
6upaem u(t) = —Q' (t)['~'xq. [Ipeasapurenbro ybeaumcs, 9T0 06-
parras Marpuna I~ cummerpuyna, kak u I =T'';

I'r=fE=1"0Yy =rcH)Yy =e=0H" =114
Teneps noncrasageM u(t) = —Q'(t)['~'x¢ B orpamnuenne (2.6):
T
T / QQT (1) dt T 'xo = x)T o < B2
0

Urak, HaiijileH 3JUTHICON ] OTKJIOHEHUH X(, KOTOPbIe MOXKHO IepeBe-
cru B cocrogane x(T) = 0 mpu yemouax det I' # 0, (u,u) < h2.
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3. CUCTEMBI C IIOCTOSIHHBIMHA KOO PUIINEHTAMMN

IIycteb A = const € C"*™. 3ajimeMcst BHagaJie MOCTpoeHneM yH-
JaMeHTaJIbHONH MAaTPHUIbl OJHOPOJHON JUHEHHONH CUCTEMbI

x=Ax, A= A,xn, aij € C,tel=R. (3.1)

Cayuaii pa3audHbIX COOCTBEHHBIX uuces marpurlibt A. [Iycrs

KODHH \; XapaKTepHCTHIecKoro mojmuoma X(A) = |[AE — A| mar-
puibl A pazimunsl. Vimem swerpusunasibaoe perenne (3.1) B bopme

x =) =¢eMb, AeC, beC" (b+#£0).

[locsie mopcraHOBKM COKpalaeM 3SKCIOHeHTY (HO He BekTop b!):
Ab = Ab. 910 asrebpanyeckas 3a/a49a MOUCKA, COOCTBEHHBIX YUCE]I U
cobcTBeHHBIBIX BeKTOPOB. 13 (AE—A)b = 0 € C™ caemyer x(A) = 0.
JIy1e Kazk0ro KOpHs A = \; peaeM OJHOPOJHYIO CHCTeMy aJjredpa-
MYeCKNX ypaBHEHHil OTHOCHTEILHO KOMIIOHEHT BekTopa b = b/ # 0.
BHadeHns \i, ..., \, PA3JIMYHBI, TAK 9TO COOCTBEHHBIE BEKTOPHI b
nuHeiiHo HesaBucuMmbl. Pemenns ¢’ (t) = exp{\;t}b’ nuneiino nesa-
sucuMbl (BemeacTsue o’ (0) = b/) m obpasyoT dbyHIAMEHTATBHYTO
cucremy. OOmuM pereHneM gBJIIeTCs BEKTOP-PyHKIUA

x = p(t,c) = cre™bl £ e, ¢ e O (3.2)
Ecmm B (3.1) caenars sameny x = Py, P = (b%,...,b"), To
X=Ax = y=P APy, P7'AP=A=diag{\i,...,\},

¥ B HOBBIX II€DEMEHHBIX {/j CHCTEMA PACIAIAETCA HA 1 HE3ABUCUMbIX
ypaBHeHuil: U; = \jy; = y;(t) = cjexp{A;t}, 1 <j < n.

BerectBennnie permtedusi. [lycrs marpuma A BemecrBeHHa, U
HAC WHTEPEeCYIOT TOJIbKO BemecTBeruble pemenns (x(0) = xg € R™).

[To-nipekHEMY TIpeaIoIaraeM, 9TO KOPHH A1, . . . , A, XapaKTepu-
crugeckoro nonuaoMa X (A) = [AE — A| paznuaust. B obuiem perre-
Huu (3.2) ucnosb3yorces 6asucubie pemenus Buaa @(t) = exp{At}b.
Ecnu A BemecTBeHHOE YHCIIO, TO I COOCTBEHHBIN BEKTOP b U3 peiile-
Huii anrebpamdeckoii cucreMbl Ab = Ab BbIOEpeM BeIEeCTBEHHBIM.
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Takoe pemenne ¢(t) ocrasisiem B 6a3uce. Eciau koperb A = (1 Kom-
IJIEKCHBII, TO B cuily BemecTBeHHOCTH KOd(hdunuenToB x(\) Kop-
HeM GyIeT 1 colnpsizKeHHoe 1icio ji. [lockonbky Ab = Ab = \b = Ab
(A= A), To B KOMILTEKCHBIil 6a31C MOXKHO BKJIIOUHTDL HAPY

o(t) = e"'b, @(t) = e"b, tecR.

DTu COUpPsi?)KEHHbIE PEIIeHNs JMHEHO He3aBUCUMBI, TAK KaK [l 7 [
u Boinoaagerca p(0) = b, p(0) = b (cobcrBennbie BekTOPHI b, b
JIMHEHO HEe3aBUCHUMBI). 3aMeTHUM, ITO B CHJIy BemfecTBeHHOCTH A

p=Ap = Rep=ARep, Imp = Almp,

T.e. bynknun Re (t) u Im ¢(t) — Toxke pemenns. Pemenne ¢ Ho-
BBIX BEIeCTBEHHBIX pelneHnii He maeT: Rep = Re g, Imp = — Im .
Uckirouaem u3 6a3uca KOMILJIEKCHO CONPSzKeHHYI0 napy {p, ¢} u 3a-
MeHsieM eé Ha BemiecTBennyto napy {Re ¢, Im ¢}. B urore B 6a3uce n
BEIECTBEHHbIX pemneHuii. VX juHeiiHag KoMOMHAIMA C IIPOU3BOJIb-
HBIMHI BeIIeCTBEHHBIMU IIOCTOAHHBIMU ¢; € R 1 Oyzer obmuMm Beme-
CTBEHHBIM PENIEHHEM OZHOPOMHON cucreMmbl X = Ax. Bamerum, 4To
BearesicTBre hbopmysbl Ditiiepa exp{iv} = cosv +isinv (v = Im p)
u B pemrenusax Re ¢ u Im ¢ nmogBarcsa CUHYCHI B KOCHHYCHI.

B npuBeseHHBIX pacCyKIEHUAX MMEETCA IIPOOEs: OMyImeHO JI0-
Ka3aTeJbCTBO JIMHEHHON HEe3aBUCUMOCTH HAJL IIOJIeM R MOy 9eHHBIX
N BEIECTBEHHBIX PelIeHnil. DTO JeIaeTcs aHAJOITIHO IIEPEXOY OT
KOMILJIEKCHO COIPSAXKEHHOT0 6a31ca K BeIEeCTBeHHOMY /I JTUHEeHHO-
ro oxHopozauoro ypasaenus (raasa I11). 3xecy s pazHoobpasus
IIPUBEJEM JIPYTO€ paccyzKjaeHne. BelecTBeHHOe pelleHne XapaKTe-
pusyercs ycaosueM X(t) = x(t). Canraem, 9T0 KOMIIJIEKCHBI Oa3mC
B 061eM perennn (3.2) IMOCTPOEH 110 yKA3aHHOMY BbIIIIE IIPUHIIAILY:

AMNeR = beR", {uju}cC = {bb}cCC"

3amnucaB paBeHCTBO X = X, HOJy4daeM (B CHJly JIMHEHOW He3aBUCH-
MOCTH 3KCIOHEHT), 4TO IIPU BEIIECTBEHHBIX YKCIIOHEHTAX JIOJIZKHbBI
OBITH BEIECTBEHHBIE MOCTOSTHHBIE (¢ = €), a IPU CONMPAKEHHBIX —
conpskeHHble. UToObI «130aBUTHCI» OT MHIUMOM €IMHUAIIEI OCTAETCS
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Ipeodpa30BaTh CyMMY CONPSI?KEHHBIX CJIATAEMBbIX:

c=&¢+in, p=a+if, b= f+ih ({,n,a B ER, fheR)
= celb + cel'b = (€ 4 in)e® (cos Bt + isin Bt)(f + ih) + ...

IIpemyaraerca 3aBepUINTh BHIKJIAJAKU B IOPAKe ynpakHeHus. 11o-
CKOJIBKY CKJIAJBIBAIOTCSA COIPSKEHHBIE YHCJIa, TO OCTAHETCH Belle-
CTBEHHOE BBIPaXKeHHe C JBYyMsd IIPOU3BOJLHBIMHU BEMIECTBEHHBIMI
nocrosinabivu &, 7. B He cTosb moapobuoii 3anucu: ¢ = exp{ut}b,

(€ +in)(Rep +ilmp) + (£ —in)(Rep —ilm ) =

=2lRep—2nImep, 26 =c €eR, —2n=c € R.

O6ummit caydaii. MarpudHasa 3KcroHeHTa. V3moxkum oOmumii
MEeTOJI, peleHus JuHedHoN cucTembl (3.1), IPUTOIHBINA U JJisd CIIy-
Jasgd KPAaTHBIX KOpHeil XapaKTepHCTU4YecKoro mojanaoma. Pukcupy-
eM IIPOM3BOJIbHBII OTPEe30K BpeMeHu |[t1,ts], HadaJbHbIE JaHHbIE
x(tg) = xo € C" (to € [t1,t2]) u mepeiifemMm K MHTErpaIBHOMY ypaB-
HEHHIO .
x(t) =xo+ [ Ax(7)dT1, t€ [t1,ta].

to
Meros mocsiejoBaTeIbHBIX MPUOIHKeHNI n3ydasics B riase [. 31ech
JIUITb KOHKPETU3UPYEM €ro Jijisi BEKTOPHOTO ypaBHeHus (3.1):

t
(1) = x0 = x(to), ¢*TH(t) =x0+ ) AgF(r)dr,
0

@' (t) = x0 + Axo(t — to) = [E + (t — to) Al xo, . . .,

(t —to)"

) =[E+t—to)A+.. .+ o

k
A ]XO, .
[locsieioBarebHOCTh MATPHIL B KBAJIPATHBIX CKOOKaX (KOHEYHBIX
CyMM) sIBJISIETCH CXOJgIIeiica upu k — +00. [eiicrBuresnbao, eciu
6parh HauasipHble Hammbe Xg = ¢ = (0,...,1,...,0)" (pasnmyaem
10 KOHTEKCTY SKCIIOHEHTY ¥ 3JIeMeHThl KaHOHW4IecKoro bazmca R™),
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TO METOJI, IOCJIe0BATEIbHBIX MPUOJINKEHUN MPUBOIAT K CXOIIMO-
CTH ITOCJIEIOBATEIbHOCTH j-X CTOJIOIOB, PABHOMEPHOI 110 t € [tl, tg].

Urak, cxopures MaTpudnbii psay ([...] — ero dacruunas cymma)
t—to)*
E+(t—t0)A+...+%A’“+...
Dror pay anangoruden 1+ + ...+ 2% /K 4+ ... = exp{x}, uro 1a-

er OCHOBAHHE HA3BaTh €ro CYMMY MaAMpPuHot 3kcnonenmot (duc-
no sBasgercd marpureii 1 x 1). Coxpansisg npuBbaHOe 0003HAYEHIHE,
IPUXOJIUM K CJIEAYIONEMY IIPEICTABICHUIO OOIIEro perreHns:

x(t) = et A%y xo =x(ty) € C", t € R. (3.3)

31eCch MbI y4JIM, 9TO OTPE30K (t1, to| PpUKCHPOBAIICS TPOU3BOJIHLHBIM.
Y Y
Ecmu xg = ¢/ = (0,...,1,...,0)", To nomy4aem ciesa pemrenue
C HAYAJbHBIMU BEKTOPOM X(tg) = €/, a cupaBa — j-ii crosbern Mar-
puipr exp{(t — tg)A}. CiaenoBarenbHo, 110 cTOJOIAM IKCIOHEHTHI
pacnoJsiokeHa (pyHIaMeHTaIbHAA CUCTEMa PelmeHuil u ajd QyHIa-
MEHTAJIbHONH MaTPUIbl, HOpPMUPOBAHHON 1pu t = tg, nMeeM

D= AP, B(tg) =E = ®(t) =704 R,

Kak cnencrBue, momydaeM npuBbIYHOE IIpaBuiio auddepennmpona-
HUS
Dte(t—to)A — Ae(t—to)A — e(t—to)AA.

Bropoe paBencTBO ciemyer m3 mepecranoounocTn AAF = AFA.
JlokazkeM rpyImmoBoe CBOWCTBO MATPUYHON IKCIIOHEHTbI

€(t1+t2)A — etlAetQA — €t2A€t1A. (34)
QukcupyeMm MPOU3BOJIBHBIN X( ¥ PACCMOTPUM BEKTOP-(PYHKIUK

Pl (1) = "5, PP (1) = e e!xq].

g ymoberBa obosmauum to = —tg, yo = exp{toA}xg. Torma
©'(t) — pemrenme ¢ HavaIbLHBIME JaHHBIME o' (tg) = xg. Ilpnm
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t = 0 mveem ©'(0) = yo. Anamormano ¢*(t) = exp{tA}yo — pe-
mrenme ¢ ycaosueM ©2(0) = yo (bOpMaIbHO MOXKHO IHepelnucarTh
©%(t) = exp{(t — to)A}yo, camrag ty = 0). Ilo equHCTBERHOCTH

0 (0) = ¢*(0) = ¢'(t) = ¥*(1).

Ilpu t = t; nonygaem exp{(t1 + t2)A}xo = exp{t1A} exp{taA}xo.
Bekrop x¢ mpou3BoJieH, TakK 4TO MepBoe PaBeHCTBO B (3.4) BBIIOJI-
HeHO. BTopoe TpuBmnaJsibHO cieayer u3 t,+ty = to+1t1. B wacTHOCTH,
npu t = t; = —tg moaydaeM popmysry oOpallieHus SKCIIOHEHTHI:

6Ate—At — E = (eAt)—l _ e—At'
IIpenocrepexkenne: B obimem ciaydae exp{ A+ B} # exp{ A} exp{B}
(paBeHcTBO rapanTupyercs KommyrupoBanuem AB = BA).

DyHKNUU OoT MaTpull. B marpumyHom aHajm3e pasdpadoTana 00-
magd Teopud (PYHKIN OT MATPUIL I MATPUYHBIX yYpaBHeHuit. B mpu-
JIO2KEHUSX TI0JIE3HbI He TOJbKO SKCIOHEHTHI, HO U MATPUYIHLIE JIOTa-
pudmbl, KopaE ... Kparko ocranoBuMcst Ha OCHOBHOI ujee. Pac-
CMOTPUM CKaJSIPHYIO (DYHKIINIO, TPEICTABUMYIO CTEITEHHBIM PSOM:

flx)=ag+ a1z +...+apx"+..., |z|] <R, xe€C.
Jna marpunpr B € C™ ™ no onpemeeHnio MOJI0XKIM
f(B) =al+a1B+...+a,B"+ ...

YrobbI TakOe onpemeenne ObIJI0 KOPPEKTHBIM, HEOOXOIIMMO 1103200~
TUTHCS O CXOAMMOCTU MATPUIHOTO psija. Kro cymma u 0603HagaeTCs
kak f(B). [lyisg mpocToThl OrpaHuYIuMCs CIIydaeM, KOTa y MaTPHIIbI
B Bce cobcrBenHbIe 4mciia pazandHbl. HamomumM, 9T0 coOCTBEH-
Hoe uncyio A € C u u coorBeTCTBYIONMI €My COOCTBEHHBIII BEKTOD
b # 0 € C" oupenensrorcs coornomenuem Bb = Ab. [laxe ecim
MaTpuiia B BelecTBeHHa, TO B 00IeM ciay4dae A, b KOMILIEKCHBIE.
9TO0 ojHA U3 HPUYIHNH, II0 KOTOpoil Teopus auneirtabix OJ1Y m3zmara-
eTcs Ha s3bIKe KOMILIEKCHO3HAYHBIX yHKIu. VcTopraecku mesbie
pa3zesbl JIMHEHHON ajareOpbl Pa3BUBAJINCH B CBA3U C MCCJIEIOBAHU-
MU CHCTeM JUHEHHbIX audepeHnnajlbHbIX YypaBHEeHN. XapaKTe-
PUCTUYECKOEe ypaBHEHHE IIUTETbHOE BpPEeMs HAa3bIBAJIOCh BEKOBBIM
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(B Tepmunosiornn HebecHoit Mexanuku). [logemy B anrebpe 1mogpob-
HO n3ydaeTcs npeobpasosanne monobus P~ AP? B konrekcre OJ/1Y
9TO CJIEeACTBUE JUHENHON 3aMeHbl IIepeMeHHBIX:

X = Ax, x=Py = y= P 'APy.

Ecnu cobcreennble yncna Aj MaTpunbl B pa3indHbl, TO Ipeod-
pa3oBaHUEM IOI00Ms OHA CBOAUTCS K JIHATOHAJIBHON:

3P = Puxp, det P #0, P7'BP = A = diag {\1,..., \.}.

Ilpu stom BP = (BP',...,BP") = PA = (M PL,...,\,P"), Tax

YTO CTOJIOIBI MATPHUILI ITpeoOpa3oBaHusd P cyTh cOOCTBEHHBIE BEK-

Topel. OHI JMHENHO He3aBHCHMBI, KOTJIa BCE \j Pa3INIHBI.
Ilomcrasum B = PAP~! B dbopmanbastit pan aaa f(B):

f(B) = agE 4+ ay PAP™! + ay(PAP ) (PAP™Y) + ...
— agPP ! 4 i PAP™! + auPA’P71 + ...
= Pdiag {f(\),..., f(A)}P "

Orcroma sicHo, uro marpuia f(B) ounpenesena, ecjau COOCTBEHHbIE
qHCIa HAXONATCA B Kpyre cxomuMocTH: |Aj| < R. Pesynbrar Bepen
u B 00meM ciryvae (HCIOMb3yeTcs XKOpJAaHoBa hopMa MATPHILHI).

«KoHeuyHoe» mnpejicrtaBjieHNEe MAaTPUYHON SKCHOHEHTHI. Fciin
HOJIb30BATHCA HEHMOCPEJACTBEHHO OIPEIEIeHHEM MATPHIHON IKCIIO-
ueHTol exp{(t —tp) A} Kak cymmbI psana, To popmysia obIIero perre-
nus x(t) = exp{(t — to)A}xo (xo0 = x(tp) € C") BBINIAAUT HEKOH-
cTpyKTuBHO. llonbITaeMca HAATH «KOHEYHOE» IIPEICTABJICHUE MaT-
pUYHOI SKCIIOHeHTHI. [IpuBeneM cHada a HABOJAMIIIE COODPAXKEHN.
g ynpomenns obo3HadeHmii gajee IpUHEMaeM [ 3a Hada-
no orcyera Bpemenu (tg = 0). Torma obree perienne umeer B
x(t) = exp{ At}xo (x0 = x(0)). Marpuna ®(t) = exp{ At} asnagerca
byHIAMEHTATBHOI, HOPMEPOBAHHOI B Hyme: ® = A®, ¢(0) = FE.
XapakTepucrudeckuii mosmmaoM marpunsl A € C™*™

XA) = [AE — A| = A"+ pp A" 4 po
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o reopeme ['amuiabrona—Ksau gBigerca aHHYIHPYOMIUAM:
x(4) = A" + P 1 AV 4 4 poE = Opxn.

CuenoBaresibHO, N-s cremnedb A" — juHeliHasd KOMOMHAIMS MaTPIL

E, A, ..., A~ ! Torma u A™t! obmamaer STHM CBOHCTBOM:
AL — AA™ = A(—pp,_1 AV — . —pE) =
= —pp_1A" — ... = —pn_l(—pn_lAn_1 —...—poE)— ...

[Ipumensisa sToT mponecce aaa A7) j > n, momydaeM mpe/cTaBieHne
et = ag(t)E+ oy () A+ ...+ a1 ()AL (3.5)

IIoka 3T0 dpopmMaIbHOE PABEHCTBO: «cobHpas KO3 UIueHThl» Ipu
AJ (0 <j7J<n— 1), Mbl HEe aHAJIU3UPOBAJIUA CXOJAUMOCTDH PAIOB.

TEOPEMA 5. Mampuunyro skcnonenmy exp{ At} moorcno npedcma-
sumo 6 gopme (3.5), ede Koappuyuenmor aj(t) — K6aszunosuHOMbL.

Jlokazameavcmeo. IloncraBum npasyto wacrb (3.5) B ypaBHeHHe
X = AX u npupaBHseM BbIpazkeHus npu cremenax A7, j < n — 1:

n—2

n—1 i n ;
Zi:o Qi (t) A = a1 (t)A™ + Zi:o i () AT,

A" = —pn_lAn_l — pn_zAn_z —...—pokE =

(3.6)

[Tockonbky exp{At}|;—o = FE, To dburcupyem HadaJbHbIE TAHHBIE
ap(0) =1, a1(0) = 0, ..., ap—1(0) = 0. [loguepkuem, 4To 1OKA
YTBEPKJAETCA CIIeAYIOIIee: eC/Il OIpenesauTb QyHKmun «;(t) Kak
perenne ykasaunoii 3agaun Koru, To B mpasoit qacru (3.5) 6ymer
MaTpHUIa, yIoBIeTBopsaomas yeaopuaM d(t) = Ad(t), &(0) = E.
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Torma mo Teopeme eIMHCTBEHHOCTH (YHIAMEHTAJIbHAA MATPHUIA
®(t) = exp{ At} coBuamaer c upasoii yacrbio (3.5).
Urak, paccmorpum 3anady Komm nna kosddumnuenTos o;:

N 00 ... 0 —po .
al "’ St o o0 -m N
0 U I I S )

n-1 00 ... 1—p, ) ‘!
ap(0) =1, a1(0) =0, ..., ap—1(0) = 0.

Marpuna cucremsr O/1Y (¢ TOYHOCTHIO 10 TPAHCHOHUPOBAHUS) —
U3BECTHAs U3 KypCa ajrebpbl CONpososciaowas Mampuya Xapak-
repuctudeckoro nojmaoMa X(A). CeemeMm cucreMy K CKaJsipHO-
My JTHHEAHOMY OJHOPOJHOMY YPaBHEHHUIO N-ro mopgiaka. Ilomoxum
Y(t) = ap—1(t). Torma u3 mocneamero ypasnenus cucremst (3.6)
HAXO M @b = Qp—2 — Pn_1¥, Qn_o = @b + pp—1v. IlogcraBum 31O
BbIpaKeHne (PYHKIUU (v,_o(t) B IpeanocieHee ypaBHEHHE:

Op—2 = Qip—3 — Pn—20n—1 = w + pn—1¢ +pn—2¢ = Op—3.

[Tpomoszkast 3TOT POLECC CHU3Y BBEPX, IIOJLYYUM CKAJIAPHOE JIMHET-
HOe OJIHOPOJIHOE ypaBHeHue n-ro nopsiaka x (D) = 0:

B @) + P ™) + .+ povo(t) =0, t €R. (3.7)

Bamernm, 9TO XapaKTepUCTUuIeCKuii moJuHOM ypaBHenus (3.7) coB-
nazgaer ¢ x(\) = |[AE — A|. Uro kacaercs HaYa bHBIX JAHHBIX, TO

$(0) = an-1(0) =0, (0) = an—2(0) — pp_1(0) = 0,
D0y =0, P Y0) = ag(0) = 1.

Takasg 3amada Kommu unsydena B 1iaselll. Pemenne cymecryer,
eJUHCTBEHHO W fBJIfgeTCd KBasumoianHoMoM. Pynkuun oy(t) — su-
HeilHble KoMOuHAIuu 1)(t) U eé TPOM3BOMHBIX, TAK YTO OHHU TOXKE
KBA3UIIOJMHOMBI. DKCIOHEHTHI HMEIOT [OKa3aTean \j (COOCTBEHHBIE
qncia Marpunet A), a crenenu noauHoMoB npu exp{\;t} He npesbI-
AT mj — 1, TJae m; — KPaTHOCTb KOPHA \; XapaKTePHCTHIECKOIO

nomuaoMa Y (A) = [AE — A|. ]
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BumecTo xapakTepucTHiecKoro MOKHO HCIOJIb30BATH MIHIMA/Ib-
HBIl aHHYJIUPYIOIIMIi IOJMHOM MaTpPHUIBL A, eciin OH U3BECTeH.

I3 mokasaTenbCTBa HM3BIEKAEM IIPHEM JJId IPAKTHYECKHX BbI-
guciaennit (Merox Ditrepa). [lo pasmuaabiM KOpHIM Af, ..., A\s Xa-
PAKTEPUCTUYIECKOrO IIOJUHOMA, COCTABJIAEM BEKTOP-(PYHKIMK

P(t) = p'(t)eMt, degpi <m;—1, 1<i<s, 1<j<n,

C HeOIpeJeJeHHbIMI KO3 (pUIMEeHTaMHI TOJMHOMOB p;'-(t) (koMIIO-
HEHT BeKTOPHBIX mojmHoMoB p'). Ilocie mojcranoBKu B X = Ax 1
COKpAIlleHUs SKCIIOHEHTHI, MOJIyYnM CHCTEMY JIUHEHHBIX ajarebpan-
YeCKUX ypaBHEeHUi st KodhdOUIueHToB (m; MTYK U3 HUX OCTAHYT-
ca ipousBobHbIME ). Obmiee pemenue Gymer cymmoit o (t), mpudem
KOJIMYECTBO HPOU3BOJIbHBIX HOCTOAHHBIX Oyger mi + ...+ mg =n
[3,5,16,24|. O yTOo4YHAIOTCS, HAIPUMED, HAYAIbHBIMEA JAHHBIMA.
Yro KacaeTcd BBIIEIEHHS BCEX BEIIeCTBEHHBIX pEIleHHil B CIIy-
qae A € R ™ 10, n0-BuauMOMy, paluoHaJbHEE MOCTPOUTH 0bIee
KOMILJIEKCHOE PellleHne U 3aTeM JI00aBUTh yCIOBHe X = X.

Heonunoponnoe ypaBHenue. HamomuauMm, urto oO0miee perneHme
HEOJTHOPOIHOI cucreMbl X = Ax + f 3amaerca dpopmymoit Kommm:

x(t) = K(t,to)x(to) + ttK(t,T)f(T) dr, K(t,s) = o) (s).

Y106H0 OpaTh HOPpMUPOBAHHYIO TIpu ¢t = ty DyHIAMEHTAIBHYIO MAT-
pury ©(t), rorma K(t,t9) = ®(t). B cayqae A(t) = A = const

¢
x(t) = et~ g 4 [ DALY dr, xo = x(to).
to

JleiicTBUTEILHO, HOPMHPOBaHHOW mnpu ¢ = tg pyHIaAMEHTAJIbHOI
MaTpUIeil gBisercd MaTpudHas skcrnonenta P (t) = exp{(t—t9)A},

K(t7 7') = (I)(t)q)_l(,r) — e(t—to)Ae(to—T)A _ B(t_T)A_

Ecnu f(t) — BeKTOpHBIIl KBA3UIIOJUHOM, TO MOYKHO HOJIb30BATh-
Cd QHAJIOIOM METO/A HEOIPEJIE/IEHHBIX KOI(P(PUINEHTOB, U3/I0KEH-
Horo B miase l11. B cuiy jimHeitHOCTH BBINIOJIHSAETCSI TIPUHITUIL CyIIeP-
MTO3UINU, TAK YTO OrPAHUYUMCH OJTHUM BEKTODHBIM CJIAraeMbIM:

f(t) =e7'p(t), degp; <m, 1<j<n.
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ITycTh mokasareib 0 He KOPEHb XapaKTePHCTHUYECKOIO HOJIMHOMA
X(A) (0 # Aj, mepesonancueiii ciy4aii). Torma nmem gacraoe pe-
IeHne B TakKoil ke dopMe: X.(t) = exp{ot}q(t), deggq; < m. Ilox-
CTaBIIdd B HCXOZHOE ypaBHeHHe X = Ax + f, mosydmm

(B — A)q(t) =p(t) —q(t), teR.

Marpuna o F — A mHeBBIpOXKeHa, HIOCKONBKY 0 # A;. [IpupaBHuBaz
ciesa u cupasa Kodbdunuents npu t™, 11 . nociesosaresnb-
HO HAXO/MM BCE BEKTOPHbIEe KOdMdunuenTsl noguaoma q(t).

B zakitodenne naparpada BepHEMCH K aHAJINU3Y CBOWCTBA IHOJI-
HOI ylIpaBJIAeMOCTHU JIMHEHHON CUCTEMbI B CTAllUOHAPHOM CJIydae:

x=Ax+ Bu, te€ [O,T], aij,kaER.

Wurerpasibaoe ypaBHeHue Jijisi yupasjeHus u(-) IpuMer Bu/y

T el T
z:/o e M Bul(t) dt:ZjZO A'By;j, ::/0 a(—t)u(t) dt.

Takum obpaszom, B cuny v; € R” BekTop 2z = exp{—AT}x(T) — xo
ABJISETCS JTUHEHHO KoMOnHaIeil cTOI0MOB MAaTPUILLI

K =(B,AB,A?B,...,A"'B), K = K,xpr

Ecnan BeimosiHeHo HepaseHcTBO rank K < n, TO IOJHOW yIpaBJsd-
emocru ({z|u € U} = R™) 6birp He moxer. Marpuna K wurpa-
eT BAaXKHYIO POJIb B JIMHEWHON Teopuu yIpaB/IeHUd U HA3BIBAETCS
mampuuet; ynpasasemocmu (mampuuet Kaamana). Ha camom je-
se yciaoBue rank K = n He TOJIbKO HEOOXOJAUMO, HO U JIOCTATOYHO
JIJIsI TIOJTHOM YIIPaBJIsIEMOCTH. 3/1€Ch HA 3TOM He OCTaHABIHNBAEMCH.

4. CUCTEMBI C HEPUOANYECKUMMU
KOROOUIIMEHTAMU

OaHopoanbie cucreMmbl. PaccmorpuMm BekKTOpHOE auddepeniim-
aJIbHOE ypaBHEHUE C HEIPEepPbIBHOW MepUOAMYCCKON MaTpPUILIe:

x(t) = A(t)x(t), aij € C(R), aij(t +w) = aij(t), w>0. (4.1)
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[TocraBum BOIPOC O CYIIECTBOBAHUE W-IEPUOAUYECKOIO PEIICHUS
(momumo TpuBmasbhoro x(t) = 0). Vmade, Oymer su B w-nepu-
OJIMYECKON CHCTeMe HAOJIIOAATHC w-TIePUOIIIECKOe IBHKeHne?
BaxKHBIM CBOMCTBOM w-II€PUOJUMYECKAX CHCTEM SIBIISETCS ClIe-
nytomuit dakr. Ecin x = ¢(t) — pewmenne (nosnoe, t € R), 1o

BekTOp-pyukus 1 (t) = p(t + w) — Toxe pemenue. [Iposepum:

Cde(t+w)  de(t+w)

9it) = T = SR = Al + @l +w) = AW,

[Tycrs ®(t) — bynmamenTanibiasg MATpUIa, HOPMUPOBAHHAS B HYJI€:

ITo cronbuam pacrosoxenbl perenns ¢'(t) ¢ HAYATbHBIMEA JAHHBI-
mi @' (0) = et = (0,...,1,...,0)", obpasyromue dbynzaMEHTAIBHYIO
cucremy. Paccmorpum marpuiy V() = (¢ + w). Croubup! sBiis-
forcs pemenusmu. U3z ¥(—w) = ®(0) = F 3akiuougaem, uro V(¢)
HEBBIPOXKJIEHA U, CJIE/OBATEJIbHO, OHA (byHIAMEHTaJIbHAS MaTpH-

na. OyHIaMeHTAIbHbIE MATPUIIBI CBA3aHbI HEOCOOBIM MHOYKUTEEM:
U(t) = ®(t)B, det Byxyn # 0. [lonarag t = 0, noxygyaem

T(0) = B(w) = ®(0)B = B=(w) = Ot +w) = 0(t)D(w).

Urax, nepuoguarocTsh A (1) IPUBOAUT K MyJIBTUILIUKATHBHOMY CBOIi-
crBy marpuil P(t). Marpuny ®(w) naseiBaror mampuyet MmMoHO-
dpomuu, a €€ COOCTBEHHBIE YUCIA — MYALMUNAUKAMOPALMU.

Bameuvarnue 1. Bozpmem apyryio dynmamentanbuyo marpuiy P(t)
U OIpeNeNnM MATpUIly MOHojapomuu M aHAJOTHYIHBIM YyCJIOBHEM

O(t + w) = ®(t)M. [lockomnbky ®(t) = ®(t)P (det P # 0), To
(t+w)P = &(t)PM, ®(t+w) = () PMP ! = PMP™ ' = ®(w).

MaTpuiibl MOHOJApPOMUM, OIPE/IE/IEHHBbIE PA3JIUIHBIMU (DYHIAMEH-
TaJbHBIME MaTpumamu, 1moaobubl. Clie0BaTeNIbHO, MYJIbTUILINKA-
TOPBI OIPEJIEJIEHBbI OTHO3HAYHO (KaK KOPHU XapaKTEePHUCTHUIECKOTO

muorounena): |AE — M| = |[P(AE — M)P~! = |AE — ®(w)|.

Hazpanme MymbTuUIIIKATOp OOBACHAETCS CIIEIYIOIINM CBOMCTBOM.



170 I'masa IV. Jluneitapie cucrembr OJ1Y

TEOPEMA 6. Yucao p € C asasemea mMysbmuniukamopom mo-
2da u moavko moeada, kozda nalidemca HEMPUBUANDLHOE PEWEHUE (P
(¢(t) # 0Vt), das komopozo swnoanaemesn o(t+w) = pe(t), t € R.

/loxasameavcmeo. llo onpejesieHn0 MYJIbBTUILINKATOPA UMEEM CO-
orHomtenue b = P(w)b, rme b # 0 € C™ — coorBercTByOIMI
cobcTBeHHbINl BeKTOp. Bo3bMem pemienne X = ¢(t) ¢ Ha9aJIbHBIMU
nanuabiMu ©(0) = b. Torma BbIOTHEHA TETOYKA PABEHCTB

Pt+w)=P(t+w)b=D(t)P(w)b = pud(t)b = pe(t).
Obparno, ToxaecrBo ¢(t + w) = pup(t) no t € R Bieder

O(t + w)p(0) = p@(t)p(0) = (t = 0) ®(w)p(0) = pe(0).

ITockonbky 1o Beibopy ¢(0) # 0 (unaue ¢(t) = 0), To u — cobcrBeH-
HOE 9HCJI0 MaTpuIpl MoHOApoMun P (w), T e. MynbrumaukaTop. [

CrencrBue: HETPUBHAJIBHOE W-IEPUOANIECKOE PEIIeHHe CYIIe-
CTBYEeT TOJIbKO IIPH HAJUYMH MyJbTUILIHKATOpa (4 = 1. MrTax, mo-
CTaBJICHHBI BHa4ase maparpada BOIPOC PEHIAETCd BbIYUCICHUEM
COOCTBEHHBIX 9UCesI MaTPHUILI MOHOApoMun. OTMETHM, 9TO U B CJIy-
qae A(t) € R™" MyabTUIIMKATOPHI [i1, ... , /iy, BOODIIE TOBODII,
KOMILJIEKCHBIE, He MCKJII0YAOTCd U KpaTHble 3HaYeHusd. Bcemencrpue
dopmyibl JInyBuIg MyJIbTUILINKATOPBI CBA3aHBI COOTHOMIEHUEM

p1 .. o = det @(w) = exp { /OwTI'A(T) dT}.

IIpuBogumocTb. HenpepbiBHbIE w-NEPHOANYIECKHIE CHCTEMBI NpU-
600UMbL B TOM CMBICJIe, 9TO CyIIecTByer 3amena x = P(t)y (P € C1
det P # 0), upu KOTOPOii B HOBBIX IEPEMEHHBIX CHCTEMA 3AIIAIIETCS
B Bujle Y = Ry ¢ nmocroguuoit marpureit R. 9to ciaeayer u3 meo-
pemor Paoxe [3,6, 14]: bynnamenranpayio marpuity P(t) MOKHO
npencraButh B popme ®(t) = P(t)exp{Rt}, rne P € C'(R) apna-
ercs w-nepuoanydeckoii marpureit, a R we 3aBucur ot t. B obmem
ciydae marpuiibl P u R KOMILIEKCHBIE, j1aKe ecian A BernecrBeHHasd .

He yrnybngsch B Teoputo yHKIUNE OT MaTPUI], YKaXKeM JIUIIIb,
9TO AOCTATOYHO B3aTh R = w Ln®(w), P(t) = ®(t)exp{—Rt}.
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Marpuansiii jorapudm Ln B weocoboit marputisl By, x, OmpeeIs-
erca ycaosueM exp{Ln B} = B. EjguncrseHHocTn HeT naxke IpH
n=1(BeC,B#0): Ln B =1n|B|+iarg B+ i2rk, k € Z.

[IpoBepum, uTo mpm Takom BbIOOpe Marpui, R u P cupasej-
auBO yKazauHOe B Teopeme Duioke npezcrapienue Marpunsl D ().
Pagencrso ®(t) = P(t)exp{Rt} u sxmouerne P € C(R) BepubI
o nocrpoennto. [Tokaxkem w-nepuonuanocts P: Pt + w) =

= Ot + w)e—(w+t)R _ q)(t)q)(w)e_Ln (w),—Rt _ @(t)e_Rt = P(b).
JlokazkeMm Temepb, 4To 3aMeHa X = P(t)y (P € C!, det P # 0)
IpUBOJUT uCxoaHOe ypasuenue (4.1) Kk y = Ry:

% = Py + Py = [de T — ®Re ']y + Py,
Ax = APy =% = [A®e ' — de "' R]y + Py,

P =®e ' = APy = [AP — PR]y + Py = y = Ry.

Heonuopoanabie cucteMbl. PaccMOTpUM BEKTOPHOE ypaBHEHUE
X(t) = A()x(t) + f(1), At +w)=AQR), [(t+w)=[f(1). (42)

DiieMeHTHl MaTpUIbl A W KOMIIOHEHTBHI BeKTOpa [ HelmpepbIBHbBI
Ha R. CymecTByior /in w-nepuoanydeckoe pernexHue?

TEOPEMA 7. Ecau cpedu myavmunasukamopos nem eduHuybl, mo
ypasuenue (4.2) umeem eduncmeennoe w-nepuoduieckoe peuwenue.

Jlokazameavcmeo. [list w-nepuopuanocru penienus X = (t) Heob-
XOJIIMO U JT0CTaTO4IHO, I4T00bI @(w) = ¢(0). Heobxomumocts ode-
sugaa (t = 0). [lokaxkem mocrarodnoctb. PaccMoTpum BEKTOp-
dbyukuuio ¥(t) = p(t + w). Ona Oyuer penieHneM — HPOBEPSAETCs
HEIIOCPEJICTBEHHO, KaK U B OJHOPOZHOM ciydae. [lo Teopeme emmn-
CTBEHHOCTH pellleHns HadanapHO# 3amadn u3 ¥(0) = p(w) = ¢(0)
cienyer Y(t) = ¢(t), T.e. p(t +w) = p(t)Vt € R.

Banumem ycjosue nepuoguanoctu pemenus p(w) = ¢(0) ¢ no-
motpio dopmyisr Komm: ®(t) = A(t)®(t), ®(0) = E, xo = ¢(0),

o(w) = p(0) ~ D(w)xo + /0 “ o) (7) f(r) dr = xo.
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IIpu BekTOpe x¢ mosygaem marpuny E — ®(w). IIpeobpasosanuem
1101001 OHA, IPUBOJUTCA K TPEYrOJbHOMY BUJY C JMATrOHAJbHBIMU
sanementamu 1 — p;. Ilo ycnosuto Teopemer p; # 1 (1 < j < n),
tak uro det (£ — ®(w)) = [[(1 — pj) # 0 u BekTOp X0 AT W-
IIEPUOMYECKOrO PEIeHusl OIPEeIsieTcs OJIHOZHATHO. ]

Ecan onnoponnas cucrema X = A(t)X umeer HETPUBHAJIBHOE W-
nepuoauueckoe perrerne (3 = 1), ro marpuna £ —®(w) BeIpoxK 1e-
Ha U JuHelHasg aaredpamdecKas CUCTeMa OTHOCHTEIHLHO BEKTOPA X(
b0 HECOBMECTHA (HeT w-IepuojmdecKoro perlenns), Jubo uMeeT-
¢ DECKOHEYHO MHOTO W-TIEPUOAMYECKUX PEIICHHIA.

5. HABJIIOJJAEMOCTb JIMHENHBIX CUCTEM

Tpamunuonno B Kypce OJ1Y usydaerca B ocHOBHOM 3ajada Korrmn.
Kpaessie 3amaun 6oJiee 1eTaJIbHO PACCMATPUBAIOTCA B Kypce MaTe-
MaTudeckoit pusuku. B mannom naparpade KpaTko OCTAaHOBUMCH HA,
caydae, KOT/Ia M3BECTHBIX BEJUINH MEHbIIE Pa3MepHOCTH (Pa30BOIO
BEKTOpa, HO OHU HabArodaromcsa Ha HEKOTOPOM OTpPe3Ke BpeMEeHH.

IlocranoBka 3amaumn. [lycTh nBUKeHne 00bEKTA OMUCHIBAETCS Be-
IMeCTBEHHBIM BEKTOPHBIM AuddepeHinaabHbIM YpaBHEeHTEM

x(t) = A(t)x(t) + f(t), A, feC{), I=][0,T1]. (5.1)

Bamuce A, f € C nompasymesaer, 9TO BCe KOMIOHEHTBI a;j(t) Mar-
puust Ay xp 1 KoMIOHeHTHI f;(t) BekTOp-byHKINH f) %1 HEIPEPHIB-
HBI Ha paccMaTpuBaeMoM orpeske Bpemenu [0, 7).

Hauanpusie nanusie x(0) = xg € R™ meussecrust. [lo pesynbra-
tam Habuonenuil (u3mepenuii) pocrynna ungopmarus y(t) € R™:

y(t) =Gt)x(t) +g(t), teO©=[0,9],9<T, m<n. (52)

I[Ipeamonaraem Bmoderne Goxn, gmx1 € C(I). Hampmvep, ecam
G' = (e1,...,em), rae {e;}} — xkamonmueckuit 6asuc R", u g = 0,
TO Ha oTpe3ke HabJogeHnsi © U3BECTHBI HEPBBbIE M (PA3BOBBIX KO-
opaunar y;(t) = x;(t). KoauuecrBo m u3mepseMbix BEeJUYUH MEHb-
e 7, HO 9TO B OLPEIETIEHHON Mepe KOMIEHCHPYETCS YIeTOM Jid-
mamuku (5.1) u uadopmanun y(t), ¢ € O. Hemocpencrsenno us
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suHeiiHoro ypashenus (5.2) nosHbiii (aszosbiit BekTOp X(t) 1m0 y(t)
onpenenuth Heab3s. Cunraem Heomuoponuocru f(t), g(t) usBecTHbI-
Mu. 3HAYUTEIHHO GoJee CIIOXKHBIA Ciydail, Korga BeKTop-QyHKIUI
f(t),g(t) uaTepupeTupyOTCa KaK BO3MYINEHNE YPABHEHWIl TBUKe-
HUsl U OMIMOKU U3MEPEHUil, N3BECTHbIE JIUIIb B OLEHOYHOM ILJIAHE,
paccMaTpUBAETCS B KypCe TEOPUH YIIPABJIEHUSI.

J71st 07fHO3HAYHOTO OlIpe/IeIeHNs] TPAeKTOPUH [IBUYKEHUS [OCTa-
TOYHO 3HATH (ha30Boe cocTosiHme X(S) B KaKOii-1ubo MOMEHT BpeMe-
uu s € [0,7]. Bynem unrepecoBarbest X( 1) (4T0 HE SABIAETCS IPHH-
IUIHAJBHBIM OTpaHUYeHIeM ). B mpuiokeHnsax 0ObI9HO UIET HAKOII-
nenue uHGOpPMAIUKE HA OTpe3Ke BpeMeHH ©, U 1o 3TOil mpebicTo-
pun BerducIsercs 3uadenue X( 7). B 3aBucumocTu or 3aja4u mpo-
MexyToK Bpemenu [T — 9, T| sBisercd ropu30HTOM [POrHO3a, JIU-
00 HEOOXOAMM [IJIs pPeaan3allii aJropuTMa oOpPabOTKU H3MEepeHuIl.
B cnygae ¥ = T B macimrTabe peaJbHOrO BpeMEHH CUYHTAETCS, UTO
BBIYUCJIEHUs] TIPOBOJIATCS JOCTATOIHO ObICTPO.

fcuo, aro onpenenenne ¢azoBoro BekTopa X( 1) SKBUBAJIEHTHO
ompesenenmo nabopa npoekiuii h'x(T), Korma BexTop h «mpobera-
er» O6asuc R™. B cBa3u ¢ atum copmysimpyem CiieayIoniyio 3a/ady.
Mg nansaoro (pukcupoBanuoro) Bekropa h € R™ tpebyercs mo-
CTPOHUTH OLIEPATOP BOCCTAHOBJIEHUS IPOEKINK BekTopa X, = x(7):

hTXT =F(v()), y(:;7T,x,): 0 —=R", x, €R" (5.3)

[Tpu meobxommmocTn MOxKHO orpanHmuuthed h: |h| = 1. Tlomuepk-
HEM, 9TO pedb UIeT 00 OIepalliu: MPHU JOObIX HAYAJbHBIX JTAHHBIX
(T,x,) mo coorsercrsyiomeii cormacuo (5.1), (5.2) undopmanuu
y(t) = y(t; T,x,) Ha orpe3ke HabmoneHnst O (apuopu BEKTOD X,
HEeU3BeCTeH) JOJI?KHA OTHOZHAYHO OMpeeIAThCa TPOeKIHad h'X, ..
YcnoBHO 33a49a pasbuBaercd Ha JiBe. lIpm KaKumxX orpaHuYeHu-
X BOCCTAHOBJIEHWE MPOEKInK (pa30BOro BeKTOpa BO3MOKHO? Kcin
omeparop F cymecrsyer, To npoexmus ¢(x) = h'x HazpBaeTCH Ha-
barodaemots i npoenosupyemoti (KOrJa aKIEHTHPYEM BHUMAHKE
ua yciaosun ¥ < T). Kak cpenu pemennit 3ama4dn (5.3) BbIOpaTh
MOJIXOASAIIUN ¢ BRIYUCAUTENIBHON TOUYKH 3peHusi omneparop JF7

Urak, nycrs f(t), g(t) ussecrabl. Hamomuaum dopmyay Kormrm.
Jovmoxum ypasuerne (5.1) ma ®1(t), rne ®(t) — HopMupoBarHas
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B HyJie (DYHIAMEHTAJIbHAS MATPUIA OJHOPOIHONW CHCTEMBI:
d=AD, ®(0)=FE,, P x—-0 Ux=0"1f.
Jlepast wacTh ectb npoussognas Dy (®~1x) (D; = d/dt) B cuy
Dy(®71®) = Dy(@ NP+ AP =0 = Dy(d 1) = —d7 1A

NnaTerpupysa B mpezpenax ot T 10 ¢, IPUXOAUM K PE3YJIbTATY:
t
Dy(®1x) = &1 = x(t) = ®(1) |0 7H(T) x, +/ o~'f dr|.
T
[Mocae nogcranoskn B (5.2) nomyunm (¢ yaerom [0 = — [

F(t) == y(t) — g(t) + G(t)D(t) /t ' i = Gem e (T)x,.

3HauuT, eciu KOppeKTHupoBaTh usMepenus y(t) (monpaBka BbIYHC-
JISI€TCS 3apaHee W He 3aBUCUT OT X, ), TO 0e3 OrpaHuYeHnst OOIHOCTH
MokHO BMecTO (5.1), (5.2) paccMaTpuBaTh OTHOPOIHYIO CHCTEMY

%(t) = A()x(t), y(t) = G(O)x(), (5.4)
y(t) = y(t: T,x,) = GO@(O)@(T)x,, t € O.

Urak, ormedas T0, 9TO pa3pemmuMocThb 3aga4u (5.3) onpejesnsgercs
TOJILKO cBoiicTBaMu mapbl (A, G), nepexojuM K HCCIEJI0BAHUIO O/
HOPOJIHOI cucTeMbl Habmogenus (5.4) — dopmanbao f =0, g = 0.

Kpurepuii Habaogaemoctu. Ob6o3na4unM depe3
Y=A{y(-;T,x,)|x, e R"}, teO CI0,T],

MHOYKECTBO BO3MOXKHBIX uaMepenuit, y(t) = G(t)®(t)® Y T)x,.

OueBugHo, ) — usmHeitHoe mpocrpancTBo (dim < m), MOCKOJb-
Ky y(-) siBiasiercs komOuHanumeir crosbuos m X n-marpunbt V(-),

U(t) = G(t)®(t)® Y T), ¢ BexTOpoM kKO3bDuUIEEnTOB X, € R™.

Hab6momaemocTs (mpormosupyemocts) mnpoekmun ¢(x) = hl'x

ozHaTaer Toxaectso h'x, = F(y()) mo x,., e BekTop-byHKIHA

T)
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y(-) = y(-; T,x,) € Y. Oueparop F anpuopu HeusBeCTeH U ILOJ-
JIeKUT ompejesnennto. Keau pomyckaercs y(-; T,X;) = y(-; T,Xi)
npu X; =+ Xi, TO 0043aTeJIbHO JOJI2KHO OBITh hTX; = hTX?F. Hena-
6.rI0/1aeMOCTb HpoeKnnn ¢(x) = h'x o3HAYaeT CymecTBOBaHHE Ta-
KUX Pa3JIMYHbIX X;’z, 9TO COOTBETCTBYIONME BhIxoabl y2(-) paBHbI,
a h'xl # h'x2. Torna, snas y'(-) (Ho He nopoxiatomme ux X.),
HeJIb3d OJHO3HAYHO YKa3aTh 3HAYEHHE MPOEKIH (.

Boiacaum ycmoBug cymecrBoBanug oneparuun JFVh. Vabivm
CJIOBAMHM, HAC MHTEPECYIOT HEOOXOAMMBIE U JIOCTATOYHBIE YCJIOBUS
B3auMHOI oxuozHagynoctu y(-) = y(-;7,%x,) < x, € R" mosso-
JIAIOmmell OHO3HAYHO BOCCTAHABINBATH (DA30BBIN BEKTOP X, O HH-
dbopmarun y(-). IlpuBegem mpeasapurenbubie paccyxkiaenns. Ka-
HOHWYecKuil 6asuc R npu aureiinoMm oTobpakenmn A: x, — y(-)
nepexoauT B cTosbmpl Marpunbl W(-), KOTOpbIE SBJISMIOTCH HEIPe-
PBIBHBIME BeKTOp-pyHKIusAMEu Ha orTpe3ke O. Kcau cronabipr Jjiu-
HeiiHo He3zaBucuMbl, T.e. V(f)c = 0Vt € ©® = ¢ = 0 € R”, 1o
dimY = dim £(¥(:)) = n u sauHeiiHoe oToOparkenme A obparn-
MO — UMEEeT MeCTO NoAHa#A Habatodaemocmd (npoeHO3UPYemMocmy).

CumBosr L obo3Hagaer JuHEHHYI0 000J0YKY CTOJIOIOB MATPHUILHI.

TEOPEMA 8. Ilapa (A, Q) (aunetinas cucmema (5.4)) noarnocmoio
nabarodaema (x, < y(-) € Y) mozda u moavko mozda, kozda cmoad-
yve mampuyse W (t) aunedno nesasucumv, na ompeske spemeny O.

Hamommmm, ato y(t) = ¥(t)x,., U(t) = G(t)®(t)® X T). Hepw-
poXKTeHHEBIH MHOXKHITens ®1(T) He MeHaer cpoiicTBa (He)3aBuCH-
mocru crosnbuos (B cuny V(t)e = G(t)®(t)¢, ¢ = ®(T')¢), Tax 4ro B
dopmyauposke TeopeMmbl BMecTO ¥ MOXKHO yKazarh marpuity GP.

/loxasameavcmso. B Trepmunax marpuiibl | pama JuHeliHAsS HE3aBU-
cumocTb ¢1oib1oB V(1) Ha oTpe3ke © IKBUBAJEHTHA YCJIOBHUIO

detT #0, Toun = (U, ) :/ U ()U(t) dt.
©
ITycts det I" # 0. Torma MOXKHO OHO3HAYHO BBITHCIUTH X, IO Y(-):

v(t) = U(t)x,, 7= /@ VT(H)y(t)dt =Tx, = x,. =T .
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Ilocrpoennsrit oneparop BoccTaHOBIIEHUS (PA30BOr0 BEKTOPA X, 110
u3MepeHusiM y(+) sABJIFeTCs JUHEHHBIM UHTErPAJIbHBIM.

O6patuo. Eciu cronbupt W(t) muHeifHO 3aBHCUMBI, TO HAHIETCH
x, # 0 € R" u3 ycaosua y(t) = ¥(t)x, = 0 mpu t € O. Bumecte
c reM x, = 0 naer y(t) = 0. Habarogaemocru (mosHoit) Her. O

C BBIYUCIUTEIBHON TOYKHN 3PEHUs MeIeCO00pa3HO He 00paInaTh
Marpuiy ['pama I', a pemarh OTHOCHTEJILHO KOMIIOHEHT BEKTOPA
X = &Y T)x, cucremy muneitnbix ypasuennit I'X = 7, e

f=<G<I>,G<I>>=/

TGTOG A, T — / &T(7)G T (r)y(7) dr,
(C] (C]

YUCJIEHHBIM METOJIOM, Olpe/iesists 3areM BeKTop X, = $(7)X.

JIBoiicTBeHHOCTH 3aaa4 HaOJIIOIEHWd W yhnpaBjieHud. Pac-

CMaTpHUBaeM OJHOPOIHYI0 3ajady mporunosuposBanusa (5.3), (5.4).
T.

Oneparop Boccranosienns npoekuun ¢(x,) = h'x, = F(y(-)) Oy-

JIeM UCKaTh B (POpMeE JIMHEHHOr0 MHTEerpajbHOro (pyHKIMOHAJIA!

hTXT = (k,y) = / k:T(T)y(T) dr, x,¢€R" (5.5)
S

C yuerom y(t) = U(t)x, = G()®(t)® (7T)x, momydsaem wumre-
rpajibHOE ypaBHEHUE JjIsl OlpejiesieHnsi BeKTop-byHkiuu k(-):

h=a'T(T) /@ & T(7)GT(r)k(7) dr. (5.6)

Bui6op k(-) orpanmamm jmmeiinoii obomoukoii L£(¥(-)) cronbuos
marpuust () = G(t)®(t), t € O©. Honaraz k(t) = G(t)®(t)c, npu-
xonuM K mmueitnoit cucreme ®'(T)h = I'c orocurensuo ¢ € R”.

VYkaxkeM CBg3b C 3amadeil ynpasiaenusd. OnpeneanM Ha OTpe3Ke
spemenu [0, BCIIOMOTaTeIbHYIO BEKTOD-(DYHKITHIIO

V(t)=d1T(1) /0 BTG dr, k(r)=0, 7€ (9,7 (5.7)

Opuentupysicb Ha Tpebyemoe coornomenue (5.6) dukcupyem ycio-
Bug V(0) = 0, V(T) = h. [lnga BeiBoga ypasruenus st V() mpo-
muddepernupyem (mpu t # 9) (5.7) ¢ yaerom D;® 1= —®~1A:

V(t)=—-ATV(t)+ G (t)k(t). (5.8)
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Uurepuperupyem ypasuenue (5.8) Kak JMHEHHYIO CHCTEMY ylpaB-
nenus ¢ dazosbim BekTOopoMm V (t). Tpebyercs nepesectu dazoByro
TOYKY U3 HyJd B h 3a Bpema T IIpH OTpAHWYCHUN HA YIIPABJICHHE
k(t) =0, 7 > 9. Eciu sto ymaercs, o h'x, = (k,y)Vx, € R

ONPENENEHUE 2. Cucrema ynpasaenus (5.8) (mapa (—AT,GT))
HA3BIBAETCS CONIPSXKEHHOI K HCXoqHol cucreme Habrogenus (A, Q).

B TepmMumnax Teopum yrpaBjie€HHs IIPOEKIIHU h'x,. cocrosiHus

T
x(T) = X, rapaHTUPOBAHHO HaOJIIOZAEMBI (IIPOTHO3UPYEMbI) 10 HH-
dopmanun y: © — R eciim BeKTOp h IPUHAIIEKUT MHOHCECNEY

JoCTUICUMOCTMU COIIPSIZKEHHOI CHCTeMbl YIPaBJICHHA
D, ={V(T)|V(0) =0, k(-) € C(©), k(1) =0, 7 > ¥}.

TEOPEMA 9 (upunnun asoiicrsennocru). [lapa (A, G) nabarodae-
ma (npoenosupyema) mozda u MoAvKO Mo2da, K020a CONPAHCEHHAA
cucmema (napa (—AT, GT)) ynpasasema, m.e. D, =R".

Jlia mokaszaresnbCTBa JOCTATOYHO NPOBEPHUTH, 9TO KPUTEPUHU Ha-
6aroaeMocTu 1 ynpasiseMocTu (Ha orpeske 0) coBmagaior. Orpa-
amdenne Ha k(1) Bmeger V(1) = ®*()@* " 1(9)V(VI), rme t > 9,
d* = &7 — pyngamenrasbHAT MATPULA OJHOPOLHOI CHCTEMbI
% = —A'x. Crenosarensio, D, = R < Dy := {V(9)} = R". Kpu-
Tepuil mosHOIl ynpasigemoctu Ha orpe3ke Bpemenu © (Dy = R™)
— JuHeiiHad HE3aBHCUMOCTD CTOJOIOB MaTpunsl ¥ = G®, ¢ € O.

OrMmeruM, 9TO M3 ynpaBIsdeMOCTH Ha OTPe3Ke BpeMeHnm O ciie-
nyer yupasigemoctsb Ha [0,7]. Obparnoe 6e3 yKa3aHHOrO OrpaHu-
JeHUs Ha BEKTOP-GYHKIU k() He ciaeayer: U3 JIMHEHHONW He3aBH-
cuvocru cronbuos U(-) ma [0,T] He ciegyeT uX HE3ABUCHMOCTH Ha
O npu ¥ < T. JIBolCTBEHHOCTh MO3BOJIFET HPUMEHATH AJrOPUTMbI
TEOpHUU YIpaBJeHUS B 3aJa49aX HAOJIOAEHUS U HA0DOPOT.

Cranmonapnas 3amada. [lycrs marpurnst A, G B (5.4) He 3aBu-
car or Bpemenun u O = [0,7]. Chopmynupyem kpurepuii HabJIIO-
naeMocTu (BO3MOXKHOCTH BOCCTAHOBJIEHUS JIBUZKEHUS [0 JOCTYITHOM
nrdopmarun y: © — R™), He Tpebyromuii 1y cBoeil MpOBEPKH 110~
crpoenns dynmamenTaabHoil Marpuisl P(t) = exp{At}. Paccmor-
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pum npou3BosbHBIH MOMeHT § € (0,7') U BBIYUCIUM IIPOU3BO/IHBIE:
y(s) = Gx(s), y(s) = GAx(s),..., y™(s) = GA"x(s),. ..

XapakTrepucrmdecknit mommaoM X (A) = A 4+ p, 1 A"+ ...+ po
(x(\) = |AE — A|) aBngerca aHHyampyOmuM A1 MaTpuubl A:
X(A) = 0,xn. Iocnenosarensho Bee crenenu A7) j > n, BbIpaa-
FOTCA IMHeHHBIMI KoMOuHamuavu Matpun, B, A, ..., A" 1 u B cuny
BEIECTBEHHOW aHATUTHIHOCTH (DYHKIWA y;(+) (KBA3UIIOJIHMHOMOB)
MMeeT MeCTO B3aHMHO OJJHO3HAYHOE COOTBETCTBIE

y(-) = Y(s) = (y'(s), §7(s),....,y" " DT(s))T € R™.

HeiicrBurensuo, y(-) < {y(i)(s), i > 0}, HO BCe IpPOU3BOHBIE
y9)(s) upu i > n He HecyT HOBOH MHMOPMALMY, SBIALCH JIHHET-
apivu KoMbuaamuama yU) (s) = GAIx(s), j < n.

Baa9a HAOTIOEHNs CBOJUTCA K PEIIeHUI0 CUCTEMbBI ypaBHEHU

K'x(s)=Y(s), K= (G A'G",...,AT"'q").

[oaygaem kpurepuii (mosiHoit) Habaogaemoctu: rank K = n.

Habuomaemocts (porao3upyeMocTs B cirydae ¥ < T') mpoeKIin
©(x) = h'x dasosoro BexTOpa B MOMEHT Bpemennm 1 BO3MOXKHA
b korga h € LK), IOCKOJIbKY B CHJLYy T€OPEMbI €IMHCTBEHHOCTH
JUIS AaHAJTUTHYeCKNX (DYHKIUI CIIpaBeIInBO

vlo = vk, y(t) = Gx(t) = eM'x(0), t € R,

u K'x(T) =Y(T) + y(-). B craunonapsoii 3a1a4e, KOr/a MaTpu-
bl A, G nmocrosHHbI, 6€3 orpaHnYeHus: OOIHOCTH MOXKHO CYUTATH
sHavenus y(t) msBecrHbiMu Jyuisd Bcex t € R. Bcé, uro mssectHO
(Y(T) < y(-)) o6 unrepecyomem Hac Ha30BOM COCTOSHAU — HTO
npoekiuu X( 1) Ha cronbubl Mmarpuisl K. KparkocTs paccykaenuni
obyciioByeHa ciemayomuM. Kpurepnu HAOIIOIaeMOCTH JIerde BhIBO-
JIATCH C IIOMOIIBIO TPOU3BOIHBIX, U (POPMAIBHO JEJI0 CBOIAUTCS K JIU-
HeHBIM aJireOpamdecKuM ypaBHEHHSIM. B ycaoBugaX 3alryMIeHHO-
cTu m3MepeHnuii y(t) ucrmosb30BaHue BBIYUCIUTETLHO HEKOPPEKTHOM
onepannu auddepeHnnpoBaHns MOXKET IPUBECTH K OOJIBIINAM I10-
IPEITHOCTIM U HepabOTOCIOCOOHOCTH AJTOPUTMA BOCCTAHOBJIEHUS
h'x,., x,.. IHTerpaabHble OmepaIii IpenoITHTeTbHee.



I'maBa V

,Z[I/IHaMI/I‘IeCKI/Ie CucreMbl.
YCTOfI‘IPIBOCTb n OIITMMaJIbHOCTD

B 3zakirounTeibHOI I1aBe Kypca pacCMOTPUM HEKOTOPBIE IMOHATHS
U METOJbI KauecmeerHolt meopuy duddeperuuaisbiull YypasHeHu.

1. IMHAMUYECKUE CUCTEMBI

OcHoOBHBbIE TIOHATUS U OonpejaeaeHus. PaccMorpuM aBTOHOMHY IO
cucteMy audpepeHnnaJIbHbIX YpaBHEHN B HOpMaJbHOI (hopme

X = f(x), feCYX), X=R" (1.1)

HezaBucumyto nepemeHHyio t mHTepuperupyeM Kak Bpems. Paszo-
BbIM npocrpancTBoM X cuuraeMm R™ (B Gosiee obmiem ciaygae X —
dugppepenyupyemoe mrozoobpasue |[2]). Hamomuum, aro peweruem
BekToproro OJIY (1.1) aBasercs orobpakenue

x =(t), t— @(t), t € (t1,ta),

a MHO2KeCTBO

v=A{e®)]t € {tr,l2)} C X

Ha3bIBaeTCd (Pha3060t kpusoti. OHA mpeacTaBasgeT coOO MPOEKIUIO
unmezpaavrot kpusot (rpaduka {(t,¢(t))} pemenns) va dasosoe
IIPOCTPAHCTBO napaJuiesbHo ocu t. Hac Oymayr maTepecoBarsh ¢azo-
Bble KPHUBbIE, HJIM B MEXaHHYECKUX TEPMHHAX — TPACKTOPHUU IBH-
xkenug (opbursr). [lapamerpusanus BpeMeHeM Ha BTOPOM ILITAHE.
Tepmun asmonomHocms O3HAYAET, UTO IIpaBad dacTh audde-
PEHIAIBLHOrO yYpaBHEeHUs (B HOPMaJIbHOU (popMe) He 3aBUCHT OT t.
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3aBHCHMOCTb OT BPEMEHH, KaK IPABUJIO, IMOABJISIETCSH, KOTAA WC-
CJIeyeEMYIO CHCTEMY HEJIb3d CUYUTATH U30JIMPOBAHHOW C ITpHEMJIe-
MOII TOYHOCTBIO U TpeOyeTcd ydecTh BJIMSIHHE BHEIIHUX OObEKTOB.
Hampumep, nmputsa:kenue JIyHBI B OIpejie/IeHHONW CTEIeHH MOXKHO
y9€eCTh, CINTasd YCKOPEHUE CBOOOIHOTO 1A IeHNs N3BECTHON (DYyHKIIN-
eii Bpemenn. PopMaIbHO HEABTOHOMHYIO CHCTEMY MOXKHO ITPEJICTa-
BUTb aBTOHOMHOI 3a CYeT BBeJAeHUd JONOJHUTEJbHON HepeMeHHON’
Tpi1 = t, 106aBUB ypaBHEHUE Ty 1 = 1, HO yBe/JMYeHUE PA3ZMEPHO-
ctu $Ha30BOTO IMPOCTPAHCTBA — CJIUIIKOM J0POTas IEeHA.

[TockobKy 0OBEKTOM H3yYeHUs] HE SIBJIAETCA COOCTBEHHO Ia-
pamerpuzanus t — (1), To 6e3 orpaHuYeHUs OOIIHOCTH MOXKEM
CYUTATh, 9TO BCe pemieHus X = ¢(t,Xg) ¢ HAYAJIbHBIME YCJIOBHAMUI
©(0,%x9) = x¢9 € R™ mpomomxumer Ha R. [IpuBenem HeoOXOMUMYIO
aprymentanuio. B kaxmoit touke x € X = R" 3aman sexmop gaso-
6ot ckopocmu f(x). B HarngaHoM npejcraBieHnn K KaXKJIO# TOUKe
X € X «mpukpemiery sk3emmuigp R" (mosydaercs kacameavroe
npocmpancmso Ty X = RY), B koTopom dukcupoBan BekTop f(X).
B uznoxenunun He OyaeM NPuUIEpP:KUBATHCA «CTPOroity (opmasin3a-
nuu B TepmuHax nap {x, f(x)}. Urak, B ¢dazoBom mnpocrpancrse
X 3amano noae ckopocmeti f. eomerpudaecku (1) BocHpuHEMAEM
Kak BekTOp u3 R”, mpukpemieHublii Kk Touke ¢(t) € X (momydaem
9JIEMEHT KacareJabHOro npocrpaucrsa RY, z = ¢(t)). B cumy (1.1)
KacaTesbHbIl K Bas3oBoil kpusoit BekTop H(t) coBnamaer ¢ f(o(t)),
T. €. TPAEKTOPHS KACAEMCA 6EKMOPHO20 NoAA f.

Da30oBag KpuBas XapAKTEPU3YETCsl TEM, UTO ECJIH CIENATH [JIa/I-
KyI0 3aMeHy Bpemenu 7(t) (mycts 7 > (), TO B HOBOI mapamerpusa-
UM KacaTesJbHBI BeKTOp ckopocru Oyzer kosummneaper f(o(t)),
rounee pasen [(¢(t))/7(t). «/cupaBum» Tenepb BEKTOPHOE IO-
ne f Tak, 94TOOBI HAIpaBieHUs BEKTOPOB f(X) He U3MEHUIHUCH, HO
JUINHA OKa3ajach paBHOMEPHO orpanudentoil. Hampuwmep, 3amenum
f— f=f/A+|f]). Yenosue |f| < 1 obecreunBaer mpomoKu-
MOCTD peutenuii ypasaenus X = f(x) va R, HO mpu s10M (basoBbIe
KPUBBIE OCTAIOTCS MPEXKHUMIL: U3MEHUIACDH JIUIIb HapaMeTPU3alusl.

Urak, cauraem, 9o (1m0JIHBIE) pelIeHnst UCX0 HOi cucTembl (1.1)
x = ¢(t,x0) onpeznenenbl Ha R. HagaabHbIl MOMEHT BpeMeHH IIpu-
HUMaeM 3a Hadajo orcuera, Tak 4ro to = 0, ¢(0,%9) = x¢ € R™.
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OcHOBHbBIE CBOICTBA PEIIEHUI ABTOHOMHBIX CHUCTEM
1° Ecau x = ¢(t) — pemenne, 1o u BeKTop-pyHKIus X = @(t+c)
apngercd pemenueM: do(t+c)/dt = do(t+c)/d(t+c) = f(p(t+c)).

2°. @a30BbIe KPUBBIE HE IepecekaioTcd. JlokaxkeM yTBepKIeHne
OT IIPOTUBHOTO: IIyCTh TPACKTOPHUH Y1, Y2, OTBEYAIONIUE PEIIEeHIAM
x = ¢(t), x = ¥(t), umeror o6y TOUKY X. = @(t1) = P(t2).
Bekrop-byukius 1 (t + ¢) (Bbibepem ¢ = to — t1) aBisercs pe-
menuem, npudeMm Y (t; + ¢) = p(t1). Ilo Teopeme enuncrBeHHOCTH
Yt +c) = @(t), t € R". CiesroBaTesibHO, CIIPABE/JINBbI PABEHCTBA

{v)} = {vit+c)} = {p)}, 11 = 2. PazoBoe mpocTpaHCTBO
PaCCIanBAeTCA HA HEIEPECEKAIOMUECsd TPAEKTOPHN.

3°. Ionooicenue pasrosecus X OIPENEAAeTCa PABEHCTBOM HYJIIO
dbazosoii ckopoctu: f(X) = 0 € R™. Ilpu srom BekTOp-dyHKIHST
p(t) = X — pemenne, ybexgaeMcs MOACTaHOBKON. Touka X sBiser-
ca da30BoOil TpaekTOpHeil, moukotl nokos, ocoboti mowkot mosusa f.
Tpaekropus, OTJHYHAA OT TOYKH, — IJIAAKAA KPHUBasd, MOCKOJIbKY
eé mapamerpusanusa X = @(t) B cuny ypasuenus (1.1) obiamaer
ceoiictBoM ¢(t) # 0 (f(p(t)) # 0Vt € R). Urak, TpaekTopuu je-
JATCA HA TPU THUIA: TOYKH, IJIAJAKHE KPHUBbIE 0€3 caMonepecedenuit
U 3aMKHYTBIE TJiajKue Kpusble (yukasvt). Llukibr coorBeTcTByIOT 11e-
puonuyeckuM perrenuam [21,23,29].

4°. I'pynnosoe c60ticmeo pelieHunii:

@(t1 +t2,%0) = @(t2, p(t1,%0)) = @(t1, p(t2,%0)).

Jlokazkem mepBoe paBeHCTBO (BrOpoe cieiayer us t + to =ty + t1).
Bexrop-dbynknun ¢(t, ¢(t1,%x0)) 1 @(t+1t1,X0) ABIAIOTCSH pelIeHusI-
MU: IepBagd B CIIy 0603Ha49eHnii, Bropad 1o coiictBy 1°. Ilpu ¢t = 0
MMeeM COBIIQJIAIONINE HavajlbHbIe JanHbie yo = ¢(t1,Xg). [lo Teope-
me eguacTBernocTn ¢(t, p(t1,x0)) = @(t +t1,%x0) Vit (u npu t = ta).
HedopmaabHag mHTEpIpeTanus: eCIi ABUTATHLCA U3 HAYAIbHOMI
TOYKH X( BJOJb TPAEKTOPHUU B TE€YEHHE BPEMEHH 11, 3aTeM OTIOX-
HyTb U 3aHOBO CTapTOBaTh U3 TOYKHU p(t1,X(), TO 3a JOHOTHUTE b
HOe BpeMsd lo OKaXKeMCsd Ha, TOM 2Ke MeCTe, Kak ecjiu Obl 0e3 ocra-
HOBKHW JBUTAJINCHh U3 X() B T€YeHHe BpeMeHN t1 + to. Benp 3a Bpema
OTZIBIXa IOJIE CKOPOCTeH aBTOHOMHOI CHCTEMBI HE H3MEHIIOCh.
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Pa30BbIil NOTOK. DTO MOHATHE ACCOMUUPYETCS C TUAPOIUHAMUATE-
ckoif maTepuperanueii. Paccmorpum ycranoBuBieecs (cranupoHap-
HOe) TedeHne KUAKOCTU. JacTuia B Touke X = (x1,T2,T3) UMeET
ckopocTb v(x) = (v1(x),v2(x), v3(x)). Ilome ckopocreit me 3aBuCHT
OT BpeMeHU, Jpyrasd 4acTHUIA B APYIOil MOMEHT BPEMEHH B ITOI Ke
TO4YKe OyJieT uMerb Ty 2Ke cKopocTb. Pa30Bble TPAEKTOPUH — ITO
Auruy moka. BozpmeM sr0byr0 TOUKy X € X W CABUHEMCH BJIOJb
JuHUEM TOKa 3a BpeMmd t. [lomydyum orobparkenue

9 X =X, g'x=¢(x).

Ecan caegurs 3a obmacreio D C X (x € D), To oHa ABHXKeTCH
no sakony ¢'D = {g'x|x € D}, B obmem ciaydae nedpopMupyach
u u3MeHss obbeM. MHOxKecTBO oTobpazkenuii {g'} HasbBaeTca da-
306vLM nomokom. Takas ymobHAS TEPMUHOJIOTHS UCIOIB3YETCS U B
TOM CJIydae, KOI/Ia pedb HIeT BOBCE HE O TeUEHUH XKHUJKOCTH.

Bosee Toro, Mo:KHO abCTparmpoBaThCd OT MOPOXKIAOIIEil IIo-
Tok {g'} cucrembr qudpdepeniuaibHbIX ypaBHeHUN U U3ydarb 00-
HONAPAMEMPUYECKUE 2PYNNbL NPeobpadosanut Ga30BOr0 TPOCTPAH-
crBa X. /lelicTBuTe/bHO, B CUJIy IPYIIIOBOrO CBOiiCcTBa 4°

rjge id sBigercs TOXKIECTBEHHBIM IIpeobpaszoBaHueM (eIuHUIE):
idx = xVx € X. Orobpaxkenue g' asigerca npeobpasosanuem X :

gx = xeR" ¢g{(R") =R"VteR.

Bmecto R™ moxkHO paccMaTpuBaTh abCTpaKTHOE METPHIECKOE IIPO-
crpancrBo X u usyudarh dunamuneckyro cucmemy {gt}, ucxons us
YCJIOBUSI HEIIPEPBIBHOCTH ¢'X 110 COBOKYIIHOCTHU I€PEMEHHBIX U aK-
cuoM rpynimbsl. Pa3BuTie TeMbl M3/102KeHO B KHUrax [2,9-11,18].

2. IIPEAEJIBHBIE CBOUCTBA TPAEKTOPUM

KagecTrBennas crpykrypa pasdumennsa (Ha30BOro MPOCTPAHCTBA, -
HAMUYECKOIl CHCTeMBbI Ha TPAaeKTOPHH JBUKEHHUS HA3BIBAETCHA (Pa-
306b.M nopmpemom (OTPAHUYNMCS TAKUM OOIIUM OIIPEIEIEHIEM ).
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st onpenesierHocT Oy/ieM UMETh B BHY ypaBHEHUE
= f(x), feCYX), X =R" (2.1)

(mostHBIE) permeHusi KOTOpOro X = (t,Xg) ONmpeseseHbl IpH BCEX
sHaYeHngax ¢ € R, Xord 1id gajabHERIIero J0CTaTOYHO JIUIIb CJIELy-
IOIMIX AKCHOM OUHAMUYECKOT CUCmembl:

1) gO(t,Xo)i R x R" — Rn, (10(07X0) =Xp € Rn,
2) (t,x0) HEIPEPBIBHA [0 COBOKYIHOCTH [IEPEMEHHbBIX;

3) gO(tg,gO(tl,Xo)) = go(tl +t2,X0)Vt1,t2 € R, Vxg € R™.

Axcmoma 3) BiredeT CyIIecTBOBAHIE y KaK/I0r0 oTobpakenus (¢, -)
obparuoro ¢(—t,-). CemeiictBo (t,-) obpasyer omHOIApaMETHIe-
CKYIO TpyImIry mpeobpasoBaHuii ¢paszoBoro nmpocrpancrsa X = R™.
Hapsay ¢ asmxenusvu t +—  o(t,X0) AuHAMHYECKOi cucre-
Mbl (t,Xg), Tpaekropusimu (opburamu) v = {p(t,x0)} paccmar-
PHUBAIOT U MOJYTPAEKTOPHUH (IIOJIOKUTENbHBIE W OTPUIATETbHBIE):

v =7 ={elt,x0), t =0}, v~ =15, = {(t,x0), t < 0}.

ONPEJAENEHUE 1. MuoxectBo A C R" Ha3plBaeTcsi HHBapHAHT-
HBIM 110 OTHOIIEHHUIO K JUHAMHYECKOI cucreme p(t,xq), ecan

X0 € A = p(t,xo) € AVt €R.

TEOPEMA 1 (06 unTerpajibHON HEPEPLIBHOCTH). /[AsA 41006 k-
cuposannoir xg € R™, ¢ > 0 u T > 0 moorcho yrazams makoe § > 0,
0 = 0(x0,&,T), wmo svinoansemcsa caedcmeue

X0 —yo| <6 = |o(t,x0) — ¢(t,yo)| <e ¥Vt e [-T,T].

['eomerpudeckuil CMBICJT COCTOUT B TOM, YTO JBUXKEHUS, HAYUN-
HAIOIIUECH B JIOCTATOYHO OJIM3KUX TOYKAX, OCTAIOTCH CKOJIb YTOJHO
OMM3KUME Ha JIIOOOM 3apaHee (pUKCHPOBAHHOM OTPE3Ke BPEMEHH.
BmecTo eBKINIOBOIT HOPMBI | - | MOXKHO B34Th JII00YI0 aApyryio || - ||.
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/lokasameavcmeo. Pukcupyem xg, T > 0. llycTth Teopema HeBepHA:
3¢ > 0 u nocaenoBarenbHocTu X, € R™, t € [T, T], ajisi KOTOPBIX

|xp —xo| — 0, k — 400, |@(tk,xx) — ©(tx,x0)| > E.

BribepeMm cxoadIyocd MOAIOCIEI0BATETBHOCTD tk;, — o € [—T,T],
j — +o0. C ommoit cropomsl, |p(tk;,Xxk;) — ¢(tk,,%0)| > &, a ¢ apy-
roii — B CUJLy HeHpepbIBHOCTHU ¢(t, X) 1O COBOKYIIHOCTH II€PEMEHHBIX
IMeeT MECTO CXOIMMOCTb K OJJHOMY U TOMY K€ IPeIeJIy:

gp(thwXO) - Sp(t())XO)) %O(tkjaxkj) - %O(thXO)a j — +00.
[TomydeHHOE IPOTHBOpPEYNE JOKA3BIBAET TEOPEMY. O

JlokaxkeM psj yTBEpPKIAEHUIT KAYECTBEHHOTO XapPaKTepa.

1°. Bamvikanue A un6aPUANMI020 MHONCECTNEA UNEAPUAHTIHO.

Ecmm xg € A, 10 ¢(t,x9) € A C A, Tak 4TO 0OCTAIOCH PACCMOT-
perb caydait Xg € A\A. Ilo onpenenenmio sambikarns A cymecrsyer
OCJIeOBATEIbHOCTh X — X0, X € A. Brutouenme x;, € A Bile-
et p(t,x;) € A u no meupepsiBHOCTH Y(t, X)) — ©(t,X0), OTKyI
1o oTpeesiennio 3aMbiKanua o(t,xg) € A. Ilpu atom p(t,xq) & A,
uHave B cuiy naBapuantocru A 66110 661 X9 = @(—t, ¢(t,%¢)) € A.

Taxum ob6paszoM, He TOIBKO 3aMbikanue A, Ho m A\A naBapnanT-
HO (CYUTaeM MyCTOe MHOYKECTBO MHBAPUAHTHBIM IO OMPE/IEIEHNIO).
MHozkecTBO TpaHmIHEIX ToueK A\ A (B ciaydae # @) apngerca 06b-

eJMHEeHNEeM TPACKTOPU AMHAMUYECKON CUCTEMBI.

2°. Mnootcecmso 6cex movex noKos UHBAPUAHMHO U 3AMKHYMO.

Touku mokosi X ompezensiorcsa yciaosueMm ¢(t,X) = XVt € R.
[Tycts A = {X} — obbenuHenne Bcex Touek mokos. [1o ompemesenuio
¢(t,x) =% € A, r.e. A uapapuanrno. Ocranoch mokasarh A = A.
Ecmm xg € A, To cymecTByeT HoCJIeI0BaTelbHOCTD Xg € A:

‘Xk - XO‘ - 07 |90(tvxk) - So(t7X0)‘ - 07 k— +00.
B cuny o(t,xi) = x (x) € A = {X}) nonygaem cieacrsue
Ixx — @(t,x0)| = 0 = |x0 — ¢(t,%x0)| =0, x0 € A.

Bxaouenne A C A osuagaer A = A, T.e. 3aMKHyTOCTD A.
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3°. Jlsuoicenue, omauvnoe om mouex NOKOA, He MOHCEM NPU-
MBKAMD K MOYKE NOKOA 34 KOHEWHOE BPEMA.

[Iycrb X — TOYKA IOKOS U I HEKOTOPBIX t(,X( BBIIOJIHEHO
paBercTBo (tg,x0) = X. Torma x9 = ¢(—t9,X) = X u daszoBasg
rpaekropust {@(t,Xg)} sABIgETCH TOYKON MOKOs X.

4°. Eeau p(t,x9) — X npu t — +00 uau t — —oo, mo X € {X}.

C ommoit cTOpOHBI, BHIMONHEHO ¢(t; + T,X) — X HpH t; — 00
(mockoubKy tj+7 — 00 ), a ¢ Apyroit (II0 rPyNIOBOMY CBOMCTBY) —

o(tj +7,%0) = @(7, 0(tj,x0)) — @(7,%).

Beneacrsue equncrennoctu npenena ¢(7,X) = X. llpoussosbHOCTD
gucia 7 € R o3HavaeT, 9T0 X = X — TOYKA IMOKOS.

[Ipomomxkum onpenenennd. Touka TOKOS X HA3BIBAETCH U30AUPO-
68aHHOU, €CJIN CYyIIeCTBYeT e€ OKPeCTHOCTb, He CoJeprKallias JIpyrux
ToueK mokod. [lom OKpecTHOCTHIO TOYKM NMOHUMAaEM ITPOU3BOIBHOE
MHOKECTBO, /I KOTOPOr'O 3Ta TOYKA dABJgeTcd BHyTpeHHel. Touka
IIOKOsI X HA3bIBAETCHA ycmotlvueot no Jlanynosy, ecian

Ve>035>0:|x0—X| <9 = |p(t,x0) —X| <eVt=>=0.

9TO0 O3HAYAET HEIPEPBIBHOCTH IO HAYAJIBHBIM JTAHHBIM, PABHOMEP-
uyto 1o t € [0, 4+00). Touka noKOs X acumnmomuuecky ycmolivuea
no Jlanyrosy, eciaim nuMeeT MeCTO YCTOHYMBOCTb U JOMOJHUTEIHHO

do>0: |x0—X| <o = |p(t,x0) —X| = 0, t = +o0.

Hamomaum, 9T0 B JAaHHOM M3JIOXKEHHH IIPOJOJIXKAMOCTD JIBUKEHMI
Ha BCIO YHCJIOBYIO OCh BpeMenu R mocrysupyercs (4T0 HE OrpaHu-
YUBaET OOIHOCTD MPHU U3y4YeHUN (DA3OBBIX TPACKTOPHIi).

Touka X Ha3bIBaeTCHd w-npedeavhots niist npuxkenus ¢(t, xg) (wmm
TPAEKTOPHU Y = 7Yx, = {¢(t,X0)}), ecan cymecrByer mocienosa-
TeJIBHOCTD tf, — +00 u3 ycjoBus ¢(ty,Xo) — X, k — 4o00. Eciu B
OIIpe/ieJIeHNuN 3aMeHUTD t, — 400 Ha tp — —00, TO X HA3bIBAETCSI
a-npedeavroti Toukoit. /laiee nys onpeieeHHOCTH pacCMaTPUBaeM
w-IpejiesibHble TOYKH, MHOXKECTBO KOTOPBIX 0003Ha4uuM {2 = (1.

st Toukn nokos 2z = X. Ecann ¢(t,x0) nepuonudeckoe, T. e.

gO(t,Xo) %XO u 37 > 0: gO(t‘i‘T,Xo) = gO(t,Xo)vt S R)
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o Q, = yVz € v = {p(t,x0)}. BamkHyTass TpaeKTOpUs, COOTBET-
CTBYIOIIAS IIEPUOJMIECKOMY JIBUKEHUIO, HA3bIBACTCS YCMOUMUBHIM
npedesvruim yuKkioMm, ecau y = (g s BCeX X U3 HEKOTOPOIl &-
okpectHOCTH ¥: X0 € Us(7y) = {x| inf |x—2z| < ¢, z € v}. C npuknaz-
HOW TOYKH 3PEHUS PEAJbHBI T€ MEPUOJINIECKUE JBUKEHNsI, KOTOPBIM
COOTBETCTBYIOT yCTONYMBBIE MPEIE/IbHBIE UKJIbI.

5°. Mnoorcecmeo Q2 (Vxg € R™) unsapuanmmo u 3amrnymo.

QukcupyeM TPOW3BOJIbHBIA BEKTOP HAYAJIBHBIX JAHHBIX X(, 1
nyctb ) = )y, # O (mycToe MHOYXKECTBO IIO OIPE/IEIEHHIO MHBA-
pPHAHTHO W 3aMKHYTO). JloKaxkeM MHBapHaHTHOCTH MHOXKecTBa, §).
Ilycrs X € Q: Jtp — 400, X = @(tg,x0) — X (k — 400). llo
nenpepbiBHocTH O(t, X)) — @(t,X) U 110 IPYHIIOBOMY CBOWCTBY BbI-
nosnusgerca o(t,xx) = ¢(t + tg,x0). Uz t +t — +o00 (Vt, k — +00)
3aKJIF0YaeM, 9TO UMeeT MeCTO BKJodeHue ¢(t,X) € .

Jlokaxxem 3amruyTocTh (). IlycTh 2 — mpenenbuas Touka ()
A%, € Q, X — 2z (kK — 400). llo mepaBencTBy TpeyrojbHuKa

|p(tx0) — 2| <[z = Zi| + |(t, x0) — X l.

[To mobomy dukcupoBarHOMy £ > (0 MOXKHO yKa3arb HOMED k.
u3 yciaoBus |z — Xgx| < /2 upu k > k.. Tak kak X € €, 1O
dr =71(k,e): |p(1,%x0) —Xk| < £/2. Boibupasg mocie0BaTeIbHOCTD
g; — 0, MOXKeM IOCTPOHUTH IMOCJE0BATEIbHOCTD T, JJIA KOTODOi
©(7i,%0) — 2 (i — +00), uTo 1 o3HaaeT z € Q, Q = .

Omnpenenenne ycroitauBocTu 10 JIG0yHOBY MOXKHO IT€pEHECTH HA
[POM3BOJIbHBIE WHBApUAHTHBIE MHOXKecTBa A: A ycroiamso, eciu

Ve>030>0: x9 € Us(A) = ¢(t,x0) € Us(A), t > 0.
3mecy Ur(A) obo3Hadaer r-OKpeCTHOCTH MHOYXKeCTBa A:
Upr(A) = {x e R"[p(x, A) <7}, p(x,A) =inflx—y|, ye A

AcuMnTornyeckas yCTONYNBOCTH O3HAYAET, YTO IIOMHMO yCTONYH-
Boctr BhOsHAETCH p(¢(t,%0), A) — 0 (t — +00) maa xg, mocra-
TOYHO Ojm3kux K MHOXkKecTBy A. C TOYKM 3peHus Teopuu Kojeda-
HUIl OCHOBHOW WHTEpeC MpejcTaBidioT kKomnakTHeie (B R™ orpamu-
JYeHHBbIE U 3aMKHYTbIe) HHBApUAHTHBIE MHOXKecTBa A 1 mHoorcecmesa
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npumasotcenua B = {xo| p(p(t,x0), A) — 0, t — +00}. dru oupe-
JleJIeHNs CoZlepKaT B cebe MOHATHS 0poumanbHot ycmotvueocmuy u
ACHMIITOTUYIECKOil opbuTaibHoii ycroitausoctu (A = 7).

IIpomoskum 0630p 6a30BbIx onpesenenuii. JIpuxkenue ¢(t,xq)
u rpaekTopus 7 = {@(t,X0)} HA3BIBAIOTCA NOAOAHCUMEALHO YCTOT-
wusvimu no Jlaeparoicy, ecnn %J{O € K, rne K — HEKOTOpPBIil KOM-
nakT B R". AHAJOIMYHO ONPENENIOTCI 0MPUUAMEAbHO YCTOoTYU-
6bl€ IBUZKEHUSA U TPACKTOPHUHU. HKC/Im BCA TPAGKTOPHSA HE BBIXOIUT
33, Hpesesbl KOMIAKTa, TO IMPUXOAMM K IIOHATHUIO YCMOoUuusocmu
no Jlaepawnoicy. Ecan Touka X 9BIgeTCd OJHOBPEMEHHO U w- U Q-
peIesibHO g aprkenus ¢(t,Xg), TO OHA HA3BIBAETCS YCmMOol-
yueoli no llyaccony. Takoit Tun ycTORYnBOCTU O3HAYAET, YTO JIJIs
abeix € > 0, T > 0 maiigyrca t1 > T un to < —T u3 ycio-
Bug |(t;,x0) — Xo| < €. Touka x¢ Ha3BIBaeTCa Oaysrcdarouiet, ec-
JIH CYIIECTBYET £-OKpecTHOCTh Ug(Xg) CO CIeAYIOMmUM CBOHCTBOM:
MOKHO yKazarb T' > 0, miusa koroporo ¢(t,yo) & Us(xg) upu Bcex
yo € Us(x0) u t > T. VHbiMu ciioBamMu, TPAEKTOPHUU JBUKEHUI,
HAYNHAIOIINXCA B OKPECTHOCTH X(, He BO3BPAINAIOTCAd B HEE CIIy-
cra Bpems T. JIpuxkenmne o(t,xg) pexyppenmmuo, eciu Ve > 0 cy-
mecrByer T > 0, jjs KOTOPOro Jwbasi Jyra TPaeKTOPUHU Bpe-
MeHHOI jjuHbl T; allIpPOKCUMUPYET C TOYHOCTBIO € BCIO TPAEK-
roputo v = {p(t,x0)}. DxBuBanenruas dopmymupora: Ve > 0
MOKHO yKazarTb 4muciio L. > 0, 1y KOToporo B JitoOOM HHTEpBaJie
(to,to + Le) mo kaxjoMmy (pUKCHPOBAHHOMY 3HAYEHWIO ¢ HaleTcs
qucsto T u3 yeaosus |o(t + 7,x0) — ¢(t,%x0)| < €. Pekyppenrnoe
NBU2KEHIE HA3BIBACTCA NOwmu nepuoduveckum, eciau Ve > 0 mouru
HEPUOALI T MOXKHO BbIOpATh HE3ABHCHUMO OT t.

st n = 2 Teopust [uHAMUYECKUX CUCTEM (HA MJIOCKOCTH) MMe-
eT KJIACCUYIECKYIO COCTABIAIONMYI0: meopus Ilyankape—Bendukcona.
B ocHOBY mOJIOXK€HO CBOMCTBO 3aMKHYTOH JIMHHU IEIATH (Pa30BOe
IPOCTPAHCTBO Ha ABe 4acTH. llpm n > 2 curyannus 3HAYUTEIHHO
CJIOKHEE, BO3MOXKHO BO3HUKHOBEHHUE CMPAHHLLL AMMPAKMOPOS W
demepmuruposarozo xraoca. Teopus xkomebanmii 1 OOMIMX AMHAMU-
YeCKUX CHCTeM OOIIMpHA, OCHOBBI M3JI02KeHbI B [2,9,10, 14,18, 31].
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3. IIEPBBIE MHTETPAJIBI

Beinpamiienne BeKTOpHOro moJis. B obsmactu G C R" 3ananus
ypaBreHud X = f(x) dpukcupyem Heocobyto Touky X: f(X) # 0 € R™.
B cuy npemnonaraemoii riagxocru (f € CHG))

x = f(x) ~ f(X), x€Ux), € >0 (c morpemnocrsio O(|x —X|)).

BekTopHoe nose ¢pa3oBoii CKOpOCTU B MaJIOi £-OKPECTHOCTH X UMe-
eT NPaKTUIeCKU HeM3MeHHbIe JIMHY 1 Haupasiaerue. CremoBareib-
HO, ¢a3oBble KpuBble B U IOYTH IapaJUICJbHBL Y TBEDIXKICHHE
[2,3,29]: moxkHO onpenenuTh TOUKY ¥ (B mpocTpancTBe R™ ¢ mekap-
TOBBIMU KOOPAUHATAMU Y1, ... ,Yn), IPAMOYTOIHHYIO OKPECTHOCTH
V= {yllyi — il < a;} u qmucbbeomoppusm g: V — U = g(V) C G,
Takue, 410: X = ¢(¥), U B HOBBIX [EPEMEHHbBIX MCXOJHAs CUCTEMA
nuddepennuanbubix ypapuenuii &; = fi(x1,...,x,) IpUMeT BUJ

=0, 9-1=0,9.=1 (y=e€"=(0,...,0,1)).

Yrourum tepmunosioruio. [lox muddeomopdusmom mormmaercs
orobparkeHue, B JAHHOM CJIy4ae ¢, KOTOPOe B3aUMHO OJHO3HATHO
(6mexkTusHO) 1 KIacca O BMecTe co CBOMM 06PATHBIM OTOODAKEHH-
em g~ 1: U — V. Ilpu arom U = ¢g(V) apagerca 061acTbio, OKPeCT-
HOCTBIO TOYKH X. 3aMeHa mepeMeHHBIX X = ¢(y) (yKa3aHHOTrO Kiac-
ca) UPUBOJUT K PEOOPA30BAHUIO MCXOJAHOIO ypaBHeHus X = f(x):

=g,y = 7=fy)=(9) Flk),

rue gg, — wmarpuna Akobu co crpokamu (9g;/0y1,...,00;/0Yn).
Yreepxkpaercd, uro f(y) = €™ B upsamoyroabhuke V| B mpeienax
KOTOpOro audepeHnnajbHOe YPABHEHNE JIETKO WHTEIPUPYETCS:

yl:Cla---ayn—lzcn—lyyn:t+cn-

Da30Bble KpuBble — MPAMbBIe, MapaJIIeIbHbIe OCH Yy, (puc. 3.1).
IlpuBesem cxemy J0Ka3aTejIbCTBA B I'€OMETPHYECKUX TEPMHU-

HaX. Be3 orpanmvenns obmuocTH cunTaeM f,(X) # 0, mHade me-

peryMepyeM a30Bble IepeMeHHble. PaccMOTpUM IHIEPIIOCKOCTh
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< Se: u(x) =a
vi=¢
Vn y=e"
I I wi(y) =i
H ] =
y Vil [ vix) = wi(g(x)) n=6
Puc. 3.1. Bompsmienne nons f Puc. 3.2. Ilepsbie unrerpasnb

{(y1,--,Yn-1,7n)" |y; € R}, sacbukcuposas n-to xoopaumary. Jlo-

O0aBuM ¥, =t U ompemeaInM OTOOparKeHHE ¢ CIAEAYIOIUM 00pa30M:

x=g(y) = ot,x0), X0= (Y1, Yn_1,%n) .

IIpu stom X = ¢(§), ¥ = (Z1,...,%n_1,0)". Comep:xarenbubrit
CMBICJI HOCTPOEHMI: GepeM HadaIbHY0 TOYKY X( Ha FHIIEPILIOCKOCTH
(mpunumaem top = 0) u BbIyCKaeM U3 Hee TPAeKTOpuioo. B MomenT
BpeMeHH | IOoIaJaeM B HEKOTOPYIO TOYKY X, KOTOPYIO U CUHTAEM
obpazom y. IToCKONBKY X( HMMeeT CMBICI HAYAJbHBIX JAHHBIX, TO
BJIOJIb TPAEKTOPUHU YUCIA Y1, ...,Yn_1 He u3Mmensiorcd. C yderom
yn =t (Jyn] < an) nomydaem B HOBBIX KOOpAMHATAX (JIOKAJIBHO)
napaMeTPHIECKOe IMpeACTABICHIE TPACKTOPUH IBUZKEHI:

Yl =Clyeeoy Ynel = Cn—1, Yn =1, |yi —Ti| <, 1 <i<n—1.

Ocraercs Joka3arb, 9T0 orobpaxkenue X = ¢(y) AeldcTBUTEIb-
HO OIpeJe/isieT TJIAJAKYI0 HEBBIPOXKIEHHYIO 3aMEHy MEPEMEHHBIX B
okpecTHOCTH X. JIJIsh 9TOr0 MCIOJIB3YIOTCA TeopeMa O IJIAJIKOM 3a-
BUCHMOCTH pellieHnii or mapamerpos (B riase Il mpuejena Juiib
dbopmysinpoBka) u reopema 06 obpaTHOM OTOOpaKeHHU (MaTPUIA
SAkobu g;,(j/) HEBbIPOXK/JIeHa). B obiem cirydae pe3ysibrar HOCHT
TEOPeTUYIeCKUil XapaKTep, IMOCKOJbKY IOucK auddeomopduszma g
(baKTHYIECKH KBUBAJEHTEH HMHTEIPUPOBAHUIO MCXOMHONW CHCTEMBI.
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N3menenue dazoBoro oobema. Pukcupyem OrpaHHIEHHYIO 00-
macts D C D C G ¢ riaaaxoit rpanuieir S, BocupuHuUMas €€ Kak
MHOXKECTBO HAYAJIbHBIX JaHHBIX {X(}. B ycioBugx mpomomkumocTn
pelneHnii MOXKeM CJaeIuTh 3a u3MeHeHneM [) mon neilicTBueM a-
soBoro notoka g': D' = g'D = p(t, D). Kax m3menserca obbem
obaacru D'? B okpecrrocTu Heocoboit Toukn X umeem f(x) & f(X),
1oJie BhIIpaMigercd auddeomopdusmoM, 1 B IepBOM IpHUOIMKE-
HAM JIOKAJhHO MOXKHO CYUTATh M3MeHeHue (a30BOro odbeMa Ma-
abiM. O6o3nauuM 4epes V! obbem D! u momblTaeMcs BBIMHCIHTD
npoussoanyio dV'/dt npu t = 0 (Ha4adbHYIO CKOPOCTH M3MEHEHUs
obbema obsactu D), OrpaHUYUBIINCH IBPUCTUYECKIM YPOBHEM PaC-
cyxennii. Pukcupyem 3JIeMEHTAPHYIO IJIOMAIKY dS MOBEPXHOCTU
S = 0D. DnemenrapHoe u3MeHeHne o0beMa MO BEKTOPY (a30BOM
ckopocru omupefenserca kak dV = (f(x),n)dSdt, rne n — equHII-
Hasl BHEITHsAsT HOPMAJIb K MOBEPXHOCTH, (-, ) — CKAJSIPHOE MPOU3Be-
nenne. Beqnawna dV ¢ TOYHOCTBIO 10 3HAKA €CTh O0bEM IMUJIMHIPA C
ocuoBanueM d.S u obpasyromeii jiuns | f(x)|dt. O6pasyromas omnpe-
JIeJIIeTC BEKTOPOM CKOopocTH (a30BoOro morToka f(x) B Touke X € S.
Bemmuauna (f(x),n(x)) saBisercs HOPMAJIbHON COCTABJISIONIEH BEK-
Topa ckopoctu. CyMMupysd 3j1eMeHTapHble H3MeHeHnd 00beMa, I0-
cje JieJieHus Ha, dt U TPEeJebHOrO Iepexo/ia MoJIydaemM

avt
dt li=o

[emeys = [ divsex)ds

Bropoe pasencrBo — dpopmyna ['aycca—Ocrporpaackoro. Takum 06-
pasoM, m3MeHeHne (a30Boro ob6beMa OIpeIeNdercs IuBepreHnneil
BekTOpHOTO 10 haszosoii ckopocru divf(x) = Trfl = > 0f;/0x;.
B snneitnom ciyuae f(x) = Ax umeem divf(x) = TrA =" a;;. Ko-
raa divf(x) = 0, da3oBbIii moTOK coxpaHsger obbeM. Fcian umaTEp-
nperupoBaTh f(X) Kak Moje CKOpOCTell 9acTHIll KUJAKOCTH B yCTa-
HoBuBIIEMCcs pexkume, 1o divf(x) = 0 o3HAYaET HECKUMAEMOCTH
x)ugkocru. CTporoe m3joxKeHue BOIPOCa CM., Haupumep, B [29].

IlepBbie unTerpasibli. Paccmorpum B obmactu G C R"™ riajkoe
(kmacca C1) BexTOopHOE TIOMEe U cooTBercTBytomee OJLY:

%= f(x), feCY@), f(x) € TxG = R"
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[Tpu HEOOXOAMMOCTH MOXKHO OC/IA0UTH TpeboBaHMe K BEKTOP-(PYyHK-
muu f o f € locLip(G), smimb Obl jyist J10ObIX HAYAJIBHBIX JIAH-
HBIX (t0,X0) WMeJN MEeCTO CYIIeCTBOBAHUE U €JIMHCTBEHHOCTH pe-
menng 3amadn Komm x = ¢(t,x0), ¢(to,x0) = xo. Orpanmanm-
Csl CTallMOHAPHBIM ciydaeM, nojaras tg = 0. B reopermyeckux
PaACCMOTPEHUSIX OOBIYHO [0 YMOJIYAHUIO PEIIeHHs [0/Pa3yMeBaOT-
Csl TIOJIHBIMH, T. €. 33JaHHBIMH Ha MaKCHMAJIbHOM HHTEPBAJIE CYIIe-
crBoBanus. B obmem ciydae peienue — 310 mapa {¢, I }: BekTop-
dbyukuus x = (t) ¢ ykazanuem unrepsasa I = (t1,ts), Ha KOTO-
pom ¢(t) = f(p(t)). C oroBopkoit 06 OZHOCTOPOHHHEX HPOU3BOJHBIX
MOKHO PAaCCMaTPUBATh U IIPOMEXKYTKH BpemeHu (t1,t2).

B npuioxkeHHAX BayKHYIO pPOJIb UIPAIOT 3aKOHBI COXPaHEHHUS.
@opmanabHO pedb uaerT O (PYHKIUSX, COXPAHAONUX IIOCTOSHHOE
3HAYEHNUEe BJIOJIb KAXKJIOT0 pelleHus (Ha cOOTBETCTBYIOIIEi dha30Boii
kpusoit). Takue byHKIUN HABBIBAIOTCH UNMEZPAAAMU. Y HOTPEDIIsI-
eTcd TaK»Ke TEPMUH Nepsvili uHmezpaa, MOCKOJAbKY B 00IIeil Teo-
pPUH BCTPEYAIOTCA U TaK HA3BIBAEMbIE IIPOMEXKYTOYHBIE MHTEIPAJIbI
(cm. [16], c. 159). HasBaHue c10KUI0Ch HCTOPUIECKH — B [POCTEN-
KX CJIydasiX UCIOJIb3YeTCsl Olepalus WHTerPUPOBAHUSI.

Urak, dyukius u(x) asiserca uarerpaiom B obaactu D C G,
ecm: @(t) € D, t € I = u(p(t)) = ¢ = const. Koncraura ¢ — 06-
mas 1id t € I, Ho, BOOOIIe TOBOPS, €€ 3HAUYeHne 3aBUCUT OT (ha30BOil
rpaekropun. Muoxecrso S, = {x € G| u(x) = a} Ha3biBaeTCcsd MHO-
)KecTBOM (1moBepxHOCTHIO) ypoBHs dynkiunu u(x). Kaxmaa dazo-
Bagd KpUBas, JexKalad B 00acTu D, IPUHAIJIEXKUT TOIBKO OJIHOMY
Sa (puc. 3.2). ITomumo yHKIUE HY2KHO YKa3bIBATb U 00JIACTh, B KO-
TOPOI OHA pacCMaTpUBaeTCd Kak uHTerpas. llo ymosdanuo obbrd-
HO mozpasymeBaercsa D = G. Kpome TOro, mHTEpEeC Mpe/iCcTaB/IsaioT
HEBBIPOXK IEHHBIE MHTErpaJibl (He KOHCTaHThI). [l comeprraTesnb-
HOCTH Teopuu 100aBISIOT TpeboBaHue, YT0OBI u(X) He 0DpaIaIach
B KOHCTAaHTY HH B Kakoil momobsactu obsactu D. YrToObl mMerh
BO3MOXKHOCTH HCIIOJb30BaTh annapar AuddepeHuaibHOro nCIuc-
nenns, npeanonaraior v € C1(D). B manpreiineM moapasyMeBaeM
BBIIIOJTHEHHBIMU 9TU €CTECTBEHHbIE OTPAHUYEHIS.

Jlyis aHAIMTHYeCKOro KpUTepHs HOCTOSHCTBA 14(X) Ha (Ha30BBIX
TPAEKTOPULAX MOHATOOUTCA MOHATHE NPOU3BOOHOT 8 CUNY CUCTEMDL
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WL NPOU3BOOHOT NO HANPABAEHUND BEKTMOPHOZ0 NOASL.
Pacemorpum ranagxyio bymknuio v(x) (kmacca C1(D)) u perre-
e X = @(t,Xg) ¢ Hagaapabivu garabIME ©(0,X0) = X9 € D. Ha
JOCTATOYHO MaJIOM HHTepBaje |t| < € coorBercTByMOmas dha3oBad
rpaekropus ¥ = {¢(t,Xo)} HaxoauTCa B upejesax obacTu onpe/e-
nenust pynknuu v(x): ¥ C D. Baoas pemenuns noaydaem GyHKIMIO

w(t) = v(p(t,x0)), |t| < e. [Ipomuddepenrnupyem eé B myie:

(0) = ) - £(50) = radv(so), S0l = 0, O (),
vl = % = ((98;1,..., (98;”)’ gradv = (v)) € R™.

Hucno w(0) oboznagaem v(xp). llockosbky BekTOp X( BBIOMpAJ-
Csl POM3BOJIbHBIM u3 objactu D, 1o mosydaem dyHKIuo 0(X),
v: D — R. Dta byHKIUg 1 HA3BIBAETCH MPOU3BOIHON ¥ B CHJIY
cucrembl quddepeHuaIbHbIX ypaBHeHnit X = f(X) uiam mpou3Boji-
HOIl v 1O HanmpaB/jeHu BekTOpHOro moJus f. Vcmonb3yercs Takxke
obosnadenne L v (B gecTs HOpBEKCKOrO Maremarnka Codyca Jln).
B 4em comep:kaTeNbHBINA CMBIC TAKOrO OIpejeneHua! Bcrmom-
HEM HOHSATHE IIPOM3BOIHON v 10 Hampasseruto h € R™ (|h| = 1):

ov

CL0) = 5] vle+ o) = i) = (gradv(x), ).

Ot mopmupoBku |h| = 1 MOXKHO OTKa3aThCs: HAC WHTEPECYET CKO-
pPOCTb U3MeHeHns (PYHKIUHU IIPHU JBUKEHUU BJIOJIb BeKTOpa h. Be-
JIeHHOe MOHATHE IIPOm3BOAHOM ¥U(X) = Ly(X) dBisercsa ecTecTBeH-
HBIM 00OOIIEeHneM: ABUTAaEeMCs U3 TOYKHU X BJOJIb (pa30BOil KPUBOi
U BBIYHUCJIIEM CKOPOCTh m3MeHeHus QyHKInm v: X € D =

d

000 = | v(et0) = 7| oxt1£69) = arad o), /().

v

TEOPEMA 2. @Qynxyus v € CY(D) aeasemca (nepsvim) unmezpa-
aom 6 obaacmu D moeda u moavko moeada, Koz2da

0(x) = (gradv(x), f(x)) =0, x € D.
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Jlokazameavcmeso. 1lycrs v — marerpan kiacca C'. [loncrasiss B
KadecTBe aprymenTa pemienue X = ¢(t,x) (x € D, |t| < €), noyga-
em v(p(t,x)) = const. Beraucisas npousBoHyo mo ¢ B HaIaIbHbINH
MoMmeHT BpeMmenu ¢t = 0, moygaem (grad v, f) = 0.

O6parHo. bepem sr060e pemenne x = p(t,x0) (¢t € I = (t1,t2))
¢ dazosoit kpusoit 7 = {p(t)} C D. Torga na uarepsase Bpemennu [
(grad v(p(t)), f(e(t))) = 0. Mexay Tem neBas 4acTh paBHA IPOU3-
Bonuoit dynknuu v(p(t)) mo t. 3naunr, v(p(t)) = const, t € I. O

Wrax, rmagkue HHTErpasbl OMUCHIBAIOTCA KAK PEIIeHns ypaBHe-
HUs B YaCTHBIX IPOU3BOIHBIX. DTO IMO3BOJIAET IIPU U3YUeHUH JTUHEH-
HBIX YPAaBHEHUIl B YaCTHBIX IIPOU3BOJIHBIX IEPBOTO MOPAIKA OIEPU-
poBaTh mHTErpajgamu coorsercrBytorieii cucrembr OJ1Y.

Basuc mepBbix uHTErpassoB. CoxpaHgeTcs Jiu CBOWCTBO (DYHK-
1 ObITH WHTErpaJioM npu 3amene koopauunar! Paccmorpum mud-
beomopduzm x = g(y) (y € W, g(W) = D) u nepeiiiem K HOBbIM
(kpuBosmueitnbiv) kKoopauraTam: w(y) = v(g(y)),

x=g,y = y=7F=(g) flg)

Dukcupyem yg € W u Bbraucaum npousBoanyo w(yo):
. d . , _
i(yo) = =] w(B(t.y0)) = w}(y0) - flvo) =

= vl,(x0) - 9 (y0) (g}, (v0)) ™ f(x0) = vi(x0) - f(x0) = ¥(x0),

xo = ¢(yo). Takum o6pasom, ecim v(x) — nrTerpan knacca C1 B 06-
mactu D cucrempr X = f(xX), TO OC/IE IIAIKON 3aMEHbI IePEMEHHBIX
nomygaem maTerpan w(y) = v(g(y)) B obmactu W = g~ 1(D) cucre-
MbL Y = f(y). DTO CBOHCTBO HA3BIBAETCA HHBAPHAHTHOCTBIO IIEPBOTO
UHTErpaJa OTHOCUTEIbHO BHIOOPA CHCTEMBI KOODIUHAT.
®ukcupyem Heocobyto Touky X (f(X) # 0) m mpamoyrosn-

HYI0O OKpecTHOCTH V Touku y = (&1,...,%,,0)", yKasaHHyo BbI-
mre. B obnactu V umeem y = e” = (0,...,0,1)'. Vnrerpass
w1(y) = Y1, Wp—1(y) = Yn—1 ABIAIOTCH HEBBIPOXKIEHHBIMU

B V. llockosbKy B mepeMeHHBIX Y JJId JO0O0TO TJIAIKOTO MHTErpa-
ma w: V — R Bemonugerca (gradw(y), f(y)) = Ow/dy, = 0, To
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dbyukuus w(y) me 3aBucur or yp: w(y) = F(y1,...,Yn—1),
F e CI(H)7 IT = {(yla e ,yn—l)T\ lyi — @] < Oéz'}-

WTak, MHOXKECTBO BCEX IVIAJIKUX WHTErPaJjIoB B 006acTu V' OomuchIBa-
ercst pynknnonambroit oonouxoit ({F} = C(I1)) dbuxcuposanubix

UHTErPajoB Wi, . .., Wny—_1, KOTOPbIE HE3ABUCUMBI B CMBICJIE
1 0 ... 0 0
o(wi, ..., Wn_
rank (8(1 n)l): e I G T =R A
Yio-orYn o 0 ... 1 0

B «CTapbix» TepeMeHHBIX pe3ysIbTaT 1mepedopMyIupyeTcs s WH-
rerpaios v (x) = wi (¢ (%)), ..., vn—1(x) = wp—1(97 1 (x)), x € U.

Kommentapun. Hanudne HeCKOJIbKUX HE3aBHCUMbBIX EPBbIX HH-
TErpajioB MO3BOJIAET HOHWKATH PA3MEPHOCTD 334l aHagn3a da-
30BBIX KPUBBIX (B 0DIIEM CJydae JIOKAJIbHO), IIOCKOJIbKY TPAeKTO-
pHUU JIBUYKEHHs HAXOJATCHA HA [EPECeYeHUH [OBEPXHOCTEHl ypPOBHS
uaTerpasos (cM. puc. 3.2). B okpecrrocT 0cobbix Todek (f(X) = 0)
curyarug ciaoxuee. JIiuna | f(x)| crpeMuTes K HYJII0 OpH X — X, HO
HalnpasJieHue BeKTopa f(X) B OKPECTHOCTH II0JIOKEHHsI PABHOBECHSI
X MOXKeT MEHATbCS CJIOXKHBIM 00pa3oM. HerpusmasibHbIX HHTErpa-
JIOB MOXKeT ¥ He ObITh B OKpecTHOCTH X. Hampuwmep, qisa mpocreii-
meil JTUHEHHON CuCTeMbl Ha IIOCKOCTH & = I,1 = Y HEIpephIB-
HBIIl B OKPECTHOCTH HyJId MHTerpaJ v(z,y) ecrb nocrosgHHas. Jleii-
CTBUTEJIBHO, (pa30Bbie TPaeKTOpuu 3TOi cucrembl — Jjydn y = Cx
(z = c1€t, y = ce?), Borxonamue w3 Hauana koopaunat. [lo Hempe-
peiBHOCTH v(Z,y) = v(0,0) HA KaXK7AOM JIyde, T.e. v = const.

Herpymuo mposeputsb, uro auneitnaga cucrema OJY
= —2bxr —2cy — q2, Y =2ax—+2by+q
umeer unrerpat u(x,y) = ax® + 2bzy + cy® + g1 + qoy. Creno-

BAaTEJIbHO, pa30Bble KPUBBIE SIBJIAIOTCA KPUBBIMH BTOPOTO MOPAIKA,
Teopud KOTOPBIX U3yYaJach B KypCe aHAJUTUIECKON TeOMEeTPUU.
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XpecToMaTUHBIN IPUMED MHTErPAJIa — MEXAHUYECKAd JHEPT U
TOYKU, ABUXKYILEHCA 110 IPAMONA B HOTEHIIMAJIbHOM CHUJIOBOM II0JIE:

mi = F(z) = -U'(z), mii+U'(z)x =0,
d /mi? ma?
E(T +U(@) =0, v(w,3)= = +U@) =E.

Ha pemenusix x = ¢(t) umeem E = const. Tor dakr, uro dasosas
kpusas {(p(t),¢(t))} maxomurcsa Ha mOBepXHOCTH ypOBHA (DYyHK-
UK v, [O3BOJIIET B IMIMPOKOM KJjacce noreHnuasioB U(z) crpoutb
azoBbiit moprper (110 KpaiiHell Mepe Ha Ka4eCTBEHHOM yDPOBHE).

B mecrammonaprom ciydae, korma X = f(t,x) u v = v(t,x),
npomssognas ¥(t,x) = Lv(t,x) onpegendgerca Kak

v ov

c% _pme(n)) = 0 (tx) + 52 (t,x) - f(t.x) - (p(t) = x).

['magkme MHTErpaJibl ONUCBHIBAIOTCA KAK pEIIeHUs JTHHEHHOrO ypaB-
HeHUdA B YaCTHBIX npousBoaubix Lyv =0, (1,x) € D C G C R,
JlobaBnsasa ¢dpa3oByI0 HEPEMEHHYIO Ty41 = t, POPMAJIBHO IIPUXOIUM

K aBTOHOMHOI cucTteme, IpuYeM B CUJIY £yp41 = 1 OCOOBIX TOYEK HET.
[IpaBma, orMeTuM, 9YTO B IPUIOKEHUAX HECTAIIMOHAPHBIE MWHTErpa-
JIBI NIPEACTABIAAIOT MEHbIINI MHTEpPEC, YeM CTAIlMOHAPHBIE.

4, YCTOMUYUBOCTD I1O JISIIIYHOBY

Penrennii, onpeaensgeMbIX pa3jJndHbIMA HAYAJIbHBIME JAHHLIME, OEC-
KoHe9HO MHOr0. OIBIT IOKA3bIBAET, 9YTO HE BCE OHU «PABHOLICHHBI»
IpH U3y9eHNN TUHAMIIECKON CHCTeMBI Ha, HEOIIPEILIeHHO OOIBIIIOM
orpe3ke BpeMeHH (GECKOHEYHOM B paMKaxX MaTeMaTHYeCKOH Mojie-
au). Peasusyrorcs jimnib ycroiduBble PeIIeHus, COOTBETCTBYIOIIUE
IpHU aJIeKBATHOM MOJIEJUPOBAHUN YCTOWYMBLIM PeKUMaM (DyHKIIM-
OHHpPOBAaHUA O00BEKTa. B MHTYHWTHBHOM CMBICIIE IIOHATHE yCTONTH-
BOCTH He BBI3BIBAET 3aTPYJHEHHI B KOHKPETHBIX IPAKTHIECKHX 3a-
nadax. PasHooOpasme TuX 3a7a4 NPUBOAUT K PA3IMIHBIM MaTe-
MATUYECKHM OLpeJeseHrsaM ycroitunsocTu. B mannom naparpade
IpPUBEIEM OCHOBHBIE IMOHATUS TEOPHUHU YyCTOMYMBOCTHU IO JIdmyHOBY
(O6mas 3amada 06 ycroiiaupoctu jaBuxkerns, 1892).
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OcHoBHbIe omnpeesieHns. OrpaHnduMCcs aHAJIU30M YCTORNIHUBO-

CTH IOJIOXKEHHIT paBHOBECUSI aBTOHOMHBIX cucTeM JuddepeHmaib-

HBIX ypaBHeHwmii. [Ipunep:kuBaenMca MeXaHMIECKOl TEPMUIHOJIOIUMN.
B obnactu G C R" paccmorpum BekTopHoe OJ1Y

x=f(x), f:G—=R" feCl Q).

Pemenus ¢ HagaapbHbIMU JaHHBIME (tg,X(), KAK OOBIYHO, 0O03HAYA-
eM X = (t,X0). B cuity aBroHOMHOCTH HaYaJIbHBI MOMEHT BPEMEHU
cuntaeMm Hadasiom orcyera: tg = (. Hac uaTepecyor okpecrHocTn
OJIOXKEHW PaBHOBECHs X, OmpeesgeMbix yeaosueM f(X) = 0.

ONPEJAENEHUE 2. Ilomoxenne paHOBecus X € (G Ha3bIBaeTCS
YCTOHYIUBBIM 10 JIAIYyHOBY, ecaim BBIIIOJTHEHBI CJETYIOIIHE YCIOBHS:

1) cymecrByer A > 0, mist Koroporo pemenus X = p(t,xo) mpo-
JIOJIKUMBI Ha IPOMexKyTOK Bpemenn [0, +00) npu |[xg—X| < A;

2) Ye > 0 cymecrByer rakoe 6 = d(¢) > 0 (§ < A), 4ro
|xo — X| < 0 = |o(t,x0) —X| < eVt e [0,4+00).

DT0 03HAYAET, YTO €CJIU HAYAIbHAS TOUKA HAXOAUTCS JOCTATOY-
HO OJIN3KO K MOJIOXKEHUIO PABHOBECHUS, TO MOJIOXKHUTEIbHAS TIOJTy TPa~
eKTOpHs JIBIJKEHNS OCTAHeTCd BOIM3U ITOil TOYKM MOKos. B mo-
pAJIKe AHAJOTUE BCIIOMHUM OIIpPE/eJIeHNe HEIPEPBIBHOCTH (PYyHKIUH
g(x) B Touke zo: Ve > 030 >0, |z —z9| <0 = |g(x) — g(x0)| < €.
Tak 4To ycroitunBocTh 10 JIAMyHOBY — 3TO HENPEPBIBHOCTDH peIIe-
Hug X = ¢(t,X() IO HAYAJIbHBIM JAHHBIM X( B TOYKE X, DABHOMEPHAA
o ¢ € [0, 400). Acumnmomuneckas ycmoliuusocms O3HAUALT, ITO
IIOMUMO YCTOfIqI/IBOCTI/I uMeeTr MeCTO IpUuTA2KEHUEe B CMbICJIE

do>0 (0 <A), |xo—X| <o =|p(t,x) —X| =0, t = +o0.

IIpenocrepekenne: npuTdKeHne He BJIeYeT yCTOMYMBOCTh. BBeieH-
Hble IIOHATHUSA BIIOJIHE NPO3PAYHBI, JOCTATOYHO HPEACTABUTH Ce-
Oe nBUKeHMEe MAaITHHKA WU IIApUKa B SIMKe. ACHMITOTHYECKO
YCTOMYUBOCTHA COOTBETCTBYET Y4UeT TPEHUd, COIPOTUBICHAA CPEJIbL.
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AcuMmnrornyeckasi yCTOﬁ‘IHBOCTb JMHEMUHBIX CHUCTEM

Paccmorpum sinneiitnoe ypaBHeHme X = AX ¢ IMOCTOAHHON Bere-
crperHoit marpuneii A. TpuBnanbHas Touka mokoa X = ( He 00s-
3aTeNbHO equmHCcTBeHHA, Ko AX = 0,X # 0, To 3aMeHOll y = X — X
npuxogum K y = Ay, ¥ = 0. Tak 4ro 6e3 orpaHndenus: OOIHOCTH
MOXKHO U3Yy4aTh JIUIIh YCTONINBOCTD HYJIEBOI'O ITOJIOXKEHUsT PABHOBE-
cug. [lepexosr K HOBBIM TEpeMeHHBIM — OTKJIOHEHUSM OT M3Yy9aeMO-
r'O JBVKEHU, ABIFAETCS OOIIUM IIPUEMOM, TTOCKOJIbKY /IS HYJIEBOTO
pelleHns TeEXHUIECKNEe BBIKJIAJIKN MeHee TPOMO3JIKH.
Bocmiosib3yemcst o01uM periieHuem:

x(t) = e'xo = [Ix()] < [l [Ixoll.

31ecy u masee yao0HO HCIONB30BATH HOPMY ||x|| = max |z;].
CoorBeTcrBylonas MaTpUIHas HOPMa Ompeessercs popmyIioi

n
B = Bpxn = {sz} = ||B|| = IIljé_iX E b1 |bjk|

B xommiekcHoil 3amucu 3jieMeHTaMn ManHqHOﬁ 9KCIIOHEHTBI BAt

ABJIAIOTCA KBA3UIIOJIMHOMBI, ITOKA3aTe/JIN 9KCIIOHEHT — CO6CTB€HHbIe

GHCTA A1, ..., As (§ < n) marpursr A. Cunraem Aq, ..., \s pasand-
HBIMH, B obmeM ciaydae \; € C. Paccmorpum dynkmmio

v(t) = thert — tkeo‘t(cos Bt +isinft), A=a+if.

Ecan B3garh BemecTBennoe qucio (1 > « = Re\, o y dyukiun
v(t)e M mokazarenb BerecTBEHHOI SKCIOHEHTHI o — ji GyIeT OTpH-
IATeSbHBIM, OTKY/Ia CJIejlyeT orpanndeHHocTs |y (t)e #| < C B cury
thel@=mt . 0t — +o0. Urax, cipaseamsa orenka |y(t)] < Ce .
Bosspamasics k suneitnoit cucreme O/1Y, momydaem OneHky

lo(t,x0)|| < Me|xol|, x0 € R™, M =const >0, p > Re;.

[Mockoabky |x| < /1 ||x]|, [|x]] < |x|, To MoxkHO 3aMeHUTH KyOude-
ckyto HOpMy || - || Ha eBkymuoBy |- | (u HAOGOpOT B OHpeEsIEHIN
ycroituuBoctn). Koppekius koucrauTsl M HenpuHIUIHAJIBHA.
Ecm Re A < 0 (1 < j < s), To MozkHO B34Tb £t < 0 1 popMaib-
HO 3aMEHHTHh B OIleHKe BEIMYUHBI (0, X9 HA © — X, X9 — X (X = 0).
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Torma 1o oupejeseHuo mojy4daem, 4To To9Ka nokKosd X = 0 (exus-
creerras B cuity det A =[] \; # 0) acummrorundecku ycroiidusa.

Hammane Re A\, > 0 BiaedeT HeycToiumBOCTh, a mpu Re; < 0
(3 =) uccremoBanue ycroifauBocTu Tpedyer OoJee JIeTATBHOIO M3Y-
geHus marpunbl A (eé orcopdanosoti gopmu). B kpaTkom Kypce He
OyzeM Ha 3TOM OcTaHaB/IMBATHLCA. Haubosbiuit npakTudecKuii nH-
Tepec UMeeT MMEHHO aCHMITOTHYeCKas yCTOWYHBOCTH (BO3MYIIEH-
HOE DEIIEHNEe «BO3BPAIIAETCA» K IIOJIOKEHUIO PABHOBECHSI).

Oyukuun JIsimynosa. llmeerca ompeneneHHad KJIaCCH(PUKAIUA:
nepsbiii Meron JIgmyHoBa, Bropoii (npamoii) [6]. Cyrs mepsoro me-
TOJ/Ia COCTOUT B MCIOJIb30BAHUU IIPE/CTABJICHUS PEIIeHU PsIaMu.
OcranoBuMCst HA BTOPOM, Kak Oojiee yHUBEpcaJbHOM. LleHTpasbHOe
MECTO 3aHUMAIOT pyHkyuu JIanyrnosa. YCTONYNBOCTD — KadeCTBEH-
HO€ IOHATHE, CPOPMYINPOBAHHOE B TEPMUHAX HOPMbBI, HO OTKJIOHE-
HUE OT IO0JIOXKEHUsI PABHOBECHUSI MOXKHO XapaKTepu3oBaTb u Ooee
o0ImuMu (PYHKIUAMEI, <IIOXOXKUMU» HA PACCTOSHHE.

[To-mpexxHEMy HAC HHTEPECYeT OKPECTHOCTDH IIOJIOXKEHUS PAaBHO-
Becms X aBTOHOMHOM cmcreMmbl X = f(x), f € C1(G). Bes orpann-
qenus obmHocTu cumraeM X = 0. B mekoropoit obmacru U C G,
OKPECTHOCTHU HYJIEBOW TOYKHM IOKOsi, PACCMOTPHUM TIJIAJAKYIO (DyHK-
mmio V€ CY(U). Ona mHasbiBaeTca nososcumenvho onpedesennot
(BU), ectm V(x) >0, x# 0, V(0) = 0. Obo3unauaem V > 0. Pynk-
uust V' ompuyameavro onpedesena (V<0), eciim —V > 0.

ONnPEAEJIEHUE 3. [lomoxurenpHo onpenenenaas B obtactu U C G
(x € U) ¢pyaxuua V € C YU) maspmsaerca ¢pymxumeii Jlamynosa,
ecyin €6 MpOu3BOAHAs 110 HAIPABJIECHUIO BEKTOPHOI'O MOJIsT | HEIOJI0-
JKUTE/ThHA:

V(x)=LiV(z) <0, xeU.

Copmep:KkaTeTbHBII CMBICT COCTOUT B ciaeaytormem. [lomoxurenb-
Has OIPEJIeJIEHHOCTh — CBOICTBO paccTodHusd. B manHOM ciiydae —
pacCTOsIHUS J10 110JI02KeHus paBHOoBecus X = (. YcjoBue V < 0 o3Ha-
JaeT HeCTPOroe yObIBAHHE 3TOTO «PACCTOAHUS» BJIOJIb TPAEKTOPHHI
JIBI2KEHUHA, UTO JIAeT OCHOBAHHE OXKHUJIATh YCTONYMBOCTD X.

Samevanue 1. He Oymem cTpeMuThCsd K MaKCHMAaJIbHOI OOIIHOCTH.
B wactHOCTH, Tmpemmonoxkenue riaakoctu Vo (I7g BO3MOXKHOCTH
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muddepeniupoBanns) MOXKHO ociaburh. Obiias Teopust, KOTa Cu-
cTeMa HeCTAIMOHAPHA M U3y4aeTcsd yCTONIMBOCTDb penienus (He 00si-
3aTeJIbHO IIOJIOJKEHIS PABHOBECHd ), H3I0xkeHa B [6,10].

[Iepeiigem K popMyTHpPOBKAM U JI0KA3aTeJIbLCTBY TeopeM JIsdmy-
HOBA 00 yCTONYMBOCTH JIBUKEHUS (HA IPUHATOM yPOBHE OOIIHOCTH).

TEOPEMA 3. Ecau 6 nexomopot obaacmu U (X = 0 € U) cywe-
cmeyem Pynkyua Jlanynosa, mo pasnosecue X = 0 ycmotiuuso.

/lokazameavcmeo. CormacHo onpeneneHnto ycroiiamsoctu Ve > 0
HY2KHO yKa3aTb 0 > (... Pukcupyem € > 0 u BbIOEpEM IIOJIOKMH-
TenpHOE €9 < € m3 yeraosua U, = {x: |x| < g9} C U. Tak kax
cdepa S, = {x: x| = 0} komnakrua, dyukuus V HeupepbiBHA U
V > 0mna S, ro minV(x) =m > 0, x € S,. Beibepem nacTonpko
MaJTBIit 3aMKHYTEI mmap ¢ merTpoM B myste Us C Us,, 910661 V < m
npu x € Us. 1o BozmoxkHO 110 HenpepwirocT V 1 V (0) = 0.

Tax kak V(x) < 0, x € U, o npu xg € Us umeem V(xp) < m
u V(p(t,x0)) < m, t > 0. C pocroM BpeMeHH TPAaeKTOPUs JBUKE-
HUd He MOXKeT mmepecedb Sy, (un S;), Tak Kak Ha S¢, uMeeMm V > m.
Omna ocraerca B npegenax U., 94T0 U O3HA4YaET yCTONIUBOCTH. [

Samevarue 2. JlokazaTerbcTBO HemoHO. /loKa3aHO JHUINb, UTO HA
npomexyTke [0, w) MAKCUMaJIbHOIO IPOJIOJIZKEHHs] PEIIEHUs BIIPABO
TPaeKTOpHd JIBUKEHUH OCTaeTcd B oKkpecTHOCTH Uy, HYJIEBOTO LOJIO-
)KeHug papaoBecus. [1o meopeme o npodoascenuu pewernud |2,3,23|
w = 400: pelreHnd aBTOHOMHOTO YPaBHEHUS C HAYAJIbHBIMA JTAHHBI-
MU U3 KOMITAKTa TPOJOJIKUMO JIuOO HEOTPAHUYEHHO, JIuDO BILIOTH
JIO TPAHUIIBI TOTO KOMIAKTA. HKC/IM HE CChLIATHCA HA 3TOT PE3YJIb-
TaT, TO JijId 3aMKHYTOCTH W3JI0XKeHusd (OpMaIbHO MOXKHO IIepej
dpopMyIupOBKOil TEOpeMbI JOOABUTH IPEAIOJOMKEHHE O TIPOJIOIXKI-
mocru ¢(t,x0) Ha [0, +00) IPU JOCTATOYHO MAJBIX X(.

TEOPEMA 4. Ecau npoudsodhas 6 cuay cucmemovt X = f(X) pymk-
yuu Jlanyrnosa ompuyamensvro onpedenera 6 oxkpecmuocmu Hyas U
(V<0), mo mouka nokoa X =0 acumnmomuyecku ycmoliuusa.

/loxasameavcmeo. YcroitunBocTh obecrnedera. Ocraercsa T0Ka3aTh
CTpeMJIEHHe pelIeHus K HyJIIO MIPHU JOCTATOIHO MAJbIX Xg. PukcH-
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pyeM €, U3 JOKa3aTeIbCTBa TeopeMbl 3. Paccmorpum hpyHKIIIO
w(t) = V(e(t,x0)), 0<|xo| <9, te€0,+00).

[Tockonpky 1o Teopeme enumucTBeHHOCTH (1) = (t,%0) # 0V, TO
w(t) < 0 u dyskus w(t) MOHOTOHHO yObIBaeT C POCTOM BPEMEHU.
U3 orpannvennocru cuusy caepyer limw(t) = a > 0, t — +oo.
[Ipenmosoxkum, uro npemen o > 0. Torma crpaBemauBa OIEHKA
lp| = B > 0,t € [0,400), T.e. HOTOKUTEIBHAS TOJYTPAEKTOPUS
vt = {p(t),t > 0} ocraerca BHEe HEKOTOPOrO IAapa MOJOKUTEb-
HOIO pajmyca ¢ HEHTPOM B HyJie. Kcim 3To He Tak, TO CyIecTByeT
IOCJIEZIOBATENILHOCTD ), — ~+00 u3 ycaosus lim ¢(tx) = 0, k — +o0,
u 1o HerpepbiBHOCTH W (t;) — 0. [IpoTHBOpeYme ¢ MpeaIoIoKeHTEM
limw(t) =a > 0,t — +oo. Utak a > 0 = |p| > [ > 0. Obozuatum

p=maxV(x) <0, B<|x|<e (VeCU), Vao).
Torma w(t) = V(p(t)) < p u mOCIIE MHTErPHPOBANHS TOTydaeM
w(t) < w(0) + ut — —o0, t — +oo.

Bwmecte ¢ rem w(t) > 0, Tak 9ro npemamosioxkenne « > () HEBEPHO.

Urak, limw(t) = 0, t — +o0. [okaxem, 410 oTCIOMa Ciey-
er ¢(t) — 0. Omars paccyxmaem ot mporusHoro. Ecam ¢(t) /4 0,
To HalinyTca o > (0 m mociaenoBaTeIbHOCTb t, — —+00 U3 YCJIO-
Busd @(t,) > o. Ha kommakre 0 < o < |x| < gy dynkuusa
V(x) mosmoxkuresnbHa u orgeneHa or Hyns: V(x) = £ > 0. Torma
w(ty,) = V(p(ty)) = &, aro nporusopednt limw(t) — 0, t — +oo.
CnemosarensHo, ¢(t,x9) — 0 npu |xg| < § u t — 400, ITO U JAOKa-
3BIBAET ACHUMIITOTHYECKYIO yCTONUIMBOCTH paBHOBecus X = (. O

l'eomerpuveckasi u MexaHUYeCKasi MHTEPIPETALUS. YCIOBUE
V(x) = (gradV, f) <0, x€U, x#0,

O3HaYaeT, ITO rpaameHT V um BeKTOp (Pa30Boiti ckopoctu f obpa-
3ytoT Tymoit yroja. IIpm mocrarodno masbix « > ( MOBEPXHOCTH
yposuda L, = {x|V(x) = a} C U «okpyxaior» paBHOBecue X = 0.
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['paguent pyukmnun V wenynesoit Ha Ly, u, ciaemoBarenbuo, Ly —
rJIaJKasd TUIEPIIOBEPXHOCTh. 110CKombKy aus 1000l riaakoil Kpu-
Boii t > (t) € L, ommomaserca V (¥(t)) = a = (grad V,¢)) = 0
(d/dt = 0), to gradV L L,. Tpaexkropuu nBUKEHUs IIPU BBIIOJ-
nwennu Hepasencrsa (gradV, f) < 0 «BrekaroT» BHYTPb KPUBOJIU-
HEHOTO «3JUIMIICONIa», OTPAHNYEHHOIO TOBEPXHOCTHIO yPOBHA L.
C ymenbienneM « $a30Bbiit BEKTOP (1) CTpeMUTCS K HYIIO.

PaccMOTpuM JBMKEHIE TOYKH MACCHI 11, B TOTEHIUAIBHOM II0JI€:
. 1 3
mX = —gradU(x), UeC", xR’

[Tepexomum K SKBUBaJEHTHOl cucreme mx =y, v = — grad U(x).
[Tonoxenue paBHoBecus onpeessiercs paseacrsamu grad U(X) = 0,
y =0, T.e. X — cTanmOHAPHAdA TOYKA MOTEHIUAIHHON SHEPrum.

[Iycts X — wmsonmupoBanHag Touka mumHEMyMa U. Torma mo-
joxkenue paHopecus (X,0) ycroituuso. /leficrBuresbHo, mosaraem
U(X) = 0 (moreHnuagbHas SHEPrUsi ONPEIENAeTCs C TOYHOCTHIO 10
IIOCTOAHHOTO cyiaraeMoro). [lepseiii mHTErpas

y2

Vix,y) =5 +Ulx) (V(x,y) =0, y* = (y.y))

IMeeT CMBICT IOJHON MeXaHu4IecKoil suepruu. B okpecTHOCTH TOJIO0-
JKeHHs paBHOBecHs (PYHKIUs V' IMOJIOKUTEJIbHO OIIPeIesieHa. YCTOM-
quBOCTH (X,0) cieiyer u3 reopembl 3. DTO yTBEPK/IeHUE ObLIO BbI-
cka3aHo Jlarpam:kem u BHocseacTBum JoKa3zaHo Jlupuxie.

YcroityuBoCTh MO JUHENHHOMY npubamkenuto. Oupepennm
HIPOIEAYPY AUHEAPU3AUUL B OKPECTHOCTH TOYKH IOKOod X. llycTb

feC*G — R, U.(x) C G CR", e > 0. Ilo dopmyne Teiinopa
f(x) = [E)E-%) +9(x), [9(x)] <Clx—x* xe€U.

(9(x) = O(|x — %|?). llpu manom € > 0 craraemoe g(x) maso. [le-
pexo/ig K OTKJOHEHHAM y = X — X U orOpaceiBag ¢(X), IMOIydaeM
JIMHEAPU30BAHHYIO CHCTeMy B OKpectHocTH X: ¥ = Ay, A = fL(X).

TEOPEMA 5. Ecau cobcmsennvie wucaa mampuuvt A = Ayxp ume-
rom ompuyamenvrve deticmeumenvrve wacmu (Re\;(A) < 0), mo
NONOIHCEHUE PABHOBECUA X ACUMNMOMUYECKU YCMOTUYUEGO.
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/lokasameavcmeo. Bes orpanmdenns obmuocrn X = 0 (y = Xx).
Paccmorpum nuneitnoe npubimxkenne X = Ax. Torma

X = @(taXO) = eAtX07 |90(taX0)| < Me_at|X0|7

M = const >0, a >0, Re\; < —a < 0. Onpenernm dyHKIHIIO

+o0o
Vixo) = [ le(rxo)fdr, p(0,%0) = x0 € B

DKCIIOHEHIMAIbHAS OIEHKA |p| rapaHTHpyeT CXOIUMOCTb HeCOb-
CTBEHHOT'O MHTerpaJa. B TepMuHAX MATPUYHON SKCIIOHEHTHI

+o0o
V(xo) = x4Bxg, B= / eAtet dt
0

B cmiy unpomsBosbHOCTH X( OLpejeiieHa KBajapaTudHas (opma
V(x) = x' Bx ¢ cummerpuunoii Marpuneit B. Bosee Toro, ona mo-
JIO)KUTEJILHO OIpeJesIeHa, TOCKOIBKY

Vi(xg) =20, V(x0) =0« ¢(-,x0) =0, xg =0¢€R".

Boraucianm npoussoauyo V(X) B cuiy JIMHEapU30BAHHONW CHCTEMBI
x = Ax. Ilo onpenenennio u rpynmoBoMy CBOWCTBY pelleHui

: d
V(xg) = pr OV(go(t X0)) dt’ / lo(T, p(t,%0)) } dr
d| [ d| [ ,
= Gl [ le xR ar = S| [T lerxoR ar
d
= Gl ) = et =58 = b0
Beseacrsue npoussombeOCTH X mMeeM V (x) = —x'x, x € R™.

Beranciaum Tenepnb V(X) B CHJIy MCXOJHOI HEJIMHEHHON CHCTEMBbI
K= f(x) = Ax+g(x), |9(x)] <R, x € U:(0).
B nmocrarouno mauioil eg-okpectocTu X = () nmeem
V(x) =%'Bx+x'Bx = (x' A"+ ¢")Bx + x'B(Ax + g) =
=x'(A'B+ BA)x+2x'Bg < —x'x + Oy x> =

= —x'x(1 - Cy|x]) <0, |x|<ep<e

[Io Teopeme 4 umeeT MeCTO aCHMITOTUYECKAA YCTONYUBOCTb. ]



4. YcroitauBocTh 110 JIammyHOBY 203

Samevarnue 3. Ha camom mese mokasano Hedro OoJibmree. B gocra-
TOYHO MAJION E€,-OKPECTHOCTU TOYKHU X CIIPABEJJINBO HEPABEHCTBO

V(X) < —Oyx'x < —rV(x) (Ca=1-Cie. >0, ry >0).
Bropoe HepaBeHCTBO cile/lyeT U3 MOJOKUTENbHOIl OIIpeIeIeHHOCTH:
V(x) =x'Bxp0 = r|x]? < V(x) <rafx?, r; > 0.

Hocrarouno B3garh 11 = min V(x), 7o = max V (x) Ha equHUYIHOI
chepe |x| = 1 u sarem momHOXKUTH oenKy 7 < V(x) < 12 Ha [x|2.
[TpounTerpupyem mepasercrso V < —r,V Ha pemennu x = ¢(t, Xg):

/OtVV_ldt < —rit = V(x(t)) < V(x(0))e "

C yuerom [x|? < V/r1 < |x|?ro/r1 momyuaem cieyiomyio OLeHKY:
lp(t,x0)| < rge”"™xq|, 73>0, rg =057,

Tem cambIM mOKa3aHa KCNOHEHUUAABHAA Ycmotvusocmsd X = 0.

U3y<my mompobree mpoussommyio V(X) B IHHEAHOM CIydae:
V(x) = (grad V, Ax) = 22" BAx = —z'x.

[Tocie cumMeTpu3aIuu MaTPUIBI KBAIPATUIHON (HDOpMBI (3aMeHsst
2BA ua A'B + BA) nonyuaem mampuunoe ypasuenue Jlanynosa:

A'B+BA=-W (W =E).

IIpu onpenenennn dbyrkmun V BMecTo |¢|? MOXKHO GBLTO GBI B3ATh
KBaApaTuduyo Gopmy ¢ W ¢ CHMMETPHYHOlN HOIOKATEIBHO OII-
penesiennoit marpuieii W. Bbikiajiku He nperepeBaoT CyIecTBeH-
HBIX U3MEHEeHnil: BMecTO eanHndHOi Marpurbl F Oymer W. Cuemo-
BaTensHO, pu Re \;(A) < 0 ama moboit W = W' >0 cymecTsyer
pemenne B = B' >0 marpmanoro ypasuenns Jlamyrnosa (E — W).
JIAIyHOBBIM JIOKa3aHa €IUHCTBEHHOCTb B KJIACCE CUMMETPHUY-
ubIx maTput] B. Bojee Toro, moka3ano obpaTHOe: ecyi XOTs Obl JjIst
omuoit Marpunst W = W' > 0 cymecrsyer pemenne B = B' >0, o
marpuna A yemotiwusa B cmbicie Re A\j(A) < 0. 9ro nossosger pe-
IaTh BOIPOC 00 aCUMIITOTHYECKON YCTONINBOCTHU aarebpaniecKuMu
CpeJICTBaMHU, pellasd JUHeiHOe MaTpudHOe ypaBHeHue JIgmyHnosa 6e3
IIOCTPOEHMS MATPUIHON SKCIIOHEHTHI M BEIYUCIEHUS HECOOCTBEHHBIX
nHTerpaos. Passurue Teopun ycroitauBocTu m3soxkeno B |6, 10].
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5. ONTUMAJIBHBIE ®YHKIIUU JIATTYHOBA

OnTumanbHOE JeMUpPpOBaAHNE TI€PEXOAHBIX MPOIECCOB

PaccMoTpuM SHHElHY0 cHCTeMY yIpaBIeHHs
x = f(t,x,u) = A(t)x + B(t)u, x(0)=xq, t € [0,T].

DnemenTebl MaTpUbl A, x, 1 B),x, HEIPEPBIBHBI HA OTPE3Ke BpeMe-
uu [0, 7T]. JlomycTuMbiMu cauTaeM KyCOYHO HEHPEPHIBHBIE yIpaBJIe-
aus u(-) € KC([0,7] — U). 3nauenns u(t) orpaHu<IeHbl 33 JAHHBIM
muoxkectBoM U C R”| maupumep, |u;(t)| < w;, 1 < i < 7. [lockosb-
Ky 3HaueHud u(t) B KOHEIHOM UHCJIE TOYEK Pa3pBIBA MEPBOrO POJa
He BJMSIOT HA TPAEKTOPHIO JBUXKeHUA X = (¢, Xp, u), TO mojaraem

u(t) =u(t+0), t€[0,7), w()=u(l+0).

Tem caMbIM OIECaH KJIacC JOMYCTHMBIX ympasienmit {u(-)} = U.
[Ipon3BoaHbIE IO BPEMEHU B IPAHMYHBIX TOYKAX M TOYKAX PA3PbIBA
u (korma «pBércs» f) MOHUMAIOTCS OJHOCTOPOHHHUMU: CIIPABA HA
[0,T) u cneBa npu t = T. HaganbHble JaHHBIE X() BOCIPUHUMAEM
KaK IapaMeTp: BeKTOp Xg € R"™ dbukcupoBaH, HO IPOU3BOJIEH.

Cuuraem, uro ¢aszoblii BekTOp X(f) MMEeT CMBICJH OTKJIOHE-
HUS OT 33JaHHOIO PeKuMa (DYHKIMOHMPOBAHUS OOBHEKTA, YIIPaBJIe-
HUs (B pe3yJbTaTe JUHEAPU3AIUKN) U 33/a49a CUCTEMbI YIIPABJICHU
COCTOUT B IAapupoBaHuu (eMII(pUPOBAHUN) HEPEXOJHOrO MPOIEC-
ca x(t), T. e. Tpebyercs nepesectu cocrosinue X (1) Kak MOXKHO OJjinzKe
K nosioxkenuto pasrosecus x(t) = 0 (upu u(t) = 0). B 6osee obmieit
IIOCTAHOBKE BMECTO TOYKH IOKOS MOXKET (PUI'ypHUPOBATH HEKOTOPOE
MHOXKecTBO S C R”, Hampumep, 3aJaHHAs IejieBasl OBEPXHOCTbD.

Paccmorpum dynkuuio V (,x) (bynkuuio JlsnyHosa), koropas
SIBJIIETCS] B HEKOTOPOM CMBICJIE MEpPOii OTKJIOHEHUs (PacCTOsHUEM )
IIePEXOTHOTO TIporiecca X(t) 0 MeIeBOro MHOYXKeCTBa .S. DTO paccTo-
aume Tpebyercs ymenbitats. Cunraem V € C1([0,7] x R™).

OnpPEAENEHUE 4 ( [10,11]). /lomycrumoe mnporpavmuoe yipabJie-
mne u’(-) € U HazpIBa€TCsH ONTHMAIBHBIM 10 OTHOIICHHIO K JIeMIIhH-
poBaHHIO ¢pyHKIIH V, ecin 31a (PyHKIHA YOBIBAET BAOIb ABUKEHHS
©O(t) = o(t,xq,u’) mamcxopeiinmM obpazom.



5. Onrumaspabie pyaknun JIamyHoBa 205

YTo4HUM, YTO 3HAYUT <«HAUCKOpehmmum obpazom». llpusemem
ompe/iesieHue IPOU3BOIHOM YHKIMH 110 HAIpPaBJIEeHUIO 110 f(X):

: d
V(t, X) == E

_V(Te(m),

rje ¢ — pelleHne ypapHeHusa X = f(X), HpOXO/siiee B MOMEHT Bpe-
MeHU t 4epe3 TOuKy X. BepHemcs K ucxoauoii cucreme x = f(t,x,u).
Dukcupyem Npou3BOJIbHBIE yIpaBjeHue U € U, HadaJbHbIEe JTAHHBIE
x(0) = x¢, Touky (to,y0) € [0,7] x R™ u pemenne ¢: [0,7] — R"
c ycaoBueM ¢(tg) = yo. Ha pemennn ¢ nosygaem cKaasapHyo (QyHK-
uuio w(t) = V(¢,¢(t)), t € [0,7]. Beraucium npoussoanyto w(t)
npu t =ty (ckopocTh u3MeHeHus V BIOJb UHTErPAIbHOI KPHUBOii):

d

_’ oV oV
dt lt=t,

V(t,p(t) = E(to,yo) + g(t(MYO) - [(to, yo,u(to)).

910 umcso obosmadaercsa V (to,yo) mwmn LV (to,yo). Yupasienue
u € U cauTaercs mpom3BOJIBHBIM, HO (DUKCHPOBAHHBIM. [10CKOIBKY
to, Y0 BBIOMPAJIICH HE3ABICUMO, TO KOPPEKTHO OIpe/iesieHa GhyHKIug

V(t,x) =8,V + (grad,V, f), te[0,T], x € R".
Jna ynpasnerna u’ € U (ecmm oHO cymmecTByeT!) MO OIpeieTeHnTo
OV (£, (1) + OV (8,0 (1)) - f (1, 7(), u’(2)) =

= 9,V (t,¢°()) + min {0V (t,6°(1) - F(1,€"(),0) |, t € [0,7]

[To comepkaTeIbHOMY CMBIC/IY 3aa9U HOAPA3YMEBAETCs, UTO ITH
3HAYEHUs HEIOJIOXKUTEIbHBI, T. €. PECyPCOB YIIPABJIEHUA JOCTATOU-
HO, 9TOOBI oDecreunTh yObIBaHUE «paccrogHud» V. HymneByro cko-
pocts V = 0 st ynobersa BKIIOUaeM B «yGbiBanmes. B 6osee 06-
meit MoCTaHOBKE 33/1a9U CJIe/[yeT BMECTO HaUCKOpeiiero yobiBaHust
TOBOPUTH O MUHUMAJbHOW CKOPOCTH H3MEHEHUS.

[IpuBemeM cxeMy oOIlpefieJieHHd YIpPAaBJIEHHUA, ONTHMAJIHLHOTO B
cmbicite gemnduposanng V. CocraBum QyHKIHIO

W(t,x,u) =0V (t,x)- f(t,x,u), te€l0,T], xeR" uel,
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u HajizemM mMuHEMYM 10 © € U, BocupuHuMag t,X KakK IIapaMeTphl:
Umin = u°(t,x). [logcraBuM 9TO BBIpaKeHHE B ypaBHEHHE JIBUKe-
mug: X = f(t,x,u’(¢,x)). Ipu konkpernom xo = x(0) momydaem
pemenne x = ¢(t) u 3apucumoctsb oT Bpemenn u’(t) = u®(t, p°(t)).

Yupasienue B dhopme obpaTHON CBs3u U (f,X) MPEeaTOITUTETb-
Hee 1porpaMMHOro u(t), MOCKOJIbKY 110 TeKyluemy ¢ha30BOMY CO-
crosiuuio X(t) (npu HAJIUIUU COOTBETCTBYIOIIUX JATIUKOB) HOPMU-
pyercs yupasistommii curran ult] = u(t,x(t)), pearupytomuii Ha
BO3MOKHOE BHEITHee BO3MYIIeHne nBukeHus (B orandue or u(t)).

Sameuwanue 4. Jlazke B pacCMaTpUBA€MOM JIHHEITHOM CIydae, KOTIa
f = Ax + Bu, peanusanus CXeMbl — CJIOKHAsd MATEMATHIECKAsS 3a-
Jada. B obmem cirydae MEHEMyMa 110 U MOXKET He CyIIeCTBOBATD.
Ecmu U gaBngerca MHOrOrpaHHIKOM, TO IMeEM CeMeHCTBO 3a0a4 JIH-
HeiiHOro mporpammMupoBanus. Hukakoii anpuopHoil rapaHTUN eI1MH-
CTBEHHOCTH DelleHns U IJIaIKOCTH BO3MOXKHBIX Berseil u'(t,X) Her.
MoryT BOSHUKHYTH IIPOOJIEMBI C Onpejesennen pemenns @O (t) min
nesomycrumoctio u’(t) = u¥(t, ¢°(t)). Jna npumepa mycrs V sb-
ngercs Kpaaparuanoi dopmoit x' P(t)x>0 (P = P'), a ynpasnenue
ckaJsipHO u orpanudeno: r = 1, B(t) = b(t) € R", |u(t)| < 1. Torza

OV (t,x)[A(t)x + b(t)u] — |11][L1|1<n1 = u'(t,x) = —sign{x' P(t)b(t)},

% = f(t,x,u’(t,x)) = A(t)x — b(t)sign{b (t)P(t)x}.

Bosnmkaer, BooOIe roBopsi, HEIIPOIOKHMOCTh JBUKEHHII depe3
noBepxHOCTh paspeisa H : b (t)P(t)x = 0. B dbusnyeckux cucremax
3a CYET MHEPIMOHHOCTU IIPOUCXOAAT MaJible BuOparun BOan3u H.

JIuHeliHO-KBaipaTuvHada 3a1a4a OIITUMU3AINN:
%= A()x + B(Hu, tel0,7], x(0) =xo, u(-) €U, U =R",

J(u(-)) = 0.5x(T)Fx(T) + 0.5/0T{XTQ(T)X +u' R(T)u}dr — min.

Marpunpr F,Q(t), R(t) (pasmepHocreit n X m, n X n, r X 1) cuM-
merpuunsl, F' >0, Q(t) > 0, R(t) > 0 («mepaserctBo» >0 o3Ha-
YaeT HEOTPUIATENbHYIO ONPEJIEJeHHOCTh KBAaJAPATHIHON (DOpMBI);
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A, B,Q, R € C (s;emenTbl MaTpuil HenpepbiBabl ). HauasibHblie naH-
HbIE BOCIIPHHUMAEM KaK [apaMerp: BEKTOP Xo (PUKCUPOBaH (HO 1mpo-
u3BosieH). @yukiumoHan J WHTEpHpeTHpPyeTCd KakK Mepa OTKJIOHe-
HEs mporecca yupasierus {X(-),u(-)} oT HEBO3MYIIEHHOTO HYyJIE€BO-
ro cocrositusi. Orpanudenus Ha 3Ha4eHus u(t) OTCYyTCTBYIOT, HO UX
«CHIepXKUBAaHUE» KOCBEHHO Deryjupyercsd BbIOOpoM marpuibl R(t).
Muoxurenb 0.5 — U3 TEXHUIECKUX COOOpaKeHUil, A1 «KOMITEHCA-
Uy ABOUKY 1pu JudhepeHnnpoBaHnn KBAAPATHIHBIX (POPM.
®ukcupyem ponycrumoe u(-) € U u BBegeM GyHKIUIO

t
V(t,x) = 0.5x"S(t)x + 0.5/ {..)dr, te0,1], x € R".
0

Ilox marerpan mogcrasisercd X = X(7) = ¢(7;t,X,u) — peluenue,
IIPOXOJIgINee Yepe3 TOYKY X B MOMEHT BpeMeHu t. BbiGop MaTpuiibl
S moka orpammumm csoiicramu S € O, S(t) = ST >0, S(T) = F.
Eciu BciomuuTh 0 HesiBHOM (pukcupoBaHHOM) aprymeHTe u(-), To
V (t,X) MOXKHO BOCHPHHUMATH KakK (DyHKIIMOHAJ, CTABAIIUIL B COOT-
BeTCTBHe TOUKe (t,X) I YIPABICHHIO Ufy ] (T.e. IPOTecCy ympasie-
mus {@(7),u(T)}[04) THCTO, ABMAIONTIEECA AHATOIOM PACCTOAHHS IO
cocrosiuust mokos X = 0, u = 0 Ha rekymem orpeske Bpemenu [0, t].

Boraucimmm dysknmio V(t, x). Pukcupyem Mpou3BOIbHYIO TOUKY

(to,yo) € [0,T] x R" u pemenne (1) = ¢(t;t0,yo) = ¢(tito, Yo, u)
¢ HadaJbHBbIM ycaoBueM ¥(tg) = yo. llo oupenenenuro

d
V(to,yo0) = —;

d
dt V(t?w(t)) = 7

to dt

{05470 + 0.5/(; dr).

to
ITox unrerpanom x = x(7) = @(75t, 9 (t),u) = ©(7;t0, yo, u). B cu-

JIy IIOCJIEJJHEr'O PaBEHCTBA MHTerpaJjl 3aBUCUT TOJIBKO OT IE€peMeHHO-
r'o BepXHero Ipejesa t, I03TOMY CIpaBeJINBO IIpeJCcTaBIeHue

V(to,y0) = {0.5¢'S¢ + ¢'S¢ +0.59'Qy + 0.5u' Ru}|,_,
= 0.5y S(to)yo + y0.5(t0) [A(to)yo + Blto)u(to)]+

+0.5v5Q(to)yo + 0.5 u(to) R(to)u(to).
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Uau ¢ yaerom npoussosibaocTH TOukM (to,y0): V (¢,x) € [0,7] x R"
V(t,x) = 0.5x' Sx + x' S[Ax + Bu] + 0.5x'Qx + 0.5u' Ru.
Ecnu BBecTn obo3HaveHna
Vo(t,x) =0.5x'S(t)x, fo(t,x,u) = 0.5x'Q(t)x + 0.5u'R(t)u,

TO B DOJIee KOMIIAKTHON 3amucu

) dVp ovy IV
Vit,x) =——4+ fo= ——+ — - f(t,x,u) + fo(t,x,u).
(tx)=—- T fo= 7"+ 5l ) + fo( )
Jlas ontumanbroro memmduposanna V. ospibepem u = u’(t,x),
MUHUMU3HPYIOIIEe IpaByio 9acThb. 110 © mMeeM HoJI02KUTeIbHO Olpe-
JIeJIEHHYI0 KBaJpaTUIHyIo (bopMy, Tak 4To 1mo Teopeme Pepma

0,V =0=xSB+u'R=0=u"tx)=—R t)B'(t)S(t)x.

OnTumabHOE B CMBICTIE AeMIpUPOBAHUS yIPABIEHUE IOy INIOCH
B (bopMe JIMHEHHOrO0 cuHmesda — JNHEeHHON 00paTHOW CBA3H 10 X.

TEOPEMA 6. Ecau Ha onmumasbHOM 6 cmbicae Jemnduposarus
dynxyuu V ynpasaenuu u = u’(t,x) cnpasedauco moscdecmeo

V(t,x)|,_0=0, te,T], xeR",

mo u’(t,x) — onmumanvned cunwmes e sadaue J(u(-)) — min.

[IpokommenTupyem yTBepxkienue. llogcraBum junelinyo 00-
parmyio cssasp u’(t,x) = —R7'B'Sx B mcxommyio cucremy:

%X =Ax+ Bu’ = %= (A- BR'B'S)x.

Jlna magambaeix gapaex x(0) = Xo nomyumm pemrenme x = 0 (t).
Torga momycrumoe nporpammuoe ynpasienne u’(t) = ul (¢, o%(t))
nocrasisier muanMyM Gyuxunonasy J(u(-)) ra maoxkecrse Y. loz-
gepkHeM, aTo cunTe3 u’(t,X) HO3BOMAET HANTH PeIleHme HCXOTHOM
3aja49u B Kyacce u(-) € U mpu T060M 33aJaAHHOM X.
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/loxazameavcmeo. B KOMIAKTHON 3alMCU 1O TIPEIIIOIOKEHUTO

Vo (t,x) + min { OV (t,%) - f(t,%,0) + folt, x,0) | =

velU

- 8tVO + 8XV0 ’ f(t7X7 uo(t,x)) + fO (ta X, uo(ta X)) = 0.

Ouxrcupyem x(0) = xo, pemrenne x = ¢°(t) 3amaun Kommn
% = A(t)x + B(t)u(t,x) = (A — BR™'B'S)x, x(0) = xo,

u nomycrumoe ynpasiaenne u’(t) = u®(t, 00 (t)). lpu mo60om apyrom
uporpammuaoM u(-) € U noayuum pemenue X = o(t) = @(t,xg,u)

MCXOJIHOM cucTeMbl ynpasienus X = Ax + Bu.
ITo ycnosmio Teopemsl mpu X = ¢V (t), u = u%(t)

dV Ve OV,
—0 fo——°+8—0 F+fo=0, telo,1].

WuTerpupys 3o Toxaecrso 1o t € [0, T], morygaem

Vo (T, gOO(T)) —Vo(O,X0)+/()Tf0 (t, gOO, uo) dt =0, V()(O,X()) = J(uo)

Ha uporecce yupasienus x = ¢(t), u = u(t) umeem

— 4+ fo=>0= VO(T gO + fo , O, U ) dt — Vo(O Xo) 0,

dVp
dt
orkyna caenyer J(u(-)) = Vo(0,x0) = J(u®(")). u

BaMeTI/IM, 9TO HeJIb34d 3alliCaTb

dVo dVo

fO‘ = fO

t €[0,7],
(t),u(t)

PO (1)u0(t)’

TaK KaK II0 MOCTPOEHUIO yIIpaBJIeHUd uo(t,x) HEpPaBeHCTBO rapaH-
TUPOBAHO JIUIIb IIPU OJINHAKOBBIX X:

dV dV
il ==+

X, U

€10,7], x e R™.

x,u9 (,x)
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Pacmudpyem remeps KpaTKyio 3alnCh yCIOBHUS TEOPEMBI:

dVp

V(t,x)\uo(t’x) = + fo

=0, Vo(t,x)=0.5x"S(t)x,

u0(t,x)

f=Ax+ Bu, fy =0.5 x'Qx +0.5u'Ru, v’ =—R'B"Sx,

= 0.5x' Sx +x'S(Ax —BR'B'Sx) +0.5x' SBR™'B"Sx+
+05xQx=0, 0.5xSx—0.5xSBR'B'Sx+
+0.5x (SA+ ATS)x +0.5x'Qx = 0.
[TockosibKy MaTPHUIBI KBAIPATUIHBIX (GDOPM CHMMETPUIHBI, TO
S=SBR'B'S—-SA—-A'S-Q, S(I)=F

Ilo amamornm ¢ 3 = a(z)y? + b(x)y + c¢(x) ypasHenme nma S Ha3HI-
BAETCA MAMPUYHLLM YypasHenuem Pukkamu. Ero Tpebyerca pemmrh
B obparnoM HampasieHun spemenu (T — 0). 3mech MbI cTajgKu-
BaeMCs yXKe C HeJuHefHbIME MaTpudHbiMu 1uddepeHuaabHbIMI
ypaBaenugmu |[7|. Pemas marpudanoe ypaBHenne Pukkaru Ha OT-
peske Bpemenu [0,7]| ¢ wadanpubiMu gauabivu S(T) = F| mouy-
qaem ontumaibhbii cunres u’(t,x) = —R71(t)BT(1)S(t)x B bop-
Me JuHeiHo#t obpaTHO# cBa3u. [Ipu Hammuun m3mepenuii x(t) dop-
mupyerca ynpasagromuit curuan u’[t] = u(¢,x(t)). Pukcupopan-
HBIfl HaYaJbHBIT BEKTOp Xo ompezender pemenme °(t) 3amaqnm
%X = (A — BR™1B'9)x, x(0) = x¢, u coOTBeTCTBYIOIIEE ONTHMAIb-
noe nporpammuoe yrpasienne u’(t) = u¥(t, 0 (t)).

Marpu4unoe ypaBHenue Pukkaru. Cdopmynrupyem JHIMb OC-
HOBHBIE CBOiicTBa, mompobuee cm. [7]. JlokampHO (B OKpecTHOCTH
t = T) cyliecrBoBaHHE U €JUMHCTBEHHOCTH pereHus S(t) ciemayior
13 OOIIIX TEOPEM, OCKOJIbKY MATPUIHOE yPABHEHNE — ITO CUCTEMA
CKAJIAPHBIX YPABHEHUN /Ui 31eMeHTOB S (C y9IeTOM CHMMETPUTIHO-
cTu dmciao ypasuenuit n(n + 1)/2). Yke g mpocrefmux ypas-
HEHWil C KBaJPAaTUYHON HEJIMHEHHOCTHIO (i npuMmepa: y = yz,
y = y2 + 1) BOBHUKAIOT POBJIEMBI C HPOAOJIKMUMOCTBIO PEIleHuil.
JI71s HOJTy<IeHHOrO MAaTPUYHOTO ypaBHEHHS PUKKATH JOKa3aHO: pe-
mrerne S(t) mpomomKmMo Ha Bech orpesok [0,T] u S(t) = ST(t) > 0.
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CUMMETPUIHOCTD CJIEyeT U3 TOTO, YTO IIOC/IE TPAHCIOHUPOBA-
HES mOJIydaeM Ty ke 3amady Komm mis marpumsr S (t). Heor-
punareabHocTh ceayer us Vo(to,xo) = J(u’()) = 0 nua cemeii-
CTBa 33Jad ONTHMH3AIUKA Ha orpeskax [tg,T] C [0,7]. Haubosee
CJIOZKHBIM SIBJISIETCS JOKA3ATEIbCTBO HPOJOJKUMOCTH. 3/€Ch Orpa-
HUYMMCsl JIUIIb HABOAAIIUME COODpaKeHusIMu 1mpu 1 = 1:

§(t) = bs*(t) —r, s(T)=s, (byr,s, >0).

Pemenne me moxker mepecedb mpamyto $(t) = 0 mpu MOHOTOHHOM
yObIBaHUU t OT 3HA4YeHud t = T B TAKOW «IepPBOii» TOYKEe OBLIO OBbI
s 2 0, 970 HIPOTUBOPEYUT ypaBHEHUIO. BMmecTe ¢ TeM pelieHue He
MOXKeT Tepecednb npamyio s(t) = /7 /b, IOCKOIbKY Ha 9TOi IpaMOii
s = 0, a Bemme s < 0. TakuMm oOpa3om, pellleHHe HE MOXKET 3a
KOHEeYHOe BpeMms yiiTu Ha Geckomeunocts: 0 < s(t) < /r/b, t < T.
B caydae Q = 0 nosrydaem maTpudHoe ypasHeHue BepHyaiu:

S=SBR'B'S—-SA—-A'S, S(T)=F.

Ilycts F = F'>0. Torna ypaBHeHne CBOAUTCS K CHCTEME JIHHEHBIX
ypasuenuit (nmopsinka n(n + 1)/2 B cuny cummerpuanocru S(t)).
JleficTBUTEIbHO, BBIYMUCIIIM IIPOU3BOIHYI0 Marpunel P = S~

(S719), = (S™H!S+S71§=0 = P=-5""1957".

VMHOXKad MaTpHYHOE ypaBHeHNe DepHyIIH ciieBa i cupasa Ha S~ 1,
IOJIydaeM JIJId MaTpuilkl PP JTuHeiiHOe ypaBHEHUe

P=PA"+ AP - BR'B', P(1)=F"1

OnrumasibHasi crabuim3anusi. PaccMoTpuM Tenepb CTalmoOHAP-
HYIO JITHEHHO-KBAIPATUIHYIO 3314y ONTHMU3AINN

x = Ax+ Bu, x(0)=x0, u(-)eld, U=R",
J(u(+)) = 0.5/ (x'Qx +u'Ruldr — min.
0

31ech Bce MATPHUILbl HOCTOSHHBI, mpudeM () 1 R CuMMEeTPUYIHBI U 110~
JIO?KUTEJILHO OIIpejesieHbl. 1 peboBaHme CXOAMMOCTH HECOOCTBEHHO-
ro WHTerpaJja aukTyer yciaosue X(t) — 0 ¢ JocTaTo9HONl CKOPOCTDIO,
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II03TOMY TOBOPSAT 00 ONMUMAALHOT CMAOUAUAUUY HYJTIEBOTO Pere-
aus X = 0 (upu u = 0). HavasbHblii MOMEHT BpeMeHU IIPOU3BOJIEH,
tak 9ro mosiaraeM top = 0. [IpakTudyecku mOBTOpss NPUBEIEHHBIE
BBIIIE BBIKJIAJKHM, IOJIYIUM as2ebpauyeckoe ypasnenue Puxkamu

SBR™'B'S —A'S —SA—Q =0.

Ero monoxurensHO onpegenentoe pemerme S = S' >0 ompegessger
onTumabnbiil cunres u’(x) = — R B'Sx. [lonnas yupasiseMocThb
napst (A, B) (rank (B, AB, ..., A" 1B) = n) sneuer cymecrsosa-
HIIe U eJIMHCTBEHHOCTD pemerns S = S’ > 0.

[To mocTpoennto marpura S 3aJaeT MOJOKUTETHHO OIPEIeTeH-
HyI0 KBajparuanyio dopmy Vo(x) = 0.5x'Sx. Borumcaum mpous-
Bonmyio Vp(x) B cuty samxmyToi cncremsr X = (A — R™'BTS)x:

Vo(x) = x'Sx =x'(SA— SR™'B'S)x,

[Tockonpky x' SAx = 0.5x (SA + ATS)X, TOo ¢ y4eToOM MaTPUIHOIO
y ) y p
ypaBHeHus PukkarTu mojydaem mpeacraBieHue IPOU3BOIHON

Vo(x) = —0.5(x'Q + SBR'B'S)x = —0.5x'Qx — 0.5u" 'Ru°.

DTO OTPHUIATENHBHO ONpeJeleHHasd KBaJapaTudHag ¢hopma Mo X C
yaerom u’(x) = —R™'B'Sx. Cuemosaremsno, Vo(x) — dbyuxmus
JlsmyHoBa jjist 3aMKHYTON CHCTEMBI, aCUMITOTHYECKAd (J1aXKe IKC-
IIOHEHIUAJIbHAS ) YCTOHYNBOCTD HYJIEBOIO PEIlleHNs rapaHTHPOBAHA.
B Kypce mareMaTHdecKoil T€OpUH ONTUMAJILHOIO yIIPABJICHUSA IIPU
U3y4YeHUH METOJAa IMHAMHYECKOTO IIPOrPAMMUPOBAHNA BBIACHUTCH,
aro Vy(x) = B(x) — ¢ynkyua Beaamarna, KOTOPYIO B CHILYy H3JIO-
JKEHHOI'O 9aCTO HA3BIBAIOT ONMuMasvholi gynxyuets Jlanynosa.
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